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1. Introduction

The 2-variable Hermite-Kampé de Fériet polynomials (2VHKdFP) Hn(x, y) [3,
5] are defined as

Hn(x, y) = n!

[n2 ]∑
r=0

yrxn−2r

r!(n− 2r)!
. (1.1)

From (1.1) is

ext+yt2 =
∞∑

n=0

Hn(x, y)
tn

n!
. (1.2)

When y = −1 and x is replaced by 2x in (1.2), the result reduces to ordinary
Hermite polynomials Hn(x) (see [1]).

The generating function for degenerate Hermite polynomials are given by

(1 + λt)
x
λ (1 + λt2)

y
λ =

∞∑
n=0

Hn(x, y;λ)
tn

n!
, (see [8]). (1.3)

where λ ̸= 0. Since (1 + λt)
1
λ −→ et as λ −→ 0, it is evident that (1.3) reduces to

(1.2). That is Hn(x, y) limiting case of Hn(x, y;λ) when λ −→ 0.
By equating coefficients of tn on both the sides of (1.3), the following represen-

tation of Hn(x, y;λ) is obtained

Hn(x, y;λ) = n!

[n2 ]∑
r=0

(−x
λ )n−2r(− y

λ )r(−λ)n−r

r!(n− 2r)!
. (1.4)

Since limλ−→0 Hn(x, y;λ) = Hn(x, y), (1.1) is a limiting case of (1.4).

The classical Genocchi numbers Gn, the calssical Genocchi polynomials Gn(x)

and the generalized Genocchi polynomilas G
(α)
n (x) of (real or complex) order α are
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usually defined by means of the following generating functions (see for details[1], see
also [8-14] and the references cited therein):(

2t

et + 1

)
=

∞∑
n=0

Gn
tn

n!
(| t |< π), (1.5)

(
2t

et + 1

)α

ext =

∞∑
n=0

G(α)
n

tn

n!
(| t |< π), (1.6)

and (
2t

et + 1

)α

ext =
∞∑

n=0

G(α)
n

tn

n!
(| t |< π; 1α = 1), (1.7)

with

G1
n(0) = Gn(0) = Gn, (1.8)

respectively.

For λ ∈ C, Carlitz [4] introduced the degenerate Bernoulli polynomials defined
by

t

(1 + λt)
1
λ − 1

(1 + λt)
x
λ =

∞∑
n=0

βn(x;λ)
tn

n!
, (1.9)

so that

βn(x;λ) =
m∑

n=0

(
n
m

)
βm(λ)(

x

λ
)n−m. (1.10)

When x = 0, βn(λ) = βn(0;λ) are called the degenerate Bernoulli numbers.
From (1.10), we note that

∞∑
n=0

lim
λ−→0

βn(x;λ)
tn

n!
= lim

λ−→0

t

(1 + λt)
1
λ − 1

(1 + λt)
x
λ

=
t

et − 1
ext =

∞∑
n=0

Bn(x)
tn

n!
. (1.11)

where Bn(x) are called the Bernoulli polynomials (see [7-14]).
The classical polylogarithm function Lik(z) is

Lik(z) =
∞∑

m=1

zm

mk
, (k ∈ Z) (see [6, 10-13]) (1.12)

so for k ≤ 1,

Lik(z) = − ln(1− z), Li0(z) =
z

1− z
, Li−1(z) =

z

(1− z)2
, ...

The poly-Bernoulli polynomials are given by

Lik(1− e−t)

et − 1
ext =

∞∑
n=0

B(k)
n (x)

tn

n!
, (see [2, 10, 13]) (1.13)

For k = 1 in (1.13), we have

Li1(1− e−t)

et − 1
ext =

t

et − 1
ext =

∞∑
n=0

Bn(x)
tn

n!
. (1.14)

From (1.13) and (1.14), we have

B(1)
n (x) = Bn(x).
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Very recently, Khan [8] introduced the degenerate Hermite poly-Bernoulli poly-

nomials of two variables Hβ
(α)
n (x, y;λ) defined by

Lik(1− e−t)

(1 + λt)
1
λ − 1

(1 + λt)
x
λ (1 + λt2)

y
λ =

∞∑
n=0

Hβ(k)
n (x, y;λ)

tn

n!
. (1.15)

Note that

lim
λ−→0

Lik(1− e−t)

(1 + λt)
1
λ − 1

(1 + λt)
x
λ (1 + λt2)

y
λ =

∞∑
n=0

HB(k)
n (x, y)

tn

n!
. (1.16)

For k = 1 in (1.16), the result reduces to known result of Dattoli et al. [5].
We recall the following definition as follows:

The Stirling number of the first kind is given by

(x)n = x(x− 1) · · · (x− n+ 1) =

n∑
l=0

S1(n, l)x
l, (n ≥ 0). (1.17)

and the Stirling number of the second kind is defined by generating function to be

(et − 1)n = n!
∞∑
l=n

S2(l, n)
tl

l!
. (1.18)

A generalized falling factorial sum τk(n;λ) can be defined by the generating
function [14]:

∞∑
k=0

τk(n;λ)
tk

k!
=

1− (−(1 + λt))
(n+1)

λ

1 + (1 + λt)
1
λ

. (1.19)

where limλ−→0 τk(n;λ) = Tk(n).
In this paper, we consider a new class of degenerate Hermite poly-Genocchi poly-

nomials HG
(k)
n,λ(x, y) and develop some elementary properties and derive some implicit

formulae and symmetric identities for the degenerate Hermite poly-Genocchi polyno-
mials by using different analytical means of their respective generating functions.

2. A new class of degenerate Hermite poly-Genocchi polynomials

For λ ∈ C, k ∈ Z, we consider the degenerate Hermite poly-Genocchi polynomials
which are given by the generating function

2Lik(1− e−t)

(1 + λt)
1
λ + 1

(1 + λt)
x
λ (1 + λt2)

y
λ =

∞∑
n=0

HG
(k)
n,λ(x, y)

tn

n!
, (2.1)

so that

HG
(k)
n,λ(x, y) =

n∑
m=0

(
n
m

)
G

(k)
m,λHn−m(x, y;λ). (2.2)

When x = y = 0 in (2.1), G
(k)
n,λ = HG

(k)
n,λ(0, 0) are called the degenerate poly-Genocchi

numbers. Note that

HG
(1)
n,λ(x, y) = HGn,λ(x, y),

and

lim
λ−→0

HG
(k)
n,λ(x, y) = HG(k)

n (x, y), ( k ∈ Z). (2.3)

where HG
(k)
n (x, y) are called the Hermite poly-Genocchi polynomials (see[12] ).
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For y = 0 in (2.1), we have

2Lik(1− e−t)

(1 + λt)
1
λ + 1

(1 + λt)
x
λ =

∞∑
n=0

G
(k)
n,λ(x)

tn

n!
, ( λ ∈ C, k ∈ Z). (2.4)

Theorem 2.1. For n ≥ 0, we have

HG
(2)
n,λ(x, y) =

n∑
m=0

(
n
m

)
Bmm!

m+ 1
HGn−m,λ(x, y). (2.5)

Proof. Applying Definition (2.1), we have

∞∑
n=0

HG(k)
n (x, y;λ)

tn

n!
=

2Lik(1− e−t)

(1 + λt)
1
λ + 1

(1 + λt)
x
λ (1 + λt2)

y
λ

=
2(1 + λt)

x
λ (1 + λt2)

y
λ

(1 + λt)
1
λ + 1

∫ t

0

1

ez − 1

∫ t

0

1

ez − 1
· · · 1

ez − 1

∫ t

0

z

ez − 1︸ ︷︷ ︸
(k−2)−times

dz · · · dz (2.6)

For k = 2 in (2.6), we have

∞∑
n=0

HG
(2)
n,λ(x, y)

tn

n!
=

2(1 + λt)
x
λ (1 + λt2)

y
λ

(1 + λt)
1
λ + 1

∫ t

0

z

ez − 1
dz

=

( ∞∑
m=0

Bmtm

m+ 1

)
2(1 + λt)

x
λ (1 + λt2)

y
λ

(1 + λt)
1
λ + 1

=

( ∞∑
m=0

Bmm!

m+ 1

tm

m!

)( ∞∑
n=0

HGn,λ(x, y)
tn

n!

)
Replacing n by n−m in above equation, we have

=
∞∑

n=0

(
n∑

m=0

(
n
m

)
Bmm!

m+ 1
HGn−m,λ(x, y)

)
tn

n!
.

On equating the coefficients of the like powers of tn

n! in the above equation, we get the
result (2.5).

Theorem 2.2. For n ≥ 0, we have

HG
(k)
n,λ(x, y) =

n∑
p=0

(
n
p

)(p+1∑
l=1

(−1)l+p+1l!S2(p+ 1, l)

lk(p+ 1)

)
HGn−p,λ(x, y). (2.7)

Proof. From equation (2.1), we have

∞∑
n=0

HG
(k)
n,λ(x, y)

tn

n!
=

(
Lik(1− e−t)

t

)(
2t(1 + λt)

x
λ (1 + λt2)

y
λ

(1 + λt)
1
λ + 1

)
(2.8)

Now
1

t
Lik(1− e−t) =

1

t

∞∑
l=1

(1− e−t)l

lk
=

1

t

∞∑
l=1

(−1)l

lk
(1− e−t)l

=
1

t

∞∑
l=1

(−1)l

lk
l!

∞∑
p=l

(−1)pS2(p, l)
tp

p!

=
1

t

∞∑
p=1

p∑
l=1

(−1)l+p

lk
l!S2(p, l)

tp

p!
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=
∞∑
p=0

(
p+1∑
l=1

(−1)l+p+1

lk
l!
S2(p+ 1, l)

p+ 1

)
tp

p!
(2.9)

From equations (2.8) and (2.9), we have

∞∑
n=0

HG
(k)
n,λ(x, y)

tn

n!
=

∞∑
p=0

(
p+1∑
l=1

(−1)l+p+1

lk
l!
S2(p+ 1, l)

p+ 1

)
tp

p!

( ∞∑
n=0

HGn,λ(x, y)
tn

n!

)
Replacing n by n− p in the r.h.s of above equation and comparing the coefficients of
tn

n! , we get the result (2.7).

Theorem 2.3. For n ≥ 1, we have

HG
(k)
n,λ(x+ 1, y) + HG

(k)
n,λ(x, y)

= 2
n∑

p=1

(
n
p

)(p−1∑
l=0

(−1)l+p+1

(l + 1)k
(l + 1)!S2(p, l + 1)

)
Hn−p(x, y;λ). (2.10)

Proof. Using the definition (2.1), we have
∞∑

n=0

HG
(k)
n,λ(x+ 1, y)

tn

n!
+

∞∑
n=0

HG
(k)
n,λ(x, y)

tn

n!

=
2Lik(1− e−t)

(1 + λt)
1
λ + 1

(1 + λt)
x+1
λ (1 + λt2)

y
λ +

2Lik(1− e−t)

(1 + λt)
1
λ + 1

(1 + λt)
x
λ (1 + λt2)

y
λ

= 2Lik(1− e−t)(1 + λt)
x
λ (1 + λt2)

y
λ

= 2
∞∑
l=0

(1− e−t)l+1

(l + 1)k
(1 + λt)

x
λ (1 + λt2)

y
λ

= 2
∞∑
p=1

(
p−1∑
l=0

(−1)l+p+1

(l + 1)k
(l + 1)!S2(p, l + 1)

)
tp

p!
(1 + λt)

x
λ (1 + λt2)

y
λ

= 2

( ∞∑
p=1

(
p−1∑
l=0

(−1)l+p+1

(l + 1)k
(l + 1)!S2(p, l + 1)

)
tp

p!

)( ∞∑
n=0

Hn(x, y;λ)
tn

n!

)
Replacing n by n − p in the above equation and comparing the coefficients of

tn

n! , we get the result (2.10).

Theorem 2.4. For n ≥ 0, d ∈ N and k ∈ Z, we have

HG
(k)
n,λ(x, y) =

d−1∑
a=0

n∑
l=0

l+1∑
p=1

(
n
l

)
dn−l−1 (−1)l+p+1p!S2(l + 1, p)

pkl + 1
HGn−l

(
l + x

d
, y;

λ

d

)
.

(2.11)
Proof. From equation (2.1), we can be written as

∞∑
n=0

HG
(k)
n,λ(x, y)

tn

n!
=

2Lik(1− e−t)

(1 + λt)
1
λ + 1

(1 + λt)
x
λ (1 + λt2)

y
λ

=
2Lik(1− e−t)

(1 + λt)
d
λ + 1

d−1∑
a=0

(1 + λt)
l+x
λ (1 + λt2)

y
λ

=

(
Lik(1− e−t)

t

)
1

d

d−1∑
a=0

2dt

(1 + λt)
d
λ + 1

(1 + λt)
l+x
λ (1 + λt2)

y
λ
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=

( ∞∑
l=0

(
l+1∑
p=1

(−1)l+p+1

pk
p!
S2(l + 1, p)

l + 1

)
tl

l!

)( ∞∑
n=0

dn−1
d−1∑
a=0

HGn(
l + x

d
, y;

λ

d
)
tn

n!

)
.

Replacing n by n − l in above equation and comparing the coefficient of tn

n! , we get
the result (2.11).

3. Implicit summation formulae involving degenerate Hermite poly-Genocchi
polynomials

In this section, we establish some implicit summation formulae for degenerate

Hermite poly-Genocchi polynomials HG
(k)
n,λ(x, y) as follows.

Theorem 3.1. The following implicit summation formula involving degenerate Her-

mite poly-Genocchi polynomials HG
(k)
n,λ(x, y) holds true:

HG
(k)
n,λ(x+ u, y + w) =

n∑
m=0

(
n
m

)
HG

(k)
n−m(x, y)Hm(u,w;λ). (3.1)

Proof. By the definition of degenerate poly-Genocchi polynomials and the definition
(1.3), we have

2Lik(1− e−t)

(1 + λt)
1
λ + 1

(1+λt)
x+u
λ (1+λt2)

y+w
λ =

( ∞∑
n=0

HG
(k)
n,λ(x, y)

tn

n!

)( ∞∑
m=0

Hm(u,w;λ)
tm

m!

)
Replacing n by n − m in above equation and comparing the coefficients of tn

n! ,
we get the result (3.1).

Theorem 3.2. The following implicit summation formula involving degenerate Her-

mite poly-Genocchi polynomials HG
(k)
n,λ(x, y) holds true:

HG
(k)
n,λ(x, y) =

n−2j∑
m=0

[n2 ]∑
j=0

G
(k)
m,λ(−

x

λ
)n−m−2j(−λ)n−m−j(− y

λ
)j

n!

m!j!(n− 2j −m)!
.

(3.2)

Proof. Applying the definition (2.1) to the term 2Lik(1−e−t)

(1+λt)
1
λ +1

and expanding the

function (1 + λt)
x
λ (1 + λt2)

y
λ at t = 0 yields

2Lik(1− e−t)

(1 + λt)
1
λ + 1

(1+λt)
x
λ (1+λt2)

y
λ =

( ∞∑
m=0

G
(k)
m,λ

tm

m!

)( ∞∑
n=0

(−x

λ
)n

(−λt)n

n!

) ∞∑
j=0

(− y

λ
)j
(−λt2)j

j!


=

∞∑
n=0

(
n∑

m=0

(
n
m

)
G

(k)
m,λ(−

x

λ
)n−m(−λ)n−m

)
tn

n!

 ∞∑
j=0

(− y

λ
)j
(−λt2)j

j!


Replacing n by n− 2j, we have

∞∑
n=0

HG
(k)
n,λ(x, y)

tn

n!

=
∞∑

n=0

n−2j∑
m=0

[n2 ]∑
j=0

(
n− 2j
m

)
G

(k)
m,λ(−

x

λ
)n−m−2j(−λ)n−m−j(− y

λ
)j

 tn

(n− 2j)!j!
.

(3.3)
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Equating their coefficients of tn

n! , we get the result (3.2).

Theorem 3.3. The following implicit summation formula involving degenerate Her-

mite poly-Genocchi polynomials HG
(k)
n,λ(x, y) holds true:

HG
(k)
n,λ(x, y) =

n∑
m=0

(
n
m

)
(− z

λ
)n−m(−λ)n−m

HG
(k)
m,λ(x− z, y). (3.4)

Proof. By exploiting the generating function (2.1), we can write the equation

∞∑
n=0

HG
(k)
n,λ(x, y)

tn

n!
=

2Lik(1− e−t)

(1 + λt)
1
λ + 1

(1 + λt)
x−z
λ (1 + λt2)

y
λ (1 + λt)

z
λ (3.5)

=

( ∞∑
m=0

HG
(k)
m,λ(x− z, y)

tm

m!

)( ∞∑
n=0

(− z

λ
)n

(−λt)n

n!

)
Replacing n by n−m in above equation and equating their coefficients of tn

n! leads to
formula (3.4).

Theorem 3.4. The following implicit summation formula involving degenerate Her-

mite poly-Genocchi polynomials HG
(k)
n,λ(x, y) holds true:

HG
(k)
n,λ(x+ 1, y) =

n∑
r=0

(
n
r

)
(− 1

λ
)r(−λ)rHG

(k)
n−r,λ(x, y). (3.6)

Proof. By the definition of degenerate Hermite poly-Genocchi polynomials, we have

∞∑
n=0

HG
(k)
n,λ(x+1, y)

tn

n!
−

∞∑
n=0

HG
(k)
n,λ(x, y)

tn

n!
=

2Lik(1− e−t)

(1 + λt)
1
λ + 1

(1+λt)
x
λ (1+λt2)

y
λ ((1+λt)

1
λ−1)

=

( ∞∑
n=0

HG
(k)
n,λ(x, y)

tn

n!

)( ∞∑
r=0

(− 1

λ
)r
(−λt)r

r!

)
−

∞∑
n=0

HG
(k)
n,λ(x, y)

tn

n!

=
∞∑

n=0

n∑
r=0

HG
(k)
n−r,λ(x, y)(−

1

λ
)r(−λ)r

tn

(n− r)!r!
−

∞∑
n=0

HG
(k)
n,λ(x, y)

tn

n!
.

Finally, equating the coefficients of the like powers of tn

n! , we get (3.6).

4. General symmetry identities for degenerate Hermite poly-Genocchi
polynomials

In this section, we give general symmetry identities for the degenerate poly-

Genocchi polynomials G
(k)
n,λ(x) and the degenerate Hermite poly-Genocchi polynomi-

als HG
(k)
n,λ(x, y) by applying the generating function(2.1) and (2.4).

Theorem 4.1. Let a, b > 0 and a ̸= b. For x, y ∈ R and n ≥ 0, the following identity
holds true:

n∑
m=0

(
n
m

)
bman−m

HG
(k)
n−m,λ(bx, b

2y)HG
(k)
m,λ(ax, a

2y)

=

n∑
m=0

(
n
m

)
ambn−m

HG
(k)
n−m,λ(ax, a

2y)HG
(k)
m,λ(bx, b

2y). (4.1)

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 19 July 2018                   doi:10.20944/preprints201807.0361.v1

http://dx.doi.org/10.20944/preprints201807.0361.v1


8

Proof. Let

g(t) =

(
2Lik(1− e−at)2Lik(1− e−bt)

((1 + λt)
a
λ + 1)((1 + λt)

b
λ + 1)

)
(1 + λt)

abx
λ (1 + λt2)

a2b2y
λ . (4.2)

Then the expression for g(t) is symmetric in a and b and we can expand g(t) into
series in two ways to obtain

g(t) =
∞∑

n=0

HG
(k)
n,λ(bx, b

2y)
(at)n

n!

∞∑
m=0

HG
(k)
m,λ(ax, a

2y)
(bt)m

m!

=

∞∑
n=0

(
n∑

m=0

(
n
m

)
an−mbmHG

(k)
n−m,λ(bx, b

2y)HG
(k)
m,λ(ax, a

2y)

)
tn

n!
.

Similarly, we can show that

g(t) =
∞∑

n=0

HG
(k)
n,λ(ax, a

2y)
(bt)n

n!

∞∑
m=0

HG
(k)
m,λ(bx, b

2y)
(at)m

m!

=

∞∑
n=0

(
n∑

m=0

(
n
m

)
ambn−m

HG
(k)
n−m,λ(ax, a

2y)HG
(k)
m,λ(bx, b

2y)

)
tn

n!
.

Comparing the coefficients of tn

n! on the right hand sides of the last two equations, we
arrive the desired result.

Remark 1. On setting b = 1 in Theorem 4.1, we get the following result
n∑

m=0

(
n
m

)
an−m

HG
(k)
n−m,λ(x, y)HG

(k)
m,λ(ax, a

2y)

=
n∑

m=0

(
n
m

)
amHG

(k)
n−m,λ(ax, a

2y)HG
(k)
m,λ(x, y). (4.3)

Theorem 4.2. For all integers a > 0, b > 0, and n ≥ 0, the following identity holds
true:

n∑
m=0

(
n
m

)
an−mbmHG

(k)
n−m,λ

(
bx, b2z

) m∑
i=0

(
m
i

)
τi(a− 1;λ)G

(k)
m−i,λ(ay)

=

n∑
m=0

(
n
m

)
ambn−m

HG
(k)
n−m,λ

(
ax, a2z

) m∑
i=0

(
m
i

)
τi(b− 1;λ)G

(k)
m−i,λ(by). (4.4)

where generalized falling factorial sum τk(n;λ) is given by (1.19).
Proof. We now use

g(t) =
2Lik(1− e−at)2Lik(1− e−bt)(1− (−(1 + λt))

ab
λ )(1 + λt)

ab(x+y)
λ (1 + λt2)

a2b2z
λ

((1 + λt)
a
λ + 1)((1 + λt)

b
λ + 1)2

to find that

g(t) =

(
2Lik(1− e−at)

(1 + λt)
a
λ + 1

)
(1 + λt)

abx
λ (1 + λt2)

a2b2z
λ

(
1− (−(1 + λt))

ab
λ

(1 + λt)
b
λ + 1

)
(
2Lik(1− e−bt)

(1 + λt)
b
λ + 1

)
(1 + λt)

aby
λ

=

∞∑
n=0

HG
(k)
n,λ

(
bx, b2z

) (at)n
n!

∞∑
n=0

τn(a− 1;λ)
(bt)n

n!

∞∑
n=0

G
(k)
n,λ(ay)

(bt)n

n!
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=
∞∑

n=0

HG
(k)
n,λ

(
bx, b2z

) (at)n
n!

∞∑
m=0

m∑
i=0

(
m
i

)
bmτi(a− 1;λ)G

(k)
m−i,λ(ay)

tm

m!

=

∞∑
n=0

(
n∑

m=0

(
n
m

)
an−mbmHG

(k)
n−m,λ

(
bx, b2z

) m∑
i=0

(
m
i

)
τi(a− 1;λ)G

(k)
m−i,λ(ay)

)
tn

n!
.

(4.5)
By using a similar plan, we get

g(t) =
∞∑

n=0

(
n∑

m=0

(
n
m

)
ambn−m

HG
(k)
n−m,λ

(
ax, a2z

) m∑
i=0

(
m
i

)
τi(b− 1;λ)G

(k)
m−i,λ(by)

)
tn

n!
.

(4.6)

After comparing the coefficients of tn

n! on the right hand sides of the last two equa-
tions, we arrive at the desired result.
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