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WEIGHTED INTEGRAL INEQUALITIES OF OSTROWSKI,
CEBYSEV AND LUPAS TYPE WITH APPLICATIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some weighted integral inequalities of
Ostrowski, Cebysev and Lupag type. Applications for continuous probability
density functions supported on infinite intervals with two examples are also
given.

1. INTRODUCTION

For two Lebesgue integrable functions f, g : [a,b] — R, consider the Cebysev
functional:

1 b 1 b b
L) Oy [ T0ewd - o= [ e [ gt
b—a a (b - UJ) a a
In 1935, Griiss [17] showed that
1
(1.2) IC(f,9)l < 7 (M —m)(N —n),
provided that there exists the real numbers m, M, n, N such that

(1.3) m<f@#)<M and n<g(t)<N forae. t€/alb].

The constant % is best possible in (1.1) in the sense that it cannot be replaced by
a smaller quantity. )

Another, however less known result, even though it was obtained by Cebysev in
1882, [4], states that
(1.4) IC(f,9)] < 1—12Hf'||oo||9’||oo(b—a)2,
provided that f’, ¢’ exist and are continuous on [a, b] and || f'||, = sup,e(q4 [f' ()]
The constant 1—12 cannot be improved in the general case.

The Cebysev inequality (1.4) also holds if f, g : [a,b] — R are assumed to be
absolutely continuous and f', g’ € Lo [a,b] while || f'|| = essupycf ) | f ()]

A mixture between Griiss’ result (1.2) and Cebysev’s one (1.4) is the following
inequality obtained by Ostrowski in 1970, [24]:

(15) C ()l < 5 (- a) (M —m) ...

provided that f is Lebesgue integrable and satisfies (1.3) while g is absolutely con-
tinuous and ¢’ € L [a,b]. The constant 3 is best possible in (1.5).
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The case of euclidean norms of the derivative was considered by A. Lupasg in [21]
in which he proved that

(16) CUa < 25 109N (b~ a),

provided that f, g are absolutely continuous and f’, ¢’ € La [a,b] . The constant #
is the best possible.
Consider now the weighted Cebysev functional

1 b
0D Culf) = / w(t) f(t)g (1) dt

Ja
b b
Sy R v RCACTICEL

where f, g, w: [a,b] — R and w (¢) > 0 for a.e. t € [a,b] are measurable functions

such that the involved integrals exist and ff w(t)dt > 0.
In [6], Cerone and Dragomir obtained, among others, the following inequalities:

(1.8)  |Cw (f,9)]

1 1 b
<3 (M —m) [fbw(t)dt/a w ()

1
< = (M —m)essup
2 t€la,b]

b
t) — —/—mmm— w(s)g(s)ds
2(0) = o [ w90
for p > 1, provided —co < m < f(t) < M < oo for ae. t € [a,b] and the
corresponding integrals are finite. The constant % is sharp in all the inequalities in
(1.8) in the sense that it cannot be replaced by a smaller constant.

In addition, if —oco <n < g(t) < N < oo for a.e. t € [a,b], then the following
refinement of the celebrated Griiss inequality is obtained:

(1.9)  [Cu (f,9)]

1 1 b 1 b
<3 (M —m) f;w@dt/a w(t) g“)‘fbw<s)d5/a w(s)g (s)ds| dt
1 1 b 1 b 20
<3 (M —m) fbw(t)dt/a w(?) g“)f;w(s)dS/Z w(s)g(s)ds| dt

1
< Z(M—m)(N—n).
Here, the constants % and % are also sharp in the sense mentioned above.
For other inequality of Griiss’ type see [1]-[5], [7]-[16], [18]-[23] and [25]-][28].
Motivated by the above results, in this paper we establish some weighted integral
inequalities of Ostrowski, CebySev and Lupas type. Applications for continuous
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probability density functions supported on infinite intervals with two examples are
also given.

2. WEIGHTED INEQUALITIES

We can define, as above

1 b
(2.1) CMUy>f,Nw_h&0/fﬂwgmh%wﬁ

1 b , 1 b ,
‘h@—mwlf@h@ﬁmm—mwlgwh@%

where h is absolutely continuous and f, g are Lebesgue measurable on [a, ] and
such that the above integrals exist.
The following weighted version of Ostrowski’s inequality holds:

Theorem 1. Let h: [a,b] — [h(a),h ()] be a continuous strictly increasing func-
tion that is differentiable on (a,b). If f is Lebesque integrable and satisfies the
condition m < f(t) < M fort € [a,b] and g : [a,b] — R is absolutely continuous
on [a,b] and % is essentially bounded, namely Z—: € Lo [a,b], then we have

/

9

22) e (Fa)l < 5 00— hia)] 01 — )| £

<1
8 [a,b],00

The constant % is best possible.

Proof. Assume that [c,d] C [a,b].If g : [¢,d] — C is absolutely continuous on [¢,d] ,
then goh™! : [h(c),h(d)] — C is absolutely continuous on [k (c),h (d)] and using
the chain rule and the derivative of inverse functions we have

—1\/ o ’ _ —1\/ _ (gloh’il) (Z)
for almost every (a.e.) z € [h(c),h(d)].
If « € [¢,d], then by taking z = h(x), we get

oY (= Weh ) (h(@) g ()
9o h™) (&) = Grar T h(w)) ~ W o)
c

w [ (¢), 1 (d)]. Also

Therefore, since % € Lo [c,d], hence (go h~ )

ol -
H @227 ey e

L
g
P e, 00

) for the functions f o h™! and

Now, if we use the Ostrowski’s inequality (1.5
goh™! on the interval [h (a),h (b)], then we get

S T L DU
h(b) — h(a) /h(a) foh ™ (u)goh™ (u)du

1 0 o)
T NS o h™(u)du oh Y (u)du
[h(b) — R (a)] /h(a) f (u) /h(a) 9 (u)

< é [h(b) — h(a)] (M —m) H(go h_l)'

(2.4)

[h(a),h(b)],00
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since m < foh ™ (u) < M for all u € [h(a),h (b)].
Observe also that, by the change of variable t = h™! (u), u € [g(a),g(b)], we
have u = h (t) that gives du = b/ (t) dt and

h(b) b
/ (f o h_l) (u) du = / f )R (t)dt,
h(a) a

h(b)
/ g0 h™(w)du = / g (t) 1 (1) dt,
h(a) a

h(b) b
/ fohfl(u)gohfl(u)du:/ £ g &) (¢)dt
h(a) a

and
A

—1\/ g
[(gon) W
By making use of (2.4) we then get the desired result (2.2).

The best constant follows by Ostrowski’s inequality (1.5). O

[A(a),h(B)]s00 ‘

[a,b],00

If w : [a,b] — R is continuous and positive on the interval [a, b] , then the function
W : [a,b] — [0,00), W (z) := [ w(s)ds is strictly increasing and differentiable on
(a,b) . We have W' (z) = w (x) for any z € (a,b).

Corollary 1. Assume that w : [a,b] — (0,00) is continuous on [a,b], f is Lebesgue
integrable and satisfies the condition m < f(t) < M fort € [a,b] and g : [a,b] —

’

R is absolutely continuous on [a,b] with % is essentially bounded, namely % &
Lo [a,b], then we have

/

9

(25) Cura)l < g 01 = m) |

b
/ w(s)ds.
la,b],00 Y a

The constant % 18 best possible.

Remark 1. Under the assumptions of Corollary 1 and if there exists a constant
K > 0 such that |¢' (t)] < Kw (t) for a.e. t € [a,b], then by (2.5) we get

b
(2.6) Co (f.0) < S (M —m) K / w(s) ds.

| =

We have the following weighted version of Cebysev inequality:

Theorem 2. Let h: [a,b] — [h(a),h (b)] be a continuous strictly increasing func-
tion that is differentiable on (a,b). If f, g : [a,b] — R are absolutely continuous on

[a,b] and i—:, Z—: € Lo [a,b], then we have

(2.7) Cw (£,9)] < % [ (8) = b (a)]* % %

la,b],00 ' la,b],00

The constant % is best possible.

The proof follows by the use of Cebysev inequality (1.4) for the functions foh ™"
and g o h™! on the interval [k (a),h (b)].
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Corollary 2. Assume that w : [a,b] — (0,00) is continuous on [a,b]. If f, g :
[a,b] — R are absolutely continuous on [a,b] and L, & € Lo, [a,b], then we have

w’ w

b 2
PRIEED

f

w

g
w

(2.8) ICow (f9) < —

1
12

[a7b]7w ‘
The constant % is best possible.

Remark 2. Under the assumptions of Corollary 2 and if there exists the constants
K, L > 0 such that |f' (t)] < Lw (¢), |¢’ (t)] < Kw(t) for a.e. t € [a,b], then by
(2.8) we get

b 2
(2.9) Cu(F.0)] < (LK < / w(s)ds> .

We also have the following version of Lupag inequality:

Theorem 3. Let h: [a,b] — [h(a),h ()] be a continuous strictly increasing func-
tion that is differentiable on (a,b). If f, g : [a,b] — R are absolutely continuous on

[a,b] and (—h/%, W € L [a,b], then we have
Li_f g
(2.10) ICh (9| < =5 a5 [ (b) = h(a)].
/2 1/2
T (hl) [a,b],2 (hl) / [a,b],2

The constant # 18 best possible.

Proof. Using the identity (2.3) above, we have

"0 e hv)
/ ‘(goh_l) (u)’ duz/
h(a) h(a)

By the change of variable t = h™! (u), u € [h(a),h (b)], we have u = h(t) that
gives du = R’ (t) dt. Therefore

(9 oh™t) (u) ’

(o h 1) ()| ™

2

h®) | (o o p1 2 by
/ (g/ © _1) (U) du — / g/ (t) h/ (t) dt

n(@y |(A"oh™1)(u) b |7 (2)

b / 2 / 2
_ / g () _ |9 _
o | @) () [ .
In a similar way, we also have
/h(b) (f/ ° h—l) (u) 2 1
TORICERSI ()" a2
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By making use of Lupas inequality (1.6) for the functions foh™! and go h™! on
the interval [k (a), h (b)] we get

1 h(b) ) B
T {1 o

) . ZON ZONE
) —h@P /Q&w foh (“)duuz;a> goh (u)du
=

1 1y
=1 (Al
which together with the above calculations produces the desired result (2.10). O

[h(b) = h(a)],

sl
[h(a),h(b)],2 [h(a),h(b)];2

Corollary 3. Assume that w : [a,b] — (0,00) is continuous on [a,b]. If f, g :
[a,b] — R are absolutely continuous on [a,b] and #, 45 € Lafa,b], then we
have

/

9
wl/2

f/

wl/2

1
2

(2.11) ICw (f,9)] <

b
/ w (s)ds.
[a,b],2 Ya

[a,b],2

The constant # is best possible.

We can give some examples of interest for several function h : [a,b] — [h (a), h (b)]
that are continuous strictly increasing functions and differentiable on (a,b).

a). If we take h : [a,b] C (0,00) — R, h(t) = Int, in (2.2), then we get for
0(t) :=t, that

ool —

b
.12 G (190 < 3 O = m) 6y 10 ()

where

AN AONI0) 1 /”f(t) 1 /bg(t)
2.13) Cp-1(f,g) := dt — dt dt,
@13) O ()= oy [Py [
and provided that f is Lebesgue integrable and satisfies the condition m < f (t) < M
for ¢ € [a,b] and ¢ : [a,b] — R is absolutely continuous on [a,b] and g’ € L [a,b] .
If f, g:[a,b] — R are absolutely continuous on [a,b] and £f’, lg’ € Lo [a,b],
then by (2.7) we have

b

1 2
@10 10 (0l < 1 e 1 [ ()]

Also, if f, g : [a,b] — R are absolutely continuous on [a,b] and /2, (Y/2g €
Ly [a,b], then we have by (2.10)
In <b> .
la,b],2 a

b). If we take h: [a,b] CR — (0,00), h(t) = expt, in (2.2), then we get

215) G (Ll < 5 e

Hgl/zg/

la,b],2

/

g
exp

(216)  |Conp (fr0)| < 5 (M =) (expb — expa)

[a,b],00



http://dx.doi.org/10.20944/preprints201806.0411.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 June 2018 d0i:10.20944/preprints201806.0411.v1

INEQUALITIES OF OSTROWSKI, CEBYSEV AND LUPAS TYPE 7

where

(217) Cexp (f, g) = m/ f eXp tdt

1 1 b
- t tdt—— t tdt
epr—expa/a F(#) exp epr—expa/a g () exptdt,
and provided that f is Lebesgue integrable and satisfies the condition m <f@)y<™m
for ¢ € [a,b] and ¢ : [a,b] — R is absolutely continuous on [a, b] and 9 Lo [a,b].
b]

cxp
If f, g:[a,b] — R are absolutely continuous on [a,b] and - € Ly [a,

then by (2.7) we have

exp ? exp

/

g
exp

fl

exp

(expb — expa)®.
la,b],00

1
(218)  |Cou (9l < 15

la,b],00

Also, if f, g : [a,b] — R are absolutely continuous on [a,b] and
Lo [a,b], then we have by (2.10) that

1/2 €

expl/2 ’ exp

L r g
(219) |ch (fag)| <= T 1/2 (eXpb*eXpa)'
P 2 eXp1/2 (8], expl/ (.b],2
c). If we take h : [a,b] C (0,00) = R, h(t) =t", r >0 in (2.2), then we get
1 —r
(220) |Crf’" 1 (f) )| 87 (br - ar) (M - m) ||€1 g/H[a,b],oo ;
where

o Fewra

T b 1 r b 1
- )t T dt )t dt
e [ttt [gw e

and provided that f is Lebesgue integrable and satisfies the condition m < f (t) < M
for t € [a,b] and g : [a,b] — R is absolutely continuous on [a,b] and ('7"¢' €
Lo [a,b].

If f, g: la,b] — R are absolutely continuous on [a,b] and (=" f" (1="¢' €
Lo [a,b], then by (2.7) we have

(221) CTZ”"*1 (f) g) = br

(2.22) |Chopr—1 (f,9) 1877 F o0 19779 g by (b —a")?.

- 12 |
Also, if f, g : [a,b] — R are absolutely continuous on [a,b] and o= 1, él_Trg' €
Ly [a,b], then we have by (2.10) that

1—7r

{2 g

/

(223) |Crl“"*1 (fv g) = (br - ar) .

[a,b],2

[a,b],2 ‘

3. APPLICATIONS FOR PROBABILITY DENSITY FUNCTIONS

The above result can be extended for infinite intervals I by assuming that the
function f : I — C is locally absolutely continuous on I.

For instance, if I = [a,00), w (s) > 0 for s € [a,00) with [ w (s) ds = 1, namely
w is a probability density function on [a, ), f is Lebesgue measurable and satisfies
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the condition m < f (t) < M for ¢ € [a,00) and ¢ : [a,00) — R is locally absolutely
continuous on [a,c0) with £ € L [a,00), then by considering the functional

cw<f,g):=/ w(t)f(t)g(t)dt—/ w(t)f(t)dt/ w(t) g (1) di

a a a

oo (o9}

we have from (2.2) that

1 g
(31) Cu ()] < (M —m) | £
w [a,00),00

Moreover, if fE/ € L [a,00) then also by (2.7)

1 fl g/
(32) Cur:9)] < 3 | s

12 fjw la,00),00 w la,00),00
If w{—;m wgf—;g € Ly [a,00), then we have by (2.10)

Ly g
(3.3) Cuw (fL9)l < =
b LS ’LU1/2 la,00),2 wt/? la,00),2

In probability theory and statistics, the beta prime distribution (also known as
inverted beta distribution or beta distribution of the second kind) is an absolutely
continuous probability distribution defined for x > 0 with two parameters « and
B, having the probability density function:

o (1+ 96)_0‘_’8
B (a, B)

Wa g (T) 1=

where B is Beta function

1
B(a,f) ::/ o1 (lft)ﬁ_l, a, 8> 0.
0
The cumulative distribution function is
Wa,B (LE) = IH% (avﬁ) ’
where I is the regularized incomplete beta function defined by

B(za,p)
L (a,f8) = =20 P)
8= Ba.
Here B (-; , 3) is the incomplete beta function defined by

B(z;a,p) := /zto‘*l (1—t)ﬁ71, a, B, z>0.

0
Consider the functional

Cg,ap(f,9) :=B(a,p) /000 1+ t)_a_ﬂ f@)gt)dt

— /oota—l 1+t P r@)dt /oo T A+t P g ) dt

0 0
where «, 5 > 0.
Therefore, by (3.1)-(3.3) we have for ¢ (¢t) = ¢, that

(B0 1Csas(f0) < 5 (M —m) B (a,0)|

lzlfa 14¢ OH‘,BH :
g (1+0) 0,00 00
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provided m < f (t) < M for t € [0,00) and ¢/¢*=* (1+ 0)*"? € Lo [0,00),
35) |CB.as (f,9)l

<P @p|rearo | e
provided f/¢1= (14 0)**° | g'0* =2 (1 4 0)**F € L. [0,00) and
(3:6) |CBas(f,9)

< 2B @) |res oo™ Hm@be¥ﬂ+@%ﬂmwg

provided f'¢*=* (1 +£)QT+B L= (1 +£) e Ly [0, 00) .

Similar results may be stated for the probability distributions that are supported
on the whole axis R = (—o00,00). Namely, if I = (—o0,0), f : R — C is locally
absolutely continuous on R and w (s) > 0 for s € R with fix;o w (s) ds = 1, namely w
is a probability density function on (—oo, 00), f is Lebesgue measurable and satisfies
the condition m < f(t) < M for t € (— 00, o0) and g : (—o0,00) — R is locally
absolutely continuous on (—o00,00) with £ € Lo, (—00,00), then, by considering
the functional

Cuﬂw:/mw@fwg@ﬁ—/mwwfwﬁ/mwwgwﬁ

we have

1 g’
(3.7 Cu (.0 < £ (M —m)

w (—00,00),00

Moreover, if fE/ € Lo (—00,00) then also

f g
) LI o A 1

00),00 (—00,00),00

If wfil/m wgfil/z € Ly (—00,00), then we have

f g
(3.9) |Cw (f,9)] <

1/2 (—00,0),2 wl/Q (—00,00),2

In what follows we give an example.
The probability density of the normal distribution on (—oo,00) is

1 (z— )’
W02 (T) 1= o expl -5 | 7 € R,

where 1 is the mean or expectation of the distribution (and also its median and
mode), o is the standard deviation, and o2 is the variance.
The cumulative distribution function is

Woa (2) = 5 + yert ().

where the error function erf is defined by

erf (x / exp t2 dt.
f
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Consider the functional

cNJ#<ﬁg>;:v6Ea/m°em) U r g )t

. 202
x (t—p’ x (t—p’
with the parameters p and o as above.
Therefore, by (3.7)-(3.9) we have
1 3 0—p)°
B10) (oo () < £ (01 —m) (VEro) g/ esp (Lt ;

(—00,00),00

provided m < f (t) < M for t € (—o0,00) and ¢’ exp ((E;U’f) € Lo (—00,00) .

Moreover, if f’exp (%) € Lo, (—00,00) then also

(3.11)  |Cnou (f.9)|

1 4 (€ - pw? (€= pw)?
< g3 (Vamo) | e | S5 g | S5
(—00,00),00 (—00,00),00
If f/exp ((52_0’3)2) , g’ exp ((22—;;)2> € Ly (—00,00), then we have
(3.12)  [CNnop(f59)]
1 3 (€—p® (€—p?
< 7 (Vema) | exp | T5n g | o
(—00,00),2 (—00,00),2
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