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¢ 1. Introduction

7 Through this paper let I be an interval in the real line R. Also consider # : A x A — B for
s appropriate A,B C R.
Let f: I CR — Rbeaconvex function and 4, b € I with a < b. The following double inequality

f<a+b> fa) + )

is known in the literature as the Hadamard’s inquality for convex function.

In [4], Fejer gave a generalization of (1) as follows.

If f: [a,b] — Ris a convex function and g : [2,b] — R is non-neagative, integrable and symmetric
about %, then

)

f(a;b>/ahg dx</f g(x)dx< )/ (x)dx. (2)

o Since Hermite Hadamard’s and Fractional integrals have a wide range of applications, many
10 researchers extend their studies to Hermite Hadamard type inequalities involving fractional integrals.
1 For recent generalizations, one can see [8], [9], [10] and [11].
1z In [5], [7], [8] Bo-Yan Xi, M. E. Ozdemir, M. Z. Sarikaya established the following Hermite Hadamard
1z type inequalities for convex function.
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Theorem 1. [8] Let f, g : [a,b] — [0, 00) be convex functions on [a,b] C R, a < b. Then
_a/ Fx)g(x)dx < M(u b) + éN(a b) 3)
and
af (AE0) o (2ED / ©)dx + LM(a,b) + 2N(a,b), @)
)2 ) Soa ) /& 6 3
where

M(a,b) = f(a)g(a) + f(b)g(b) and N(a,b) = f(a)g(b) + f(b)g(a).

Theorem 2. [5] Let f : I C R — R be a differentiable function on 1°,a,b € I witha < b,0 < A, u < 1and
f" € Lla,b]. If|f (x)|7 for g > 1 is convex on [a, b], then

Af(a) +uf(b) 2—A—upu a+b
2 M —u/f )z

1
b—a (1\19 2\1-1
< — —
< — <6) {(1 20 +2A%) 73

x [(4—9)\—1—12)@—2/\3) If ()7 + (2—3/\+2A3) |f’(b)|‘7] !

1

+(1-2p +2y2)17% [ (2-3u+212) If (@)

+ (o122 -2) 17 0] . ©)

Corollary 3. [5] Let f : I C R — R be a differentiable function on 1°,a, b € I witha < b,and 0 < A <1,
and f' € Lla,b]. If | f (x)|7 for g > 1 is convex on [a, b], then

§[f<a>+f<b>1+(1—A>f(”+b) e [

(

)
a) |7+ (2 3A+2A3) I (b )|‘1}
(

(1-2A +2/\2)1‘5{ [ (4-92+1242-22%)

=

+ [(2—3A+2A3>

a)|7+ (4— 97 +12A% — 2)\3) |f'(b)|’4)r}. ©6)
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Corollary 4. [5] Let f : I C R — R be a differentiable function on I°,a,b € 1 witha < b,and f € L[a,b].
If |f (x)| for g > 1is convex on [a,b], then

;[ﬂa);f(bu CEL ey
b

( >{9'f DI +3If )77 + BIf (@) +9IF (1)1
\ [f()+f(b)+f<a;bﬂ [ pas

“ ()3{7‘”1‘ |q+16lf(W+[16|f’(a>|q+74|f’<b>|q]3’},
\ [f<a>+f<b>+4f(“+b)} [

<20 (%) " {Is117 @11+ 2917 @)% + 917 (@l + 6117 611 }.

=

b %

—_

W

Corollary 5. [5] Let f : I C R — R be a differentiable function on I°, a, b € I witha < b, and f/ € Lia,b].
If |f (x)| is convex on [a, b], then
i [ s < P [ @1+ if @]

H0 10 (120)]
s+ s+ (5] - _a/f \< ' [If()|+|f/(b)|],

@+ 50 +ar (50| - 51 [ ron] < 2D @i+ e]. @

D= W= N =

b—a

Theorem 6. [5] Let f : I C R — R be a differentiable function on 1°,a,b € ITwitha < b,0 < A, u <1,
and f' € Lla,b]. If | f (x)|7 for g > 1 is convex on [a, b], then

2 + 2

Af(a)+uf(b) 2—A— a+b _a/f dx

b4u[ (q+1§(q+2)]

A (g +3-na-2+ @+ 4= w1 I @)

+[(@+1+2)1=A)T 4 2742] |f’(b)|q) !

([ rema =t 7 @

43w -+ @ +am ] o) ©)
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Corollary 7. [5] Let f : I C R — R be a differentiable function on 1°,a,b € I witha < b,0 < A < 1and
f" € Lla,b]. If|f (x)|7 for g > 1 is convex on [a, b], then

Sl s+ a-nr () - 1 [ rwas

1
q

Sb;aLm+$w+ﬁ]

+<m+4MM“pfww+[w+1+muAVH+M”pﬁww)q

{(Jara-ma-ap

+ ( [(q+ T+ A) (1 =)+ M“} f (a)]7
+ [(q +3-A)(1 =) 4 (29 +4— /\)MH] |f’(b)|fi) ! } (10)

Corollary 8. [5] Let f : I C R — R be a differentiable function on 1°,a,b € [ witha < b,and f € L[a,b].
If |f (x)|7 for g > 1 is convex on [a,b], then

‘;{f(a);f(bhrf(wrb” _a/ flx

<b—a{ ]
- 8 (q+1 (g+2)

+Uq+mv<>w+wa+®v<nﬂ5}

DIN=TAEE

F { {(11 +6q+ (3q+8)2‘7+1> If (a)]7

NN

{[Garolf @r+q+217 ®)F)°

HICES R
b—a 1
12 [18(0] +1)(g+2)

N

+ (14 (39 + 4201 |f’(b)|q] et [ 1+ (37 +4)2141) | (@)

}. (11)

Theorem 9. [7] Let f : I C [0,00) — R be a differentiable mapping on I° such that f' € Lla,b], where a,
b € ITwitha < b. If |f| is convex on [a, b], then the following inequality holds:

‘f (u+b> ia/abf(x)dx

< ){vuuéﬂc+ﬂhu<ﬂ (12)

Q= N

+ (1146 + (37 +8)2") |f’(b)|‘4}
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Theorem 10. [7] Let f : I C [0,00) — R be a differentiable mapping on I° such that f' € L[a,b], where a,
b e lwitha < b. If|f"|7 for g > 1 is convex on [a, b, then the following inequality holds:

(£2) 5t i
RUsL; @5 { (f”éa)lq
(e

Lemma 11. [5] Let f : I C R — R be a differentiable function on I°,a, b € [ witha < b. If f € L[a,b] and
A u €R, then

fN (a;—b) q)%

L)y 0

SOESTCEE IS N LA
:b;”/O {(1—/\—1‘)]‘ (ta+(1—t)a;rb>
Y (i—bf (“+b (1—t)b)]dt. (14)

Lemma 12. [5] Fors > 0and 0 < € < 1, one has

/1 |€ B t|5dt _ €s+1 + (1 _ 6)erl
0

s+1
1 5+2 1 1— s+1
/ He—tpar— &t rlte)(l=ef (15)
0 (s+1)(s+2)
14 In[1], S.S. Dragomir introduces the important generalization of convexity known as #- convexity.

Definition 13. [1] A function f : I — R is called #- convex if

flax+ (1 —a)y) < f(y) +an(f(x), f(y)) (16)

s forallx,y € Iand o € [0,1].

16 The paper is organized as follows:
1z In the second section we will establish Hermite Hadamard and Fejer type inequalities for #- convex
e function. In the last section, we will derive Fractional integral inequalities for #- convex function.

10 2. Hermite Hadamard and Fejer type inequalities

Theorem 14. Let f : I C R — R be - convex function, a, b € I witha < band f € L[a,b]. Then

D) - s [ e+ b=, fxx
< [ Fldx < £0) + 2n(fla), £8) a7
“b—als - 2 ’ '

Proof. According to (16), with x = ta+ (1 —t)band y = (1 — t)a+ tb and & = 1, we find that

£~ ‘ZL b) < (1 —t)a+th) + %n(f(ta + (1 =1)b), f((1—t)a+th).
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Thus, by integrating, we obtain
f““’ /f (1 f)a+ )+ / n(F(ta+ (1= £)b), £((1— t)a+ th)dt
gb_a/llfxdx—i— / fla+b—x), f(x))dx
a b
A - s [ e+ b=, foi < 1 [ o s

and the first inequality is proved. The proof of second inequality follows by using (16) with x = a
and y = b and integrating with respect to « over [0, 1]. That is,

b 1

b | Fdx < £0)+ Jn(f(a), £(2) (19)
a

20 Ofcourse, (18) and (19) yields (17). O

a2 Remark 1. If we take 17(x,y) = x —y, (17) reduces to the inequality (2).

Theorem 15. Let f and g be non-negative 1- convex functions a, b € 1, a < b such that fg € Ly|a, b], then

_a/ F(x)g(x)dx < M (a,b), (20)

where

/

M (a,b) = F(B)3(6) + 3 f(b)y((a),8(6)) + 58(B)(f(a), F(B))
+ 31(f(@), fB)(s(a), 8(6)

Proof. Since, f and g are #- convex functions, we have

forall t € [a,b]. Since f and g are non-negative, so

f(ta+ (1—t)b)g(ta+ (1 —t)b)
< f(b)g(b) +tf(b)n(g(a), g(b))
tg(b)n(f(a), £(b)) + 11 (f (a), £ (b)) (g(a), g (b))

Integrating both sides of above inequality over [0, 1], we obtain
/01 f(ta+ (1—t)b)g(ta+ (1 —t)b)dt
< FB)3(0) + 3 FO)n(3(a), () + 28(BIn(F(a), £(5))
+ 3(F(a), F6)n(3(a), 5(0))
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Then

22 D
s Remark 2. If we take 17(x,y) = x — y, (20) reduces to inequality (4).

Theorem 16. Let f be an - convex function, a, b € T witha < b, f € Li[a,b] and g : [a,b] — Ris

non-negative, integrable and symmetric about ( Y Then
b
[ F@stix < [£6) + Tntra). f0) [ sty e
Proof. since, f is an #- convex function and g is non-negative, integrable and symmetric about (Hb) ,

we find that

/f(x)g dx+/fa+bfx) (a+bx)dx]

f(x + fla+b—x)) g(x)dx]

[ (5 i) o (5 ) e

I\)M—\ N\b—\ I\)M—\
\\v—|

24 D

= Remark 3. If we choose #7(x,y) = x —y and g(x) = 1,then (21) reduces to second inequality in (2),
2 and if we take 7(x,y) = x — y, then (21) reduces to second inequality in (3).
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2z 3. Fractional integral inequalities

Theorem 17. Let f : I C R — R be a differentiable function on I°, a, b € I witha < b,0 < A, u < 1, and
f' € Lla,b]. If|f (x)|7 for g > 1 is y- convex on [a, b], then

Af(a) +uf(b) 2—A—upu a+b
2 L —a/f )z

IA

a1y {(1 ~21+2091F [ (6 - 120+ 1247) F )1
+ (4 —9A4+12A2 — 22\3) n(If (a))°, If/(b)l")} %

1

+ (1 —2u —1—2]/12)17"’ { (6 — 12+ 12;42) I (b)]7
+ (232 n(f @, 1f 0] @

Proof. For g > 1, by lemma (11), the #- convexity of |f (x)|7 on [a,b] and the noted Holder’s integral
inequality, we have

’/\f(a)+yf(b)+2 A— yf(a+b /f dx
2 b—a

2
;”{/0 1—A—t ‘f’ (ta+(1—t)u—;b)‘dt
= (5 a-ne) |«

<2ed (/01|1At|dt)13’ UlllAtl(f'(b)lq

£ DA @1 )19 right) dt] ([ Iﬂ—tldt)

<[ =11 (17 @+ Gt @ 1f 6 ) a ] b @)

By using Lemma (12), a direct calculation yields

[i=a=d (17 @F+ 0 @ o )
= (I @+ Jrlf @I @I ) [T 2 das
1 ' ' 1
+30(f @I O [ ol -2~
= (I @+ guf @il @ ) (5 -4+ 22)
+2g(F @I I @[ =AY + 226~ 2)]
= -2 +20)|/ (B)1+ 5

2( 2(
< (|f (a)]7, £ (0)]7)

4—9A +12A2 —2)%)
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and

[ =1 (1 @1+ Qs @1 ) )
= IF G [ = tat + 07 @I 1 @) [ ol lar
= O (50— 12) + g1 @1 O + 2+ 00 =)
= 20 =24 22)|f B + 352~ 3 + 22 (F @I, 1F B)]7).
Substituting the above two inequalities into the inequality (23) and utilizing lemma (12) results in the

inequality (22) for g > 1.
For g = 1, from Lemmas (11) and (12), it follows that

/\f(a)+;4f(b)+2 A— yf(a+b /f
b—a

2 2
{/ 1-A—t] (If()|+(1+t> <|f<>|,|f’<b>|>)dt

- /O =t (17 1+ 3707 @L I @)D ) e}
- b%a{ (6— 12A+12A2) If (b)] + (4f9/\+12)\2 —2A3)
x<n(If @), 1f ©)) + (6 =121 +122) £ (8)]

+(2-3+28) n(F @LIF 0D } e

28 D

N

» Remark 4. If we take 17(x,y) = x — y, then inequality (22) reduces to inequality (5).
30 If taking A = p in Theorem (22), we derive the following corollary.

Corollary 18. Let f : I C R — R be a differentiable function on 1°, a,b € I witha < b,and 0 < A <1,
and f' € Lla,b]. If | f (x)|7 for g > 1 s yj- convex on [a, b], then

gl 501+ -0 (3) - 51 [ s

1
< b;a (é)q (1-2A+2A2)"74 [(6—12)L+12A2)|f/(b)q

+ (4= 9A+120% —2X%)(If (@)1, £ (b) Iq)] q
1
/ / / q
+ {(6 — 122 +122%)|f (0)7 + (2 =32+ 2A%)5(If ()| |f B)IT)| . (25)
s Remark 5. If we take 17(x,y) = x — y, then inequality (25) reduces to inequality (6).

32 Ifletting A = p = 1,2, 1, respectively in Theorem (22), we can deduce the inequalities below.

d0i:10.20944/preprints201806.0071.v1
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Corollary 19. Let f : I C R — R be a differentiable function on 1°,a,b € [ witha < b,0 < A, u <1, and
f" € Lla,b]. If|f (x)|7 for g > 1 is y- convex on [a, b], then

L[HO0 (1Y L

< (112> {[12|f'(b)|q+917(|f'(a)|", f O]
21 )17+ 34 (If @, |f’<b>|‘f>]5}

.
@ ()] - 52 [ e

S0 (L) Lol )+ 7an7 @15 @10

S

QW=

| /\

+1[90[ £ (b)|7 + 165 (If (a)]1, |f’<b>|m$}
L@ se >+4f(”“’)] i [ e

< 5<b7; 7) <910) " {[90|f'(b)|q +61y(|f (@)%, |f (B)]7)]

+[90[f (b)]7 +299(If (a) ], |f/<b>|q)ﬁ}. (26)

o)

33 If setting g = 1 in Corollary (26), then one has the following.

Corollary 20. Let f : [ C R — R be a differentiable function on I°,a, b € [ witha < b, and f/ € Lla,b]. If
|f (x)| is - convex on [a, b], then
=IRL

B[ (“”H
= [2F @1 +n(f @1 If @
s (o))t

< 20D ol )+ (1 @)L IF )]

HICEC )+4f(”“’)]b_a/u Flx)ax
5(b — a)
72

~—

|>}

<

21F @)1 +n(f @] If ®))] - 27)

;2 Remark 6. If we take 17(x,y) = x — y, then inequalities (26) and (27) reduces to inequalities (7) and
s (8).
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Theorem 21. Let f : I C R — R be a differentiable function on I°,a,b € ITwitha < b,0 < A, u <1, and
f" € Lla,b]. If|f (x)|7 for g > 1 is y- convex on [a, b], then

Af(a)+uf(b) 2—A— a+b
2 T —a/f )z

<27 [z<q+1§<q+z>]q

{2 +20-20 20+ 2001 ) £ B

1

+[(q+3-A) (1= AT+ (29 +4 - AT (| ()1, If'(b)lq))]q

4 [(zw F2)(1— @) 4 2(q + 2T F (B)]7 8)

F G (14 ) — T (F @ IF 0)]) }}

Proof. For g > 1, by - convexity of |f (x)|7 on [a, b], Lemma (11), and Holder’s integral inequality, it
follows that

MO LU0 20ty 1P
CH R
Lol (252
[y 3[/ 1-2 —th(lf I+ ()
x (If()Iq,If()Iq))dt] ([ [/ ot

x(|f’<b>|q+<§>n<|f’<a>|q,|ff(b))) | }
([ ama (F o s s om) a]

' [ [t (17 @+ Gntls @1 e ) | @)
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By Lemma (12) we have

JRIEY R (|f(b)|‘7+(1+t) (If (a )I‘le'(b)lq))df

, , , 1
- <|f O+ 31 @1 O ) [
3l @I 1F ) [ - A
= (Ir @+ Jutf @i 1 ) (1

A)‘Hl 4+ Aq+1
q+1 )

3l @ e (A2 AT

- z<q+11><q+z> 27+ 20 =T 23 + 247 £ )]

+ [2(67 +2)(1 =) 4 (g + AT+ (1-A)T2 4 (g +2 - A)Aq-&-l}
x<1(If (a) 1w, £ ®)1)

BECESNCED)] 2(0+2)(1 = 17 +2(3+ 227 | |f (D)1

+ [(g+3 =0 =1+ 20+ 4= DA (I @ IF 1),

and

[ =ttt (1 @F + Gl @I 7 @) a
= \f @) [ = trat + (F @I @) [l rar

1 — 1 / ’
— 17 @ (S E ) s s @i i )

P (g 1) (- )T
( (g+Dg+2) )

1 /
T2+ 1)(g+2) { 23 +2)(1 =)™ +2g +2p7 | |f (B)1F

[ @ 1w - 0 g @1 e

ss  Substituting the above two inequalities into the inequality (29) yields the inequality (28) for g > 1.
sz For g = 1, the proof is the same as the deduction of (24) and the Theorem is proved. [

;s Remark 7. If we take #7(x, y) = x — y, inequality (28) reduces to inequality (9).

39 As the derivation of corollaries of Theorem (22), we can obtain the following corollaries of
s Theorem (3.8).
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Corollary 22. Let f : I C R — R be a differentiable function on 1°, a,b € I witha < b,and 0 < A <1,
and f' € L{a, b]. If | f (x)|7 for g > 1 is yj- convex on [a, b], then

FU@ -+ 50+ -2 (5 - _a/f )ix

Sbla[ <q+1;<q+z>]

A arna-20 v+ 200 1 )

1

+((a+3 =M1 = )T+ g+ 4= VAT (f @7, If (0)19)) } q

+ | (2042 -2 120+ 2204) 1 )l 60

(24 1= ) f @ If ]

o Remark 8. If we take 7(x,y) = x — y and h(t) = t, inequality (30) reduces to inequality (10).

Corollary 23. Let f : I C R — R be a differentiable functionon 1°,a,b € lwitha < b,0 < A, u <1, and
f' € Lla,b]. If|f (x)|7 for g > 1 is y- convex on [a, b], then

[P ()] - 52 [ e

1
q

<73 {4<q+1;<q+z>}

x { [((aq+8)1F ® + Ga+ (17 @17 B)n)]*

+ (40817 OF + @+ 20 @ 1F Bm)]” }
)+ s +af (50)] - 5 [ oo

<3 |warnar] 1L (erroer eas) i o

N =

+ (37 +8)2)7" + (69 + 1)y (|f @)1, If (1)) ] ﬁ (31)
+[(Ga+6)@272+6(7+2)) If )7 + (1+ Gg+4) @7 ) n(If ()17, If (b))7)]” }

a2 If setting ¢ = 1 in Corollary (3.12), then one has the following.
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Corollary 24. Let f : I C R — R be a differentiable function on I°, a,b € I witha < b,0 <A, u <1, and
f" € Lla,b]. If|f (x)]| is - convex on [a, b], then

B ()] 2 o
<2 () wia0s@Lison [n() |5 - e
+[(3)rorns@Liron [ n(5) 3~ }.
o+ e +ar (50)] - 555 ) oo
() @rnas @il @n [ o (50 5 -

[(Z)1r s @ en [ n(5)]5 -] } e

s Remark 9. If we take 77(x,y) = x —y and h(t) = ¢, inequalities (31) and (32) reduces to inequalities
4 (11) and (8) respectively.

N =

IN

a5 To prove our next results, we consider the following Lemma proved in [7].

Lemma 25. Let f : I C R — R be a differentiable mapping on 1° where a, b € Twitha < b. If f* € L[a, b],
then the following equality holds:

SIRCERICS
_ (b I6a)z [/01 tzf” (t”2+b + (1 - t)a) dt

[l /<tb+(1—t) ;b)dt] (33)

Theorem 26. Let f : I C [0,00) — R be a differentiable mapping on Io such that f € L[a,b], where a,
b e lwitha < b. If|f"| is i - convex on [a, b], then the following inequality holds:

‘f<a+b> b_a/f dx
(

S HUCE:

SAES)]

7 (42))

@)+ 31 (1 @,

reTD)) e
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Proof. From Lemma(25), we have

(7))

x)dx

g(bgg)z{/oltz 7 (ta—;l)—f—(l—t)a)‘dt
+/Ol(t—1)2 7 <tb+(1—t)a;b>‘dt}

2 e (i ()

@) ) e
" (“Ib)\“ﬂ (ronl (5°)])) 4]

+ (b;)z Uol(t—l)z<

-0zl () ()
e (00 (”“’)D]

- SR (e (45)
(o ()l (ol (7))

« This proves the inequality (34). O
«z Remark 10. If we take 77(x,y) = x — y, inequality (34) reduces to inequality (12).

Theorem 27. Let f : I C [0,00) — R be a differentiable mapping on Io such that f € L[a,b], where a,
b e lLwitha < b. If|f"|7 for g > 1is - convex on [a, b], then the following inequality holds:

a+b
‘f( 2 ) b—a/ flx
1 1
IN? [ /1, 1 v (a+Db q I q
<o (3) Gr@erg (7 ()] 1 @r))
1
1| fa+D\|? 1 " n(a+b\|? q
Z — q
G (S renls ()] @)
Proof. Suppose that p > 1. From Lemma (25) and using the power mean inequality, we have

‘f(a+b)bia/abf(x)dx
g(b;l)z{/olﬂ f”(ta;bﬂl—t)a)
+ Ol(t—l)z 7 (tb+(1—t)a;b)‘dt}
g(b;;)z</olt2dt>;</olt2 7 (ta—;b-l—(l—t)a)

+q (/Ol(t—nzdt)’l’ (/Ol(t—l)z

dt

9 N7
dt>

7 (tb+(1—t)a;rb>

9 N1
dt)
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Because |f" |7 is ;- convex, we have

/Oltzf” (ta;b—l—(l—t)a)

q
dt

<@g (o (7 (52)] 17 @)
and
/Ol(t—l)zf b+(1—t)a;b> th

IA /—\

)

(S0 g (150

1
3

F(5Y) - 5t [ oo
g“’;f(é);{(;f()m (7 (S50 )’
L (<) o (el (S52)])'

+ —
Remark 11. If we take #(x,y) = x — y, inequality (35) reduces to inequality (13).
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