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GENERALIZATIONS OF OPIAL’S INEQUALITIES FOR
RIEMANN-STIELTJES INTEGRAL WITH APPLICATIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some generalizations of Opial’s inequal-
ities for Riemann-Stieltjes integral and for two functions. Applications related
to trapezoid and Griiss’ type inequalities are also given.

1. INTRODUCTION
We recall the following Opial type inequalities:

Theorem 1. Assume that u : [a,b] C R — R is an absolutely continuous function
on the interval [a,b] and such that v’ € Lo [a,b].

(i) If u(a) =u(b) =0, then

(1.1) /|u |dt< _a/\u )2 dt,

with equality if and only if

c(t—a) ifa<t< el
u(t) =
c(b—t) if £ <t <,

where ¢ is an arbitrary constant.
(i) Ifu(a) =0, then

(1.2) /|u |dt< _a/\u )2 dt,

with equality if and only if u (t) = ¢ (t — a) for some constant c.

The inequality (1.1) was obtained by Olech in [15] in which he gave a simplified
proof of an inequality originally due in a slightly less general form to Zdzislaw Opial
[16].

Embedded in Olech’s proof is the half-interval form of Opial’s inequality, also
discovered by Beesack [2], which is satisfied by those u vanishing only at a.

For various proofs of the above inequalities, see [11]-[14] and [18].

In the recent paper [7] we obtained the following generalization of Opial’s in-
equalities for two functions:

Theorem 2. Assume that f, g : [a,b] — C are absolutely continuous on [a,b] with
f/’ gl € Ly [avb]'
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(i) If g (a) =0, then

b 1/2 b
(1.3) /|f’ |dt<< (t—a)|f (t |dt) (/ (b—t)|g’(t)|2dt>

<3 [ [e-alr F + ool o] @

1/2

l\DIn—\

(ii) If g (b) =0, then

b 1/2 b
[ 15w |dt<</ o —t)lf’(t)l2dt> (/ <t—a>|g'<t>|2dt>

<3 [ [o-01r F + - alg @F] a

1/2

(i) If g (a) = g (b) =0, then

(1.5) /|f ()] dt
s<5<b—a>/ 0 de -

b t_a+b

1/2
If (¢ >|2dt)

bla+b 2 12
X(L 5 _ty@ndo
b b a
je-a [iroras; [150-d (if ©F - 17 OF) d.

By taking g = f we obtain the following refinement of Opial’s inequalities from
Theorem 1:
Corollary 1. Assume that f : [a,b] — C is absolutely continuous on [a,b] with
f/ € Lo [a, b] .
(i) If either f(a) =0 or f (b) =0, then

1/2
(1.6) /|f |dt<</ (t—a)|f (1) dt) ( b—1) |f<>|2dt>
< —a/|f |dt

l\3|’—‘ g

(ii) If f (a) = [ (b) = 0, then

(1.7) /|f ()] dt

b b a+b 2
/ 2
g<5<b—a>/ rofa- [Ce- i |dt>

1/2
x(/ e |dt> <to-o [17@re
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Motivated by the above results, in this paper we establish some generalizations
of Opial’s inequalities for Riemann-Stieltjes integral and for two functions. Appli-
cations related to trapezoid and Griiss’ type inequalities are also given.

2. THE MAIN RESULTS
We have:

Theorem 3. Assume that f : [a,b] — C is in C'[a,b], namely is continuous
n [a,b], differentiable on (a,b) with the derivative f' continuous on (a,b), g is
absolutely continuous on [a,b] and u is monotonic nondecreasing on [a,b] , then the

Riemann-Stieltjes integral f; [f/ () g (t)| du(t) exists and
(i) If g (a) = 0, then

b
(2.1) / £ () g (8)] du (1)

b b 1/2
<(/ (t =) 7 @) due ) (/ u(0]l9' () dt)

b b
<§{/ (t=a)lf OF du()+ [ |g<>|2dt}.

(ii) If g (b) =0, then

b

(2.2) [ (£) g (8)] du (t)

‘ 1/2 b 1/2
[ o-nira |du<>> (/ [u(t)—ua)ﬂg'(t)fdt)
b
[ -

(
{ b—t) | () du(t) + u(a)l|g (t)ﬁdt}.

<

Proof. (i) Since g (a) = 0, then g (¢ f g’ (s)ds and

/|f (6) du (¢ /|f

= 1/2 ot t "(s)ds
= [lu-aiy (”'@_a)w [ g

By Cauchy-Bunyakovsky-Schwarz integral inequality we have

/atg'<s>ds < (/ g'(s)fds)l/z, L€ (a,b)

/2

(23 fs/ab(t a2 | (/ 1o (s |ds) du (1),

g’ (s)ds| du(t)

du(t) =: 1.

I

and then
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We use the following Cauchy-Bunyakovsky-Schwarz integral inequality for the Riemann-
Stieltjes integral for monotonic nondecreasing integrators u : [a,b] — R and contin-

uous integrands h, z : [a,b] — C
b b b

[ rwz@ae| < [Cnerdaw [P a

Therefore,

(25) /abu )21 (8 (/ o (s |ds)1/2du<t>
<</ (t—a) | (6] du( ) (/ (/ o (s |ds)du<>) "

Using the integration by parts formula for the Riemann-Stieltjes integral, we have

/ab </at|gl(3)|2d8> du(t) = (/ab|g/(8)|2ds>u(b)/abu(t) |gl(t)|2dt

b
- / () — u (®)] g’ (&) dt.

By (2.3) and (2.5) we then get (2.1).
The second part follows by the elementary inequality

(2.6) m§§<a+ﬁ> for a, 5> 0.

(ii) Since g (a) = 0, then g (t) = t

/If ()] du (1) /|f / /() ds

= [o-vir Ol = |[[ 0

By Cauchy-Bunyakovsky-Schwarz integral inequality we have

b b 1/2
/g’(S)dS < (/ 9’(8)|2d8> ;L€ (a,0]
t t
and then

b 2
(2.7) Js/( Y21 (/ g’ (s |ds) du (t).

By (2.4) we then get

(28) /:< D21 (8 (/ 19 (s |ds) "
S(/ab(bt)lf()l du 1 ) (/ (/ 9 (s |ds>du<>>.

(2.4)

g’ (s)ds and

du (t)

du (t) =: J.

ot
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Using the integration by parts formula for the Riemann-Stieltjes integral, we have

/ </ o ds) i (/ 7o) ds) [l ofa
:/a [u (t) —u ()] |g' (t)|* dt

and by (2.7) and (2.8) we get (2.2). O

Remark 1. Since u is monotonic nondecreasing on [a,b], then from (2.1) we get

/ I (8) g (1) du (¢)
b
[ (0) — ()] (/ (t—a) | () dut ) (/ g (¢ |dt>

b
s%[wb)—u(anmu -l OF o+ [ 190 dt},

provided g (a) = 0 and from (2.2) we get

/2

IN

(2.10) / 1 () g ()] dus (2)

b
[u(b)—u<a>]1/2</ (b— 1)1 ()] dut ) (/ o (¢ |dt>

b
s%[uw)—u(anm{/a o-0ls O a+ [ 1) dt},

provided g (b) = 0.

/2

IN

Corollary 2. Assume that f : [a,b] — C is in C[a,b] and u is monotonic non-

decreasing on [a,b] . Then the Riemann-Stieltjes integral f: |f'(t) f(t)] du(t) exists
and

(i) If f(a) =0, then

(2.11) / () £ ()] du (1)

b 1/2
g(/ (t—a) |f (1) du(t ) (/ >]f<>|2dt>

b b
s%{/ t=a)lf OF du )+ [ e |f()|2dt}-
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(ii) If f (b) =0, then

(2.12) / F () F (1)) du ()

b 1/2 b
s( / (b—t>|f'<t>|2du<t>> ( / [u(t)—u(a)lf’(t)fdze)
g%{/ o=0lr P+ [ [u(t)—u(a)ﬂf’(t)ﬁdzf}.

Remark 2. If w: [a,b] — [0,00) is continuous and we take u (t) = fjw (s)ds in
(2.11) and (2.12), then we get the weighted integral inequalities

b
(2.13) / () £ (2)

lw (t)dt
S(/ (t—a)lf ¢ ) (/ 7t </ )dt>m
S%{/ab(t_a)|f,(t)|2w(t)dt+/a |f’(t)|2 </t w(s)ds> dt}

provided f (a) =0, and

1/2

b
(2.14) / 1 (8) £ (0)]w (1) dt

provided f (b) =0
If w is nonincreasing on [a,b] and f (a) =0, then by (2.13) we get

b
e [ o
b 1/2 b 1/2
s(/ (t—a>|f'<t>|2w<t>dt> (/ <b—t>|f’<t>|2w<t>dt>
b
<50 [ 17 r


http://dx.doi.org/10.20944/preprints201806.0352.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 June 2018 d0i:10.20944/preprints201806.0352.v1

OPIAL’S INEQUALITIES FOR RIEMANN-STIELTJES INTEGRAL 7

while if w is nondecreasing on [a,b] and f (b) = 0, then by (2.14) we get

(2.16) / 7 (0) £ (0w (1) dt

b 1/2 b 1/2
(/ (bt>|f’<t>|2w<t>dt> (/ <ta>|f/<t>|2w<t)dt>
b
<z-a [1rwr

Furthermore, if w = 1, then by (2.13) and (2.14) we get the inequalities from
the first part of Theorem 2.

IN

Corollary 3. Assume that f : [a,b] — C is in C'[a,b], u is monotonic nonde-
creasing on [a,b] and Lipschitzian with the constant L > 0, namely |u (s) — u (t)] <
L|t—s| for any t, s € [a,b] and g is absolutely continuous on [a,b].

(i) If g(a) =0, then

(2.17) / 1 () g ()] dus (2)

1/2 b 1/2
<L</ (t—a)f’(t)|2dt> (/ <b—t>|g'<t>|2dt>

b
<30 [ [e-alr F +0-0lf OF a
(ii) If g (b) =0, then

(2.18) If (&) du (t)

1/2 b 1/2
<L</ (b—t)lf’(t)2dt> (/ <t—a>|g'<t>|2dt>

<3t [ fo-01r 0f + 0 -ol @]

Proof. Using Riemann-Stieltjes integral inequality properties, we have

b 2 b 2
/ (t—a)|f (t) du(t)éL/ (t—a) | ()] d.

a a

Also . 2 . 2
[ w®) -l @Fa<r [ 6-0lOF e

By using the inequality (2.1) we obtain (2.17).
The inequality (2.18) follows in a similar way from (2.2). O

Remark 3. Assume that f : [a,b] — C is in C! [a,b] and g is absolutely continuous
on [a,b]. If w : [a,b] — [0,00) is continuous, then the function u(t) = fiw (s)ds
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is Lipschitzian with the constant [|w||(, 4 = maXie(a,p) w (t) and by (2.17) we get
b
e [ Os@le@d

b 1/2 b 1/2
000 ( [ e-alror dt) ( PRI dt)
1

b
31l [ [t @l OF + @015 OF] a

IA

IA

provided g (a) = 0, while from (2.18) we get

(2.20) / 1 (8) g (8)]w (1) dt

b 1/2 b 1/2
< w00 ( / b-1)|f @) dt) ( / (t—a)lg (&) dt)

b
< glollae [ [0=017 OF +@-ls ©F] at,

provided g (b) = 0.
In particular, if either f (a) =0 or f(b) = 0, then we have

b
(2.21) / 1 (0) £ (0)]w (1) dt

b 1/2 b
< ol e (/ (t—a>|f'<t>|2dt> ( / <b—t>|f’<t>|2dt>

1 b
< 5=l [ 170 at

1/2

3. RELATED RESULTS

We have the following inequalities as well:

Theorem 4. Assume that f : [a,b] — C is in C'[a,b], g is absolutely continuous
on [a,b] with g (a) = g(b) =0 and u is monotonic nondecreasing on [a,b]. Then

(3.1) /|f (8)] du (1

S0 a) () - /</ 7 (0 dut ) (/ gt |dt>
10— () - /V POk [l |dt]

/2

IN

IN
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and

(3.2) / 1 (£) g ()] du ¢

< (2 (b“’)/a If’(t)lzdu(t)—/
1Mﬂ—u<a;b)g/wfﬁ>U2

b b
<q-a [ rofan-; [

1uw—u<“;b>

Proof. If g(a) = g (b) = 0, then by adding the first parts of the inequalities (2.1)
and (2.2), we get

(3.3) /|f ()] du (1)
1/2 b 1/2
< ( / (t—a)|f' () du (t)) ( / [w(b) —u(t)] g (1) dt)
b 1/2 b 1/2
+< / <b—t>|f'<t>|2du<t>) ( / [u(t)—u(a)ng'(tn?dt) .

If we use the elementary (CBS) inequality

1/2
”b\f (0)? du <>>

-5 O au)

g (1) dt.

(3.4) aB+78 < (a? +72)1/2 (8 +52)1/2

then we get

b 1/2 b
(3.5) ( / <t—a>|f’<t>|2du<t>> ( / [ (b) — (1) |g'<t>|2dt>
b , 1/2 b ,
' ( [ o-v1r @l du<t>> ( [ w - u@yly o) dt)
b b 1/2
< ( / (t—a) | (&) du(t) + / b —t)|f O du (t))

b b 1/2
(/ [ () — u (B)] g’ (8] dt+/ [u(t)—u()ﬂg’(t)ﬁdzs)

—(b- ) u 1/2(/|f |du) (/Ig |dt>

By making use of (3.3) and (3.5) we get the first part of (3.1). The second part
follows by the inequality (2.6).

’a’ B’ ’Y’ 6207

1/2

1/2

/2
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Further on, if we write the first part of the inequality (2.1) on the interval

[a, “£2] | we get

a+b

6o [ 1 @ewldau

s(/f“(tanf'(wfdu() ( [(“’)u] <t>l2dt)1/2,

while from the first part of (2.2) written on [“£2,b] we have

b
e [ 150l

2

. 1/2 . _ 1/2
s(/m<b—t>|f’(t>|2du<t>> (/ - (% )]|g'<t>|2dt> .

2

If we add (3.6) with (3.7), then we get

(3.8) /|f )] du (t)
< (/ (t—a)If' () du(t)>1/2 (/ (55 -] |g'<t>|2dt>l/2
g (/ -0l <t>|2du<t>> N (/ - (*50)] 1w <t>|2dt) -

2

Moreover, if we use the elementary (CBS) inequality (3.4), then we have

(3.9)

</a 2 (t—a)|f @) du(t)> 1/2 </a“2” {u (a;b> —u(t)} 7o dt) 1/2
" (/ib (b—t)|f (1)) du (t)) v (/l [u ) — <a;b>} y (t)|2dt>1/2

2

a+b

. b 1/2
< ( [ e-airorans [ e-oir <t>2du<t>>

(/[ |

<“;b> u(t)} 9 (t)|2dt+[; [u(t) ~u <“;b>] 9’ (t)|2dt> -
(AéK@Hf%”2mﬂﬂ>uz<ébu@)_u<a;b> i(ﬂfﬁ)ui

{ t—aifte [a,%rb],

b—tifte (42,0,

where

K (t) =

do0i:10.20944/preprints201806.0352.v1
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Since
1 a+b
K(t)zi(b—a)— 5 , t € la,b],

hence by (3.8) and (3.9) we get the first inequality in (3.2). The second part follows
by (2.6). O

Remark 4. Assume that f : [a,b] — C is in C'[a,b] with f(a) = f(b) =0 and u
is monotonic nondecreasing on [a,b]. Then

(3.10) /|f )] du (£)

< SO0 [u() - /</ 7 (o) dut ) (/ Tt dt)
si(b—a)“[( - /V ol [ 1o dt}

/2

and

b
g [ 1@ @l
< (;(b—a)Lb|f'<t>|2du<t>—Lb
x (/b u(t)—u(a;_b>

g%(b—a)/ab|f’(t)|2du(t)—%/a ‘If ) du (t)

+%/ab u(t)—u<a+b>'|f )2 dt.

Corollary 4. Assume that f : [a,b] — C is in C' [a,b], g is absolutely continuous
on [a,b] with g (a) = g (b) = 0 and u is monotonic nondecreasing and L-Lipschitzian
on [a,b]. Then

) 1/2
at ‘If ) du <>>

1/2
f <t>|2dt>

a+b

b

(3.12) /|f (t)] du (1)

b /2
s%(b—aw(au ) (/ e dt)
1
i

oot [ (15 WP+ 0F)
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and

b
G [ 17 el
1 ’ 2 b a+b 2 i
gL<§<b—a>/a rara- -5 o dt)
1/2
x (/b y <t>|2dt>
b b a
0=a) [P a- [ |-

+| [ o -1 o] dt] .
In particular, if f (a) = f (b) =0, then

(3.14) /|f (t)] du (t) % —a) /|f )2 dt

and

(3.15) /|f )] du (£)
b ; 1/2
_L(§<b—a>/ TROIRUE ‘If |dt>
b 1/2
x(/ t—a+b'|f |dt>
b
<10-aL [ IroPa

Remark 5. Assume that f : [a,b] — C is in C! [a,b] and g is absolutely continuous
on [a,b] with g(a) = g(b) = 0. If w : [a,b] — [0,00) is continuous and we take
u(t) = fatw(s) ds in (3.1) and (3.2), then we get

a+b
t_
2

<-L t—

1
2

b
(3.16) / 1 () g ()] w (1) de

1 b 1/2 b 1/2 b 1/2
< -0 ( / w(s)ds> ( / |f'<t>2w<t>dt> ( / |g/<t>|2dt>
1 1/2 ’ VR /a2 e

<10 (/ w(s)ds) V £ OFw@d [ 1 o dt}
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b

a+b 1/2
\v umﬁ

1/2
wuﬁw>

a+b

s<;mW>bwaWwwﬁ—A

y </b /a;bw(s)ds

1 b/2 1 b
<q0-o [IroPuema-g [ -

1o woa

¢
/ w(s)ds
a.T+b

We also have, by taking L = ||wl|, 4 o » i (3.12) and (3.13), that

g (1) dt.

b
18 [ 1 @ gl

<2 0= a) ol ( |dQ </|g |dQ
<L)l [ (5 OF 1o OF)

and
b
(3.19) /lf@M@WMﬂﬁ

1 b b a+b 12
snwmmkn<5w—ay/|f%wfﬁ—- -2 |ﬁ>

b ) 1/2
x(/‘t—ag\m%wﬁﬁ>

1
< 5 lwlla ;00 [ —@/|f )| dt —

By taking w =1 in (3.19), we get the inequality (1.5) from Introduction.

b
t_a+

7o |<@ﬂﬁ}

4. SOME INEQUALITIES FOR FUNCTIONS OF BOUNDED VARIATION

The following lemma was obtained by the author in 2007, [6] and is of interest
in itself as well (see also [5]):
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Lemma 1. Ifp: [a,b] — C is continuous on [a,b] and v : [a,b] — C is of bounded
variation on [a,b], then

b b
/p ) dv (1) g/ Ip ()] dV (1)

b 1/p b 1/q b
S(/ Ip(t)|pdV(t)> (\/(@) <trél[3>§}lp()l\/(v),

a

(4.1)

where V (t) := \/% (v) is the total variation of v on [a,t] with t € [a,b)].

The function V' is nondecreasing on [a,b] with V (a) = 0 and V (b) = Z v). If
we put V (t) := \/f (v) = \/Z (v)—=V (t), then Vis nonincreasing with V (a) = \/Z (v)
and V (b) =

We have:

Proposition 1. Assume that h : [a,b] — C is continuous, g is absolutely continuous
on [a,b] and v is of bounded variation on [a,b], then the Riemann-Stieltjes integral

f; h(t) g (t)dv(t) erists and:
(i) If g(a) =0, then

b
(4.2) / h(£) g (1) dv (2)

) 1/2 b 1/2
(/ <t—a>|h(t>|2dv<t>> (/ V)lg (o) dt)
%{/ (t—a)Ih(t)I2dV(t)+/ V)l (®) dt}

(i) If g (b) =0, then

IN

IN

b
/ B (t) g (t) do (1)

( —t|h>dv) (/v )l |dt>2
%{/(—tnh ®Fav (1 /v )/ |dt}

Proof. Using the first inequality in (4.1), we get

[ ros@a) < [ nwswiavo.

(4.3)

IN

IA

(4.4)
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Using now Theorem 3 for f = [ h and u =V, we get, for g (a) = 0, that

(4.5) / b () g (&) dV (2)

b 1/2
s(/ (t—a) (b () aV (¢ ) (/ >]|g<>|2dt>
si{/ﬂ( Dl Fav e+ [ ]|g<>|dt}

If g (b) =0, then

(4.6) / |h(t) g (t)]dV (t)

b

(/ 6-01f OF av @ ) (/v )Ig' (@ |dt)
b

;{/ o017 WP @+ [Vl o) dt}.

By utilising (4.4)-(4.6) we get the desired results (4.2) and (4.3). O

/2

IN

IN

The case h = 1 is of interest since in this case

b b
/(tfa)dV(t):(bfa)V(b)f/ V (t)dt

and
/b(b—t)dv(t)Z/bV(t)dt.

Corollary 5. Assume that g is absolutely continuous on [a,b] and v is of bounded

‘We then can state:

variation on [a,b], then the Riemann-Stieltjes integral ffg (t)dv (t) exists and:

(i) If g(a) =0, then

b b 1/2 b 1/2
[ s < (/ 7 () ) (/ v<t>|g'<t>2dt>

b

<3 / Vt) (1419 (9) de.

(ii) Ifg(b) =0, then

b
/ g (t)dv ()] <

(4.7)

A
&

(4.8)

A\
N =
e~
<>
<
—~
=
U
5
N—————
—
~
)
=~ VN
~ g\
) <>
—~
S~—
o
—~
-
U
~
N————
—
~
V)

IA

We also have:
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Proposition 2. Assume that h : [a,b] — C is continuous, g is absolutely continuous
on [a,b] with g (a) = g (b) =0 and v is of bounded variation on |a,b], then

b
@) | [ e
1 b 2
35<b—a>”2[\/ ] (/ b () av (¢ ) (/ o (¢ |dt>
b
gi(b—a)m[\/ ] [/ | ()] Vv (t) /|g |dt]
and
b
(4.10) h(t) g () do (t)

The proof follows by Theorem 4 and Lemma 1.

Corollary 6. Assume that g is absolutely continuous on [a,b] with g (a) = g (b) =0
and v is of bounded variation on [a,b], then

b b 1/2 b
@ | @] <5 e-0" ( / |g’<t>2dt> V@
and
b
(4.12) / g (&) dv (t)

b 1/2 b 1/2
g(/ sgn(t—“T”’>V(t)dt> (/ V(t)—V<a+b>‘|’ |dt> .

Proof. The inequality (4.11) follows by (4.9) for h = 1.
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The same choice produces in (4.10)

s(%(b—a%bdvu)—f

b
(4.13) / g (t)dv (t)

Since
t—aifte [a,“T'H’],
b—tifte (25L,b],

hence, integrating by parts in the Riemann-Stieltjes integral, we have

%(b—a)/abdv(t)—/ab

a+b b

:/T(t_a)dV(tH/a (b—t)av (t)

:%(b_a)vc;b)_/a ’ V(t)dt—%(b—a)V(a;b>+/a+bV(t)dt

:/absgn <t— a—;b>V(t)dt

and by (4.13) we get (4.12). O

t_a+b

' dv (t)

5. APPLICATIONS FOR TRAPEZOID INEQUALITY

We have the following equalities:

Lemma 2. Let f, v: [a,b] — C be such that one is continuous and the other is of
bounded variation. Then

b
(51) T(f,v;[a,b]) = / £ty dv(t)

1 b

b
—f ) [va))—m v(t)dt] ~f ) [b%/ v<t>dt—v<a>]

~LOLD Fowa- [owa

_/: PR ACIED ES G Py

Proof. Integrating by parts in the Riemann-Stieltjes integral, we have

/b [f(t)_ fa)(b—t)+ f(b) (t—“)] dv (t)

b—a
b b _ —a
YO I RS {CIE P

b—a
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b a — —a b
- [ omn- LO0ZI 000,
AOZTE [

a

b
—F ) lv(b)—ﬁ v(t)dt]—f(a) [bia/ v(t)dt—v(a)].

Integrating by parts again, we also have

b ~f(a) [P
[ 10w -rmem+s @@+ L1 [ g a
:W/ v(t)dt—/a v () df (2).

These prove the required identities. ([

We have the following trapezoid type inequality:

Proposition 3. Assume that f is absolutely continuous on [a,b] and v is of bounded
variation on [a,b], then

2 1/2
i dt) \/ @)

a

(52) |Tuﬂnmm>s§w—af“(Lb

and

(53) WUMMMns<[%nQ—“jﬂvquU2

([ Tro-v()

where V (t) := \/% (v) is the total variation of v on [a,t] with t € [a,b)].

f () = f(a)
b—a

f@) -

9 N\ 1/2
“)

Proof. Consider the function g : [a,b] — C defined by

fla)b—-t)+ f(b)(t—a)

g(t)=F () - —

, t€la,b].

Then g is absolutely continuous on [a,b], g (a) = g (b) =0 and

f(b) = f(a)

g m=rm-o=

for a.e. t € [a,b].
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By using (4.11), we then have
b - —a
[ [0~ Le=tsvea

— }dv(t)
< %(b_a)l/Q (/ab

which by Lemma 2 produces the inequality (5.2).
The inequality (5.3) follows by (4.12). O

f ) — f(a)
b—a

@) -

2 1/2
dt) \/ (v),

For a function h : [a,b] — C we consider the symmetrical transform h defined by

A1) =5 [h(®)+h(a+b=1)], t€ab]

and the antisymmetrical transform h defined by
~ 1
h(t):= §[h(t) —h(a+b-1)], t €la,b].

Proposition 4. Assume that f is absolutely continuous on [a,b] and v is of bounded
variation on [a,b], then

@+ f)
(5.4) B(f / G 5 [v(b) —v(a)]
/f f“‘;f”[v(b)—v(an
and we have the inequalities
b 1/2
(55) B (fvifa bl < 5 (b—a)? ( [ |7 dt) V@
and

(5.6) [B(f,v;[a,b])|

b a+b S a+b
([t voa) ([ ro-v(4)

Proof. Consider the function g : [a,b] — C defined by

o= Foy - 1O

Then g is absolutely continuous on [a,b], g (a) = g (b) =0,
"&)—fa+b—t ~
i O ) _

f1(t) for a.e. t € [a,b]
b b “
[owan = [ (Fo- TG w

1/2
Fro)f a ) .

, t€la,b].

and

I
@\
o
\)
—
o~
S~—
U
4
—
~~
=
|
[N}
=
—
)
N—
|
<
—
IS
=
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Using the change of variable formula for the Riemann-Stieltjes integral, see for
instance [1, p. 144], we have

b b
/ f(t)dv@:l/ F )+ fatb—t)]do ()

=% /f t)dv(t /fa—|—b—t)dv()]
=3 /f t)do (t /f ) dv ( a+b—u)]
/f £ dv (t /f ) o ( a—l—b—u)]:/abf(t)dﬂ(t),

which proves the equality (5.4).
The inequalities (5.5) and (5.6) follows by Corollary 6. O

| =

N | =

6. SOME GRUSS’ TYPE INEQUALITIES

For two Lebesgue integrable functions f, g : [a,b] — R, consider the Cebysev
functional:

o et [ rosn-—— [ sou [ o

In 1935, Griiss [10] showed that

(M —m) (N —n),

N

(6.2) IC(f.9)] <
provided that there exists the real numbers m, M, n, N such that
(6.3) m<f@#)<M and n<g(t)<N forae. t€]alb].

The constant % is best possible in (4.1) in the sense that it cannot be replaced by
a smaller quantity.

Proposition 5. Assume that h : [a,b] — C is integrable on [a,b] and v : [a,b] — C
of bounded variation on [a,b]. Then

97 1/2

/ h(s)ds

b
V@)

1
(64)  |C(hv) <3 /| H* - |
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and

6.5) |C(hv)| < (ﬁ/:sgn (t_a;rb)v@dt)l/z
X(@ia/abv(t)—v(a;b)‘ zdt)l/z
V(t)_v(a;bﬂ(bia/absgn(t_a;b>V(t)dt>l/2
. [ﬁ/ﬂbmm?— ﬁ/@bh(s)ds Tm,

Proof. Using the integration by parts for the Riemann-Stieltjes integral, we have

/ab </at"(s) e /:“5) d5> do (1)
= (/:h(s)dS— Z:Z/abh(s)ds)v(t)b

a

_/abv(t)d</:h(s)ds_ Z:Z/abh(s)ds>

:_/bv(t)h(t)dwr# bh(s)ds/bv(t)dt,

b—a /,

h(t)—% h(s) ds

a

< max
tea,b]

which gives that

(6.6) C(h,v):b_%/ab <Z:—Z/:h(s)ds—/ath(s)ds> dv ().

Consider

t—a

/:h(s)ds—/ath(s)ds, telab],

then g is absolutely continuous, g (a) = ¢ (b) = 0 and by (4.11) we get

Lb(Z:Z/abh(S)ds—/:h(s)ds> dv (t)
%(b—a)l/z (/ab 2dt) 1/2\b/(v)

b b
-0 [b%/ nP == [ neas

which by the equality (6.6) is equivalent to (6.4).

(6.7)

IN

b
h) - s [ ) ds

12,
[y
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Using (4.12) we get

b b 2\ 2
1 a+b 1
b_a/a V(t)—V< ! )‘h(t)—b_a/ah(s)ds dt) ,
and the first inequality in (6.5) is obtained.
The second part is obvious. ([l

Consider now the weighted Cebysev functional

1 b
Cu (f.9) = W/ w(t) £ (£) g (t) dt
1 b b
v [ ewmrwa [ wwgwa,
(f:w(t)dt)z/“ /a !

where f, g, w: [a,b] — R and w (¢) > 0 for a.e. t € [a,b] are measurable functions
such that the involved integrals exist and f: w (t)dt > 0.

Proposition 6. Assume that h : [a,b] — C is integrable on [a,b], w : [a,b] — R,
w (¢) >0 for a.e. t € [a,b] is integrable with f;w (t)dt >0 and v : [a,b] — C is of
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bounded variation on [a,b]. Then
(6.8) |Cu (h,0)|

1(6—@)1/2 b
: bew(s)ds (/a

a

b
fbwl(s) 0 /a h(s)w(s)ds—h(t)

1/2
Ry
T2 fabw(s) ds

b
v (m/ w () [h ()2 dt —

9 2,
w? () dt) \ ()

b
fb;/ h(s)w(s)ds

Lw(s)ds

2 12,
) V(@

Vi) -V a;b>‘|f; L /abh(s)w(s)ds—h(t)z

Proof. Consider

> e

'—Mbsws S—tSU)SS a
g@’fwumlh” (5)d Lhm (s)ds, t € [a,D],

S
a

then g is absolutely continuous, g (a) = g (b) =0,

! '—;bsws s — w or a.e a
gﬁ’(gw@wlh()(” h@)(@f..m[ﬂ
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and, by using the integration by parts for the Riemann-Stieltjes integral,

b [Tw(s)ds [P ’

. b f;w(s)ds b [
= /av(t)d<f;w(s)ds/a h(s)w(s)ds /Gh(s)w(s)ds>

b 1 b b
:/a v(t)h(t)w(t)dt—f:w(s)ds/a h(s)w(s)ds/a v (®)w (b) dt,

which gives the identity
Cy (h,v)

= ! bf‘;w(s)dSbsws s—tswss v
_f:w(s)ds/a (fbw(s)ds/ah() ()4 /ah() ()d>d(t).

a

By using the inequality (4.11) we have
' m ' S)w (s S — t S)w (s S v
L(I;w(s)dsfahu (ds= [ 1) <>d>d<t>
<L /b 1/bh(s)w(s)ds—h(t)sz(t)dt 1/Q\b/(v)
~2 a f;w(s)ds a wo

which by division with ff w (s) ds > 0 gives the first inequality in (6.8).
We also have

b
ffwl) ds/a

1 b
< s /
B o, 01,00 f;w(s) ds Ja

1

w? (t) dt
Jiw( g

b
S)ds/a h(s)w () ds — b (t)

1

Jiw(
/b () 1h (1) d !

w(t t t— | —m
a Jow(

b
s)ds/a h(s)w(s)ds—h(t)

B 1
= [lwll (4 4,00 m

which proves the second part of (6.8).
Using (4.12) we also have

([ o)
(fpor )

which proves the first inequality in (6.9).

1
f; w(s)ds

b
/h(s)w(s)ds—h(t)

9 1/2
w? (t) dt) ,
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The second part is obvious. ([l

REFERENCES

[1] T. Apostol, Mathematical Analysis, Second Edition, Adison-Wesley, 1974.

[2] P. R. Beesack, On an integral inequality of Z. Opial. Trans. Am. Math. Soc. 104 (1962),
470-475.

[3] P. L. Chebyshev, Sur les expressions approximatives des intégrals definis par les outres prises
entre les méme limites, Proc. Math. Soc. Charkov, 2 (1882), 93-98.

[4] P. Cerone and S. S. Dragomir, A refinement of the Griiss inequality and applications, Tamkang
J. Math., 38(1) (2007), 37-49. Preprint RGMIA Res. Rep. Coll., 5(2) (2002), Article 14.
[Online: http://rgmia.vu.edu.au/v5n2.html].

[5] S. S. Dragomir, Accurate approximations for the Riemann-Stieltjes integral via theory of
inequalities. J. Math. Inequal. 3 (2009), no. 4, 663681

[6] S. S. Dragomir, Approximating the Riemann-Stieltjes integral via a Chebyshev type
functional. Preprint RGMIA Res. Rep. Coll. 10 (2007), Suplement Art. 18 [Online
http://rgmia.org/papers/v10e/ARSICTF.pdf]l. Acta Comment. Univ. Tartu. Math. 18
(2014), No. 2, 239-259.

[7] S. S. Dragomir, Generalizations of Opial’s inequalities for two functions and
applications, Preprint RGMIA Res. Rep. Coll. 21 (2018), Art. 64. [Online
http://rgmia.org/papers/v21/v21a64.pdf].

[8] S. S. Dragomir, p-Norms generalizations of Opial’s inequalities for two functions
and applications, Preprint RGMIA Res. Rep. Coll. 21 (2018), Art. 65. [Online
http://rgmia.org/papers/v21/v21a65.pdf].

[9] L. Fejér, Uber die Fourierreihen, II, (In Hungarian) Math. Naturwiss, Anz. Ungar. Akad.
Wiss., 24 (1906), 369-390.

[10] G. Griiss, Uber das Maximum des absoluten Betrages von ﬁ ff f(@)g(z)dx —
ﬁ [ f(z)da [P g(z)dz, Math. Z. , 39(1935), 215-226.

[11] L.-G. Hua, On an inequality of Opial. Sci. Sinica 14 (1965), 789-790.

[12] N. Levinson, On an inequality of Opial and Beesack. Proc. Amer. Math. Soc. 15 (1964),
565-566.

[13] A. Lupag, The best constant in an integral inequality, Mathematica (Cluj, Romania),
15(38)(2) (1973), 219-222.

[14] C.L. Mallows, An even simpler proof of Opial’s inequality. Proc. Amer. Math. Soc. 16 (1965),
173.

15] C. Olech, A simple proof of a certain result of Z. Opial. Ann. Polon. Math. 8 (1960), 61-63.

16] Z. Opial, Sur une inégalité. Ann. Polon. Math. 8 (1960), 29-32.

17] A. M. Ostrowski, On an integral inequality, Aequat. Math., 4 (1970), 358-373.

8] R. N. Pederson, On an inequality of Opial, Beesack and Levinson. Proc. Amer. Math. Soc.

16 (1965), 174.

IMATHEMATICS, COLLEGE OF ENGINEERING & SCIENCE, VICTORIA UNIVERSITY, PO Box 14428,
MELBOURNE CiTY, MC 8001, AUSTRALIA.

E-mail address: sever.dragomir@vu.edu.au

URL: http://rgmia.org/dragomir

2DST-NRF CENTRE OF EXCELLENCE IN THE MATHEMATICAL, AND STATISTICAL SCIENCES,
ScHOOL OF COMPUTER SCIENCE, & APPLIED MATHEMATICS, UNIVERSITY OF THE WITWATER-
SRAND,, PRIVATE BAG 3, JOHANNESBURG 2050, SOUTH AFRICA


http://dx.doi.org/10.20944/preprints201806.0352.v1

