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THEORY OF g-%,4-SETS
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ABSTRACT. Several specific types of generalized sets of a generalized topolog-
ical space have been defined and investigated for various purposes from time
to time in the literature of topological spaces. Our recent research in the field
of a new class of generalized sets of a generalized topological space is reported
herein as a starting point for more generalized classes.
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1. INTRODUCTION

Just as the notion of T-set! (open or closed set relative to ordinary topology) is
fundamental and indispensable in the study of T-sets in 7 -spaces (arbitrary sets in
ordinary topological spaces) and in the formulation of the concept of g-7-set (gener-
alized T-open or T -closed set relative to ordinary topology) in the study of g-T-sets
in T-spaces (generalized sets in ordinary topological spaces) [18, 19, 23, 37, 39, 41],
so is the notion of Tg-set (open or closed set relative to generalized topology) in
the study of Tg-sets in Tg-spaces (arbitrary sets in generalized topological spaces)
and in the formulation of the concept of g-T;-set (generalized Tg-open or T4-closed
set relative to generalized topology) in the study of g-Tg-sets in Tj-spaces (gen-
eralized sets in generalized topological spaces) [14]. Thus, the g-topology maps
Tg : P(Q) = P(Q) from the power set P (Q) of Q into itself, thereby inducing
g-topologies on the underlying set ), are classes of distinguished open subsets of a
T -space which are not 7-open sets but are 75-open sets which are related to the
families of g-7-open sets [25, 35]. Examples of g-T-sets in T -spaces are a-open
and a-closed sets, introduced by [33]; S-open sets, introduced by [1] and ~-open
sets, introduced by [34]. Examples of g-Tg-sets in Tg-spaces are A,-sets and V-
sets, introduced by [24]; w-open sets, introduced by [19] and 6-sets, introduced by
[10]. From these «, S, y-sets and, A,, V,,, w, 6-sets, the theories of g-T-sets and
g-T4-sets then appear to be subjects of primary interest.

To the best of our knowledge, the theory of g-T-sets is well-known and that of
g-T4-sets less-known. The earliest works on the theory of g-%-sets are those of
[27] [28, 27], [33], and [13, 12, 11, 10, 9], and the latest works on the theory of

INotes to the reader: The structures T = (2, 7T) and T3 = (Q,Ty), respectively, are called
ordinary and generalized topological spaces (briefly, T-space and Tg-space). The symbols 7 and
Ty, respectively, are called ordinary topology and generalized topology (briefly, topology and g-
topology). Subsets of ¥ and Ty, respectively, are called T-sets and Ty-sets; subsets of 7 and Ty,
respectively, are called T-open and Tg-open sets, and their complements are called 7T-closed and
Tg-closed sets. Generalizations of T-sets, T-open and T-closed sets in T, respectively, are called
g-T-sets, g-T-open and g-7T-closed sets; generalizations of Tg-sets, Tg-open and Tg-closed sets in
Tg, respectively, are called g-T4-sets, g-Tg-open and g-Tg-closed sets.
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g-T-sets are those of [36], [24, 23], [19], and [41], among others. [27] introduced
and investigated the weaker forms of open sets, [33] introduced and investigated
the structures of some classes of more or less nearly open sets, and [9] introduced
the notion of g-topologies; [36] introduced the weaker forms of closed sets and
studied some of their characterizations, [23] gave a unified framework for the study
of several types of g-Ty-sets, [19] extended the notion of a type of g-T-sets in a
T-space to its analogue in a Tg-space, and [41] introduced and investigated several
types of g-T4-sets in Tg-spaces.

Several other specific classes of g-T, g-%-sets have been defined and investigated
by other authors for various purposes from time to time in the literature of 7, 74-
spaces [2, 3,4, 5, 8,17, 15, 20, 21, 22, 26, 29, 31, 30, 32, 35, 38, 40]. The fruitfulness
of all these references have made significant contributions to the theory of T, 7g-
spaces, among others. In this paper, we will show how further contributions can be
added to the field in a unified way.

2. THEORY

2.1. PRELIMINARIES. Our discussion starts by recalling a carefully chosen set of
terms used in this study. Throughout this chapter, 4 stands for the universe of
discourse, fixed within the framework of the theory of g-T -sets and containing as
elements all sets (€2, I'-sets; T, g-T, T, g-T-sets; Ty, g-Tg, Ty, 9-Tg-sets) considered
in this theory, and I9 def {v e N°: v < n}; index sets I, I, IZ are defined
similarly. A set I' C 4l is a subset of the set 2 C 4l and, for some Tj-open set
Oy € TUGT UTgUg-Ty, these implications hold:

210, €T = 0y€gT = 04Ty = OgcgTy = Oy CQCU

In a natural way, a monotonic map 7y : P (@) — P () from the power set P (£2) of
{1 into itself can be associated to a given mapping 7y : {2 — €}, thereby inducing a
g-topology T4 C P () on the underlying set Q [35]. Therefore, the definition of a
J4-space can be presented in a nice way. Thus, retaining the axioms to be satisfied
by its g-topology [29], and assuming no separation axioms, unless otherwise stated,
the following definition is suggestive:

DEFINITION 2.1 (74-Space). Let Q@ C 4 be a given set and let P (£2) def {0, CQ:
v e I;o} be the family of all subsets Og 1, Og.2, ..., of €. Then every one-valued
map of the type Ty : P () — P () satisfying the following axioms:

o AX. 1. T4(0) =10,

o AX. 1. T3 (Of) C Oy,

o AX. IIL E(Uuelgo Ogv) = Uvers Ts (Og),

is called a ” g-topology on €2,” and the structure T def (Q,7Tg) is called a ” Ty-space.”

In DEF. 2.1, by AX. 1., AX. 1I. and AX. III., respectively, are meant that
the unary operation 74 : P (€2) — P (£2) preserves nullary union, is contracting and
preserves binary union. Any element Oy € 7 (€2) of the Ty -space T is called a
Tq-open set and its complement element C (Og) = Ky ¢ T, (Q2) is called a Ty-closed
set. If there exists a v € I7 such that Oy, = €, then T is called a strong 7;-space
[11, 35]. Moreover, if Tg(MN,ez: Oar) = Nvers To (Ogw) holds for any index set
I C I, such that n < oo, then ¥ is called a quasi Tg-space [13].
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DEFINITION 2.2 (g-Closure, g-Interior Operators). Let Ty be a Tg-space on the set
Q C Y with a g-topology 74 : P (Q) — P (). Then:

e 1. The operator clg : P (©) — P (Q) carrying each Ty-set Sy C T into its

closure clg (Sg) = Ty —intg (T4 \ Sy) C Ty is called a ” g-closure operator.”

e 11. The operator intg : P (€2) — P (2) carrying each Ty-set Sy C Ty into its

interior inty (Sg) = Ty —cly (Ty \ Sg) C Ty is called a ” g-interior operator.”

By convention, we let 74 (€2) and =7 (€), respectively, stand for the classes of all
Tg-open and Tg-closed sets relative to the g-topology 74. Their proper definitions
are contained below.

DEFINITION 2.3. Let T, be a Tg-space, let 0 : P (£2) — P (Q) denotes the absolute
complement with respect to the underlying set @ C 4, and let S; C T4 be any
T g-set. The classes

To () {0, C Ty Oy €Ty}, T = {KyCTy: C(Ky) € Ty},
(2.2)

respectively, denote the classes of all 7g-open and 7g-closed sets relative to the
g-topology 74, and the classes

CFP S E {05 €Tyt Og C Sy}, COR[S] E {Ky €T, Kg2 Sy},
(2.3)

respectively, denote the classes of Tg-open subsets and 7Ty-closed supersets (com-
plements of the Tg-open subsets) of the Ty-set Sy C T, relative to the g-topology
Tq-

That C$ [Sy] € T4 (Q) and =74 (Q) 2 C™ [S,] are true for the Ty-set Sy C T
g g
in question are clear from the context. To this end, the g-closure and the g-interior
of a Ty-set Sg C Ty in a Ty-space define themselves as

. def def
(2.4) intg (Sy) = U Oy, g (Sg) = ﬂ Kq.
0y €CHP(S,] KgeCoZ [Sal

We note in passing that, cly (-) # cl () and intg (-) # int (-), because the resulting
sets obtained from the intersection of all Tg-closed supersets and the union of all
] 4-open subsets, respectively, relative to the g-topology 74 are not necessarily equal
to those which would be obtained from the intersection of all T-closed supersets
and the union of all 7-open subsets relative to the topology 7 [3]. Throughout this
work, by clgointy (), intgoclg (), and clgointgoclg (+), respectively, are meant
clg (intg (+)), intg (clg (), and cly (intg (clg (+))); other composition operators are
defined in a similar way. Also, the backslash T; \ Sy refers to the set-theoretic
difference Ty — S.

DEFINITION 2.4 (g-Operation). Let €y be a Tg-space on the set @ C 4 with a
g -topology Ty : P () — P(Q). The mapping op, : P (Q) — P(Q) is called a
” g-operation” on P () if the following statements hold:

)
VS, € P\ B}, 3(0,Ky) € T\ (B} x T, \ {0}
(0m, (1) = 0) v (mopy (1) = 1), (Sg € 0p, (O)) V (S 2 ~0p, (Ky))
(2.5)
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where —op, : P () — P () is called the ”complementary g-operation” on P (£2)
and, for all T-sets Sy, Sy.uy Sgp € P(Q2)\ {0}, the following axioms are satisfied:
AX. L (85 Copg (Og)) V (Sg 2 —opy (Ky)),

AX. 11 (op, (Sg) C opg 00p, (Og)) V (mop, (Sg) 2 —opg 0m0pg (Ky)),

e AX. 1L (S5 € Sgu = 0pg (Og) C 0Dy (Og ) V (Sgu € Sy
T 0Py (Kgu) 2 T 0Pg (’Cw’))’

AX. 1Iv. (Opg (Uazu,u SE#T) g Uo’:u,u Opg (OEJ)) v (_| Opg (Uazu,u SE#T) :—)
UU:V,;}, - Opg (lCE#T))’

for some Tg-open sets Oy, Og ., O, € Ty \ {I} and Ty-closed sets Kq, Kq.0,
Kou €Ty

The formulation of DEF. 2.5 is based on the axioms of the Cech closure operator
[5] and the various axioms used by many mathematicians to define closure operators
[32]. The class £4[] stands for the class of all possible g-operators and their
complementary g-operators in the 7g-space T.

DEFINITION 2.5 (op, (-)-Elements). Let T, be a Tg-space. The elements of the
class L [Q] =Ly [Q] X Ly [Q], where

(2.6) Lg[2] = {opg,. () = (0pg, (), 710Dg, () : (v, 1) € 1§ x I3},

in the 7g-space T4 are defined as:
w def
OPyg () € £g [Q] = {Opg,O () » OPg.1 () » ODg 2 () » OPg.3 ()}
= {inty (), clgointy (-), intgoclg (+), clgointgocly (-)};
“ def
0Py () € £g [Q] = {_'Opg,o () » 10DPg1 () » 10DPg 2 () » 0DPg 3 ()}
(2.7) = {cy (), intgocly (-), clgointy (-), intgoclyointy (+)}.

We remark in passing that, opy 11 () = = 0pg 22 (*), and the use of op, (-) =
(0pg (-),m0pg () € Lg[©] on a class of Tg-sets will construct a new class of g-Ty-

sets, just as the use of L[] o {op, () = (op, (-),~op, (")) : v € I} on the
class of T-sets have constructed the new class of g-T-sets. But since cly (-) # cl(+)
and inty (-) # int (), in general, it follows that op,(-) # op(:) and, therefore,
the new class of g-T;-sets that will be obtained from the first construction will,
in general, differ from the new class of g-T-sets that had been obtained from the
second construction.

DEFINITION 2.6 (g-v-Tg-Set). A Tg-set Sg C T4 in a Tg-space is called a ” g-T4-set”
if and only if there exist a pair (Og,/KCq) € Tg x =7 of Tg-open and Tg-closed sets,
and a g-operator opy (-) € L4 [©] such that the following statement holds:

(28) (30 [(€ € S) A ((Sg S 0py (O)) V (Sq 2 ~0pg (Ky)))] -

The g-T4-set S; C Ty is said to be of category v if and only if it belongs to the
following class of g-v-T4-sets:

g-v-S [‘Sg] © {Sg C %y (HOE7ICE70pg,V ())

(2.9) [(Sg c OPg v (Og)) v (Sg = T OPg v (’Cg))] }
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It is called a g--T;-open set if it satisfies the first property in g-v-S [‘Eg] and a
g-v-T4-closed set if it satisfies the second property in g-v-S [‘Ig]. The classes of
g-v-Tg-open and g-v-T4-closed sets, respectively, are defined by

g-l/-O [‘S’-E] déf {SE - ‘3’-9 : (HOE’Opg,V ()) [SE g Opg,u (OE)] }7
(210) gvK[T] © {8 C Ty (IKg,0pg, (1) [Sy 2 -0p,, (Kq)] }-

From the class g-v-S[T4], consisting of the classes g-v-O[%4] and g-v-K[T,],
respectively, of g-v-Tg-open and g-v-T4-closed sets of category v, where v & 19,
there results in the following definition.

DEFINITION 2.7. Let T4 be a Tg-space. If, for each v € I, g-»-O[T,] and
g-v-K [‘Eg], respectively, denote the classes of g-v-T3-open and g-v-%;-closed sets
of category v, then

g-S[T,] = Uuezg g-S[T,] = Uuelg (6--0[T,] U g-v-K[T])
= (Uyerg -0[%o]) U (Uyerg 9-v-K[Te])
(2.11) = g-0[T] UgKI[T,].

In the sequel, it is interesting to view the concepts of open, semi-open, preopen,
semi-preopen sets as g-T-open sets of categories 0, 1, 2, and 3; likewise, to view the
concepts of closed, semi-closed, preclosed, semi-preclosed sets as g-%-closed sets of

M 40

categories 0, 1, 2, and 3. These can be realised by omitting the subscript ”g” in all
symbols of the above definitions.

DEFINITION 2.8 (g-v-%-Set). A T-set S C T in a T-space is called a " g-T-set” if
and only if there exists a pair (O,K) € T x =7 of T-open and 7 -closed sets, and
an operator op (-) € £[] such that the following statement holds:

(2.12) (39) [(€ € 8) A (S S op (0)) V(S 2 =0p (K)))] -

The g-%T-set S C ¥ is said to be of category v if and only if it belongs to the
following class of g-v-7 -sets:

g-8[T] ¥ {ScT: (30,K,0p, (-)
(2.13) [(S Cop, (V) V(S 2-op, (K))]}

It is called a g-v-T-open set if it satisfies the first property in g-v-S [‘E] and a g-v-%-
closed set if it satisfies the second property in g--S [‘I] The classes of g-v-%-open
and g-v-%-closed sets, respectively, are defined by
def
g-0[F] = {ScT: (30,0p,())[SSop, (O]},

(214)  grK[T] € {ScT: (@K op, () [S2-op, (K)]}.

As in the previous definitions, from the class g-v-S [‘E], consisting of the classes
g-v-0 [‘E] and g-v-K [‘E], respectively, of g-v-%-open and g-v-T-closed sets of cate-
gory v, where v € Ig , there results in the following definition.

DEFINITION 2.9. Let T be a T-space. If, for each v € I, g-v-O[%] and g-v-K[T],
respectively, denote the classes of g-v-%-open and g-r-T-closed sets of category v,
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then
o-S[%] =Userg 00-S[T] = U, epg(g--0[3] U g--K([T])
= (Userg 8-v-O[3]) U (U, sy 9--K[3])
(2.15) = ¢-0[7] UgK[T].

The classes of ‘Tg-open and ‘Eg-closed sets in a Tg-space T, as well as the classes
of T-open and T-closed sets in a T-space ¥ are defined as thus:

DEFINITION 2.10. Let T3 = (2, 75) be a Tg-space and let T = (Q,T) be a T-space.
o 1. The classes O[%,] and K[T,] denote the families of Ty-open and Ty-
closed sets, respectively, in Ty, with S[T4] = O [T4] UK [T,].
1. The classes O [T] and K [¥] denote the families of T-open and T-closed
sets, respectively, in ¥, with S [T] = O [F]U K [Z].

In the following sections, the main results of the theory of g-%-sets are presented.

3. MAIN RESULTS
THEOREM 3.1. Let clg : P (2) = P () and inty : P () — P (Q), respectively, be
g-closure and g-interior operators in the Ty-space Ty. Then:
o 1. clg(+) and inty (-) are enhancing and contracting, respectively.

o 1. cly () and inty (-) are idempotent.
o 1L cly () and intg (-) are monotone.

PROOF. 1. Since the following logical statement
Sg C %y (Y8 [(5 €cly(Sg) + £€S) V (€ €inty (Sg) = &€ Sg)],
holds, it follows that Sy C clg (Sy) or S 2 inty (Sg), which prove 1.

1. If Sy is open, then Sy = inty (Sy); if it is closed, Sy = clg (Sg). Consequently,
the substitutions Sy — intg (Sg) and Sy + cly (Sy), respectively, give intg (Sg) =
intg ointg (Sg) and clg (Sy) = clgocly (Sy), which prove 11.

L. Let Ry, Sy C Ty such that Ry € Sy. Then, Ry C cly (Ry), Ry 2 intg (Ry),
Sy C clg (Sy), and Sy D intgy (Sy) by 1. Consequently, inty (Ry) C intg (Sy) and
clg (Rg) C cly (Sy), which prove 111 Q.E.D.

LEMMA 3.2. Let S5 C T4 be a Ty-set of a Ty-space. Then:
L (Sg=0)A(QeTy) = (intg (Sy) =0) A (clg (F) =0);
o 1. (S;=0)A(Q2¢7T,) = (inty(Sy) =0) A (cly (@) #D).
PROOF. If S; = and Q € T, then (§ € C%—‘;b [2]) A (0 € CF2 [0]). Consequently,
intg (9), cly (0) = 0
If Sg = 0 and Q ¢ T, then (0 € C%—‘;b W) A (0 ¢ TP [@]). Consequently,
intg () =0 and intg (@) # 0. These prove the lemma. Q.E.D.

THEOREM 3.3. IfSg1, Sg2, ..., Sgn C %y aren > 1 T-sets of a Ty-space, then:

* L cly (Uuem Sgw) = Uver; g (Sa):
e IL intg (Uueq Sg) = Uver intg (Sa.)-
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PROOF. Expressed in set-builder notation, the g-closure and the g-interior of a
Tg-set Sg C T4 in a Tg-space can also be defined as thus:

Ay (Sy) Y {eeT: (Sgnd(0) D) A(E€0, €Ty},

inty (Sy) def {eeTy: (Sgnint (Og) =int (Og)) A (£ € Oy €Ty},
respectively, from which it is easily seen that,
clg (Uuel;; Sgu) = U {¢eTy: (Sguncl(Og) #D) A (€€ Oy €Ty}

VEI;

= {6e€%: ((Uver: Saw) Nel(Og) # D) N (€€ Oy € Ty) }
= {€€%: (Uer: (SawNel(Og)) £ D) A (€ € Oy € Ty)}
= {€eT: Voer ((SowNel(Og) £0) A (E€ Oy €Ty)) }
= Uers lo(Sor)-

To prove that intg (Uyel* Sw/) = U, es- intg (Sw,), it suffices to substitute Sy, N
int (Og) = int (Oy) for Sy, Ncl(O4) # @ in the above proof. This completes the
proof. Q.E.D.

COROLLARY 3.4. If 851, Sg2, ..., Sgn C Ty aren > 1 Ty-sets of a Tg-space, then:

* L clg (ﬂueI; Sg ) = Muer: clg (Sgw)
e II. intg (ﬂueI; Sg) = ﬂueI; intg (Sg,v)-

PROPOSITION 3.5. For any T4-set Sqg C Ty in a Tq-space Tq, the following state-
ment holds:

(3.1) Ty — intg (Sy) — clg (Ty — Sg) = 1.

PROOF. Let £ € clg (¥3 —Sq). Then, & € Ty \ Sy since, T3\ Sg C clg (T4 — Sy).
But, T3\ Sy € Ty \intg (Sy) C cly (Ty — Sy) and, consequently, £ € Ty \ inty (Sy).
Hence, there follows that, clg (T3 — Sy) C Ty — inty (Sy). Conversely, let £ € Ty —
intg (Sg). Then, £ € cly (T4 \ inty (Sy)), since Ty \ inty (Sy) C clg (Tq \ intg (Sy)).
But, since Ty \inty (Sg) C clg (Tg \ Sg) and clg (T4 \ Sg) C clg (T4 \ intg (Sq)), and,
consequently, £ € T, \ inty (Sy). Hence, Ty —intg (Sy) C clg (T4 — Sy).

Since clg (Tg — Sg) = Ty — inty (Sy) is equivalent to

(Clg (Tyg — Sy) © Ty —inty (Sg)) A (Clg (Tg — Sy) 2 Ty — inty (Sg))’
the proof of the proposition at once follows. Q.E.D.

PROPOSITION 3.6. Let clg : P () — P () and inty : P (Q) — P (Q), respectively,
be g-closure and g-interior operators in a Jg-space Tq. If Sg1, Sg2, ..., Sgn C Zyg
aren > 1 Ty-sets of the Ty-space Ty, then:

* I clgointg (UVEI;‘L Sg) = Uu@; clg ointy(Sg),
o 1. clgointgoclg(U, e Saw) = Upers clgointgocly(Sgu).

PROOF. Since the relations

clg (Uuel;; Sg) = Uuel;; clg(Sgw), intg (UVEI;‘L Syw) = Uuel;; intg(Sg,)
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hold, it follows that

cgointg(U,err Sov) = clg(U,ep; intg(Se))
= Uer; clgointg(Se)
clgointgocly(Uyes Sow) = clgointg(U,er: clg(Sew)),
= Uver; dgointgocy(Seu),
which were to be proved. Q.E.D.

From the above proposition, it is obvious that
intg oclg (UueI; Sgu) = Uver; intgoclg (Sa.)
(3.2) intg oclg ointg (UueI; Sg) = Uy er intg oclg ointg (Sg)-
On this basis, we have the following corollary:

COROLLARY 3.7. Let op, () € Ly [Q] be a g-operator in a Tg-space Ty. If Sy,
Sg.25 - Sgn C % aren > 1 Ty-sets of the Ty-space Tq, then:

(33) Opg S Opg (UVEI;; ngl’) = UVEI;; Opg Sl Opg (ngl’) .

THEOREM 3.8. If Sy1, Sg2, ..., Sgn € g-S[‘Eg] are n > 1 g% -sets of a class
g-S[Tq] in a Ty-space Ty, then |J, ;. Sgw € 8-S[T,].

PROOF. The statement Sy, € g-S[T,] for every v € I is identical to the logical
statement:

3(Ogu, Kgw) € Ty x =T (Sg,u € opy (ng)) v (Sg,u =2 T 0py (’ng)) .

On the other hand, if op (-) € £4[Q] is a g-operator in the Tg-space, then

Opg (UVEI;; OE V) = UVEI;; Opg (OEJ’)’
_'Opg (UVEI;‘L ICQJ’) = UVEI;; _'Opg (ICQJ’)'
Consequently,
\/ ((Saw © OPg (Og ) V (Sgp 2 T 0Py (Ko)))
velk

= ((UueI; Sov © Ul/el;i OPg (Og)) v (Uueq Sgw 2 Uu@; T 0Py (o))
= ((UVEI;; ngl’ g Opg (UVEI;‘L 0971,)) v (UVEI;‘L ngl’ :—)_' Opg (UVEI;; ICQJ’)))'

But, Uuel; Oy € Ty and Uu@; K € =T4. Hence, Uuel; Sg.v € 9-S[T,]. This
proves the theorem. Q.E.D.

THEOREM 3.9. If Sy1, Sg2, -+ Sgn € 8-S[F,] aren > 1 g-T -sets of a class
9-S[T,] in a Ty-space Ty, then

(34) (ﬂueI; Sy € 8-S[T]) V (ﬂueq Sy ¢ 0-S[%q])-
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PROOF. Because, Sy1, Sg2, ..., Syn € 0-S[T,] by hypothesis, the trueness of
Nver Sav € 8-S[Tq] and N, cpv Sgv ¢ 8-S[Tg] evidently depend on the following

property:
/\ ((Sg, S 0Py (Og ) V (Sg 2 m0pg (Kg))),s

VEI;‘L

where (O ,,, Ky ) € Tg x =T for every v € I;. Furthermore, because the g-% -set-
theoretic operations concern finite intersections, it suffices to prove the theorem for
n = 2. Set the first property preceding Vv to P (v) and that following Vv to Q (v).
Then, its decomposition gives

/\1/612* (P () vQ (V)) = (/\uezg P (V))V(/\uezg Q (V))
(PWAQE) VY (P(2)AQ(1)).

If Sg,1, Sg,2 € ¢-S[Ty] are both g-T -open sets then A, ;. P (v) is true, and if they
are both g-T ;-closed sets then /\, ¢ ;. Q (v) is true. In these two cases, [, ¢/; Sqv €

g-S [‘Eg]. Because, in general, there does not necessarily exists g-%-set which is
simultaneously g-7 ;-open and g-7 ;-closed, both P (1) AQ (2) and P (2) AQ(1) are
untrue; thus, (),¢ps Sg & 6-S[Tg]. These prove the theorem. Q.E.D.

THEOREM 3.10. Let Sy C Ty be a Ty-set and let op, () € Ly [Q] be a g-operator
in a Tg-space. If Sy € g-S [‘Eg] , then
(3.5) (opg (Sg) € 8-S[F4]) V (—op, (Sg) € 8-S[T4])-

PROOF. Let S5 € g-S[T4]. Then, (S; C op, (Oy)) V (Sg 2 —op, (Kq)) for some
pair (Og,Kq) € Ty x T4 of Tg-open and Ty-closed sets relative to 74. Consequently,

op, (Sg) € opgoop, (Of) or mop, (Sg) 2 ~op, e op, (Ky). But, op,oop, (Of) €
op, (Og) and =op, omop, (Kg) 2 =op, (Kg). Thus, there follows that op, (S5) €
op, (Og) or ~op, (Sg) 2 —op, (Kg), and, hence, op, (S;) € g-S[Tq] or —op, (Sg) €
g-S [‘Eg], which proves the theorem. Q.E.D.
ProposiTION 3.11. Let S4 € g¢-S [‘Eg] in a Tg-space Ty and suppose the logical
statement

(3.6) (FRg C Ty) [(Rg € opy (Sg)) v (Rg 2 T opg (Sg))]

holds, then R4 € g-S [‘Eg].

PROOF. Let there exists a Ty-set Ry C Ty such that Ry C op, (Sy) or Ry 2
—op, (Sy). But Sy € g-S[Ty] implies op, (S;) € g-S[Ty] or —op, (Sy) € ¢-S[TF,).
Thus, Ry € g-S[T,]. This completes the proof. Q.E.D.

COROLLARY 3.12. Let Ty be a Tg-space. If g-S[T,] = g-0O[F,] U g-K[T,] denotes
a class of g-Tg-open and g-T4-closed sets, and S[T,4] = O[F,] UK[T,] denotes a
class of Tg-open and Ty-closed sets, then

(3.7) 0-8[Ty] 2 8-0[Tg] U g-K[Tg] 2 O[T] UK[T,] 2 S[T,].

An important remark should be pointed out at this stage.
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REMARK 3.13. The converse of the statement ”if S; € S[T,] then S; € g-S[Ty]”
is obviously untrue. Because, the negation of this statement gives
(Sq € 8[Ta]) A (- (Sy € 8-8[T4])),
which is an untrue statements.
THEOREM 3.14. Let Ty be a Tg-space. If Sy C %4, then
(3.8) Sy € g-S[T,] © (Sg S opg 0m0pgy (Sg)) V (Sy 2 ~opg oop, (Sy)) -
PROOF. Sufficiency. Let

(Sg C 0P, © 0P, (Sg)) V (Sg 2 —10p, © 0Py (Sy)) -
Then, the substitution of —op, (Sg) = Oy in the logical statement preceding v and
op, (Sg) = Kq in that following V gives (Sy C op, (Of)) V (Sg 2 —op, (Ky)).
Necessity. Let Sq € g-S[T,]. Then, (S5 C op, (Og)) V (S5 2 —op, (Kq)). Con-
sequently, substituting Oy = —op, (S;) in the logical statement preceding V and
Ky = opg (Sg) in that following V, the required logical statement at once follows,
which proves the theorem. Q.E.D. Q.E.D.

The class g-S [‘Eg] forms a g-topology on 2, which will be denoted by 7Ty s.

THEOREM 3.15. Let g-S[‘Eg] be a given g-class in a Tg-space T4. Then the one-
valued map Tg.s : g-S[‘Eg] — g-S [‘Eg] forms a g-topology on € in the Ty-space.
PROOF. By definition, (# =op,(#)) v (# =—op, (). Since, either op, (#) C
op, (Og) or =op, (#) 2 —op, (Kg) holds, where Oy, Ky C Ty, respectively, are
some Tg-open and Tg-closed sets in T, it follows that ! € g-S[T,] and, hence,
Tos (1) = 0.

Let Sy € g-S[T,]. Then, since g-S[T,] C ¢-S[T,], it follows that S is a superset
of Tgs (Sq). Hence, Ty (Sy) C S,.

Let Sg.1, Sg,2, ... be Ty-sets satisfying, for every v € 1%, Sy ... Then, there exist
classes {0y, € Ty ve I} and {Ky, € ~Ty: v e I’ }, respectively, of Tg-open
and 7g-closed sets such that

(UVEI;O ngl’ g Opg (UVEI;‘O Ogvl’)) v (UVEI;‘O ngl’ :—) _'Opg (UVEI;‘O ICEJ’))’

a relation established on the following expressions:

Uuelgo opg (Og) = opg (Uuelgo Ogw),
UVEI;O _'Opg (ICEJ’) = _'Opg(Ul/eI;o ICEJ’)'

Consequently, |, c;+ Sg € 8-S[T4], since |J
Uver: Og.v € =Ty is a Tg-closed set. Hence,

Tg-s (Uuelgo Sg,l/) = Uyezgo Tg-s (Sgv)-

These prove the theorem. Q.E.D. Q.E.D.

verr. Ogw € Tg is a Tg-open set and

An immediate consequence of the above theorem is the following corollary.

COROLLARY 3.16. Let a Ty be a Ty-space. Then the structure (Q,Tq.5), where
Ta-s: 8-S[T4] — 6-S[T4], is a Ty-space.
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To condense the set-builder notation describing the classes g-S [‘Eg] and then
classify it into sub-classes, predicates must be introduced, and the choice made is
to consider the so-called Boolean-valued functions on Ty x TgU~Tg x L4[Q] x{C, D},
the definition of which are given below.

DEFINITION 3.17. Let (Sg, Og,Kg) € Ty x Ty x =Ty and let op, (-) € L[] be a
g-operator in a Tg-space T4. The first two predicates

Po(Sg, Og;0pg (1); C) = (30g,0p, (+)) (Sg € 0pg (Og))
Py (Sg, Kgiopg (1):2) = (3Kq, 0pg () (S5 2 —opg (Ky))
Py (Sg, Og, Kgi 0, (-): S, 2) € Py(Sy, Ogiopy (-); C)
(3.9) V Py (Sg, Kqi0pg ()5 2)
are called a Boolean-valued functions on Ty x Ty U ~T x £4[02] x {C, 2.

In this respect, g-S[Tq] & {Sg C Ty 1 Py(Sg, O, K30, ()5S, 2) ). More-
over, employing the set-builder notations, the class of g-T4-open and g-Tg4-closed
sets, denoted by g-O [‘Eg] and g-K [‘Eg], respectively, may then be defined as thus:

DEFINITION 3.18. Let Ty be a 7g-space. The classes
g-0 [‘Eg] = {Sg C%y: Py (89709;01)9 (); Q)},
(3.10) oK[T] E {S T P (Sy:Kqi0pg ()5 2) 1,

respectively, such that g-S[T;] = ¢-O[T,] Ug-K[T,], denote the families of all
g-T4-open and g-T4-closed sets in T,.

It is interesting to demonstrate their usefulness. In this direction, let us prove in
a different way that g-T -set-theoretic operations is closed under arbitrary unions.

THEOREM 3.19. If {S,, € ¢-O[T,] : v € I} and {S,,. € g-K[T,] : v e I},
respectively, are finite collections of g-%g-open and g-T4-closed sets in a Tgy-space

Ty, then
U {¢e%: el (6 €S, €g0[T])} Co-0[T,],
el

(3.11) (N {¢eTy: (Wwel) (EeS,, € gK[T])} C oK[T,].
nely

PROOF. For every v € I}, there exist (Og,,Kq,) € Ty x =74 such that prop-
erties Py (7%,371,,(9,371,;0pg (); Q) and Py (Sg7l,,ng7l,;0pg (); I_)) hold for some pair
(Rgu,Sgu) € 3-0[%F4] x g-K[T,]. Consequently,

Py (UueI; Ry, UuEI; Ogvi0pg ()5 g) = \/ Py (Rg,w Ogvi0pg ()5 g)’

l/e[/j

/\ Pa(Sau:Kguiopg (-);2).

l/e[/j

Py (Uue; Sav Ul/e[/j Kgv; Opy () ; :_))
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12 KHODABOCUS M. I. AND SOOKIA N. U. H.

Hence, it suffices to set

Py (Rga Og;0py (); Q) = \/ Py (ng Og,v;0py (); Q),
l/e[/j
Po(Sg, Kg;0py ();2) = \/ Py(Sgw:Kguiopg();2),
VEI:
and the theorem is proved. Q.E.D. Q.E.D.

If in Py(Sy,04,Kg;0p, (-);C,2) it be assumed that (Og,Kg) € g-S[Ty] x
g-S[T,], we have the following theorem:

THEOREM 3.20. Let (Sy, Og,Ky) € Ty X Ty x =T in a Tg-space Ty. If (Og,Ky) €
g-0[T,] x g-K[T,], then
(3.12) {Sg C%y: Py (Sg,og,lcg? opg (1); G, :—))} cg-S [‘Eg]-
ProoOF. 1t is clear that

Py (Sg,og,lcg? 0Py (); S, :—)) =Py (SE’OE;Opg (); Q)

VPyg (Sg,lcg? Opq (); :—))’

and the Boolean-valued functions surrounding V hold on Ty x TyU=Ty x £, [Q] x {C
,2}. Consequently, the following two cases must be considered in proving the
theorem:

CASE 1. Let Pg(Sg,Og;opg (~);§) hold on Ty x TgU =T x Ly [Q] X {Q,I_)}.
Then, Sy C op, (O). But, Oy € g-O[Ty] and, consequently, Oy C op, (Oy,,) and
op, (Og) € opgoop, (Og,) € opg (Oy,v) for some Oy, € Ty, by the properties of
the g-operator. Hence, Py(Sg, Oy ,;0pg (+); C) holds on Ty x TgU—Tg x L4[Q] x {C
2}

CASE 1I. Let Py (Sg,ng;opg (); I_)) hold on Ty x T4 U —=Tg x Ly [Q] X {Q,I_)}.
Then, Sg 2 —op, (Kg). But, Ky € g-K[Ty] and, consequently, g 2 —op, (Kq,)
and op, (K£g) 2 =opyomop, (Kgu) 2 —op, (Ky,) for some Ky, € =7, by the
properties of the g-operator. Hence, Py(Sy,Kq50p, (+);2) holds on Ty x Ty U
T, % £,[0] x {<. 2},

From CASE 1. and CASE 11., it follows that

{Sg € Ty Py(Sy,Og50p, (1);C) } € 9-0[T,],
{Sg C %y Pg(Sg”Cg?Opg ()3 :—))} < Q'K[‘Sg]-

But, since g-S[T,] = g-0[F,] U g-K[T,], the proof of the theorem at once follows.
Q.E.D. Q.E.D.
The following theorem shows that the class g-S[T,], upon satisfaction of two
conditions, is the smallest class of g-Ty-sets in the T4-space Ty.
THEOREM 3.21. Let g—SO[‘Eg] = g-OO[‘Eg] U g-KO[‘Eg] be a class of g-T4-sets in a
Tg-space Ty such that the following two conditions are satisfied:
o I If (04,Ky) € g-0y[T,] x g-Ky[Tq] and Py(S,, Og,Kgi0p, (+): S, 2)
holds on Ty x g-0,[T4] x g-Ko[Ty] x L4[Q] x {C, 2}, then Sy € g-So[T]-
e 1. The relation Sy € S[T4] implies Sy € g-Sy[T]-
Then, g-S[T4] C g-So[T4] -
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PROOF. Let Sy € g-S[T;]. Then Py(Sy, Of,Kgi0p, (-);CS,2) holds on Ty x
O[%,] x K[T,] x £4][Q] x {C,2} for some pair (Og,K,y) € O[F,] x K[T,].
But, (04,K,) € O[%,] x K[T,] implies (O4,K,) € ¢-00[T,] x g-Ko[T,4] by
I, and the latter together with the trueness of Py («S',z,,(Q,:,,,IC,;,;opg (~);§,I_)) on
Ty X 800 [T4] x 9-Ko[T,] x L[] x {C, D} implies S; € g-So[T,] by 1. Thus,
9-S[T,] € 9-S0[%y], which completes the proof. Q.E.D. Q.E.D.

In the earlier discussion, the set Q@ C Y carried the g-topology 75 (). A g-
topology of this kind will be termed an absolute g-topology. To this end, if I' C Q is
any subset of ) then, obviously, we would expect I' to carry the g-topology 7 (I').
But, since 74 (I') € T4 (), as a consequence of the fact that 7y : P(I') — P (I")
is the one-valued restriction map of 7y : P (Q) — P (), which follows from the
statement, I' C Q implies P(I') C P (), it does make sense to term Ty (I') a
relative g-topology. In order to determine what any g-set-theoretic concepts for the
Tg-space Ty = (2, T4 (Q)) becomes when discussion is restricted to I' C €, it merely
suffices to regard I' as the set which carries the relative g-topology 7 (I') and carry
over the discussion verbatim.

DEFINITION 3.22 (T4-Subspace). Let T4 (£2) ef (Q,7T4 () be a Ty-space Ty, where

Q C Y carries the absolute g-topology 74 : P () — P (), and let P (I' def {04, C
': ve I;o} be the family of all subsets Og4 1, Oy 2, ..., of any subset ' CQof Q,
then every one-valued restriction map of the type

(3.13) To:P(L)— T, () € {0,NT: 0, €T, (Q)},

defines a "relative g-topology on I',;” and the structure T, (I') def (I, T4 (I')) is called
a ] g-subspace.”

THEOREM 3.23. Let Sy C T,(I') € T4(Q), where Ty4(1I') = (I, Ty (1) is the
Ta-subspace of a Ty-space Ty (Q) = (2, T (). If Sy € ¢-S[T,(Q)], then Sy €
g-S[Tq (1]

PROOF. If 8 € g-S[Ty ()], then Py(Sy, Oy, Kg;0p, (+); <, 2) holds on Ty () x
Ta () U=T, (Q) x Lg[Q] x {C,D}. Therefore, if Sy € g-S[T, ( )] then Py (SN
[,0,NnT, KgNT;0p, (+); S, 2) holds on Ty (') x Ty (M U—Tg (I') x L4 [['] x {c D}
But, since S, NI' = 8, € ¢-S[T, ()], O, NI = O, € Ty (), andlC NI =K, €
T4 (), it follows that Sy € g-S[T, (I')] whenever S, € g-S[T, ()], and the theorem
is proved. Q.E.D. Q.E.D.

DEFINITION 3.24 (Cartesian Product). The Cartesian product of an arbitrary fam-
ily {Q, C4: v eI} of sets is the set of functions ¢ : I} — UVEI* 2, such that
¢ v Q, for every v € I'. It is denoted by X Q, and satisfies the following
properties:

o1 X,_,Q=0Q, Yuel;

© I Xyep = (XueI; Q) x Quy1 Ypel: .

VEI*

The projection map which gives the projection of the Cartesian product set

Q,, onto the u*™ factor of X Q, is defined as thus.

l’el* velr


http://dx.doi.org/10.20944/preprints201806.0070.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 June 2018 d0i:10.20944/preprints201806.0070.v1

14 KHODABOCUS M. I. AND SOOKIA N. U. H.

DEFINITION 3.25 (Projection). Let {€, C 4{: v € I’} be any class of sets and let
X, cr+ §1 denotes the Cartesian product of these sets. The map

(3.14) proj,, : XVEI;‘LQV — (proju(xyelzﬂl,) = Qu)

is called the projection of the Cartesian product set X, ;. €2, onto the w1t factor
of Xy ep: Q.

To generate all Tg-open sets in a Tg-space T4, a basis B[Ty] for T5 must be
supplied, and the following definition is worth considering.

DEFINITION 3.26 (74-Basis). A subclass B[7, (€2,)] C T, (92,.) of T4-open sets in a

To-space Tg () < (Q,, T, (1)), defined by

(315) BTy ()] € {Oq iy + w0 (v, 1)) € Lo x {n} x I},

is said to be a base for 7y : P (Q,) — P (€2,) if and only if
v (WU (1) aOg,U(u)) € {M} X I3 % Tg (), oy © IS
(3.16) g0ty = Uver:

0 .
S W)

With regards to the terminology employed, B [Ty (Q,)] is called a 7;-basis and
its elements, B, -open sets, because they are 7g-open sets of 7g : P (Q,) — P (€,).
With regards to the definition itself, an immediate consequence follows. By the

relation O 5,y = Uyel*( )Ogﬁ(y#), is meant, for every (v, u,o (p),o (v, p)) €
o(w

I;(M) X I:L X I;o X Iio’ that Og,a(u,p,) & B[,Tg (QH)] and OEJ(H) S 7-9 (QH) in the
relation Oy 5(,) = UVEI;(H)OEJ(V#)’ where B [Ty (€,)] and Oy ;) € T4 () are
given by

projo, : Xyep: B [Tq ()] = B[Tq (2a)],
(3.17) Droj : Xuer, Ta (%) = T3 () Va € I,

respectively. To this end, a Cartesian product topology (Cartesian 7g-product) is
one that having for Tg-basis all Br,-open sets of the form proj, ' (O +(,.)), Where
Og,0(v,) € B[Tg ()] for every (v, .0 (v, 1)) € 17, x 1 x I5,. Therefore, in order
to define a Cartesian product 74-space, it suffices to take the above descriptions into
account and postulate a proper definition on this ground. The following definition
presents itself.

DEFINITION 3.27. Let {T; (€2,) def (,,Tg(Q,)) : pell} beaclass of n > 1
Tq-spaces and, for every p € I, let Tgq, : P(Q) — P(£,) be the g-topology

for Ty (€2,,). The Cartesian 7g-product e perr Tg (€4) on the Cartesian product

def
set & = Xere

following class:

def .
B [7:3 (Q)] = {proJul(OgJ(l&M)) : 0970(1’#) eB [7:3 (Qu)]
(3.18) V(v 0 (V) € Iy X Iy X I3}

€, is that having for 7g-basis all Br,-open sets belonging to the

The structure T4 () def (Q,Tq (1)) is called a ”Cartesian product 7j-space.”
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The fact that Og ;0. € BTy ()] and Oy o) € Ty (€2,) hold for every
(v, p,0 (), 0 (v, p)) € I3y X Iy x A5, x I3, makes it reasonable to write

XueI;Ogﬁ(u) € Xueljj:s (Qu)a

(3.19) Xuer;, (UveI;(H)OgJ(V,u)) = U (XaeI;Ogﬁ(Vaﬂ))
76><Oéel,;;[:'(a)
€ Xuer: BTy ()],

£ . .
where 7 (v1,v2,...,vy) and, for every o € IF, v, € I;(a). An immediate
consequence of such relation is contained in the following lemma.

LEmMA 3.28. IfTg - Q(Q) — Q(Q) s a one-valued map on the Cartesian product
set & = X, cp« Qu, where

Q(Q) déf {097‘7 = U (Xaelﬁogvg(l’avo‘)) :

UEXQGI;I*

o(e)

(3.20) Og.0 € Xpuer:B[Tq (Qu)]},
then Tg : Q(Q) — Q(Q) is a g-topology on the Cartesian product set X, ¢ Q.

PeXaep 1o, Koer; Oaotam)- Since Ogoiv,,a) € Tg ()
for every (vq, o, 0 (Va, ) € I3 oy x Iy x 15, it is evident that Og,, = { only if, for
every (Vo, o, 0 (Vo)) € I;(a) X Ii % 17, Og 5(ve,0) = 0. Thus, Tq (0) = 0.

PrOOF. Let Oy, =

Let Oy, = Ul_}exae[;[;(a) (xae,flow(,,w)). Then, since Q () C Q(Q), it
follows that Oy, is a superset of T4 (€2). Thus, 74 (04 ») C Oy .
— — R
Let v = (11,...,v,) and & = (K1, ..., K,), and consider
Og0 = U (Xacr: Ogova,a))-
7e><aeljllc*f(a)
Ogr = U (XBeI;Ow(wﬁ))-
KeXgers I
= . def "
Further, let us assume that 7= (v1,..., Vs, K1,. .., Kn), HU(Q) = Xael*lg(a), and
* def *
HU(B) = XBEI;‘LIT(B) Then
Oge UOgr = U ( X Og,a(vaﬂ)) U ( X OEJ("Bﬁ))
> pery eIy
neﬂz(a)x]lz(ﬂ)
Thus, T4 (O UOg ) C Tg(O4.6) U Ty (Of.7). This completes the proof of the
theorem. Q.E.D. Q.E.D.
THEOREM 3.29. Let T431(Q), Tg2(Q), ..., Tgn () be n > 1 Ty-spaces and let

T () €of X,er Taw () be the Ty-space product. If the relation (Sg1,...,Sgn) €
Xyers 85 [T4,0] holds, then Xyer: Saw € g5 [Xuel;; Ty ().
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Proor. For every o € I}, let

OPg 120 (1) = (Opg,12~~a (‘) ;7 0DPg 19..0 () € Lga2.0[9]
denotes the g-operator in X, ;. Tq, () and, for every v € I}, let (Sq,., Og,0, KCg,u) €
9-S[T4] X Ty X =Tg,. Then,
Opg,12~~~n (XVEI;‘L OEJ’) = XVEI;; Opg,u (OEJ’)’
_'Opg,12~~~n(><l/61;‘L ICEJ’) = XVEI;; _'Opg,l/ (ICEJ’)'
On the other hand, for every v € I, the logical statement
(Sg,v C opg,, (ng)) v (Sg,v 2 7opg, (’Cg,u))

holds in T,,. Consequently,
Xyer: ((Sgw S 0Py, (Og)) V (Sgw 2 20y, (Og 1))
= ((Xoer: So € Xperr 0Pg0 (Og)) V (Xpers So 2
Xyers 70Pg (Kgw)))
= ((Xver Sow S oPg 120 (Xper: Ogw)) V (Xyep: Sa 2
=0Dg 12, (Xper; Kaw)))-
Therefore, the Boolean-valued functions
Po(X,er: SawvsXpers Qg Xpers KowioPg 12 () S, 2)

holds on g-S[Ty] x Ty x =T X Lg12..[?] x {C, D} and, hence, it follows that
X, ere Sow € 8-G[X, e Ty, ()], which completes the proof.  Q.E.D.  Q.E.D.

The categorical classifications of T-sets and g-T-sets in the T-space T C T and,
Tg-sets and g-Tg-sets in the T -space Ty are discussed and diagrammed on this
ground in the next sections.

4. DISCUSSION

4.1. CATEGORICAL CLASSIFICATIONS. Having adopted a categorical approach in
the classifications of g-T4-sets in the Tg-space T4, the twofold purposes here are
to establish the various relationships between the classes of Tg-open and T4-closed
sets and the classes of g-Tj-open and g-Tj-closed sets in the 7j-space T, and to
illustrate them through diagrams.

We have seen that, S[T,] C g-S[T,]. But, S[T,] = O[F,] U K[T,] and
g-S[T,] = 9-0[T,] Ug-K[T,]. Consequently, O[‘E |, K[%,] C S[T,] and g-O[F,],
o-K[T,] € o-8[T]: O[T,] € 0-0[T,] € 0-5[T,] and K[Ty] € g-K[T,] C o-5[T]-
In F1G. 1, we present the relationships between the class S[T,] = O[T,] UK[T,] of
T ,-open and Tg-closed sets and the class g-S[T,] = g-O[T,]Ug-K[T,] of g-T4-open
and g-T4-closed sets in the 7g-space Ty.

It is plain that g-v-O[%] C g-O[%] and g--O[%T] C g-»-0[F,] C g-O[F,]
for every v € I9. Moreover, it is also clear that, g-2-O[%] C g-3- O[ | and
g-0-0[T] C g-1-0[F] C ¢-3-O[F], and g-2-0O[T,] C ¢-3-O[F,] and g-0-O[F,] C
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g-S [‘Eg] - g-0[%,] <€ O[%]
K [T, <€ K ([T, > S[T]

FIGURE 1. Relationships: classes of T4-sets and g-T;-sets.

g-1-0[T,] C ¢-3-O[F,]. In fact, for every Ty-set Sy C T, the relation intg (Sg) C
clgointy (Sg) C clgointg ocly (Sg) 2 intg o clg (Sq) holds. Consequently,

(41) 0Py (Sg) S 0Py 1 (Sg) S 0Py 3 (Sa) 2 0Py (Sg) VS C Ty

In Fic. 2, we present the relationships between the class g-O[Tq] = |, 10 8--O [T,]
of g-Tg-open sets of categories 0, 1, 2 and 3 in the 7Ty -space T, and the class
g-O [‘E] =U,e I g-v-0 [‘E] of g-T-open sets of categories 0, 1, 2 and 3 in the 7-
space T C Tg.

FIGURE 2. Relationships: classes of g-%T-open sets and g-%4-open sets.

It is plain that, g-V-K[‘E] - g-K[‘E] and g-V-K[‘E] - g-V-K[‘Eg] - g-K[‘Eg]
for every v € IJ. Moreover, it is also clear that, g-2-K[T] C ¢-3-K[Z] and
g-0-K[T] C ¢-1-K[T] C ¢-3-K[T], and g-2K[T,] C g-3-K[F,] and g-0-K[T,] C
g-1-K[T,] C g-3-K[T,]. Because, for every Ty-set Sy C T4, the relations clg (Sy)
intg ocly (Sg) 2 intgoclgointy (Sg) € clgointy (Sy) holds. Consequently,

(4.2) —0py o (Sg) 2 70pg 1 (Sg) 2 70pg 3 (Sy) € —0pg 5 (Sg) VS €Ty

In F1G. 3, we present the relations between the class g-K[Tg] = [, ¢ o oK [T,]
of g-T4-closed sets of categories 0, 1, 2 and 3 in the Ty-space T4, and the class
o-K[T] = U,e 19 8K [Z] of g-T-closed sets of categories 0, 1, 2 and 3 in the
T-space T C T,.

As in the papers of [7], [16], [25], and [41], among others, the manner we have
positioned the arrows is solely to stress that, in general, none of the implications
in Fi1Ggs 1, 2 and 3 is reversible.

At this stage, a nice application is worth considering, and is presented in the
following section.

1

d0i:10.20944/preprints201806.0070.v1
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\\

gOK[‘E]——»glK[‘I]—»gSK J<—g-2K[T

! P T

gOK[‘E]——>glK ——-»gSK | <— g-2K[T

N

FIGURE 3. Relationships: classes of g-T-closed sets and g-T4-
closed sets.

4.2. A NICE APPLICATION. Concentrating on fundamental concepts from the stand-
point of the theory of g-T;-sets, we shall now present a nice application. Let £} =
{¢, : v €I;} denotes the underlying set and consider the Tj-space T, = (2, 7,),

where
7-9(9) = {®7{£1}7{53754}7{51753754}}
(4.3) = {0971,09,2, 0973,0974},
_‘7-9 (Q) - {97{52753754755}7{51752755}7{52755}}
(4.4) = {ICQ71,ICE72,ICE73,ICQ74},

respectively, stand for the classes of Tg-open and 7g-closed sets. Since condi-
tions Ty (0) = 0, Tg(O4.) C O, for every v € I;, and E(UVEIZ Ogp) =
Uuelz Ty (Og,) are satisfied, it is clear that the one-valued map 7, : P(Q2) —

P({& : v € 1I:}) is a g-topology. Furthermore, it is easily checked that, Oy, €
g-v-0[%] for every (v, pt) € I3 x I;. Hence, the T -open sets forming the g-topology
Tg : P(Q) = P(Q) of the Ty-space Ty = (Q,7T,) are g-T-open sets relative to the
T-space T = (Q,T).

After calculations, the classes g-v-O [‘Eg] and g-v-K [‘Eg], respectively, of g-%4-
open and g-T4-closed sets of categories v € {0, 2} then take the following forms:

g'V'O[‘Eg] = 7-QU{{53}7{54}7{51753}7{51754}};
g'V'K[‘Eg] = _'7-9 U {{52754755}7 {517527 537 55}7
(45) {51752754755}7 {52753755}} Ve {0’2}

On the other hand, those of categories v € {1,3} take the following forms:
gv-0[%,] = T,u{0g: O € P\ Ty}
(4.6) g-K[T,] = Tau{Ky: KgeP()\ T} Vrve {1,3}.

The discussions carried out in the preceding sections can be easily verified from
this nice application. The next section provides concluding remarks and future
directions of the theory of g-T4-sets discussed in the preceding sections.
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4.3. CONCLUDING REMARKS. In this chapter, we developed a new theory, called
Theory of g-%4-Sets. In its own rights, the proposed theory has several advantages.
The very first advantage is that the theory holds equally well when (2, 75) = (Q,7)
and other features adapted on this basis, in which case it might be called Theory of
g-%-Sets. Hence, in a Tg-space the theoretical framework categorises such pairs of
concepts as g-Tg-open and g-T;-closed sets, g-T-semi-open and g-T;-semi-closed
sets, g-T4-preopen and g-T4-preclosed sets, and g-Ty-semi-preopen and g-Ty-semi-
preclosed sets as g-T4-sets of categories 0, 1, 2, and 3, respectively, and theorises
the concepts in a unified way; in a T-space it categorises such pairs of concepts as
g-%-open and g-T-closed sets, g-%-semi-open and g-T-semi-closed sets, g-T-preopen
and g-T-preclosed sets, and g-%-semi-preopen and g-T-semi-preclosed sets as g-%-
sets of categories 0, 1, 2, and 3, respectively, and theorises the concepts in a unified
way.

It is an interesting topic for future research to develop the theory of g-%4-sets of
mixed categories. More precisely, for some pair (v, ) € I§ x I{ such that v # y,
to develop the theory of g-%;-open sets belonging to the class {Og =04, U0,
(Ogvs Og ) € g-v-0[T,] x g-1-O[T,4] } and the theory of g-T ;-closed sets belonging
to the class {Ky = Ky, UKy, (Kgu,Kg ) € g--K[Tg] X g-p-K[T,] } in a Ty-
space Ty, as [2] and [6] developed the theory of b-open and b-closed sets in a 7 -space
T. Such two theories are what we thought would certainly be worth considering,
and the discussion of this chapter ends here.
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