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Abstract

The aim of this paper is to use the elementary method and the properties
of the second kind Stirling numbers to study the congruence properties
of a new sequence, which is closely related to Fubini polynomials and
Euler numbers, and give some interesting congruences for it. This solves
a problem proposed by the first author at an unpublished paper.
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1. Introduction

Let n > 0 be an integer, the famous Fubini polynomials F,,(y) is defined by the
coefficients of the generating function
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where Fy(y) = 1, Fi(y) =y, and so on.
These polynomials are closely related to the Stirling numbers and Euler num-

bers. For example, if y = —%, then (1) becomes
2 F
=) —." 2
1+et ; n! ’ 2)

where E,, denotes the Euler numbers.
On the other hand, the two variable Fubini polynomials are also defined by
means of the following (see [5,9])
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and F,(y) = F,(0,y) for all integers n > 0. Many people have studied the proper-
ties of F,,(x,y), and have obtained a lot of important works. For example, T. Kim
et al. proved a series of identities related to F,,(z,y) (see [9,10]), one of which is

Fag) =3 (7) o Foy), n > 0.

=0

Zhao Jianhong and Chen Zhuoyu [16] studied the computational problem of
the sums

Fo,(y) Fary)  Fo(y)
Z (a1)!  (ag)! (ap)!’

aitaz+--+ap=n

where the summation is over all k-tuples with non-negative integer coordinates
(ay, a9, -+ ,ax) such that a; + as + - - - + ax = n. They proved the identity

Fo,(y) Far(y)  Fo(y)
Z (a1)!  (ag)! (ax)!

airtaz+--+ag=n

~ (k- 1)!(1; F )T % i Ok = 1) Frim1—ily) @)

where the sequence {C(k,7)} is defined as follows: For any positive integer k£ and
integers 0 < i < k, we define C'(k,0) = 1, C(k, k) = k! and

Clk+1,i+1)=C(k,i+ 1)+ (E+ 1)C(k,i), forall 0 <i <k,

providing C'(k,i) =0, if i > k.
For clarity, for 1 < k <9, we list values of C'(k, ) in the following table.

C(k,i) i=0 i=1 i=2 =3 i=4 1=5 1=6 =7 1=8 =9
k=1 1 1
k=2 1 3 2
k=3 1 6 11 6
k=4 1 10 35 50 24
k=5 1 15 85 225 274 120
k=6 1 21 175 735 1624 1764 720
k=T 1 28 322 1960 6769 13132 13068 5040
k=8 1 36 546 4536 22449 67284 118124 109584 40320
k=9 1 45 870 9450 63273 269325 723680 1172700 1026576 362880

Meanwhile, Zhao Jianhong and Chen Zhuoyu [16] proposed some conjectures
related to the sequence. We think this sequence is meaningful because it satisfies
some very interesting congruence properties, such as

C(p—2,i) =1 (mod p) (4)

2


http://dx.doi.org/10.20944/preprints201807.0325.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 July 2018 d0i:10.20944/preprints201807.0325.v1

for all odd primes p and integers 0 < i < p — 2. The equivalent conclusion is
C(p—1,i) = 0(mod p) (5)

for all odd primes p and positive integers 1 < i < p—2. Since some related contents
can be found in references [1,2,4,7,8,11-15], we would not go through all of them
here.

The aim of this paper is to use the elementary method and the properties of
the second kind Stirling numbers to prove congruence (4). That is, we will solve
the conjectures in [16], which are listed as follows.

Theorem. Let p be an odd prime, for any integer 1 < i < p — 2, we have the
congruence

C(p—1,i) =0 (mod p).

From this theorem and (3) we can also deduce the following three corollaries:
Corollary 1. For any positive integer n and odd prime p, we have

Frip-1(y) + Fu(y) = 0 (mod p).
Corollary 2. For any positive integer n and odd prime p, we have
Eyip-1+ E, =0(mod p).
Corollary 3. For any odd prime p, we have the congruences

E,;1 =0(mod p), 2E,=1(mod p) and E, ; =—1(mod p).

2. Several simple lemmas

Lemma 1. For any positive integer k, we have the identity

N
—_

Ely(y + D =Y Ok — 1,1 Fr_i(y).

%

I
o

Proof. Taking n = 1 in (3), and note that Fy(y) = 1, Fi(y) = y, and the
equation a; + as + - - - + ax = 1 holds if and only if one of a; is 1, others are 0. The

number of the solutions of this equation is (]1“) = k. So from (3) we have

3 Fo,(y) Faly)  Foly) _ (’f)y — ky

a1+ag+-+a,=1 (a1)! (ag)! (ax)! 1
1 k—1 .
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or identity

T
L

Ryly+ 1) =) Clk = Li)Fii(y).
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This proves Lemma 1.
Lemma 2. For any positive integer n, we have the identity

Fn(Q) = ZS(TL, k) k! yk’ (TL > O)>

where S(n, k) are the second kind Stirling numbers.
Proof. See reference [9].
Lemma 3. For any positive integers n and k, we have

S(n, k) = %z: (?)jn(—nk—j.

Proof. See Theorem 4.3.12 of [3].
Lemma 4. For any odd prime p and positive integer 2 < k < p — 1, we have
the congruence
k'S(p, k) = 0 (mod p).

Proof. From the definition and properties of S(n, k), we know that S(n, k) = 0,
if £ > n. For any integers 0 < 7 < p—1, from the famous Fermat’s Little Theorem
we have the congruence j? = j(mod p). From this congruence and Lemma 3 we
have

WS =3 (’?)ﬂ(—wk—j _y (’?).7(—1)'@ = KIS(1, k) = 0 (mod p),

=0 \J =0 \J

if k > 2. This proves Lemma 4.

3. Proof of the theorem

In this section, we will prove our theorem by mathematical induction. Taking & = p
in Lemma 1 and note that C(p —1,0) =1 and C(p — 1,p— 1) = (p — 1)! we have

ply(y + 1P~ = ZC(p —1,4)F,_i(y)
= B - DI+ Y Clo— LiF(y) (©)
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Note that (p — 1)! + 1 =0 (mod p), from (6) we have the congruence

y—Fpy) = ic(p — L,1)Fp—i(y) (mod p). (7)
From Lemma 2 we have 7
Fyly) = :0 S(p,k) k! y* (8)
and _
FPD(0)=S(p,p—1) (p—1!-(p— 1), (9)

where F\") (y) denotes the k-order derivative of F,,(y) for variable y.

FPP0)=Sp-1,p-1) (-1 (p-1)!=@-1!(p—1). (10)

Then applying Lemma 3 and Lemma 4 and note that S(1,p — 1) = 0 we have

51 = 5 (77 e =5 (7 iy

j J
= (p—1D!IS(1,p—1) =0(mod p). (11)

=0

Combining (7), (9), (10) and (11) we have
0=-SEpr-Dp-Dp-D'=Cr-11p-D! (-1 (modp) (12)
C(p—1,1) =0(mod p). (13)

That is, the theorem is true for ¢ = 1.
Assume that the theorem is true for all 1 <¢ < s. That is,

C(p—1,7) =0 (mod p)

for 1 <i<s<p—1. Itis clear that if s = p — 2, then our theorem is true.
If 1 < s<p—2, then from (7) we have the congruence

p—2

y—Fy(y)= > Clp—1,i)F_i(y) (mod p). (14)

i=s+1
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In congruence (14), taking the (p — s — 1)-order derivative with respect to ¢, then
let y = 0, applying Lemma 2 we have

—Spp—s—Dp-—s=-Dl-(p—s—1)
= Clp—1,s+1)(p—s—1l(p—s—1)(mod p). (15)

Note that ((p — s — 1)!,p) = 1, from Lemma 4 and (15) we have the congruence
Cp—1,s+1)p—s—1=—-(p—s—1!S(p,p—s—1) =0 (mod p),
which implies
Cp—1,5s+1)=0(mod p).

That is, our theorem is true for ¢ = s+ 1. This completes the proof of our theorem
by mathematical induction.

Now, we prove the corollaries. For any integer 0 < i < p — 3, from our theorem
and the definition of C'(n, k) we have

0=Cp—1i+1)=Cp—2,i+1)+(p—1)C(p—2,7)
= Cp—2,i+1)—C(p—2,i) (mod p).

Repeated application of this congruence we can deduce that
Cp—2,i+1)=C(p—2,i)=---=C(p—2,0) =1 (mod p)
for all 0 < i < p— 3. Note that C(p —2,0) =1 and
Cp—2,p—-2)=(p—-2)'=—(p—1)!'=1(mod p).

Now the proofs of corollaries completes.
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