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A NOTE ON DEGENERATE BERNSTEIN AND
DEGENERATE EULER POLYNOMIALS

TAEKYUN KIM AND DAE SAN KIM

ABSTRACT. In this paper, we investigate the recently introduced degener-
ate Bernstein polynomials and operators and derive some of their proper-
ties. Also, we give some properties of the degenerate Euler numbers and
polynomials and their connection with the degenerate Euler polynomials.

1. Introduction

Let C[0,1] denote the set of continuous function on [0,1]. For f € C[0,1],
Bernstein introduced the following well known linear operator (see [3,20]):

Ba(sle) = 3 15 (7)ot o

N (1.1)
k. (n
= f(=) By n(x), (see [3,8 —27]),
16 ()e
where
Bkvn(:zz) = <Z> :ltk(]. - :Zl)n_k, ('fl,k? S ZZO) (12)

are called Bernstein polynomials of degree n or Bernstein basis polynomials.

Here B,,, (n > 0), is called Bernstein operator of order n.

A Bernoulli trial involves performing an experiment once and noting whether a
particular event A occurs. The outcome of Bernoulli trial is said to be ”Success”
if A occurs and a ”failure” otherwise. The probability P, (k) of k successes in
n independent Bernoulli trials with the probability of success p is given by the
binomial probability law

Pn(k) = (:;)pk(l _p)n_kafor k= 0; 17273a ]
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From the definition of Bernstein polynomials, we note that Bernstein basis is
the probability mass function of binomial distribution. The Bernstein polynomi-
als of degree n can be defined by blending together two Bernstein polynomials of
degree n — 1. That is, the k-th Bernstein polynomial of degree n can be written
as

Bin(z) = (1 — 2)Bip—1(2) + 2Br—1,n-1(x), (k,n € N). (1.3)

For example, Bo’l(x) =1-2z, Bi1(z) = x, Bya(z) = (1 — )%, Bia(z) =
21‘(1 — x), 32,2(1‘) = a: s Bo 3(1‘ (1 — x)?’, 31’3(3?) = 3.23(1 — 37)2, 3273(37) =
32%(1 — ), B3 s(z) =23,

Thus, we note that

n

) n (zl
ot =z =z )y nl ine1(z) =) szlnl(x)
21 () prdl VY
n—1

-y o) ip 2 S QBM(:E).

i=k—1 (kzl) 7 i=k—1 (Z) ,

For A € R, L. Carlitz introduced the degenerate Euler poynomials given by
the generating function

2
(14 At)% +1

A

~
~—

3

1+ At) X = Zﬁn NE (see [4]). (1.5)

When z = 0, &, x» = E,2(0) are called the degenerate Euler numbers. It is
easy to show that limy_.o &, () = E,(x), where E, () are the Euler polyno-
mials given by

et =Y ) (see [L-T), (16)
n=0

For n > 0, we define the A-product as follows:

@or=1, @)pr=z(x—A)(x—2)\)---(r—(n—1)N), (n>1), (see9]).
(1.7)

Note that limy_,o(z), x = 2™, (n > 1).
Recently, the degenerate Bernstein polynomials of degree n are introduced as

Bran(el) = () @eall = 2oins (€ 0.1) mk20) (see 0. (19

From (1.8), we note that the generating function for By, (x|\) is given by

@At 2T ZBM e (see [9]). (1.9)
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By (1.9), we easily get limy_,g By ,(x|\) = By n(x), (n,k > 0).

In this paper, we investigate the recently introduced degenerate Bernstein
polynomials and operators and derive some of their properties (see [9]). Also,
we give some properties of the degenerate Euler numbers and polynomials and
their connection with the degenerate Euler polynomials.

2. Degenerate Bernstein polynomials and operators

Let f(x) be a continuous function on [0,1]. Then the degenerate Bernstein
operator of order n is defined as

Bua(rle) = 3 1 () @ = 2o = S A B, 1)
k=0 k=0

where z € [0,1] and n, k € Z>g. From (2.1), we note that

n

Baa(llr) = (Z) (@a(l = D)in. 22)

k=0
Now, we observe that

o0 n

Z(l)n,A% = (14 M)% = (14 M)F(1+ At)

& l o m
= <Z($)l,,\§!> (Z(l - »’U)mA:m) (2.3)

=0 m=0

=3 (f: (7) (@)1 - x)nu> %”'

n=0 \I1=0

1—=x
A

By comparing the coefficients on the both sides of (2.3), we get

n

Wnr =Y (?) (@) A (1 = 2)p—ix- (2.4)

1=0
From (2.2) and (2.4), we have

n

Boa(llz) = (Z) (@)A1 = Z)n—k,x = (Dn,, (n>0). (2.5)

k=0
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Also, we get from (2.1) that for f(z) = «,

n

k>( Jea(l = )n—k,x

k
n
n—1 —2)
k— n—k,\A

( ) Yer(1 —z)p_1—pa(z — kX)

M=

B, a(z|x) =

=~
Il

0

I
NE

TT
—_

R‘

=0

= 2(1)p_1r — n—mZ( ) Al = @)n 1k 2 i

=2()p-1,x — (n — D)AB,_12(z|x).

-1

(2.6)
From (2.6), we can derive the following equation (2.7).
Boa(zlz) =2(1)p—1.2 — (n — DM2z(1)n—2,1 — (n — 2)ABp_2 x(z|2)}
T(Dn—1x — 2(n — DA(Dn_zx + (=1)*(n = 1)(n — 2)A*B,_g \ (zz)
=2(Dn-1x = 2(n = D)A(1)n-2
(1200~ 1)~ 2N (U sx — (1~ IABo_s a(2l2)}
=2(1)n-1, —2(n — DAL o + (=1)%(n — 1)(n — 2)A*z(1)n_3,»
+(=1)3(n —1)(n —2)(n — 3)N*B,_3.x(2|z)

|
—

n

=) ()" —1)(1)n1rx,
0

S
I

where (2) =z(zx—1)---(x —k+1), (k>1), ()0 =1
Therefore, we obtain the following theorem.

Theorem 2.1. Forn > 0, we have

B A(f10) = f(0O)(L)nx, Bua(f11) = F(L)(1)na,

and

Bn,)\(llx) ( )n A n)\ xlx = SCZ )\k n — ].) (1)77,,1,;@’)\, (ﬂ > ]_)
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Let f, g be continuous functions defined on [0, 1]. Then we note that
Bu(af + Bglz) = aBna(flz) + BBna(glz), (n=0), (2.8)

where «, 8 are constants.
So, the degenerate Bernstein operator is linear. From (1.8), we note that

Boi(z|\) =1—2, Byi(z|\) =2z, Boa(z|)) = (1 —2)® — \(1 — ),
By o(z|\) = 22(1 — x), Bao(z|\) = 2% — Az
It is easy to show that

iu )Mtn (125 = (LAt (1A%
n=0
= <§(1)M”> (WLZ—:O( JmA m,)
> (; (}) a1, A> -
Thus we get
(1=m2)pn= (7) (D (=DH @) —x, (n>0). (2.9)

From (2.1), we have

Ba110) = 3 F(EBn(o1) = 30 15 (1) @it = b
k=0
S

k=0 7=0

It is easy to show that
n\(n—~k n k+j
= k> 2.11
(") = (1) () =0 =

_ (%) k44,2
O = G Gk DA (.12

Let k+ j = m. Then, by (2.11), we get

(5= GG

and
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From (2.10) and (2.12), we have

Buale) = 32 (1)@ 2= () 0" M0 s

m=0
(2.13)

k
5).

Therefore, by (2.13), we obtain the following theorem.

Theorem 2.2. For f € C[0,1] and n € Z>o, we have

B (/o) = Z( )@ AZ( )V W A ()

=0

From (1.8), (2.9) and (2.12), we note that

n

k

— (Z) )k Z (n— > D x)i-x(Dn—k—ix

S () e

(128 o gy W
(

By (x| = )1 — ) g2

7N\
v

(T)kA

) o

I
3 |l
x>
T
—_
~.
|
>
Y
. 3
~

(2.14)

Therefore, by (2.14), we obtain the following theorem.

Theorem 2.3. For n,k € Z>o and x € [0,1], we have

Brate) = 20 (1) () s (1

i=k

From (1.8) and (2.5), it is to see that

L =)
(. —EN)ix = Z(”)

(1)7171',)\

By n(z|N), (2.15)

where n,i € N with ¢ > n and z € [0, 1].
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Indeed,

é%Bk’"(mp‘ f:( ) Jea(l = Z)n—k,2

k=1
n—1
n—1
= ( 1 )(x)k-‘rl,/\(l_x)n—l—k,)\
k=0
x—kN)(1)p—1x-

In the same manner, we can show that

n

Z

k=1 7,

= (2 = kX)ix(1)n_in

3. Degenerate Euler polynomials associated with degenerate
Bernstein polynomials

From (1.5), we note that

2= fie a (1+At% ) }:5 53() "o
- 1=0 2l Ml' ™A
= i (i (7>5m(1)n—z,x> g + Zé’m% (3.1)
tn
_Z (Z( ) Jn— l,\fu—kEn,\) -

By comparing the coefficients on both sides of (3.1), we obtain the following
theorem.
Theorem 3.1. Forn > 0, we have
" /n 2, ifn=0
Dyt n&ix+Epx =14 ’
;%(J() PATEA T B {Q ifn > 0.
From Theorem 4, we note that

n n—1
n 1 n
Eor=1, Enx=— Z <l>(1)n—l,>\5l7/\ =5 (l)

=0
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By (1.5), we get

- tn 2 s 2 "
Y all—2)s = —————(1+ M) = ——(1+ M) %
~ nl 1+ X)> +1 (1+4M)"% +1
o0 tn
=3 Sn’_,\(;c)(—l)"m.
n=0
(3.2)
By comparing the coefficients on the sides of (3.2), we have
Enpn(l—2)=(-1)"E, —(2), (n>0). (3.3)
In particular, if we take x = —1, we get
Enn(2) = (-1)"&,,—A(-1), (n>0). (3.4)

Therefore, we obtain the following theorem.

Theorem 3.2. Forn >0, we have

Enpy=— Z <n>(1)n—z,,\5[,/\, Ena(l—z) = (=1)"E ().

> tn 2 2 2 L .
g = 2 it eI (AT 11
7;) A5 (1+At)?—|—1( ) (1+At)x+1( > ) )
=2(14 At)> — (1+At)%

(1+M)% +1

= Z (2(1)n,/\ - Z (7) (Dn—l,h&,k) ;_T:

1=0
Thus, by (3.5), we get

Enn(2) =2(1)p ) — i (n) (Dn—12&x =21)nx + Enn, (n>0).

l
1=0
Corollary 3.3. For n > 0, we have
Enn(2) =2(1)nn + En.
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It is easy to show that
Z( )&A Jn—ix, (n>0).
1=0

Now, we observe that
2

2 T 1 x—1
A4 = (AT -DA N
(1+At)%+1( A2 (1+At)%+1(( AT+ YL+ M)

=2(1+ M) —

I R C I L <
U+Aﬂ%+1(+ )
2

=21+ M) —2(1+ M)+ (1+ M)
B (14 M)x +1
(3.6)
Continuing the process in (3.6), we have
oo m 00 k m
_ : i1
an,x(l’)a = Z (2 Z(ﬂﬁ — ) a(=1) ) o
n=0 n=0 =1 (37)
2 z—k
+ (D) ——————— (14 X)~
1) u+Aw%+1< )
Therefore, by (1.5) and (3.7), we obtain the following theorem.
Theorem 3.4. Forn > 0,k > 1, we have
k .
2) =23 (2= i)ur(=1)"""+ (=D Eun(z — k).
By (1.9), we get
(@) (1+ M) = =% ZB;M z|\) —' Z;Bk ik (T|A) e GoE (3.8)
On the other hand
(@)ka(L+ ML) Z ,)\H- (3.9)
n=0
From (3.8) and (3.9), we have
1
(@) e Al =2)p\ = Bipik(z|A), (n,k = 0). (3.10)

[G3)]
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Now, we observe that

sz (x)k,)\ 2 iz 1
(@)rA(L+ M) 5 = =5 ST 1A+ A0T + 1)
_ @)k 2 e 2 ize
= ((HM);H(HM) +(1+/\t)%+1(1+m) >
_ (x);,A ;(&M@ )+ a1l - )
- (3.11)
By (3.9) and (3.11), we get
@)k (1 = @)\ = @)%(EM(Z —2) + Eun(1— 1)), (n>0). (3.12)

Therefore, by (3.10) and (3.12), we obtain the following theorem.

Theorem 3.5. Forn,k > 0, we have

Bik(alh) = L (@) (” N ’“) (Enn(2—2) + Ean(1 — ).
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