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¢ 1. Introduction

7 Throughout the paper, N and R denote the set of all positive integers and the set of all real
e numbers, respectively. The concept of convergence of a sequence of real numbers has been extended
o to statistical convergence independently by Fast [13] and Schoenberg [34]. This concept was extended
10 to the double sequences by Mursaleen and Edely [22]. Lacunary statistical convergence was defined
u by Fridy and Orhan [15]. Cakan and Altay [5] presented multidimensional analogues of the results
1z presented by Fridy and Orhan [15].

13 The idea of Z-convergence was introduced by Kostyrko et al. [17] as a generalization of statistical
1 convergence which is based on the structure of the ideal 7 of subset of the set of natural numbers.
s Kostyrko et al. [18] studied the idea of Z-convergence and extremal Z-limit points. Das et al. [6]
1 introduced the concept of Z-convergence of double sequences in a metric space and studied some
iz properties of this convergence. A lot of development have been made in area about statistical
s convergence, Z-convergence and double sequences after the works of [1,11,13,14,21,28-30,34].

19 The notion of lacunary ideal convergence of real sequences was introduced in [35]. Das et al. [8]
20 introduced new notions, namely Z-statistical convergence and Z-lacunary statistical convergence by
z using ideal. Belen et al. [4] introduced the notion of ideal statistical convergence of double sequences,
22 which is a new generelization of the notions of statistical convergence and usual convergence. Kumar
= etal. [36] introduced Z-lacunary statistical convergence of double sequences. More investigation and
2a applications on this notion can be found in [16].

25 The idea of rough convergence was first introduced by Phu [25] in finite-dimensional normed
26 spaces. In another paper [26] related to this subject, Phu defined the rough continuity of linear
2z operators and showed that every linear operator f : X — Y is r -continuous at every point x € X
2s under the assumption dimY < oo and r > 0, where X and Y are normed spaces. In [27], Phu extended
20 the results given in [25] to infinite-dimensional normed spaces. Aytar [2] studied the rough statistical
30 convergence. Also, Aytar [3] studied that the rough limit set and the core of a real sequence. Recently,
a1 Diindar and Cakan [10,11] introduced the notion of rough Z-convergence and the set of rough Z-limit
sz points of a sequence and studied the notion of rough convergence and the set of rough limit points of a
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53 double sequence. Further this notion of rough convergence of double sequence has been extended to
;s rough statistical convergence of double sequence by Malik et. al. [19] using double natural density
s of N x N in the similar way as the notion of convergence of double sequence in Pringsheim sense
ss was generalized to statistical convergence of double sequence. Also, Diindar [12] investigated rough
sz Ip-convergence of double sequences. The notion of Z-statistical convergence of double sequences was
ss introduced by Malik and Ghosh [20] in the theory of rough convergence.

30 In view of the recent applications of ideals in the theory of convergence of sequences, it seems
a0 very natural to extend the interesting concept of rough lacunary statistical convergence further by
a1 using ideals which we mainly do here.

a2 So it is quite natural to think, if the new notion of Z-lacunary statistical convergence of double
a3 sequences can be introduced in the theory of rough convergence.

1 2. Definitions and notations

45 In this section, we recall some definitions and notations, which form the base for the present study
« ([1,2,4,10-12,17,19,20,25,28,36]).

a7 During the paper, let » be a nonnegative real number and R" denotes the real n-dimensional space
«s with the norm ||.||. Consider a sequence x = (x;) C R".

The sequence x = (x;) is said to be r-convergent to x., denoted by x; — x, provided that
Ve>03ig e N: i >ig=||x; — x| <7 +e

The set
LIM x := {x, € R": x; - x,}

s is called the r-limit set of the sequence x = (x;). A sequence x = (x;) is said to be r-convergent if
so LIM'x # @. In this case, r is called the convergence degree of the sequence x = (x;). For r = 0, we get
s the ordinary convergence. There are several reasons for this interest (see [25]).

52

53 A family of sets Z C 2" is called an ideal if and only if

54 (i) €I,

5 (ii) foreach A,B € Zwehave AUB € Z,

s (iii) for each A € 7 and each B C A we have B € 7.

57 An ideal is called non-trivial if N ¢ 7 and non-trivial ideal is called admissible if {n} € T for each
ss n €N

60 A family of sets 7 C 2N is a filter in N if and only if

61 (l) @ ¢ F/

o2 (ii) foreach A,B € F wehave ANB € F,

o3 (iii) for each A € F and each B D A we have B € F.

64

If 7 is a nontrivial ideal in N (i.e., N ¢ 7), then the family of sets
FIZ)={MCN:3Ae€Z :M=N\A}

s 1is a filter of N and it is called the filter associated with the ideal Z.

66

o

o7 A sequence x = (x;) is said to be rough Z-convergent (r-Z-convergent) to x, with the roughness

« degree r, denoted by x; = provided that {i € N : ||x; — x.|| > r+¢} € T for every ¢ > 0; or
o equivalently, if the condition

o

o

T —limsup ||x; — x.|| < 7 1
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7 is satisfied. In addition, we can write x; ! x, iff the inequality ||x; — x.|| < r + € holds for every
7z ¢ > 0and almost all 7.
A double sequence X = (Xmn) (y,n)enxn Of real numbers is said to be bounded if there exists a
positive real number M such that | x| < M, for all m,n € N. That is

Jlloo = sup x| < co.
mmn

72 A double sequence x = (x;,,) of real numbers is said to be convergent to L € R in Pringsheim’s
s sense (shortly, p-convergent to L € R), if for any ¢ > 0, there exists N; € N such that |x,,, — L| < ¢,
za  whenever m,n > N;. In this case, we write

Iim x,, = L.
m,n—o0

We recall that a subset K of N x N is said to have natural density d(K) if

dK) = lim Komm),

m,n— 00 mmn

s where K(m,n) = |{(j,k) e NxN:j<m,k <n}|
7 Throughout the paper we consider a sequence x = (x,;) such that (x,,,) € R".
78 Let x = (xun) be a double sequence in a normed space (X, ||.||) and r be a non negative real

7o number. x is said to be r-statistically convergent to ¢, denoted by x f— ¢, if for ¢ > 0 we have
so d(A(e)) = 0, where A(e) = {(m,n) € NxN : |[xyy —&| > r+¢€}. In this case, ¢ is called the
a1 r-statistical limit of x.

82

e A nontrivial ideal Z, of N x N is called strongly admissible if {i} x Nand N x {i} belong to Z,
sa foreachi € N.

o5 It is evident that a strongly admissible ideal is admissible also.

e Throughout the paper we take 7, as a strongly admissible ideal in N x N.

ss Let (X, p) be a metric space A double sequence x = (X, in X is said to be Z,-convergent to

so L € X, if for any ¢ > 0 we have A(e) = {(m,n) € NxN: p(xun, L) > €} € I,. In this case, we say
so that x is Zr-convergent and we write

I, — lim xp, = L.
m,1n—00

01 A double sequence x = (x,) is said to be rough convergent (r-convergent) to x, with the
o2 roughness degree 7, denoted by x;; — x. provided that

Ve>0 Jk. e Nt m,n > ke = ||xmn — x| <71 +e, )

s or equivalently, if
limsup ||xpmn — x| < 7. ©)]
94 A double sequence x = (xy,) is said to be r-Z,-convergent to x, with the roughness degree r,

s denoted by x,, = x, provided that

{(m,n) e NXN: ||xpn — x4|| > 1r+¢e} €Dy, 4)
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o6 for every e > 0; or equivalently, if the condition

I, — limsup || xmn — x| <7 ()

oz is satisfied. In addition, we can write x,,,, = x, iff the inequality ||x, — x«|| < r + € holds for every
es € > 0and almost all (m, n).
% Now, we give the definition of Z,-asymptotic density of N x N.

A subset K C N x N is said to be have Z,-asymptotic density dz, (K) if

dl'z (K) = Zz — lim M,

m,n—o0 mmn

10 where K (m,n) = {(j,k) e NxN:j<mk <n;(jk) € K}and |K (m, n)| denotes number of elements
101 Of the set K(m, n).
A double sequence x = {xjk} of real numbers is Z,-statistically convergent to ¢, and we write

x ¢, provied that forany ¢ > 0and J > 0
{(m,n) ENXN:% H(j,k) : ijk—gH > j<mk< n}( > 5} € Ip.

Letx = {xjk} be a double sequence in a normed linear space (X, ||.||) and r be a non negative real
number. Then x is said to be rough 7,-statistical convergent to ¢ or r-Z,-statistical convergent to ¢ if
foranye > 0and é >0

{(m,n) eNxN:%‘{(j,k),jgm,kgn: ijk—gu zr—l—e}‘ z(s} €.

. . N . . —Ir—st
102 In this case, ¢ is called the rough Z;-statistical limit of x = {xjk} and we denote it by x =T

A double sequence 6 = 0,5 = {(ky,Is)} is called double lacunary sequence if there exist two
increasing sequences of integers (k, ) and (I5) such that

ko - O,hu :ku _ku_] — 00 ai’ld lO :O,Es - ls _lS—l — o, U,S — 0.
We will use the following notation kys := kyls, hys := hyuhs and 6, is determined by
Jus = {(k,1) i ky_1 <k <kyandls_1 <1<},

ku — e ls

u = kuflr s lsfl

and qus == qu{q,.

10a  Throughout the paper, by 6, = 6,5 = {(ky,Is)} we will denote a double lacunary sequence of positive
15 real numbers, respectively, unless otherwise stated.
A double sequence x = {x;;,} of numbers is said to be Z,-lacunary statistical convergent or
S, (Zz)-convergent to L, if for each e > 0 and 4§ > 0,

{(u,s) e NxN: hi {(m,n) € Jus : |Xmn — L| > €}| > 15} € I,.
us

107 In this case, we write X, — L (S, (Z2)) or S, (Iz)—mlnirg Xmn = L.

108


http://dx.doi.org/10.20944/preprints201806.0235.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 June 2018 d0i:10.20944/preprints201806.0235.v1

5o0f 14

100 3. Main results

10 Definition 1. Let x = x]-k} be a double sequence in a normed linear space (X, ||.||) and r be a non negative
w1 real number. Then x is said to be rough lacunary statistical convergent to ¢ or r-lacunary statistical convergent
uz tolifforanye >0

. 1
lim —
u,5—00 Ny

)
us  In this case ¢ is called the rough lacunary statistical limit of x = {x]-k} and we denote it by x % ¢.

Definition 2. Let x = {x]-k} be a double sequence in a normed linear space (X, ||.||) and r be a non negative
real number. Then, x is said to be rough Iy-lacunary statistical convergent to ¢ or r-Ip-lacunary statistical
convergent to ¢ if forany e > 0and § > 0

{(u,s) ENxN: L
hus

{(j’k) € Jus : ijk_‘:H Z”“‘SH 2(5} € Ip.

r—Tp, —st
us In this case, G is called the rough Iy-lacunary statistical limit of x = {xjk} and we denote it by x N C.

Remark 1. Note that if I, is the ideal
79 ={ACNxN:3m(A) € Nsuchthati,j >m(A) = (i,j) ¢ A},
us  then rough Tr-lacunary statistical convergence coincide with rough lacunary statistical convergence.

116 Here r in the above definition is called the roughness degree of the rough Z,-lacunary statistical
ur convergence. If r = 0, we obtain the notion of Z,-lacunary convergence. But our main interest is when

us 1 > 0. It may happen that a double sequence x = {xjk} is not Zp-lacunary statistical convergent in the
1 usual sense, but there exists a double sequence y = { Yik }, which is Z,-lacunary statistically convergent

120 and satisfying the condition Hx]-k — yij < rfor all (j, k). Then, x is rough Z,-lacunary statistically
121 convergent to the same limit.

122 From the above definition it is clear that the rough 7)-lacunary statistical limit of a double
123 sequence is not unique. So we consider the set of rough Z-lacunary statistical limits of a double
124 sequence x and we use the notation Zg,-st-LI M, to denote the set of all rough Z,-lacunary statistical
125 limits of a double sequence x. We say that a double sequence x is rough Z,-lacunary statistically
126 convergent if 7y -st-LIM’, # @.

127 Throughout the paper X denotes a normed linear space (X, ||.||) and x denotes the double
128 sequence {xjk} in X.

120 Now, we discuss some basic properties of rough Z,-lacunary statistically convergence of double
10 sequences.

Theorem 1. Let x = {xjk} be a double sequence and r > 0. Then, Zg,-st-LIM), < 2r. In particular if x is
rough ZIp-lacunary statistically convergent to ¢, then

Ty, — st — LIM,, = B, (2),

where B, (§) ={y e X:|ly—¢| <r}andso

diam (Zy, — st — LIM}) = 2.
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Proof. Let diam (Zy, — st — LIMY) > 2r. Then, there exist y, z € Zy,-st-LIM}, such that ||y — z|| > 2r.
Now, we select € > 0 so that ¢ < Hyz;ZH —r. Let

I (T8 O EYE IS (P MO Eras

Then,
= |{(j,k) € Jus : (j,k) € AUB}|

< {GK) € Jus: (k) €AY+ & (LK) € Jus = (G, F) € BY,

and so by the property of Z,-convergence

Ip- lim - [{(j,k) € Jus : (j, k) € AUB}|

U,S—00

< Ty lim L [{(K) € Jus: (k) € A} + Do Tim ;L {(,K) € Jus : (j k) € BY| = 0.

u,s—roo

Thus,
{(u,s) e NxN: hi {(,k) € Jus: (j,k) € AUB}| > (5} el

us

forall 6 > 0. Let

H= {(u,s) ENxXN: hius|{(j,k) € Jus: (k) € AUB}| > ;}

Clearly H € 7, so choose (ug,s9) € N x N\ H. Then,

1

huoso

{(j, k) € Jus : (j,k) € AUB}| < %

So, we have

1 1 1
] 2 (7 >1-_2—=

huOSO\{(J,k>eIus (k) ¢ AUBY[ 21— =,

1 de, {(j k) € Jus : (j k) ¢ AU B} is anonempty set.
Take (jo, ko) € Jus such that (jo, ko) ¢ AU B. Then, (jo, ko) € A° N B and so ijoko - yH <r+e

and ijoko — ZH < r + ¢. Hence, we have
ly =2l < |50k — ]| + [vieo = 2| <207+ 0) < Iy =21,

122 which is absurd. Therefore, Zg,-st-LIM} < 2r.
If Zy,-st-LIM}. = ¢, then we proceed as follows. Let e > 0 and 6 > 0 be given. Then,

A—{(u,s)GNxNzl
hus

{(J}k) € Jus ijk—CH > e}‘ > (5} €T

Then, for (u,s) ¢ A we have

0 hes -] 2} <5

ie.,

00 ] <21 »
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Now, for each y € B, ({) we have
[ =] < [ = &]| + e = < [ — ]|+

Let
Bys = {(]/k) c ]us :

xjk—CH <£}.

Then, for (j, k) € Bys we have ijk - yH < r+ ¢e. Hence, we have

Bys = {(j,k) € Jus: Hx]-k —yH < r—i—s}.

This implies

|5Z§| < hius {(],k) € Jus: ijk—yH < r—b—s}’
ie.,

i {60 € Jus: [ —y| <r+e}| 210

Thus, for all (j, k) ¢ A,

1

hus

{(j/k) € Jus : ijk—yH > 1’—|—8H <1-(1-9)
and so we have

{(u,s)ENxNzl
hus

{(jrk) € Jus; xjk_yH > V—f—S}‘ > (5} C A

Since A € I, then,

1

{(u,s) eNxN: " H(j,k) € Jus : xjk—yH 2r+£}’ 25} € I,.

sz This shows that y € Zg,-st-LIM. Therefore, Zy,-st-LIM}. O B, ({).

Conversely, let y € Zy,-st-LIM, |ly — ¢|| > rand e = w Now, we take

M; = {(j,k) € Jus : ijk—yH > r+s} and M, = {(]',k) € Jus: ijk—CH > s}.

Then,
hlI {(j, k) € Jus : (j, k) € M1 UM}

< gz HGK) € Jus 2 (k) € Mi}| + 5= [{(Go k) € Jus = (. k) € M2},

13 and by the property of Z,-convergence

. 1 . . . 1 . .
Tp- lim o= {0 k) € Jus : (k) € MiUMo}| = Top- lim o |{(j,k) € Jus : (k) € M}

u,s—00 Hyg

_|_

. 1 . .
I- u}slganM {(, k) € Jus : (j k) € Ma}|
= 0.

Now, we let
M= {(u,s) ENxN: hi {(G,K) : (k) € My UMy} > ;}

)
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Clearly M € 7, and we choose (up,s0) € N x N\ M. Then, we have

1

h”OSO

G0 G.6) € My UM} | < 5,

and so 1 1 1
) (i > 1_1
R G & MiUMa) 21— 5 =5,

ie., {(jk):(j k) € M; UM;} is a nonempty set. Let (jo, ko) € Jus such that (jo, ko) ¢ M1 U Mj. Then,
(jo. ko) € M§ N M§ and hence ijoko —yH <r+eand ijoko — (|| <e So

Iy =&l < i — v + ||xieo 2] s 7H2e < Iy -2l

which is absurd. Therefore, ||y — ¢|| < rand soy € B, (¢). Consequently, we have

Ty, — st — LIM!, = B, (¢).
135 D

13s  Theorem 2. Let x = {xjk} be a double sequence and r > 0 be a real number. Then, rough Ir-lacunary
17 statistical limit set of the double sequence x, i.e., the set Ty,-st-LIM is closed.

1s  Proof. If 7y -st-LIM', = @, then nothing to prove.
Let us assume that Zy,-st-LIM’, # @. Now, consider a double sequence {y]-k} in Zy,-st-LIMY,

with '}(im Yjk = y- Choose ¢ > 0 and ¢ > 0. Then, there exists i¢ € N such that forall j, k > i¢
JK—00

€
o=l <>
Let jo,ko > is. Then, yjx, € Zp,-st-LIM;. Consequently, we have

1
A:{(M,S)ENXNZ xjk_yjoko

hus

{G.0) € Jus

Clearly M = N x N\ A is nonempty, choose (1,5) € M. We have

0o 2745 <
and so
hius {(],k) € Jus : ijk_yfoko < r—l—%}‘ z1-0
Put ' €
Bus = {(J,k) € Jus : ijk*yjoko <r 5}

and select (j, k) € Bys. Then, we have

e €
—l—Hyjoko—yH <r+-+z=r+e

H"fk—yH = fo'k ~ Yioko 22

and so
B,s C {(j,k) € Jus: ijk—yH < r—i—e},
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which implies
|Bus|

1-0<
= huys

<1
hus

LG € s [ < re}-

Therefore,

hus

{(j/k) € Jus ijk_yH ZF—FSH <1—-(1-6)=9¢

and so we have

{(u,s)GNxN:1

Ts {(],k) € Jus HXjk*yH > r+s}‘ > 5} CAecT,.

150 This shows that y € Zy,-st-LIM). Hence, Zy,-st-LIMj is a closed set. [

140 Theorem 3. Let x = {x]-k} be a double sequence and r > 0 be a real number. Then, the rough Zr-lacunary
w1 statistical limit set Zg,-st-LIM}, of the double sequence x is a convex set.

Proof. Let yo,y1 € Zp,-st-LIM} and ¢ > 0 be given. Let

Ag = {(j,k) € Jus : ijk—yoH > r—i—s} and A; = {(j,k) € Jus : ijk—ylH > r+g}.

Then by Theorem 1, for § > 0 we have

{(u,s) e NxN: hius {(j, k) € Jus : (k) € AgU A1}| > 5} €.

Now, we choose 0 < §; < 1suchthat0 <1 —4; < d and let
1 ) .
A= {(u,s) eENXN:— [{(j,k) € Jus: (j,k) € AgU Ar}| > 1—51}.
us
Then, A € Z,. For all (u,s) ¢ A, we have

1 . .
Toe |{(]/k) € Jus: (]/k) € AoUA1}| <1-6
us

and so .
i HGK) € Jus 2 (i K) € AgU ALY = {1 = (1=1)} = &1,

Therefore, {(j, k) : (j, k) ¢ Ag U A1} is a nonempty set. Let us take (jo, ko) € AfjNAfand 0 < u < 1.

Then,
ijoko —[(1=wu)yo+ Wl]” = H(1 — 1) Xjoky + Mok — [(1 — 1) Yo + py] H
< =m0 [t = vol| + 1 i —
< (1—u)(r+e)+u(r+e)=r+e
Let

M= {(j/k) € Jus : ijk —[(1 —V)y0+W1]H 2 T+€}-
Then clearly, AN A{ C M°. So for (u,s) ¢ A, we have

1, . 1. .
0= 5 k) € Jus : (k) € Ao U Ar}] < 7= [{(j k) € Jus = (j, k) & M}

us
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and so .
h {(. k) € Jus: (k) e M}| <1—087 <.
us

Therefore, A° C {(u,5) € Nx N jL [{(j,k) € Jus : (j,k) € M}| < 8}. Since A° € F (Z), then we
have 1
{(u,s) eNxN: . {(j, k) € Jus : (j k) € M}| < 5} € F(Iy)
us

and so
{(u,s) ENxN: hi {G,K) : (k) € M}| > 5} €T,

a2 This completes the proof. [

s Theorem 4. A double sequence x = {xjk} is rough Ty-lacunary statistical convergent to ¢ if and only if there

s exists a double sequence y = {yjk} such that Ty,-st-y = ¢ and ijk - y]'kH <r, forall (j,k) € NxN.

Proof. Lety = {y]-k} be a double sequence in X, which is Z,-lacunary statistically convergent to ¢ and

ijk —y]-kH <r,forall (j,k) € Nx N. Then, forany ¢ > 0and 6 > 0

A= {(u,s) eNxN:hius {(j,k) € Jus : Hyjk—gH 28}’ z(s} € Iy

Let (u,s) ¢ A. Then, we have

1

hus

{(j,k) € Jus : Hyjk—gH > sH <5= hius {(j,k) € Jus : Hyjk—gH < e}‘ >1-0.

Now, we let
Bus = {(]rk) € ]us :

Then, for (j, k) € Bys, we have

yjk—é‘H <€}-

[ = e =] + o =g < e

and so

Bys C {(j,k) € Jus :

t= g <re}

> Bt Hom et fon-ef <o)
= hius {G0) € Jus | —g| <r+ef| z1-0
= o |{6R e e g zr e <1-a-0) s

Thus, we have

{(u,s) e NxN: 1
hus

{(]}k) € Jus : Hx]-k—g’H > r—i—s}‘ > 5} CA
and since A € 7, so

{(u,s) ENxN:-L

u

" Xjk—CHZT’-i-E}‘Z(S}EIz

{G.) € Jus:
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s Hence, Zy,-st-y = ¢.

Conversely, suppose that Zg,-st-y = ¢. Then, fore > 0and § > 0,

A:{(u,s)ENxNzl
hus

{(j,k) € Jus Hx]-k—GH > r+£H > 5} € D.

Let (u,s) ¢ A. Then, we have

hius {(]/k) € Jus : ijk—f;H Zr+e}‘ <6

and so

hus

{60 € st [xpe—gl| < r+ef| 21-6

Let
Bus = {(]/k) S ]us :

x]‘k—CH <1’+£}.

Now, we define a double sequence y = {y]'k} as follows,

{ g if ijk—gH <r,
Yik =

Xjk + 71 ||§];i]g|| , otherwise.
Then,
0, if ijk - g” <r,
sl = - |
Xjp— ¢+ rm , otherwise.

0, if ijk - gH <r,

Hx]-k — CH —r, otherwise.

Let (j, k) € Bys. Then, we have

yjk—é‘H =0,if Hx]-k—CH <r and Hyjk—{;’H <eglifr < ijk—{;’H <r+e

and so
Bys C {(]/k) € Jus: Hyjk - ‘:H < 5} .
This implies
|]2Z:| < hius {(]‘,k) € Jus yjk—éH < s}‘

Hence, we have
00 o yp—e] <o} 210

= h%,s’{(]'k) € Jus : Hyjk_gH 25}‘ <1_(1_5) =4.

and so 1
{(u,s) eNxN:— H(j,k) € Jus :

x]'k—CH ZS}‘ 25} C A.
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Since A € 7, then, we have

{(u,s) ENXN:L
hus

{(j/k) € Jus: ijk —{fH > €}‘ > (5} eD.
w7z S0, Zg,-st-y =¢. O

Definition 3. A double sequence x = {xjk} is said to be Ty,-statistically bounded if there exists a positive
number K such that for any 6 > 0 the set

A:{(u,s)ENxNzl
hus

{00 € Jus + ||| = K}| = (s} €,

148 The next result provides a relationship between boundedness and rough Z, -statistical
s convergence of double sequences.

10 Theorem 5. If a double sequence x = {xjk} is bounded then there exists r > 0 such that Zy,-st-LIM}. # @.

Proof. Let x = {xjk} be bounded double sequence. There exists a positive real number K such that

ijkH < K, forall (j, k) € Jus. Lete > 0 be given. Then,

{(]/k) S ]us : ijk — OH > K+ 8} = Q.
151 Therefore, 0 € Zp,-st-LIMK and so Zp,-st-LIMK # @. O

Remark 2. The converse of the above theorem is not true. For example, let us consider the double sequence
X = {xjk} in R defined by
jk, if j and k are squares
x]-k:
5, otherwise.

12 Then, Ty,-st-LIMY = {5} # @ but the double sequence x is unbounded.

Definition 4. A point A € X is said to be an Iy-lacunary statistical cluster point of a double sequence
X = {xjk} in X if forany e > 0
dz, ({(j,k) € Jus - Hx]-k - AH < e}) £0,
where ,
dr, (A) = Tp- lim - [{(jK) € Jus : (j,K) € A},
us

U,5—00

S
s if exists. The set of Ty-lacunary statistical cluster point of x is denoted by Ay ().

S
s« Theorem 6. For any arbitrary a € A, (I,) of a double sequence x = {xjk} we have || — a|| < v, for all
15 (€ Igz—St-LIM;.

S
1ss  Proof. Assume that there exists a point & € Ay? (Z;) and & € Ty,-st-LIMY, such that || — a|| > r. Let
157 € = w Then,

{0 € Jus s v —2]| = 7+ > {(k) € Jus e — af| < €} ©)
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Since o € Aigz (Z) we have dz, ({(], k) € Jus : ijk — aH < e}) # 0. Hence by (6) we have

dz, ({(],k) € Jus Hx]'k—ocH > r—l—s}) #0,

s which contradicts that § € Zy,-st-LIM}.. Hence, ||¢ —af| < 7. [
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