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INEQUALITIES OF HERMITE-HADAMARD TYPE FOR
COMPOSITE hA-CONVEX FUNCTIONS

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. In this paper we obtain some inequalities of Hermite-Hadamard
type for composite convex functions. Applications for AG, AH-h-convex func-
tions, GA, GG, GH-h-convex functions and HA, HG, H H-h-convex function
are given.

1. INTRODUCTION

We recall here some concepts of convexity that are well known in the literature.
Let I be an interval in R.

Definition 1 ([52]). We say that f : I — R is a Godunova-Levin function or that
f belongs to the class Q (I) if f is non-negative and for oll z, y € I and t € (0,1)
we have

(11) Pt (= 1)9) < 17 (@) + )

Some further properties of this class of functions can be found in [42], [43], [45],
[58], [64] and [65]. Among others, its has been noted that non-negative monotone
and non-negative convex functions belong to this class of functions.

Definition 2 ([45]). We say that a function f : I — R belongs to the class P (I)
if it is nonnegative and for all x,y € I and t € [0, 1] we have

(1.2) fle+A=t)y) < f(x)+f(y).

Obviously @ (I) contains P (I) and for applications it is important to note that
also P (I) contain all nonnegative monotone, convex and quasi convez functions, i.
e. nonnegative functions satisfying

(1.3) flte+ (1 =t)y) <max{f(z),f(y)}

for all z,y € I and ¢ € [0,1].
For some results on P-functions see [45] and [62] while for quasi convex functions,
the reader can consult [44].

Definition 3 ([10]). Let s be a real number, s € (0,1]. A function f : [0,00) —
[0,00) is said to be s-convex (in the second sense) or Breckner s-convex if

flle+1-t)y) <t°f(x) + (1 -1)f(y)
for all x,y € [0,00) and t € [0,1].
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For some properties of this class of functions see [2], [3], [10], [11], [40], [41], [53],
[55] and [67].

In order to unify the above concepts for functions of real variable, S. Varosanec
introduced the concept of h-convex functions as follows.

Assume that I and J are intervals in R, (0,1) C J and functions h and f are real
non-negative functions defined in J and I, respectively.

Definition 4 ([70]). Let h : J — [0,00) with h not identical to 0. We say that
f:1—10,00) is an h-convex function if for all x, y € I we have

(1.4) flz+Q=t)y) <h(@)f(z)+h(1-1)f(y)
for allt € (0,1).

For some results concerning this class of functions see [70], [9], [56], [68], [66] and
[69].

We can introduce now another class of functions.
Definition 5. We say that the function f : I — [0,00) is of s-Godunova-Levin
type, with s € [0,1], if

1 1

1. t 1-t < — —
(15) b+ (1= 0) € 21 @)+ el ),
for allt € (0,1) and z, y € 1.

We observe that for s = 0 we obtain the class of P-functions while for s = 1
we obtain the class of Godunova-Levin. If we denote by @, (C) the class of s-
Godunova-Levin functions defined on C', then we obviously have

P(C)=Qo(C) C Qs (C) CQs, (C)SQ1(C)=Q(0)
for 0 < s1 <39 < 1.
If f: I —[0,00) is an h-convex function on an interval I of real numbers with
h e L[0,1] and f € L[a,b] with a,b € I,a < b, then we have the Hermite-Hadamard
type inequality obtained by Sarikaya et al. in [66]

b
(1.6) th(é)f<a;b>§bia/af(u)du
1 1
:/ f((l—A)a+>\b)d/\S[f(a)+f(b)]/ h(t) dt.
0 0

For an extension of this result to functions defined on convex subsets of linear
spaces and refinements, see [31].

In order to extend this result for other classes of functions, we need the following
preparations.

Let g : [a,b] — [g(a),g (b)] be a continuous strictly increasing function that is
differentiable on (a,b).

Definition 6. A function f : [a,b] — R will be called composite-g~* h-convex
(concave) on [a,b] if the composite function fo gt :[g(a),g(b)] — R is h-convex
(concave) in the usual sense on [g(a),g (D)].

If f: [a,b] — R is composite-g~! h-convex on [a,b] then we have the inequality
(1.7) Fog H(M=Nu+X ) <h(1=2A) fog™ (u)+h(X) fog™ (v)
for any u, v € [g(a),g (b)] and X € [0,1].


http://dx.doi.org/10.20944/preprints201806.0442.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 June 2018 d0i:10.20944/preprints201806.0442.v1

INEQUALITIES OF HERMITE-HADAMARD TYPE 3

This is equivalent to the condition
(1.8) Fog H((T=Ng®) +Ag(s)) Sh(L=X) f () +h(N)f(s)

for any ¢, s € [a,b] and A € [0,1].
If we take g (¢) =Int, t € [a,b] C (0,00), then the condition (1.8) becomes

(1.9) FEY) <h(A=NFO) +hA)f(s)

for any ¢, s € [a,b] and A € [0,1], which is the concept of GA-h-convezity as
considered in [1].
If we take g (t) = —1, t € [a,b] C (0,00), then (1.8) becomes

(1.10) o) SHA- NI @ +R0) £

for any ¢, s € [a,b] and A € [0,1], which is the concept of HA-h-convezity as
considered in [5].

If p > 0 and we consider g (t) = tP, t € [a,b] C (0,00), then the condition (1.8)
becomes

(1.11) Pl =22 +20) 7] <BI=2)F (1) +h ) £ (5)

for any ¢, s € [a,b] and A € [0,1]. For h(t) = ¢ the concept of p-convexity was
considered in [71].
If we take g (t) = expt, t € [a, b], then the condition (1.8) becomes

(1.12) S ((1 =N exp (t) +expg(s))] < (1= A) f () +Af (s),

which is the concept of LogEzp h-convex function on [a, b] . For h (t) = t, the concept
was considered in [28].

Further, assume that f : [a,b] — J, J an interval of real numbers and k : J — R
a continuous function on J that is strictly increasing (decreasing) on J.

Definition 7. We say that the function f : [a,b] — J is k-composite h-convex
(concave) on [a,b], if ko f is h-convex (concave) on |a,b] .

With g : [a,b] — [g(a),g(b)] a continuous strictly increasing function that is
differentiable on (a,b), f : [a,b] — J, J an interval of real numbers and k : 7 — R
a continuous function on J that is strictly increasing (decreasing) on J, we can
also consider the following concept:

Definition 8. We say that the function f : [a,b] — J is k-composite-g~! h-convex
(concave) on [a,b], if ko fog~t is h-convex (concave) on [g(a),g (b)].

This definition is equivalent to the condition
(1.13) kofog ' (1=XNg(t)+Ag(s) Sh(L—=X) (ko f) (&) +h(N) (ko f)(s)

for any ¢, s € [a,b] and X € [0,1].
If k: J — R is strictly increasing (decreasing) on J, then the condition (1.13)
is equivalent to:

(1.14) fog (1= g (&) +Ag(s)
S ETHRA =) (ko f) () +h(A) (ko f)(s)]

for any t, s € [a,b] and X € [0,1].


http://dx.doi.org/10.20944/preprints201806.0442.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 June 2018 d0i:10.20944/preprints201806.0442.v1

4 S.S. DRAGOMIR

If k(t) =Int, t >0 and f : [a,b] — (0,00), then the fact that f is k-composite
h-convex on [a,b] is equivalent to the fact that f is log-conver or multiplicatively
convez or AG-h-convex, namely, for all z, y € I and ¢ € [0, 1] one has the inequality:

(1.15) ftw+ (1= t)y) < [F @] 7 )"0
A function f: I — R\ {0} is called AH-h-convex (concave) on the interval I if
the following inequality holds [1]
f(z) f(y)
h(T=X) fy) +hN) f(z)

(1.16) F(A=XNz+Xy) < (=)

for any x, y € I and A € [0,1].

An important case that provides many examples is that one in which the function
is assumed to be positive for any « € I. In that situation the inequality (1.16) is
equivalent to

1 1 1
f@ MWV =B e )
for any z, y € I and X € [0,1].

Taking into account this fact, we can conclude that the function f: I — (0, 00)
is AH-h-convex (concave) on I if and only if f is k-composite h-concave (convex)
on I with & : (0,00) — (0,00), k (t) = 1.

Following [1], we can introduce the concept of GH -h-convex (concave) function
f:1C(0,00) — R on an interval of positive numbers I as satisfying the condition

. f(@)f(y)
(1.17) T < ) o T OV T @)
Since

h(1—\)

f (acl*)‘y/\) =foexp[(1—=A)Ilnz+ Any]
and

f) f(y) foexp(Inz) f oexp(Iny)

h(L=N)f)+hA) f(z)  h(=A)foexp(y)+h(A)foexp(x)
then f: I C (0,00) — R is GH-convex (concave) on I if and only if f oexp is AH-
convez (concave) on Inl := {x| x =1Int, ¢t € I'}. This is equivalent to the fact that
[ is k-composite-g~! h-concave (convex) on I with k : (0,00) — (0,00), k (t) = 1
and g (t) =Int, t € I.
Following [1], we say that the function f: I C R\ {0} — (0, 00) is H H-h-convex

if
zy fx) f(y)

- H(a=t=m) < rass roriwre
for all z, y € I and ¢ € [0, 1]. If the inequality in (1.18) is reversed, then f is said
to be H H-h-concave.

We observe that the inequality (1.18) is equivalent to
(1.19) h(l—t)i%—h(t) 1 < 1

fw) =y (m)

f(z)
This is equivalent to the fact that f is k-composite-g~! h-concave on [a, b] with

for all z, y € I and ¢ € [0, 1].
k:(0,00) — (0,00), k(t) =1+ and g (t) = —1, ¢t € [a,0].
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The function f: I C (0,00) — (0,00) is called GG-h-convez on the interval I of
real umbers R if [5]

(1.20) F @) < [f @V )"

for any xz, y € I and A € [0,1]. If the inequality is reversed in (1.20) then the
function is called GG-h-concave.

For h(t) = t, this concept was introduced in 1928 by P. Montel [59], however,
the roots of the research in this area can be traced long before him [60]. It is easy
to see that [60], the function f : [a,b] C (0,00) — (0,00) is GG-h-convex if and
only if the the function g : [lna,lnb] — R, g =Inof oexp is h-convex on [lna,Ind].
This is equivalent to the fact that f is k-composite-g~! h-convex on [a,b] with
k:(0,00) = R, k(t) =Int and g (t) =Int, t € [a,b].

Following [1] we say that the function f: I C R\ {0} — (0, 00) is HG-h-convex
if

ry h(1—t) h(t)

(1.21) f<m+a4w)ng1 f ()]
for all z, y € T and t € [0, 1]. If the inequality in (1.8) is reversed, then f is said to
be HG-h-concave.

Let f : [a,b] C (0,00) — (0,00) and define the associated functions G : [§, 1] —
R defined by Gy (t) =1In f (}) . Then f is HG-h-convez on [a, b] iff G is h-convex
on [%, é] . This is equivalent to the fact that f is k-composite-g~* h-convex on [a, b]
with k£ : (0,00) = R, k(t) =Int and g (t) = —1, t € [a, }].

We say that the function f : [a,b] — (0,00) is r-h-convex, for r # 0, if

(1.22) FIA=Na+Xy) <[h(L=X)f () +h ) @)

for any z, y € [a,b] and A € [0, 1]. For h(t) = ¢, the concept was considered in [61],
If r > 0, then the condition (1.22) is equivalent to

ST =Nz +Ay) <h(L=A) " (y) +h(A) " (2)

namely f is k-composite convex on [a,b] where k (t) =¢", t > 0.
If r < 0, then the condition (1.22) is equivalent to

A=z +Ay) = h(1=2) " (y) + LX) [ (2)

namely f is k-composite h-concave on [a, b] where k (t) =", ¢t > 0.

In this paper we obtain some inequalities of Hermite-Hadamard type for com-
posite convex functions. Applications for AG, AH-h-convex functions, GA, GG,
G H-h-convex functions and HA, HG, H H-h-convex function are given.

2. REFINEMENTS OF HH-INEQUALITY

The following representation result holds.

Lemma 1. Let f : I C R — C where I is an interval of the real numbers
R. Let y, x € I with y # x and assume that the mapping [0,1] > ¢t — fo
g (1 —t)g(z) +tg (y)] is Lebesgue integrable on [0,1]. Then for any A € [0,1]
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we have the representation
(2.1) /fog [(1—1t)g(z)+tg(y)]dt
= (1—/\)/0 Fog {1 =6 ((1 =X g(x)+Ag(y) +tg (y)]dt

+A/0 fog  [(1—1)g (@) +t((1—A) g (@) + Ag ()] dt.

Proof. For A =0 and A = 1 the equality (2.1) is obvious.
Let A € (0,1). Observe that

1
/fog-l (1—1) Mg @) + (1= A g (2)) +tg ()] dt

/fog (1= )A+1) g () +(1—6) (1= N g(2)dt

and
/0fog—l[t(Ag<y>+<1—A>g<x>>+<1—t>g<x>]dt

= [ res e+ -2 g @)

If we make the change of variable u := (1 —¢) A + ¢ then we have 1 —u =
(1—-¢%)(1—=X) and du = (1 — X) du. Then

/Ofog—l[((1—t>A+t>g<y>+<1—t><1—A>g<x>]dt

~ =5 Fer e + (- wg@]du

If we make the change of variable u := A\t then we have du = Adt and

/Ofog—l[wy) (1-t)g /fog Uug (y) + (1 — u) g ()] du.

Therefore
(1- /1fog‘1 (L= (g (9) + (1= \) g (@) +tg (1)) do
+A/ Fog () +(1-Ng)+ (- 0)g@)]dt
= [ ror o)+ A-wg@lans [ Fog™ ) + (1 )o@l

/foglug + (1 - u) g (2)) du

and the identity (2.1) is proved. O
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Theorem 1. Assume that the function f : I C R — [0,00) is a composite-g~*
h-convezx function with h € L[0,1]. Let y, x € I with y # x, then for any A € [0, 1]

we have the inequalities

22 g {a-n e [0 0 Do)
+Afog ! [(Q—A)g(g) +Ag(y)]}

1 Y ,
S Ened RACTICL

1
S[fog’l((1—A)g(x)+Ag(y))+(1—k)f(y)+Af(fc)]/0 () dt
s{[h(l—»+A]f<x>+[h<x>+1—x]f<y>}/0 h(t) dt.

Iff : T CR — [0,00) is a composite-g~1 h-concave function, then the inequalities
reverse in (2.2).

Proof. Since f : I C R — [0,00) is a composite-g~! h-convex function function,
then by Hermite-Hadamard type inequality (1.6) we have

1 a2 [A=Ng@)+A+1)gy)
(2'3) Wfog [ B }

s/o Fog (L —) (1 - N g(x) + Ag (1) + tg ()] dt

1
<[fog ((1—A)g(w)+Ag(y))+f(y)]/O (1) dt

and

1 S [2=Ng(x)+Ag(y)
(2.4) mfog { D) }

1
s/o Fog (1=t g (@) +t((1— ) g(x) +Ag ()] dt
<[f @+ fog ™ (1-Ng(@)+Ag@))] / (1) dt.

Now, if we multiply the inequality (2.3) by 1 — X > 0 and (2.4) by A > 0 and add
the obtained inequalities, then we get

(2.5) 16 )

1—>\fO . [(1—A)g($)+()\+1)g(y)]

A S [@=Ng(x)+ g (y)
RETTORA [ 2 ]
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<2 [ Fort A= 0(0-Ng@) +2s @)+ to W
3 [ Fog™ 0= 0@ 10 - Ny @+ gl
SO [For™ (- 20w+ 1] [

1
+A[f<x>+fog-1<<1—A)g(x)ﬂg(y))]/o h () di

and by (2.1) we obtain

1 [0 =Ng@)+A+1)g ()
(2.6) m{(l—)\)fog 1|: 3 :|

(2—A)g(;ﬁ)+kg(y)]}

+)\fog_1[
1
s/ fog (- 1) g (@) +tg (v) dt
0
g[fog—l((1—A)g(w)+Ag<y>>+(1—x>f(y>+xf<x>]/O h (t) dt

g{[h(l—A)+A]f<x>+[h<x>+1—x]f<y>}/o () dt,

where the last inequality follows by the definition of composite-g~! h-convexity and
performing the required calculation.
By using the change of variable u = (1 — t) g (z)+tg (y) , we have du = (g (y) — g (x)) dt

and then
[ fos 0090 + o) L et
fog  [(1—t)g(x)+tg(y dt:—/ fog " (u)du.
0 g (y) -9 (LU) g(x)
If we change the variable t = g=! (u), then u = g (), which gives that du = ¢’ (t) dt
and then
9(y) y
[ res i wan= [T sy 0
g(z) z
and the inequality (2.2) is obtained. O

Remark 1. With the assumptions from Theorem 1, we observe that if we take
either A\ =0 or A =1 in the first two inequalities in (2.2), then we get (1.6).
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If we take A\ = % and use the h-convezity of f og~!, then we get from (2.2) that

(2.7) L fog? (M)

! {fog_1<g(w)z3gQD>_+fog_1(39®02-9Q0>}

where y, x € I with y # x.
Remark 2. In general, if h(\) > 0 for A € (0,1), then fory, x € I withy # x

O—MQW%HA+D9@W

1-xfoqt| !

+Afog4[@—wvg@0+kg@q

2
G—Mg@%HA+U9@q

oA feat|

(1=X"h(})

and from (2.2) we get the sequence of inequalities

e I

< g {0 geg [N @O Ve

1[@—M9g%aqu}

+Afog™
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1 v )
Sg(y)—g(ﬁv)/x fe)g @t
1

<|[fog! ((l—A)g(x)+)\g(y))+(1—>\)f(y)+>\f(:r)]/ h(t)dt

0

s{[h(l—»+A]f<x>+[h<x>+1—x1f<y>}/0 () dt,

fory, x € I with y # x.
In particular, we have

. [fog_l <9($)+9(y) N f(y)-;f(w)} /Olh(t)dt
< [h (%) +§] [f (&) + £ () /Olhu)dt.

In a similar way, if f: 1 C R — [0,00) is a composite-g~* h-concave function,

then
@210 gy o) /oo (U5 0Y)
> iy {1 W 7o [0 Do)
2 HAfog! {(2 /\)g(g)%\g(y)}}

fory, x € I with y # x.
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In particular,

> 4h1(%) {f02g1 [(1_A)9(93)-2F(/\+1)9(y)]
rognt [E20G 00

1 4 ,
Zm/w f@)g (t)dt

- [rea <g<w>;g<y))+f<y);f<x>“01h(t)dt

> [1(3) +3] v @+ swi [ noa

Corollary 1. Let f : I CR — [0,00) be a composite-g~! conver function on the

interval I in R. Then for any y, x € I with y # x and for any X € [0,1] we have
the inequalities

212) fog (LS00 <1 poym [N E O D W)

FAfog ! [(Q—A)g(x)ﬂ%g(y)]

2
1 v ,
< m/z f)g (t)at

[fog™ (1=Ng(@)+Ag () + 1= f(y) +\f ()]

fy)+f(2)
S

<

N |

‘We have:

Corollary 2. Let f : I C R — [0,00) be a composite-g~! Breckner s-convex
function on the interval I with s € (0,1]. Then for any y, x € I with y # x and for
any X € [0, 1] we have the inequalities

(2.13) 2%_ (% - ‘A_ % )1_Sf091 (g(:c);rg(y)>

P {(1_)\”09_1 [(1—A)g(x)+(/\+1)g(y)]
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1 y ,
(214) < m/x f@) g (t)dt
1

<
T s+1

[fog  (M=Ng@) +Ag()+ (1 —=X) f(y)+Af ()]

<

S o HA =N+ A f (@) + (A +1=2) f(y)} -

We also have:

Corollary 3. Let f : I C R — [0,00) be a composite-g~' of s-Godunova-Levin
type on the interval I with s € (0,1). Then for any y, x € I with y # x and for
any A € (0,1) we have the inequalities

1) s (5-pal) T res (1250W)

2

< 211+s{(1x)fogl [“A)g(ﬂc);(ﬂl)g(y)}
Afog ! [(2—A)g(;)+hg(y)]}

1 v ,
< g(y)—g(:v)/z f@)g (t)dt

T o (1=2g (@) + g () + (1= X) f (y) + Af (2)]

< lis{[(l—,\)*ux]f(a:)+(x5+1—A)f(y)}.

More generally, we have:

<

Corollary 4. Assume that g : [a,b] — [g(a), g (b)] is a continuous strictly increas-
ing function that is differentiable on (a,b), f : [a,b] — T, J an interval of real
numbers and k : J — R is a continuous function on J that is strictly increasing.
If the function f : [a,b] — J is k-composite-g~1 h-convex on [a,b], then

210) grmin{ g s b pogt (0 000)

< {(I—A)kofog‘l [“—A)g(m);(ﬂl)g(y)}

3 (D
{(2 - /\)g(g) +/\g(y)}}

+Ako fog™

1

Sg(y)—g@/w (ko f)(t) g (1) dt

S[kofog ™ (1=Ng(@)+Ag(®) + A=A (ko f)(y) +A(kof)(a)]

x/olh(t)dt

<A A=A+ A (kOf)(m)Jr[h(A)Jrl—/\](kOf)(y)}/o h (t) dt,

fory, x € [a,b] with y # .
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If the function f : [a,b] — J is k-composite-g~ h-concave on [a,b], then

> 1 {(1—)\)kofog_1[(1_)\) 9(@)

WAko fo [(2 Ny (:v)+/\g(y)}}

b |+
—~
>
+
C
\_/

[ —

1 v )
> g(y)—gw/x (ko f) (1) g (1) dt
>[kofog  (1=Ng@) +Ag(y)+ Q=N (ko f)(y)+ (ko f)(z)]

1
X/o h(t)dt

AR A =N+ A (ko f) (@) +[h(A) +1=A] (kOf)(y)}/0 h(t) dt

fory, x € [a,b] with y # x.
The proof follows by the inequalities (2.8) and (2.10) and we omit the details.
In 1906, Fejér [51], while studying trigonometric polynomials, obtained the fol-
lowing inequalities which generalize that of Hermite & Hadamard:
Theorem 2 (Fejér’s Inequality). Consider the integral f; h(z)w (z) dz, where h

is a convex function in the interval (a,b) and w is a positive function in the same
interval such that

w(z)=w(a+b—2x), for any = € [a, ]

e,y =w (x) is a symmetric curve with respect to the straight line which contains
the point ( (a+0), ) and is normal to the x-azis. Under those conditions the
following inequalities are valid:

(2.18) h(“*b)/ da:</ h(z da:<h(a)_2|_h(b)/abw(x)dx.

If h is concave on (a,b), then the inequalities reverse in (2.18).

If w : [a,b] — R is continuous and positive on the interval [a, b] , then the function
W :[a,b] — [0,00), W (z) := [ w(s)ds is strictly increasing and differentiable on

(a,b) and the inverse W1 : [a,f;w (s) ds] — [a, b] exists.

Remark 3. Assume that w : [a,b] — R is continuous and positive on the interval
[a,b], f:]a,b] = T, T an interval of real numbers and k : J — R is a continuous
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function on J that is strictly increasing. If the function f : [a,b] — T is k-
composite-W =1 h-convex on [a,b], then we have the weighted inequality

. =X A [Fw(s)ds+ [Yw(s)ds
(2.19) mmm{m,h<)}k foW~™ ( 5 )

< ! {(1—)\)kofow—1 [(1_>‘)ffw(5)d5;’()\-l-l)ffw(s)ds]

+Ako foWw ™1 [(2_)‘)f;w(s)dS‘F)\ffw(s)ds]}

2

ng(M)(M(t)dt
< [kofoW_l ((1—)\)/mw(s)ds—k)\/yw(s)ds)
F (=N (ko f) () + A (ko f /h
S{[h(l—A)Jr)\](kOf)(w)Jr[h()\)+1—>\](k0f)(y)}/01h t)dt
for any A € [0,1] and for y, x € [a,b] with y # @

3. APPLICATIONS FOR AG AND AH-h-CONVEX FUNCTIONS

The function f : [a,b] — (0,00) is AG-h-convex means that f is k-composite
h-convex on [a, b] with k (t) = Int, ¢ > 0. By making use of Corollary 4 for g (t) = ¢,
we get

(3.1) [f <$+y>} 2h(%) min{ 75 i )

2
3 {f(l_k) [(1 Nzt

2
y
< exp (y_%/w In f(t) dt)

<[fla=-Na+xm) 1V @) P (@)

_ 3 [ h(t)dt
< {f[h(l N+ (m)f[h(A)+1 Al (y)}

(A—l—l)y] » [(2—»;“@,”%(},)

S h(t)dt

)

for any A € [0,1] and =, y € [a,b] with y # .
The function f : [a,b] — (0,00) is AH-h-convex on

[a,b] means that f is k-
composite h-concave on [a,b] with k : (0,00) — (0,00), k (t) =

1 . By making use
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of Corollary 4 for g (t) = t, we get

(32) — max 2;’\ L}fl (m+y)

> ! /yf_l(t)dt

y—x

1
ST = Nt d) + (1= F )+ A (@) / (1) dt
z{[h(l—A>+w—1<w>+[h<A>+1—A]f-1<y>}/0 h(t) dt,
for any A € [0,1] and z, y € [a,b] with y # .

4. APPLICATIONS FOR GA, GG AND GH-h-CONVEX FUNCTIONS

If we take g (t) = Int, t € [a,b] C (0,00), then f : [a,b] — R is GA-h-convex on
[a,b] means that that f : [a,b] — R composite-g~! h-convex on [a,b]. By making
use of Corollary 4 for k (t) = t, we get

IA

[F (2 + (1= N) £ (9) + AF ()] / (1) dt

1
S{[h(l—>\)+>\]f(w)+[h(/\)+1—>\]f(y)}/0 h (t) dt,

for any A\ € [0,1] and for y, = € [a, b] with y # z.

The function f : I C (0,00) — (0,00) is GG-h-conver means that f is k-
composite-g~* h-convex on [a,b] with k : (0,00) — R, k() = Int and g (t) = Int,
t € [a,b]. By making use of Corollary 4 we get

1

(42) [f (vay)" ()

min{ =5y )

()
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1 Y1n f ()
<exp (hl(z)/m ; dt)

< [f (xl—’\yk) A (z) F1 (y)]f01 h(t)dt
fol h(t)dt

< {f[h(px)ﬂ] (z) f[h(/\)Jrlf)\] (y)} :

for any A € [0,1] and for y, x € [a,b] with y # z.

We also have that f : [a,b] C (0,00) — R is GH-h-convex on [a, b] is equivalent
to the fact that f is k-composite-g~! h-concave on [a,b] with k : (0,00) — (0, 00),
k(t) = 1 and g (t) = Int, ¢t € I. By making use of Corollary 4 we get

(4.3) %l(é)max{hzl_j\)\)’hi\)\)}fl(\/@)
= 2h1(;) e G R e G}
1 YR
Sy A

1

[ @) A @)+ (=) £ (o) / h(t) dt

0

Y

> (=N + 0 @+ BN+ 1= W) [ hoa
for any A € [0,1] and for y, x € [a, b] with y # z.

5. APPLICATIONS FOR HA, HG AND HH-h-CONVEX FUNCTIONS

Let f : [a,b] C (0,00) — R be an H A-h-convex function on the interval [a,d].
This is equivalent to the fact that f is composite-g~1 h-convex on [a,b] with the
increasing function g (t) = —%. Then by applying Corollary 4 for k (¢t) = t, we have
the inequalities

(5-1) zhl(é) mi“{h?fﬁy h?k) } d (fiy@/)
<

ey - () M (@) |

sé[f((l;jfm,)+<1—»f<x>+v<y>} /1h<t>dt

s{[h(l—A)+A]f(w)+[h(A)+1—A]f(y>}/0 (1) dt

for any A € [0,1] and for y, = € [a,b] with y # «.
Let f : [a,b] C (0,00) — (0,00) be an HG-h-convex function on the interval
[a,b]. This is equivalent to the fact that f is k-composite-g~! h-convex on [a, b]
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with k : (0,00) — R, k(t) = Int and g(t) = —%, ¢ € [a,b]. Then by applying
Corollary 4, we have the inequalities

62 |1 (wﬂ()m{}

T4y
: [flA ((1 -\ :E2—x&—y()\+ 1)y> i <(2 — f)zz_i_)\y)] 2n(3)

= [f (u—;iyxmy) @ <y>1*} i

< {f[h(k,\)ﬂ] (z) fIEOV+1I=] ()

}jol h(t)dt

for any A € [0,1] and for y, = € [a,b] with y # «.

Let f : [a,b] C (0,00) — (0,00) be an HH-h-convex function on the interval
[a,b] . This is equivalent to the fact that f is k-composite-g~! h-concave on [a, b]
with & : (0,00) — (0,00), k(t) = + and g (¢t) = —1, t € [a,b]. Then by applying
Corollary 4, we have the inequalities

53 ag o am) (65)
1

> (ener) H 0 (o) )

1
-1 Yy 1 (g . -1
> | (o ) A @ AN w)] [ o
z{[h(l—mwf1(w>+[h(A>+1—AJf1<y>}/0 h () dt,

for y, x € [a,b] with y # .
Applications for p, r-convex and LogEzp convex functions can also be provided.
However the details are not presented here.
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