
Article

Hermite Hadamard type inequalities for functions
whose derivatives are η- convex via fractional
integrals

Shin Min Kang1,2, Muhammad Shoaib Saleem3, Mamoona Ghafoor3 and Waqas Nazeer4,∗

1 Department of Mathematics and RINS, Gyeongsang National University, Jinju 52828, Korea;
smkang@gnu.ac.kr

2 Center for General Education, China Medical University, Taiwan, Taichung 40402, Taiwan
3 Department of Mathematics, University of Okara, Okara, Pakistan; shaby455@yahoo.com; (M. S. S)

mamoona.ghafoor9@gmail.com (M. G)
4 Division of Science and Technology, University of Education, Lahore-Pakistan

1

2

3

4

* Correspondence:nazeer.waqas@ue.edu.pk; Tel.: +923214707379

Abstract: In the present research, we will develop some integral inequalities of Hermite Hadamard 
type for differentiable η -convex function. Moreover, our results include several new and known 
results as special cases.

Keywords: Convex function, η -convex function, Hermite Hadamard type inequality, fractional 
integral.

5

1. Introduction6

Through this paper let I be an interval in the real line R. Also consider η : A × A → B for7

appropriate A, B ⊆ R.8

Let f : I ⊆ R→ R be a convex function and a, b ∈ I with a < b. The following double inequality

f
(

a + b
2

)
≤ 1

b− a

∫ b

a
f (x)dx ≤ f (a) + f (b)

2
(1)

is known in the literature as the Hadamard’s inquality for convex function.
In [4], Fejer gave a generalization of (1) as follows.
If f : [a, b] → R is a convex function and g : [a, b] → R is non-neagative, integrable and symmetric
about a+b

2 , then

f
(

a + b
2

) ∫ b

a
g(x)dx ≤

∫ b

a
f (x)g(x)dx ≤ f (a) + f (b)

2

∫ b

a
g(x)dx. (2)

Since Hermite Hadamard’s and Fractional integrals have a wide range of applications, many9

researchers extend their studies to Hermite Hadamard type inequalities involving fractional integrals.10

For recent generalizations, one can see [8], [9], [10] and [11].11

In [5], [7], [8] Bo-Yan Xi, M. E. Ozdemir, M. Z. Sarikaya established the following Hermite Hadamard12

type inequalities for convex function.13

~
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Theorem 1. [8] Let f , g : [a, b]→ [0, ∞) be convex functions on [a, b] ⊂ R, a < b. Then

1
b− a

∫ b

a
f (x)g(x)dx ≤ 1

3
M(a, b) +

1
6

N(a, b) (3)

and

2 f
(

a + b
2

)
g
(

a + b
2

)
≤ 1

b− a

∫ b

a
f (x)g(x)dx +

1
6

M(a, b) +
1
3

N(a, b), (4)

where

M(a, b) = f (a)g(a) + f (b)g(b) and N(a, b) = f (a)g(b) + f (b)g(a).

Theorem 2. [5] Let f : I ⊆ R→ R be a differentiable function on I◦, a, b ∈ I with a < b, 0 ≤ λ, µ ≤ 1 and
f
′ ∈ L[a, b]. If | f ′(x)|q for q ≥ 1 is convex on [a, b], then∣∣∣∣λ f (a) + µ f (b)

2
+

2− λ− µ

2
f (

a + b
2

)− 1
b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

8

(
1
6

) 1
q
{
(1− 2λ + 2λ2)

1− 1
q

×
[ (

4− 9λ + 12λ2 − 2λ3
)
| f ′(a)|q +

(
2− 3λ + 2λ3

)
| f ′(b)|q

] 1
q

+
(

1− 2µ + 2µ2
)1− 1

q
[ (

2− 3µ + 2µ3
)
| f ′(a)|q

+
(

4− 9µ + 12µ2 − 2µ3
)
| f ′(b)|q)

] 1
q
}

. (5)

Corollary 3. [5] Let f : I ⊆ R → R be a differentiable function on I◦, a, b ∈ I with a < b, and 0 ≤ λ ≤ 1,
and f

′ ∈ L[a, b]. If | f ′(x)|q for q ≥ 1 is convex on [a, b], then∣∣∣∣λ2 [ f (a) + f (b)] + (1− λ) f
(

a + b
2

)
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

8

(
1
6

) 1
q
(1− 2λ + 2λ2)

1− 1
q

{[ (
4− 9λ + 12λ2 − 2λ3

)
× | f ′(a)|q +

(
2− 3λ + 2λ3

)
| f ′(b)|q

] 1
q

+

[ (
2− 3λ + 2λ3

)
× | f ′(a)|q +

(
4− 9λ + 12λ2 − 2λ3

)
| f ′(b)|q)

] 1
q
}

. (6)
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Corollary 4. [5] Let f : I ⊆ R→ R be a differentiable function on I◦, a, b ∈ I with a < b, and f
′ ∈ L[a, b].

If | f ′(x)|q for q ≥ 1 is convex on [a, b], then

∣∣∣∣12
[

f (a) + f (b)
2

+ f
(

a + b
2

)]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

16

(
1

12

) 1
q
{
[9| f ′(a)|q + 3| f ′(b)|q]

1
q + [3| f ′(a)|q + 9| f ′(b)|q]

1
q

}
, (7)∣∣∣∣13

[
f (a) + f (b) + f

(
a + b

2

)]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ 5(b− a)

72

(
1

90

) 1
q
{
[74| f ′(a)|q + 16| f ′(b)|q]

1
q + [16| f ′(a)|q + 74| f ′(b)|q]

1
q

}
,∣∣∣∣16

[
f (a) + f (b) + 4 f

(
a + b

2

)]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ 5(b− a)

72

(
1

90

) 1
q
{
[61| f ′(a)|q + 29| f ′(b)|q]

1
q + [29| f ′(a)|q + 61| f ′(b)|q]

1
q

}
.

Corollary 5. [5] Let f : I ⊆ R→ R be a differentiable function on I◦, a, b ∈ I with a < b, and f
′ ∈ L[a, b].

If | f ′(x)|q is convex on [a, b], then∣∣∣∣12
[

f (a) + f (b)
2

+ f
(

a + b
2

)]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣ ≤ b− a
16

[
| f ′(a)|+ | f ′(b)|

]
,∣∣∣∣13

[
f (a) + f (b) + f

(
a + b

2

)]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣ ≤ 5(b− a)
144

[
| f ′(a)|+ | f ′(b)|

]
,∣∣∣∣16

[
f (a) + f (b) + 4 f

(
a + b

2

)]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣ ≤ 5(b− a)
72

[
| f ′(a)|+ | f ′(b)|

]
. (8)

Theorem 6. [5] Let f : I ⊆ R → R be a differentiable function on I◦, a, b ∈ I with a < b, 0 ≤ λ, µ ≤ 1,
and f

′ ∈ L[a, b]. If | f ′(x)|q for q ≥ 1 is convex on [a, b], then∣∣∣∣λ f (a) + µ f (b)
2

+
2− λ− µ

2
f (

a + b
2

)− 1
b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

4

[
1

2(q + 1)(q + 2)

] 1
q

×
{( [

(q + 3− λ)(1− λ)q+1 + (2q + 4− λ)λq+1
]
| f ′(a)|q

+
[
(q + 1 + λ)(1− λ)q+1 + λq+2

]
| f ′(b)|q

) 1
q

+

( [
(q + 1 + µ)(1− µ)q+1 + µq+2

]
| f ′(a)|q

+
[
(q + 3− µ)(1− µ)q+1 + (2q + 4− µ)µq+1

]
| f ′(b)|q

) 1
q
}

. (9)
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Corollary 7. [5] Let f : I ⊆ R → R be a differentiable function on I◦, a, b ∈ I with a < b, 0 ≤ λ ≤ 1 and
f
′ ∈ L[a, b]. If | f ′(x)|q for q ≥ 1 is convex on [a, b], then∣∣∣∣λ2

[
f (a) + f (b)

]
+ (1− λ) f

(
a + b

2

)
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

4

[
1

2(q + 1)(q + 2)

] 1
q
{([

(q + 3− λ)(1− λ)q+1

+ (2q + 4− λ)λq+1
]
| f ′(a)|q +

[
(q + 1 + λ)(1− λ)q+1 + λq+2

]
| f ′(b)|q

) 1
q

+

( [
(q + 1 + λ)(1− λ)q+1 + λq+2

]
| f ′(a)|q

+
[
(q + 3− λ)(1− λ)q+1 + (2q + 4− λ)λq+1

]
| f ′(b)|q

) 1
q
}

. (10)

Corollary 8. [5] Let f : I ⊆ R→ R be a differentiable function on I◦, a, b ∈ I with a < b, and f
′ ∈ L[a, b].

If | f ′(x)|q for q ≥ 1 is convex on [a, b], then∣∣∣∣12
[

f (a) + f (b)
2

+ f
(

a + b
2

) ]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

8

[
1

4(q + 1)(q + 2)

] 1
q
{ [

(3q + 6)| f ′(a)|q + (q + 2)| f ′(b)|q
] 1

q

+
[
(q + 2)| f ′(a)|q + (3q + 6)| f ′(a)|q

] 1
q
}

,

∣∣∣∣16
[

f (a) + f (b) + 4 f
(

a + b
2

) ]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

12

[
1

18(q + 1)(q + 2)

] 1
q
{[ (

11 + 6q + (3q + 8)2q+1
)
| f ′(a)|q

+
(

1 + (3q + 4)2q+1
)
| f ′(b)|q

] 1
q

+

[ (
1 + (3q + 4)2q+1

)
| f ′(a)|q

+
(

11 + 6q + (3q + 8)2q+1
)
| f ′(b)|q

] 1
q
}

. (11)

Theorem 9. [7] Let f : I ⊆ [0, ∞) → R be a differentiable mapping on I◦ such that f
′′ ∈ L[a, b], where a,

b ∈ I with a < b. If | f | is convex on [a, b], then the following inequality holds:∣∣∣∣ f ( a + b
2

)
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ (b− a)2

192

{
| f ′′(a)|+ 6

∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣+ | f ′′(b)|} . (12)
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Theorem 10. [7] Let f : I ⊆ [0, ∞) → R be a differentiable mapping on I◦ such that f
′′ ∈ L[a, b], where a,

b ∈ I with a < b. If | f ′′ |q for q ≥ 1 is convex on [a, b], then the following inequality holds:∣∣∣∣ f ( a + b
2

)
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ (b− a)2

48

(
3
4

) 1
q
{(
| f ′′(a)|q

3

∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣q
) 1

q

+

(∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣q + | f ′′(b)|q3

) 1
q }

. (13)

Lemma 11. [5] Let f : I ⊆ R→ R be a differentiable function on I◦, a, b ∈ I with a < b. If f
′ ∈ L[a, b] and

λ, µ ∈ R, then

λ f (a) + µ f (b)
2

+
2− λ− µ

2
f (

a + b
2

)− 1
b− a

∫ b

a
f (x)dx

=
b− a

4

∫ 1

0

[
(1− λ− t) f

′
(

ta + (1− t)
a + b

2

)
+ (µ− t) f

′
(

t
a + b

2
+ (1− t)b

) ]
dt. (14)

Lemma 12. [5] For s > 0 and 0 ≤ ε ≤ 1, one has

∫ 1

0
|ε− t|sdt =

εs+1 + (1− ε)s+1

s + 1∫ 1

0
t|ε− t|sdt =

εs+2 + (s + 1 + ε)(1− ε)s+1

(s + 1)(s + 2)
. (15)

In [1], S.S. Dragomir introduces the important generalization of convexity known as η- convexity.14

Definition 13. [1] A function f : I → R is called η- convex if

f (αx + (1− α)y) ≤ f (y) + αη( f (x), f (y)) (16)

for all x, y ∈ I and α ∈ [0, 1].15

The paper is organized as follows:16

In the second section we will establish Hermite Hadamard and Fejer type inequalities for η- convex17

function. In the last section, we will derive Fractional integral inequalities for η- convex function.18

2. Hermite Hadamard and Fejer type inequalities19

Theorem 14. Let f : I ⊆ R→ R be η- convex function, a, b ∈ I with a < b and f ∈ L[a, b]. Then

f (
a + b

2
)− 1

2(b− a)

∫ b

a
η( f (a + b− x), f (x))dx

≤ 1
b− a

∫ b

a
f (x)dx ≤ f (b) +

1
2

η( f (a), f (b)). (17)

Proof. According to (16), with x = ta + (1− t)b and y = (1− t)a + tb and α = 1
2 , we find that

f (
a + b

2
) ≤ f ((1− t)a + tb) +

1
2

η( f (ta + (1− t)b), f ((1− t)a + tb).
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Thus, by integrating, we obtain

f (
a + b

2
) ≤

∫ 1

0
f ((1− t)a + tb) +

1
2

∫ 1

0
η( f (ta + (1− t)b), f ((1− t)a + tb)dt

≤ 1
b− a

∫ b

a
f (x)dx +

1
2(b− a)

∫ b

a
η( f (a + b− x), f (x))dx

so,

f (
a + b

2
)− 1

2(b− a)

∫ b

a
η( f (a + b− x), f (x))dx ≤ 1

b− a

∫ b

a
f (x)dx (18)

and the first inequality is proved. The proof of second inequality follows by using (16) with x = a
and y = b and integrating with respect to α over [0 , 1]. That is,

1
b− a

∫ b

a
f (x)dx ≤ f (b) +

1
2

η( f (a), f (b)) (19)

Ofcourse, (18) and (19) yields (17).20

Remark 1. If we take η(x, y) = x− y , (17) reduces to the inequality (2).21

Theorem 15. Let f and g be non-negative η- convex functions a, b ∈ I, a < b such that f g ∈ L1[a, b], then

1
b− a

∫ b

a
f (x)g(x)dx ≤ M

′
(a, b), (20)

where

M
′
(a, b) = f (b)g(b) +

1
2

f (b)η(g(a), g(b)) +
1
2

g(b)η( f (a), f (b))

+
1
3

η( f (a), f (b))η(g(a), g(b))

Proof. Since, f and g are η- convex functions, we have

f (ta + (1− t)b) ≤ f (b) + tη( f (a), f (b))

g(ta + (1− t)b) ≤ g(b) + tη( f (a), f (b))

for all t ∈ [a, b]. Since f and g are non-negative, so

f (ta + (1− t)b)g(ta + (1− t)b)

≤ f (b)g(b) + t f (b)η(g(a), g(b))

+ tg(b)η( f (a), f (b)) + t2η( f (a), f (b))η(g(a), g(b)).

Integrating both sides of above inequality over [0, 1], we obtain

∫ 1

0
f (ta + (1− t)b)g(ta + (1− t)b)dt

≤ f (b)g(b) +
1
2

f (b)η(g(a), g(b)) +
1
2

g(b)η( f (a), f (b))

+
1
3

η( f (a), f (b))η(g(a), g(b)).
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Then

1
b− a

∫ b

a
f (x)g(x)dx ≤ M

′
(a, b).

22

Remark 2. If we take η(x, y) = x− y, (20) reduces to inequality (4).23

Theorem 16. Let f be an η- convex function, a, b ∈ I with a < b, f ∈ L1[a, b] and g : [a, b] → R is
non-negative, integrable and symmetric about (a+b)

2 . Then

∫ b

a
f (x)g(x)dx ≤ [ f (b) +

1
2

η( f (a), f (b))]
∫ b

a
g(x)dx. (21)

Proof. since, f is an η- convex function and g is non-negative, integrable and symmetric about (a+b)
2 ,

we find that

∫ b

a
f (x)g(x)dx =

1
2

[∫ b

a
f (x)g(x)dx +

∫ b

a
f (a + b− x)g(a + b− x)dx

]
=

1
2

∫ b

a
[( f (x) + f (a + b− x)) g(x)dx]

=
1
2

∫ b

a

[
f
(

b− x
b− a

a +
x− a
b− a

b
)
+ f

(
x− a
b− a

a +
b− x
b− a

b
)]

g(x)dx

≤ 1
2

∫ b

a

[ (
f (b) +

b− x
b− a

η( f (a), f (b))
)

+

(
f (b) +

x− a
b− a

η( f (a), f (b))
) ]

g(x)dx

≤ [ f (b) +
1
2

η( f (a), f (b))]
∫ b

a
g(x)dx.

24

Remark 3. If we choose η(x, y) = x − y and g(x) = 1,then (21) reduces to second inequality in (2),25

and if we take η(x, y) = x− y, then (21) reduces to second inequality in (3).26
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3. Fractional integral inequalities27

Theorem 17. Let f : I ⊆ R → R be a differentiable function on I◦, a, b ∈ I with a < b, 0 ≤ λ, µ ≤ 1, and
f
′ ∈ L[a, b]. If | f ′(x)|q for q ≥ 1 is η- convex on [a, b], then∣∣∣∣λ f (a) + µ f (b)

2
+

2− λ− µ

2
f (

a + b
2

)− 1
b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

8

(
1
6

) 1
q
{
(1− 2λ + 2λ2)

1− 1
q

[ (
6− 12λ + 12λ2

)
| f ′(b)|q

+
(

4− 9λ + 12λ2 − 2λ3
)

η(| f ′(a)|q, | f ′(b)|q)
] 1

q

+
(

1− 2µ + 2µ2
)1− 1

q
[ (

6− 12µ + 12µ2
)
| f ′(b)|q

+
(

2− 3µ + 2µ3
)

η(| f ′(a)|q, | f ′(b)|q)
] 1

q
}

. (22)

Proof. For q > 1, by lemma (11), the η- convexity of | f ′(x)|q on [a, b] and the noted Holder’s integral
inequality, we have∣∣∣∣λ f (a) + µ f (b)

2
+

2− λ− µ

2
f (

a + b
2

)− 1
b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

4

[ ∫ 1

0
|1− λ− t|

∣∣∣∣ f ′ (ta + (1− t)
a + b

2

)∣∣∣∣ dt

+
∫ 1

0
|µ− t|

∣∣∣∣ f ′ (t
a + b

2
+ (1− t)b

)∣∣∣∣ dt
]

≤ b− a
4

{(∫ 1

0
|1− λ− t|dt

)1− 1
q
[ ∫ 1

0
|1− λ− t|

(
| f ′(b)|q

+ (
1 + t

2
)η(| f ′(a)|q, | f ′(b)|q) right)dt

] 1
q

+

(∫ 1

0
|µ− t|dt

)1− 1
q

×
[∫ 1

0
|µ− t|

(
| f ′(b)|q + (

t
2
)η(| f ′(a)|q, | f ′(b))

)
dt
] 1

q
}

. (23)

By using Lemma (12), a direct calculation yields

∫ 1

0
|1− λ− t|

(
| f ′(b)|q + (

1 + t
2

)η(| f ′(a)|q, | f ′(b)|q)
)

dt

=

(
| f ′(b)|q + 1

2
η(| f ′(a)|q, | f ′(b)|q)

) ∫ 1

0
|1− λ− t|dt

+
1
2

η(| f ′(a)|q, | f ′(b)|q)
∫ 1

0
t|1− λ− t|dt

=

(
| f ′(b)|q + 1

2
η(| f ′(a)|q, | f ′(b)|q)

)(
1
2
− λ + λ2

)
+

1
12

η(| f ′(a)|q, | f ′(b)|q)[(1− λ)3 + λ2(3− λ)]

=
1
2
(1− 2λ + 2λ2)| f ′(b)|q + 1

12
(4− 9λ + 12λ2 − 2λ3)

× η(| f ′(a)|q, | f ′(b)|q)
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and ∫ 1

0
|µ− t|

(
| f ′(b)|q + (

t
2
)η(| f ′(a)|q, | f ′(b)|q)

)
dt

= | f ′(b)|q
∫ 1

0
|µ− t|dt +

1
2

η(| f ′(a)|q, | f ′(b)|q)
∫ 1

0
t|µ− t|dt

= | f ′(b)|q
(

1
2
− µ− µ2

)
+

1
12

η(| f ′(a)|q, | f ′(b)|q)(µ3 + (2 + µ)(1− µ)2)

=
1
2
(1− 2µ + 2µ2)| f ′(b)|q + 1

12
(2− 3µ + 2µ3)η(| f ′(a)|q, | f ′(b)|q).

Substituting the above two inequalities into the inequality (23) and utilizing lemma (12) results in the
inequality (22) for q > 1.
For q = 1, from Lemmas (11) and (12), it follows that∣∣∣∣λ f (a) + µ f (b)

2
+

2− λ− µ

2
f (

a + b
2

)− 1
b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

4

{ ∫ 1

0
|1− λ− t|

(
| f ′(b)|+ (

1 + t
2

)η(| f ′(a)|, | f ′(b)|)
)

dt

+
∫ 1

0
|µ− t|

(
| f ′(b)|+ t

2
η(| f ′(a)|, | f ′(b)|)

)
dt
}

=
b− a

48

{(
6− 12λ + 12λ2

)
| f ′(b)|+

(
4− 9λ + 12λ2 − 2λ3

)
× η(| f ′(a)|, | f ′(b)|) +

(
6− 12µ + 12µ2

)
| f ′(b)|

+
(

2− 3µ + 2µ3
)

η(| f ′(a)|, | f ′(b)|)
}

. (24)

28

Remark 4. If we take η(x, y) = x− y, then inequality (22) reduces to inequality (5).29

If taking λ = µ in Theorem (22), we derive the following corollary.30

Corollary 18. Let f : I ⊆ R → R be a differentiable function on I◦, a, b ∈ I with a < b, and 0 ≤ λ ≤ 1,
and f

′ ∈ L[a, b]. If | f ′(x)|q for q ≥ 1 is η- convex on [a, b], then∣∣∣∣λ2 [ f (a) + f (b)] + (1− λ) f
(

a + b
2

)
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

8

(
1
6

) 1
q
(1− 2λ + 2λ2)

1− 1
q

[
(6− 12λ + 12λ2)| f ′(b)|q

+ (4− 9λ + 12λ2 − 2λ3)η(| f ′(a)|q, | f ′(b)|q)
] 1

q

+

[
(6− 12λ + 12λ2)| f ′(b)|q + (2− 3λ + 2λ3)η(| f ′(a)|q, | f ′(b)|q)

] 1
q

. (25)

Remark 5. If we take η(x, y) = x− y, then inequality (25) reduces to inequality (6).31

If letting λ = µ = 1
2 , 2

3 , 1
3 , respectively in Theorem (22), we can deduce the inequalities below.32
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Corollary 19. Let f : I ⊆ R → R be a differentiable function on I◦, a, b ∈ I with a < b, 0 ≤ λ, µ ≤ 1, and
f
′ ∈ L[a, b]. If | f ′(x)|q for q ≥ 1 is η- convex on [a, b], then∣∣∣∣12

[
f (a) + f (b)

2
+ f

(
a + b

2

)]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

16

(
1

12

) 1
q
{
[12| f ′(b)|q + 9η(| f ′(a)|q, | f ′(b)|q)]

1
q

+ [12| f ′(b)|q + 3η(| f ′(a)|q, | f ′(b)|q)]
1
q

}
∣∣∣∣13
[

f (a) + f (b) + f
(

a + b
2

)]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ 5(b− a)

72

(
1
90

) 1
q
{
[90| f ′(b)|q + 74η(| f ′(a)|q, | f ′(b)|q)]

1
q

+ [90| f ′(b)|q + 16η(| f ′(a)|q, | f ′(b)|q)]
1
q

}
∣∣∣∣16
[

f (a) + f (b) + 4 f
(

a + b
2

)]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ 5(b− a)

72

(
1
90

) 1
q
{
[90| f ′(b)|q + 61η(| f ′(a)|q, | f ′(b)|q)]

1
q

+ [90| f ′(b)|q + 29η(| f ′(a)|q, | f ′(b)|q)]
1
q

}
. (26)

If setting q = 1 in Corollary (26), then one has the following.33

Corollary 20. Let f : I ⊆ R→ R be a differentiable function on I◦, a, b ∈ I with a < b, and f
′ ∈ L[a, b]. If

| f ′(x)| is η- convex on [a, b], then∣∣∣∣12
[

f (a) + f (b)
2

+ f
(

a + b
2

) ]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

16

[
2| f ′(b)|+ η(| f ′(a)|, | f ′(b)|)

]
∣∣∣∣13
[

f (a) + f (b) + f
(

a + b
2

) ]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ 5(b− a)

72

[
2| f ′(b)|+ η(| f ′(a)|, | f ′(b)|)

]
∣∣∣∣16
[

f (a) + f (b) + 4 f
(

a + b
2

) ]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ 5(b− a)

72

[
2| f ′(b)|+ η(| f ′(a)|, | f ′(b)|)

]
. (27)

Remark 6. If we take η(x, y) = x − y, then inequalities (26) and (27) reduces to inequalities (7) and34

(8).35
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Theorem 21. Let f : I ⊆ R → R be a differentiable function on I◦, a, b ∈ I with a < b, 0 ≤ λ, µ ≤ 1, and
f
′ ∈ L[a, b]. If | f ′(x)|q for q ≥ 1 is η- convex on [a, b], then∣∣∣∣λ f (a) + µ f (b)

2
+

2− λ− µ

2
f (

a + b
2

)− 1
b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

4

[
1

2(q + 1)(q + 2)

] 1
q

×
{[(

[2(q + 2)(1− λ)q+1 + 2(q + 2)λq+1]

)
| f ′(b)|q

+ [(q + 3− λ)(1− λ)q+1 + (2q + 4− λ)λq+1]η(| f ′(a)|q, | f ′(b)|q))
] 1

q

+

[
(2(q + 2)(1− µ)q+1 + 2(q + 2)µq+1)| f ′(b)|q (28)

+ (µq+2 + (q + 1 + µ)(1− µ)q+1)η(| f ′(a)|q, | f ′(b)|q)
] 1

q
}

.

Proof. For q > 1, by η- convexity of | f ′(x)|q on [a, b], Lemma (11), and Holder’s integral inequality, it
follows that∣∣∣∣λ f (a) + µ f (b)

2
+

2− λ− µ

2
f (

a + b
2

)− 1
b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

4

[ ∫ 1

0
|1− λ− t|

∣∣∣∣ f ′ (ta + (1− t)
a + b

2

)∣∣∣∣ dt

+
∫ 1

0
|µ− t|

∣∣∣∣ f ′ (t
a + b

2
+ (1− t)b

)∣∣∣∣ dt
]

≤ b− a
4

{(∫ 1

0
dt
)1− 1

q
[ ∫ 1

0
|1− λ− t|q

(
| f ′(b)|q + (

1 + t
2

)

× η(| f ′(a)|q, | f ′(b)|q)
)

dt
] 1

q

+

(∫ 1

0
dt
)1− 1

q
[ ∫ 1

0
|µ− t|q

×
(
| f ′(b)|q + (

t
2
)η(| f ′(a)|q, | f ′(b))

)
dt
] 1

q
}

≤ b− a
4

{ [∫ 1

0
|1− λ− t|q

(
| f ′(b)|q + (

1 + t
2

)η(| f ′(a)|q, | f ′(b)|q)
)

dt
] 1

q

+

[∫ 1

0
|µ− t|q

(
| f ′(b)|q + (

t
2
)η(| f ′(a)|q, | f ′(b))

)
dt
] 1

q
}

. (29)
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By Lemma (12) we have

∫ 1

0
|1− λ− t|q

(
| f ′(b)|q + (

1 + t
2

)η(| f ′(a)|q, | f ′(b)|q)
)

dt

=

(
| f ′(b)|q + 1

2
η(| f ′(a)|q, | f ′(b)|q)

) ∫ 1

0
|1− λ− t|qdt

+
1
2

η(| f ′(a)|q, | f ′(b)|q)
∫ 1

0
t|1− λ− t|qdt

=

(
| f ′(b)|q + 1

2
η(| f ′(a)|q, | f ′(b)|q)

)(
(1− λ)q+1 + λq+1

q + 1

)
+

1
2

η(| f ′(a)|q, | f ′(b)|q)
(
(1− λ)q+2 + (q + 2− λ)λq+1

(q + 1)(q + 2)

)
=

1
2(q + 1)(q + 2)

[
2(q + 2)(1− λ)q+1 + 2(q + 2)λq+1

]
| f ′(b)|q

+
[
2(q + 2)(1− λ)q+1 + (q + 2)λq+1 + (1− λ)q+2 + (q + 2− λ)λq+1

]
× η(| f ′(a)|q, | f ′(b)|q)

=
1

2(q + 1)(q + 2)

[
2(q + 2)(1− λ)q+1 + 2(q + 2)λq+1

]
| f ′(b)|q

+
[
(q + 3− λ)(1− λ)q+1 + (2q + 4− λ)λq+1

]
η(| f ′(a)|q, | f ′(b)|q).

and ∫ 1

0
|µ− t|q

(
| f ′(b)|q + (

t
2
)η(| f ′(a)|q, | f ′(b)|q

)
dt

= | f ′(b)|q
∫ 1

0
|µ− t|qdt +

1
2

η(| f ′(a)|q, | f ′(b)|q)
∫ 1

0
t|µ− t|qdt

= | f ′(b)|q
(

µq+1 + (1− µ)q+1

q + 1

)
+

1
2

η(| f ′(a)|q, | f ′(b)|q)

×
(

µq+2 + (q + 1 + µ)(1− µ)q+1

(q + 1)(q + 2)

)
=

1
2(q + 1)(q + 2)

{ [
2(q + 2)(1− µ)q+1 + 2(q + 2)µq+1

]
| f ′(b)|q

+
[
µq+2 + (q + 1 + µ)(1− µ)q+1

]
η(| f ′(a)|q, | f ′(b)|q

}
.

Substituting the above two inequalities into the inequality (29) yields the inequality (28) for q > 1.36

For q = 1, the proof is the same as the deduction of (24) and the Theorem is proved.37

Remark 7. If we take η(x, y) = x− y, inequality (28) reduces to inequality (9).38

As the derivation of corollaries of Theorem (22), we can obtain the following corollaries of39

Theorem (3.8).40
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Corollary 22. Let f : I ⊆ R → R be a differentiable function on I◦, a, b ∈ I with a < b, and 0 ≤ λ ≤ 1,
and f

′ ∈ L[a, b]. If | f ′(x)|q for q ≥ 1 is η- convex on [a, b], then∣∣∣∣λ2 [ f (a) + f (b)] + (1− λ) f
(

a + b
2

)
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

4

[
1

2(q + 1)(q + 2)

] 1
q

×
{[ (

2(q + 2)(1− λ)q+1 + 2(q + 2)λq+1
)
| f ′(b)|q

+
(
(q + 3− λ)(1− λ)q+1 + (2q + 4− λ)λq+1)η(| f ′(a)|q, | f ′(b)|q)

) ] 1
q

+

[ (
2(q + 2)(1− λ)q+1 + 2(q + 2)λq+1

)
| f ′(b)|q (30)

+
(

λq+2 + (q + 1 + λ)(1− λ)q+1
)

η(| f ′(a)|q, | f ′(b)|q)
] 1

q
}

.

Remark 8. If we take η(x, y) = x− y and h(t) = t, inequality (30) reduces to inequality (10).41

Corollary 23. Let f : I ⊆ R→ R be a differentiable function on I◦, a, b ∈ I with a < b, 0 ≤ λ, µ ≤ 1, and
f
′ ∈ L[a, b]. If | f ′(x)|q for q ≥ 1 is η- convex on [a, b], then∣∣∣∣12

[
f (a) + f (b)

2
+ f

(
a + b

2

)]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

8

[
1

4(q + 1)(q + 2)

] 1
q

×
{ [(

(4q + 8)| f ′(b)|q + (3q + 6)η(| f ′(a)|q, | f ′(b)|q)
)] 1

q

+
[(

4q + 8)| f ′(b)|q + (q + 2)η(| f ′(a)|q, | f ′(b)|q)
)] 1

q
}

∣∣∣∣16
[

f (a) + f (b) + 4 f
(

a + b
2

)]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

12

[
1

18(q + 1)(q + 2)

] 1
q
{[ (

(3q + 6)(2)q+2 + 6(q + 2)
)
| f ′(b)|q

+
(
(3q + 8)(2)q+1 + (6q + 11)η(| f ′(a)|q, | f ′(b)|q)

) ] 1
q

(31)

+
[(

(3q + 6)(2)q+2 + 6(q + 2)
)
| f ′(b)|q +

(
1 + (3q + 4)(2)q+1

)
η(| f ′(a)|q, | f ′(b)|q)

] 1
q
}

.

If setting q = 1 in Corollary (3.12), then one has the following.42
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Corollary 24. Let f : I ⊆ R→ R be a differentiable function on I◦, a, b ∈ I with a < b, 0 ≤ λ, µ ≤ 1, and
f
′ ∈ L[a, b]. If | f ′(x)| is η- convex on [a, b], then∣∣∣∣12

[
f (a) + f (b)

2
+ f

(
a + b

2

)]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

4

{ [(
1
4

)
| f ′(b)|+ η(| f ′(a)|, | f ′(b)|)

∫ 1

0
h
(

1 + t
2

) ∣∣∣∣12 − t
∣∣∣∣ dt
]

+

[(
1
4

)
| f ′(b)|+ η(| f ′(a)|, | f ′(b)|)

∫ 1

0
h
(

t
2

) ∣∣∣∣12 − t
∣∣∣∣ dt
]}

,∣∣∣∣16
[

f (a) + f (b) + 4 f
(

a + b
2

)]
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ b− a

4

{ [(
5

18

)
| f ′(b)|q + η(| f ′(a)|, | f ′(b)|)

∫ 1

0
h
(

1 + t
2

) ∣∣∣∣23 − t
∣∣∣∣ dt
]

+

[(
5

18

)
| f ′(b)|+ η(| f ′(a)|, | f ′(b)|)

∫ 1

0
h
(

t
2

) ∣∣∣∣13 − t
∣∣∣∣ dt
]}

. (32)

Remark 9. If we take η(x, y) = x − y and h(t) = t, inequalities (31) and (32) reduces to inequalities43

(11) and (8) respectively.44

To prove our next results, we consider the following Lemma proved in [7].45

Lemma 25. Let f : I ⊂ R→ R be a differentiable mapping on I◦ where a, b ∈ I with a < b. If f
′′ ∈ L[a, b],

then the following equality holds:

1
b− a

∫ b

a
f (x)dx− f

(
a + b

2

)
=

(b− a)2

16

[ ∫ 1

0
t2 f

′′
(

t
a + b

2
+ (1− t)a

)
dt

+
∫ 1

0
(t− 1)2 f

′′
(

tb + (1− t)
a + b

2

)
dt
]

. (33)

Theorem 26. Let f : I ⊂ [0, ∞) → R be a differentiable mapping on I◦ such that f
′′ ∈ L[a, b], where a,

b ∈ I with a < b. If | f ′′ | is η - convex on [a, b], then the following inequality holds:∣∣∣∣ f ( a + b
2

)
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ (b− a)2

16

[
1
3

(
| f ′′(a)|+

∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣)
+

1
4

(
η

(∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣ , | f ′′(a)|
)
+

1
3

η

(
| f ′′(b)|,

∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣)) ]. (34)

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 June 2018                   doi:10.20944/preprints201806.0071.v1

http://dx.doi.org/10.20944/preprints201806.0071.v1


15 of 17

Proof. From Lemma(25), we have∣∣∣∣ f ( a + b
2

)
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ (b− a)2

16

[ ∫ 1

0
t2
∣∣∣∣ f ′′ (t

a + b
2

+ (1− t)a
)∣∣∣∣ dt

+
∫ 1

0
(t− 1)2

∣∣∣∣ f ′′ (tb + (1− t)
a + b

2

)∣∣∣∣ dt
]

≤ (b− a)2

16

[∫ 1

0
t2
(
| f ′′(a)|+ tη

(∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣ , | f ′′(a)|
))

dt
]

+
(b− a)2

16

[∫ 1

0
(t− 1)2

(∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣+ tη
(
| f ′′(b)|,

∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣)) dt
]

=
(b− a)2

16

[
1
3
| f ′′(a)|+ 1

3

∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣+ 1
4

η

(∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣ , | f ′′(a)|
)

+
1
12

η

(
| f ′′(b)|,

∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣) ]
=

(b− a)2

16

[
1
3

(
| f ′′(a)|+

∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣)
+

1
4

(
η

(∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣ , | f ′′(a)|
)
+

1
3

η

(
| f ′′(b)|,

∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣)) ].

This proves the inequality (34).46

Remark 10. If we take η(x, y) = x− y, inequality (34) reduces to inequality (12).47

Theorem 27. Let f : I ⊂ [0, ∞) → R be a differentiable mapping on I◦ such that f
′′ ∈ L[a, b], where a,

b ∈ I with a < b. If | f ′′ |q for q ≥ 1 is η- convex on [a, b], then the following inequality holds:

∣∣∣∣ f ( a + b
2

)
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ (b− a)2

16

(
1
3

) 1
p
[ (

1
3
| f ′′(a)|q + 1

4
η

(∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣q , | f ′′(a)|q
)) 1

q

+

(
1
3

∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣q + 1
12

η

(
| f ′′(b)|q,

∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣q))
1
q
]

. (35)

Proof. Suppose that p ≥ 1. From Lemma (25) and using the power mean inequality, we have∣∣∣∣ f ( a + b
2

)
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ (b− a)2

16

[ ∫ 1

0
t2
∣∣∣∣ f ′′ (t

a + b
2

+ (1− t)a
)∣∣∣∣ dt

+
∫ 1

0
(t− 1)2

∣∣∣∣ f ′′ (tb + (1− t)
a + b

2

)∣∣∣∣ dt
]

≤ (b− a)2

16

(∫ 1

0
t2dt

) 1
p
(∫ 1

0
t2
∣∣∣∣ f ′′ (t

a + b
2

+ (1− t)a
)∣∣∣∣q dt

) 1
q

+
(b− a)2

16

(∫ 1

0
(t− 1)2dt

) 1
p
(∫ 1

0
(t− 1)2

∣∣∣∣ f ′′ (tb + (1− t)
a + b

2

)∣∣∣∣q dt
) 1

q

.
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Because | f ′′ |q is η- convex, we have

∫ 1

0
t2
∣∣∣∣ f ′′ (t

a + b
2

+ (1− t)a
) ∣∣∣∣qdt

≤ 1
3
| f ′′(a)|q + 1

4

(
η

(∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣q , | f ′′(a)|q
))

and ∫ 1

0
(t− 1)2

∣∣∣∣ f ′′ (tb + (1− t)
a + b

2

) ∣∣∣∣qdt

≤ 1
3

∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣q + 1
12

η

(
| f ′′(b)|q,

∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣q) .

Therefore, we have∣∣∣∣ f ( a + b
2

)
− 1

b− a

∫ b

a
f (x)dx

∣∣∣∣
≤ (b− a)2

16

(
1
3

) 1
p
{(

1
3
| f ′′(a)|q + 1

4
η

(∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣q , | f ′′(a)|q
)) 1

q

+
1
3

∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣q + 1
12

η

(
| f ′′(b)|q,

∣∣∣∣ f ′′ ( a + b
2

)∣∣∣∣q)
1
q
}

.

48

Remark 11. If we take η(x, y) = x− y, inequality (35) reduces to inequality (13).49

Author Contributions: All authors contributed equally to the writing of this paper. All authors read and50

approved the final manuscript.51

Conflicts of Interest: “The authors declare no conflict of interest.”52

References53

1. M. R. Delavar and S. S. Dragomir. On η -Convexity, Volume 20, Number 1 (2017), 203216,54

doi:10.7153/mia-20-14.55

2. Sanja Varpsanec. On h - convexity, J. Math, Anal. Appl., 326 (2007), 303-311.56

3. M. A. Noor, K. I. Noor and M. U. Awan.Hermite Hadamard inequalities for modified h -convex functions,57

TJMM. 6(2014), No. 2, 171-180.58

4. Fejer L., Uber die Fourierreihen II. Math. Naturwiss, Anz. Ungar. Akad. Wiss., 24(1960), 369 - 390, (In59

Hungarian).60

5. Bo-Yan Xi and Feng Qi, Some Integral Inequalities of Hermite-Hadamard Type for Convex Functions with61

Applications to Means. Hindawi Publishing Corporation Journal of Function Spaces and Applications62

Volume 2012, Article ID 980438, 14 pages doi:10.1155/2012/980438.63

6. B. G. PACHPATTE , On some inequaities for convex functions, RGMIA Res. Rep. Coll., 6(E), 2003.64

7. M. E. Ozdemir, C. Yildiz, A. C. Akdemir and E. Set, On some inequalities for s- convex functions and65

applications, J.Inequal.appl,2013(2013), Article ID 333.66

8. M. Z. Sarikaya, A. Saglam, H. Yildirim, On some Hadamard type inequalities for h-convex functions, J.67

Math, anal. volume 2, number 3 (2008), 335-34168

9. U. S. Kirmaci, M. K. Bakula, M. E. Ozdemir and J. Pecaric, Hadamard type inequalities for s-convex69

functions Appl. Math. and Compt. 193(2007), 26-35.70

10. S. S. Dragomir, J. Pecaric and L.E. Persson, some inequalities of Hadamard type, Soocho J. Math. 21(1995),71

335-241.72

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 June 2018                   doi:10.20944/preprints201806.0071.v1

http://dx.doi.org/10.20944/preprints201806.0071.v1


17 of 17

11. S. S. Dragomir, S. Fitzpatrik, The Hadamard’s inequality for s-convex functions in the second sense,73

Demonstration Math. 32(4), (1999), 687-696.74

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 June 2018                   doi:10.20944/preprints201806.0071.v1

http://dx.doi.org/10.20944/preprints201806.0071.v1

	Introduction
	Hermite Hadamard and Fejer type inequalities
	Fractional integral inequalities

