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1 Abstract: We consider rotational hypersurface in the four dimensional Euclidean space. We calculate
2 the mean curvature and the Gaussian curvature, and some relations of the rotational hypersurface.
s Moreover, we define the third Laplace-Beltrami operator and apply it to the rotational hypersurface.

«  Keywords: 4-space; the third Laplace-Beltrami operator; rotational hypersurface; Gaussian curvature;
s mean curvature

¢ 1. Introduction

7 Chen [4] posed the problem of classifying the finite type surfaces in the 3-dimensional Euclidean
s space E®. A Euclidean submanifold is said to be of Chen finite type if its coordinate functions are a
o finite sum of eigenfunctions of its Laplacian A. Further, the notion of finite type can be extended to any
10 smooth function on a submanifold of a Euclidean space or a pseudo-Euclidean space. Then the theory
1 of submanifolds of finite type has been studied by many geometers.

12 Takahashi [23] states that minimal surfaces and spheres are the only surfaces in E satisfying the
s condition Ar = Ar, A € R. Ferrandez, Garay and Lucas [11] prove that the surfaces of E3 satisfying
1« AH = AH, A € Mat(3,3) are either minimal, or an open piece of sphere or of a right circular cylinder.
15 Choi and Kim [7] characterize the minimal helicoid in terms of pointwise 1-type Gauss map of the first
16 kind. Chen, Choi and Kim [5] study on surfaces of revolution with pointwise 1-type Gauss map.

17 Dillen, Pas and Verstraelen [9] prove that the only surfaces in E? satisfying Ar = Ar + B, A €
1s  Mat(3,3), B € Mat(3,1) are the minimal surfaces, the spheres and the circular cylinders. Senoussi and
1 Bekkar [22] study helicoidal surfaces M? in [E3 which are of finite type in the sense of Chen with respect
20 to the fundamental forms I, IT and II], i.e., their position vector field r(u,v) satisfies the condition
a ANr=Ar, ] =11II11I, where A = (aij) is a constant 3 x 3 matrix and A/ denotes the Laplace operator
22 with respect to the fundamental forms I, IT and I11.

23 When we focus on the ruled (helicoid) and rotational characters, we see Bour’s theorem in [3].
2« About helicoidal surfaces in Euclidean 3-space, do Carmo and Dajczer [10] prove that, by using a result
= of Bour [3], there exists a two-parameter family of helicoidal surfaces isometric to a given helicoidal
26 surface. Giiler [13] studies on a helicoidal surface with lightlike profile curve using Bour’s theorem
2z in Minkowski geometry. Also, Hieu and Thang [14] study helicoidal surfaces by Bour’s theorem in
2s  4-space. Choi et al [8] study on helicoidal surfaces and their Gauss map in Minkowski 3-space. Kim
2 and Turgay [15] classify the helicoidal surfaces with L;-pointwise 1-type Gauss map.

30 Lawson [16] gives the general definition of the Laplace-Beltrami operator in his lecture notes.
a1 Magid, Scharlach and Vrancken [17] introduce the affine umbilical surfaces in 4-space. Vlachos [25]
sz consider hypersurfaces in E* with harmonic mean curvature vector field. Scharlach [21] studies the
ss  affine geometry of surfaces and hypersurfaces in 4-space. Cheng and Wan [6] consider complete
s« hypersurfaces of 4-space with constant mean curvature.

35 Arvanitoyeorgos, Kaimakamais and Magid [2] show that if the mean curvature vector field of M3
36 satisfies the equation AH = aH (x a constant), then M% has constant mean curvature in Minkowski
s» 4-space Ef. This equation is a natural generalization of the biharmonic submanifold equation AH = 0.
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38 General rotational surfaces as a source of examples of surfaces in the four dimensional Euclidean
s space were introduced by Moore [18,19]. Arslan et al [1] study on generalized rotation surfaces in
w0 [E* Ganchev and Milousheva [12] consider the analogue of these surfaces in the Minkowski 4-space.
a1 They classify completely the minimal general rotational surfaces and the general rotational surfaces
.2 consisting of parabolic points. Moruz and Munteanu [20] consider hypersurfaces in the Euclidean
s space [E* defined as the sum of a curve and a surface whose mean curvature vanishes. They call them
s minimal translation hypersurfaces in E* and give a classification of these hypersurfaces. Verstraelen,
s Walrave and Yaprak [24] study the minimal translation surfaces in E” for arbitrary dimension 7.

46 We consider the rotational hypersurfaces in Euclidean 4-space E* in this paper. We give some
«z basic notions of the four dimensional Euclidean geometry in Section 2. In Section 3, we give the
«s definition of a rotational hypersurface. We calculate the mean curvature and the Gaussian curvature of
a0 the rotational hypersurface. We introduce the third Laplace-Beltrami operator in Section 4. Moreover,
o we calculate the third Laplace-Beltrami operator of the rotational hypersurface in E* in the last section.

52 2. Preliminaries

52 In this section, we will introduce the first and second fundamental forms, matrix of the shape
ss operator S, Gaussian curvature K, and the mean curvature H of hypersurface M = M(r,61,6;) in
s« Euclidean 4-space E*. In the rest of this work, we shall identify a vector @ with its transpose.

55 Let M = M(r, 01, 6,) be an isometric immersion of a hypersurface M? in the E*.

Definition 1. The inner product of ¥ = (x1,%2,%3,%3), ¥ = (y1, Y2, y3,vs) on E* is defined by as follows:

EE 7 = X1Y1 + X2Y2 + X3Y3 + X4Y4.

Definition 2. The vector product 0f7 = (x1,X2,X3,X4), ? = (y1,¥2, Y3, Y4), 7 = (z1,22,23,24) on B4 is
defined by as follows:
€1 € e3 €4
FxPxTodet| T2 WM
Yi Y2 Y3 Y4
Z1 22 Z3 Z4

Definition 3. For a hypersurface M(r,01,6;) in 4-space, we have

E F A
detl=det| F G B | =(EG—F*)C— A%G +2ABF — B’E, (1)
A B C
L M P
detll=det| M N T :(LN—M2)V—P2N+2PTM—T2L, )
P T V
and
X Y u
detlll=det| Y 7 | :(XZfYZ)Of]ZXJrZ]UYfUZZ, 3)
uj o

where 1, I and 111 are the first, the second and the third fundamental form matrices, respectively, A = M, - My,,
B = Mgl -Mgz,c = M92~M92,P = M,92~E,T= MQ]QZ-Q,V: M9292~e,X: er~er,Y: €r - €,
U=e,-ey,, Z=eq ey, ] =ey ey, O=ey,-ey. Here, eis the Gauss map (i.e. the unit normal vector)
defined by

M, x Mgl X Mgz

. 4
M, % My, x M| @

e =
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Definition 4. Product matrices
EF A\ (L MP
F G B M N T
A B C P T V
gives the matrix of the shape operator S as follows:
1 511 S12 513
S = Jet1 | Szt s2 s |, 5)
$31 S32 S33
where
s11 = ABM — CFM — AGP + BFP + CGL — B’L,
s1p = ABN — CEN — AGT + BFT 4+ CGM — B>M,
s13 = ABT — CFT — AGV + BFV + CGP — B?P,
$p1 = ABL — CFL + AFP — BPE + CME — A?M,
$pp = ABM — CFM + AFT — BTE + CNE — A?N,
sp3 = ABP — CFP + AFV — BVE + CTE — AT,
s31 = —AGL + BFL + AFM — BME + GPE — F?P,
s3p = —AGM + BFM + AFN — BNE + GTE — F?T,
s33 = —AGP + BFP + AFT — BTE + GVE — F?V.
Definition 5. The formulas of the Gaussian and the mean curvatures, respectively as follow:
detII
K =det(S) = ——
et(S) detI’ ©
and ,
H= gtr (S), (7)
ss  where
tr(S) = %[(EN +GL —2FM)C + (EG — F?)V — A’N
—B?L —2(APG + BTE — ABM — ATF — BPF)].
s7 A hypersurface M is minimal if H = 0 identically on M.
s2 3. Curvatures of a rotational hypersurface in 4-space
59 We define the rotational hypersurface in E*. For an open interval I C R, let : [ — TTbe a curve

so ina plane ITin E*, and let £ be a straight line in I1.

r Definition 6. A rotational hypersurface in E* is hypersurface rotating a curve -y around a line ¢ (these are
o2 called the profile curve and the axis, respectively).
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We may suppose that £ is the line spanned by the vector (0,0, 0, 1)". The orthogonal matrix which
fixes the above vector is

cosfycosf, —sinf; —cosBysinf, O
sinfycosf, cosfy —sinfisinf, O
Z(01,0,) =
(01,62) sin 6, 0 cos 6, 0|’ ®
0 0 0 1

where 01,0, € R. The matrix Z can be found by solving the following equations simultaneously;
Z0=1, 717 =77' =1,, detZ =1.

When the axis of rotation is ¢, there is an Euclidean transformation by which the axis is ¢ transformed
to the x4-axis of E*. Parametrization of the profile curve is given by

7(r) = (r0,0,¢(r)),

where ¢ (r) : I C R — R is a differentiable function for all r € I. So, the rotational hypersurface
which is spanned by the vector (0,0,0, 1), is as follows:

R(r,01,02) = Z(61,62).v(r)' ©)
s inE* wherer € I,6,0, € [0,27r] . When 6, = 0, we have rotational surface in E*.

r cos 61 cos 0
7 sin 01 cos 0>

R(r,01,02) = . 10
(r,61,62) rsinf, (10)
¢(r)
ea wherer € R\{0} and 0 < 6,60, < 2.
65 Next, we obtain the mean curvature and the Gaussian curvature of the rotational hypersurface
oo (10).
The first differentials of (10) with respect to r, 61, 6,, respectively, we get
cos 01 cos 0, —rsin 67 cos 6, —rcos 6y sin 6,
sin 61 cos 6 7 cos 61 cos 6 —rsinf; sin 0
R, — 1 2 , Ry, = 1 2 , Ry, = 1 2
sin 0, 0 r cos 6,
¢’ 0 0
The first quantities of (10) are as follow:
1+ ¢ 0 0
1= 0  r?cos’6, 0 |. (11)
0 0 r?

We have
detI = r*(1 + ¢') cos® 6,,

sv where ¢ = ¢(r), ¢’ = 3.
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Using (4) , we get the Gauss map of the rotational hypersurface (10) as follows
12 ¢’ cos 01 cos? 6,
1 12 ¢’ sin 0 cos? 6, (12)
 detl 12¢’ sin 0, cos 6,
—12 cos 6,

The second differentials of (10) with respect to r, 61, 62, respectively, we get

0 —7rcos 6 cos 6, —7rcos By cos 6,
0 —rsin 67 cos 6, —rsin 67 cos 6,
R, = , Ry, = , Rg,p, = .
" 0 6101 0 6262 —rsinfy
q)ll 0 O

Using the second differentials above and the Gauss map (12) of the rotational hypersurface (10), we
have the second quantities as follow:

_ [
L M P (1+¢72) ,0 2 0
o _ r¢’ cos” 0y
II = M N T = 0 Tro?) 0 . (13)
P T V 0 0 . re’
(1+¢)
So, we have
detTl = — rZ(PIZq)// COSZ 92

1+ @232

We can write the Gauss map (12), clearly, as follow:

¢’ cos 61 cos 6,

e — 1 ¢’ sin 6 cos 6, (14)
R V1+ 9?2 ¢’ sin 6, '
-1

Using the differentials of the Gauss map (14) of the rotational hypersurface (10) with respect to r, 61, 65,

we get
cos 01 cos 0,
o ¢ sin 61 cos 6,
or (1+¢/2)3/2 sin 6, ’
-1

— sin 67 cos 6

0 e — ¢ cos 61 cos 6,
0, % V1+ 2 0 ’

0

— cos 6 sin 6,
d 1 —sin 07 sin 6,

90, R V1+ 2 cos 6,

0
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After some computations, we have the third quantities as follow:

12

X Y u (14+¢72) 202 0
m=|v z j |= L
uj o 0 0 o
T+¢
So, we get
detIII:M
(1+(P12)4

We calculate the shape operator matrix of the rotational hypersurface (10), using (5), as follows:

/!

4
(e 0 ’
_ ¢y
§= 0 r(1+(p/2)1/2 0
¢y
’ ’ r(1+¢2)"?

Finally, using (6) and (7), respectively, we calculate the Gaussian curvature and the mean curvature
of the rotational hypersurface (10) as follow:

K _ ¢/24)N
r2(1+ (p’2)5/2

and
B _rq)//+2¢/3+2¢/

3r(1+ q0’2)3/2 '

Corollary 1. Let R : M3 — E* be an isometric immersion given by (10). Then M3 has constant
Gaussian curvature if and only if

(P/4q)//2 _ P (1 + §0/2>5 =0.

Corollary 2. Let R : M® — E* be an isometric immersion given by (10). Then M?> has constant mean
curvature (CMC) if and only if

(rtp” +2¢" + Zqo’)z —9Cr? (1 + q0'2)3 =0.

Corollary 3. Let R : M3 — E* be an isometric immersion given by (10). Then M® has zero Gaussian
curvature if and only if
o(r) = c1r + co.

o Proof. Solving the 2nd order differential eq. K = 0, i.e. ¢'2¢" = 0, we get the solution.

70 Corollary 4. Let R : M3 — E* be an isometric immersion given by (10). Then M?> has zero mean
= curvature if and only if

o) = +va [ e

EllipticF(Ir, 1),

72 where EllipticF (Ir, I) is incomplete elliptic integral of the first kind.
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Proof. When we solve the 2nd order differentialeq. H =0, i.e.
rq)//_'_zq)/?)_’_zq)/ — 0/
73 we get the solution.

7a 4. The third Laplace-Beltrami operator

The inverse of the matrix
€11 €12 €13
(eij) = €21 €2 €23
€31 €32 €33

is as follows:

ene33 —ex3e3n  — (e12€33 —e13€32) €123 — €13€
= (e1e33 —e3re3)  eniess —eisesr  — (er1e3 —exies) |
€21632 — €22€31 — (e11630 — e12e31) €11€22 — €12€21
75 where
e = det (el-]-)

= 1122033 — €11€23€32 1 €12€31€23

—e12621€33 1+ €21€13€32 — €13€22631.

Definition 7. The third Laplace-Beltrami operator of a smooth function ¢ = ¢(x',x?,x%) |p (D C R3) of
class C® with respect to the third fundamental form of hypersurface M is the operator A which is defined by as
follows:

1 & 9 P
Ally . ° i ij 15

¢ \/Ei,jzlaxl <\/Eeaf) (15
7 where (¢fl) = (ey) " and e = det (eif) -

Clearly, we write A''¢ as follows:

d 11 O ) 12 9 13 0
2 (Ve 3h) - ok (vee? %) + Bxl(\[e%
1

— | = 21 9¢ d 22 99 23 9¢
e ox? e Rt ) T a2 e o2 sz Vee 9x3 : (16)

E) 3199 a 32 9¢ 33 99

+ 9x3 € o x3 fe ox? 8x3 fe 9x3

So, using more clear notation, we get

OZ-J> Ju-oYy Jy-uz
Ju—-oy oOxXx-u? uy-jx |,
JY-Uuz uy-JjX XZ-Y?

1
det ITI

mr! =

where
det 111 = (Xz - Y2> O — J2X +2JuyY — U2Z.

7z Hence, using more transparent notation we get the third Laplace-Beltrami operator of a smooth
7 function ¢ = ¢(r,61,6,) as follow:
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a3 [ (OZ—]*)¢r—(JU-OY)¢, +(JY—-UZ)gp,
ar \/|det I11|
1 (JU—OY)g,—(OX—U? )y, +(UY—]X) g
Allly _ 9 ( 1 2 17
¢ V/|det I 9 \/|detTHI] (17)
Lo (JY=UZ)$pr—(UY—]X) g, +(XZ—Y?) g,
992 \/|det111|
70 We continue our calculations to find the third Laplace-Beltrami operator AR of the rotational
so hypersurface R using (17) to the (10).
The third Laplace-Beltrami operator of the hypersurface (10) is given by
1 ) ) 0
AR = — — (U ——V+ w) )
\/|detIII| \ or 06, a0,
s1  where
u - (OZ=J)R = (JU—OY)Rs +(JY - UZ) Ry,
\/|detTII]|
v (JU - OY) R, — (OX — U?) Ry, + (UY — JX) Ry,
V/|det I1T| ’
W (JY —UZ) R, — (UY — JX)Rg, + (XZ — Y?) Ry,
V/|det ITT| '
.2 Here, using the hypersurface (10), we get Y = U = ] = 0. Therefore, we write U, V, W again, as
e3  follow:
U - oz R — @'* cos? 0, R
VIdetllI]  \ (1+ ¢2)%/[detlL]
v - _ OX Ry — [ - (PIZCPHZ R,
/ldetty] ! (14 ¢2)° \/[dettI] )
W X7 R (Plzq)llz COSZ 92 R
= —_— 9 =
Videtrmn[ 2\ (14 ¢2)* /|detTII] ]
where 14 112 2
dotrrr = ¢ cos"br
(1 + 4)12)4
We obtain the matrices:
cos 61 cos 0,
U= ¢'? cos 0 sin 0 cos 6,
1 12\2 o1 sin 6, ’
1+¢2)¢ o
—rsin 67 cos 6,
B ¢ r cos 01 cos B
(14 ¢?)cosb, 0
0
and
—r cos 67 sin 0
_ 9" cosb, | —rsinf;sinb,
14 @2 7 cos 6,

0
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Taking differentials with respect to r, 61,6, on U, V, W, respectively, we get

cos 61 cos? 6, 0
d (U) = 9 ¢ sin 6 cos? 6, @' 0
or or \ (1+ g,,/2)2 ¢ sin 6, cos 6 (1+ q,/Z)z 0 !
¢’ cos 6, cos 0y
—rcos 6
d ¢ —rsin6;
vy =(-—* ,
a6, V) < (1+(P'2)> 0
0
7 cos 01 cos 20,
0 ¢ r sin 67 cos 26,
—~ W)= [
96, (W) <1 + q)’z) —rsin 26,
0
Hence, we have
AR — (AIIIRLAIIIR2/ ANIR,, AIIIR4) )
ss  Where
AR, = n.{[~4¢'¢" +2¢' (1 + q)rz) 4)/12 . (1 + q)/z) ¢""] cos b, cos2 6,
+ (1 + (p’Z) ¢"rcos by + (l + (p’z) @1 cos 0, cos 26, },
AR, = n.{[~4¢'¢" +2¢' (1 + (Plz) (P//Z _ (1 + (Plz) "] sin 6y cos? 0,
+ (1 + go'z) ¢"rsin 6 + (1 + q)’Z) ¢"%rsin 6y cos 26, },
AR, = n.{[~4¢'¢" + 2¢' (1 + §0/2) §0H2 _ (1 + (PIZ) ¢"'] sin 6, cos 6
- <1 + (p'z) ¢"rsin26,},
111 _ ! 1 / 2 12 2 " /
ARy = g {[~4g'¢" +2¢' (14 ¢?%) ¢ — (1+ ¢2) 9]¢/ cos b,
+§0/2(PH2 cos 92},
and

-1
n= (qo’ch"3 cosﬂz) :
Remark 1. When the rotational hypersurface R has the equation AR = 0, i.e. the rotational
hypersurface (10) is III—-minimal, then we have to solve the system of eq. as follow:

AR, — 0,

es  where 1 <i < 4. Here, finding the function ¢ is a hard problem for us.
80 Corollary 5. Here ¢ # ¢ = const. or ¢ # cir +cp, and 6, # T + 2km, k € Z, then we have
o AMR £ 0. Hence, the rotational hypersurface (10) is not III—minimal.
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