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Abstract: Hamacher operation which is generalization of the Algebraic and Einstein operation, can
widely provide a large number of arithmetical operation with respect to uncertainty information,
and Heronian mean can deal with correlations of the input arguments or different criteria and
don’t make calculation redundancy, meanwhile, the normal intuitionistic fuzzy numbers (NIFNs)
can depict distinctively normal distribution information in practical decision making. In this paper,
a multi-criteria group decision-making (MCGDM) problem is researched under the NIFNs
environment, and a new MCGDM approach is introduced on the basis of the Hamacher operation.
Firstly, according to Hamacher t-conorm and t-norm, some operational laws of NIFNs are
presented. Secondly, it is noticed that Heronian mean can’ t only once take into account mutual
relation between attribute values once, but also consider the correlation between input argument
and itself. Therefore, we develop some operators and study their properties in order to aggregate
normal intuitionistic fuzzy numbers information, these operators include Hamacher Heronian
mean (NIFHHM), Hamacher weighted Heronian mean (NIFHWHM), Hamacher geometric
Heronian mean (NIFHGHM) and Hamacher weighted geometric Heronian mean (NIFHWGHM).
Furthermore, we apply the proposed operators to the MCGDM problem and present a new method.
The main characteristics of this new method involve that: (1) it is suitable to make decision under
the normal intuitionistic fuzzy numbers environment and more reliable and reasonable to
aggregate the normal distribution information. (2) it utilizes Hamacher operation which can
provide more reliable and flexible decision-making results and offer an effective and powerful
mathematic tool for the MAGDM under uncertainty. (3) it uses the Heronian mean operator which
can considers relationships between the input arguments or the attributes and don’t brings
subsequently about redundancy. Lastly, an application is given for showing the feasibility and
effectiveness of the presented method in this paper.

Keywords: Normal intuitionistic fuzzy numbers; Heronian mean; Hamacher t-conorm; Hamacher
t-norm

1. Introduction

In multi-criteria group decision making, because a lot of problems are uncertain or fuzzy, the
value of input argument is not real number at times and may be more effectively described as fuzzy
value. Zadeh's fuzzy set (FS) plays an important role to deal with fuzzy number information [1], and
the FS theory has been a good tool which is suitable to various fields including decision analysis,
machine learning, information retrieval, etc.

However, the FS theory only defines a membership function in domain of discourse, so it is
very difficult to comprehensively describe the vagueness and uncertainty of the objective elements
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44 in the real society [4]. The intuitionistic fuzzy set (denoted as IFS) theory was given [3], which
45  involves a non-membership function besides a membership function. Recently, the IFS theory has
46  been widely applied to the decision-making field. Xu [2] and Yager [5] presented respectively some
47  aggregation method under intuitionistic fuzzy number circumstance to settle MCGDM problem.
48 Atanassov [7] and Gargov [6] extended the IFS to the interval-valued intuitionistic fuzzy set
49  (denoted as IVIFS). Xu and Yager [8] proposed a new measure method of the similarity in regard to
50  the IVIFSs for solving the decision-making problem. Tan and Zhang [9] gave a new TOPSIS
91  approach which can resolve the decision-making problem with IVIFNs. Wang et al. [10] utilized the
52  prospect value function and introduced a score method which can settle the MCGDM problem
53  under the IVIFNs environment. Gomathi Nayagam et al. [11] defined an accuracy function of the
54 IVIFNs. Fuzzy number intuitionistic fuzzy set (denoted as FNIFS) theory was proposed by Liu and
55 Yuan [14]. Some basic operational laws were defined and the relationships among the FNIFES, the IFS
56  and IVFS were discussed. Shu et al. [13] proposed the triangular intuitionistic fuzzy numbers
57  (TrilFNs) and presented the operational rules which are utilized to the fault-tree analysis. Lin et al.
58  [12] introduced some prioritized aggregation operators under the FNIF circumstance. Furthermore,
59  they gave an approach to deal with fuzzy number intuitionistic fuzzy MCGDM problems. Wang [15]
60 extended the TrilFNs and originally defined the TrilFNs and IVTrilFNs. The trapezoidal
61 intuitionistic fuzzy numbers (TralFNs) [38,44,48-50,55] are the other form of the IFNs. Some
62 MCGDM process are studied for the TrilFNs or TralFNs information [36,43,45,51-54,56].

63 In the reality of social life, a lot of social and economic phenomena conform to normal
64 distribution, such as random measurement error, average annual rainfall in a region, etc. Yang and
65 Ko [16] proposed the concept with respect to the normal fuzzy numbers (NFNs) which are very
66  suitable to depict the normal distribution information. Wang et al. [17, 18] gave the definition of the
67  NIFNs, and they introduced some operations and score function of the NIFNs. Some MCGDM
68 problems are discussed in order to deal with NIFNs information [35,37,43], and some new operators
69  were developed. Nevertheless, these aggregation operators only concern the impact of input data
70  and ordered result, and they cannot present the interrelationship of input data. Some normal
71 intuitionistic fuzzy Bonferroni mean operators were proposed by Liu and Liu [19] for describing the
72 correlation of input data. Bonferroni [23] was originally proposed Bonferroni mean (BM) in 1950
73 which considers the mutuality of attribute values [21]. The BM operators were studied with respect
74 to the circumstance under which the attribute values may be other types, such as IFNs [21,47],
75  IVIFNs [22], HFNs [20] and NIFNs [19].

76 Compared with Bonferroni mean, Heronian mean (denoted as HM) [24,40,46] is another
77  aggregation technique which can also depict the relationship between aggregated arguments
78  objectively. From Bonferroni mean and Heronian mean, the BM mainly indicates correlation
79  between any pairs of criteria ¢, and ¢; (i#j). However, the correlation between ¢, and ¢; is

80  equal to the correlation between ¢, and ¢, (i#j). In other words, the BM operator takes it into

81  account twice and it generates subsequently the redundant calculation. Furthermore, it ignores the
82 correlation between criteria ¢; and itself. Although the HM operator owns similar structure to the
83  BM operator, it can solve the stated two problems of the BM operator. At present, the HM has been
84  applied to aggregate the input information with the IFNs [25], the IVIEN [27] and the hesitant fuzzy
85  set (HFS) information [26].

86 However, the HM is not applied to aggregate the normal intuitionistic fuzzy number (NIFN)
87  arguments. From above, all mentioned operators only consider the algebraic operation of the IFNs,
88  hesitant fuzzy set (HFS), IVIFNs or NIFNs where the algebraic product and sum are important and
89  they can define union and intersection of the NIFNs, IVIFNs or HFS. In conclusion, a generalized
90  t-conorm and t-norm can simulate union and intersection between the IFNs or IVIFNs [28, 29].
91  According to Archimedean t-conorm and t-norm, Xia et al. [28] generalized the Hamacher and Frank
92  operational laws and presented some operational laws of the IFNs. Furthermore, they introduced
93  the weighted average and geometric operator for intuitionistic fuzzy MCGDM problem. Because
94 these operators do not integrate the weight of the attribute and order, they can’t be utilized to
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95  IVIFNs. Wang and Liu [30, 31] applied Einstein operation to develop some operators including the

96  IFEOWG, IFEWG, IFEOWA and IFEWA.

97 Hamacher operation generalizes algebraic and Einstein operation and plays an important role

98  in studying aggregation method for the MCGDM problem [32,42]. Hamacher operation has been

99  applied to aggregate the IFNs information, IVIFNs information [19, 33] or hesitant fuzzy information
100  [26].
101 From the above analysis, we notice that there is no method proposed for aggregating NIFNs
102  with respect to Hamacher operation and considering the interrelationship between normal
103  intuitionistic fuzzy arguments at the same time. Therefore, in this paper, Hamacher operation is
104  extended to the normal intuitionistic fuzzy number, and some normal intuitionistic fuzzy Heronian
105  mean operators are introduced. These operators are based on Hamacher operation that can extend
106  the choice scope of decision-makers and significantly investigate some generalized normal
107  intuitionistic fuzzy HM operator.
108 This paper will be presented: In Section 2, we review the normal intuitionistic fuzzy number,
109  Hamacher operation and Heronian mean operators. In Section 3, we establish Hamacher operational
110 rules and their characteristics with respect to the normal intuitionistic fuzzy numbers, furthermore,
111  we propose the normal intuitionistic fuzzy Heronian mean operators based on Hamacher operation
112 of NIFNs, and discuss some properties of the developed operators. According to the new Hamacher
113 operations, the geometric Heronian mean is extended to the NIFNs and its weighted version is
114 presented in Section 4. In Section 5, we utilize new operators to make a MCGDM procedure for the
115  NIFNs information and present the decision making steps. In Section 6, an application is introduced
116  to show new approach and the evidence of practicality and effectiveness. In Section 7, we make a
117  conclusion and present some remarks.

118 2. Preliminaries

119 Some notion and operational rules with respect to NIFNs are introduced, and the definition of
120  Heronian mean operator is given.

121 2.1. Normal intuitionistic fuzzy number

122  Definition 1 [16]. IfR is a real number set, and x,a,0 € R , A=(a,o) is a normal fuzzy number

123 (NFN) whose membership function is presented:

124 A(x):e{%) ,0>0 1)
125  Definition 2 [18]. If X is a finite nonempty set, a normal intuitionistic fuzzy number (NIFN)
126 A= <(o¢,0), Ua, 0 A> is defined in the following, where 1, and v, are respectively the membership and

127  non-membership function, and they satisfy 0<pu, <1, 0<v, <1, 0<p, +v ,<1.

2
x—a

128 i (x)= [uAe{Tj ,xeX ()

129 V4 (x)zl—(l—vA)ef[%} ,xeX 3)

130  Compared with the classical IFNs, the non-membership function of the NIFNs can more
131  comprehensively capture the fuzziness and uncertainty of objects. From the definition of NIFNs, its
132 universe of discourse expands from discrete to continuous, and it can effectively describe a large
133  number of normal distribution under the socioeconomic environment. In the following, some
134  operational rules of the NIFNs were defined in [18].

135 Let Ai:<(ai,ai),yi,vi>,i:1,2,and A:<(a,o),y,v>, y>0,A>0, then
136 Al @Az :<(0(1 +a,,0, +(72)/[U1 +F‘2 _[U1[~1210102> (4)

a3

o} o3
137 A®A, =(| mon, e, [—+— |, b, 0y +0, =00, @)


http://dx.doi.org/10.20944/preprints201805.0296.v1
http://dx.doi.org/10.3390/sym10060199

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 May 2018 d0i:10.20944/preprints201805.0296.v1

4 of 51

138 A4 =((aa,0)1~(1-p)" ") ©)
139 At = <(oﬂ ,/\%a“a),w ,1—(1— v)/\> 7)
140  The score and accuracy function with respect to NIFNs were given as follows [18]:
141 S (A)=a(ps—v4), S:(A)=0(us—04) ®)
142 H,(A)=a(u.+v,), H,(A)=0 (. +0,) ©)
143 Inorder to rank any two NIFN, the following method was introduced by Wang and Li [18].
144 (M)If S (A)>S(A), then A > A,
145 @) If 5, (A)=5(A.),and H,(A)>H (A), then A >A,
146 ®)If S (A)=S(A,) and H,(A)=H,(A,), then
147 If S,(A)<S,(A,) then A >A,
148 If S,(A)=S(A,) and H,(A)<H,(A) then A >A,
149 If S,(A)=S(A,) and H,(A)=H,(A) then A =4,
150  2.2. Hamacher t-norm and Hamacher t-conorm
151 In FS theory, t-conorm (T°) and t-norm (T ) play an active role in the generalization of
152  intersection and union of fuzzy sets [34, 35].
153  Definition 3 [34]. If A and B are IFSs, then the union and intersection of A and B are expressed:
154 AUy B={(x,T (0 (x), s (1)), T (04 (x) 00 (x)) x € X] (10)
155 ANy B={(x,T(pa (), 410 (3)), T (04 (x) 00 (x))) < X] a1
156  Hamacher defined the Hamacher t-norm and Hamacher t-conorm [10]:
157 T, (x,y)= ard ,7>0 (12)

' ( y) y+(1—y)(x+y—xy) Y

* _xty—xy—(A-y)xy
158 T (x,y)= T ,7>0 (13)
159 Especially, when y =1, Hamacher t-norm and Hamacher t-conorm transform into the
160  Algebraic t-norm and t-conorm:
161 T(xy)=xy, T (x,y)=x+y—xy (14)
162 If y=2, Hamacher t-norm and Hamacher t-conorm are respectively equal to the Einstein
163  t-norm and t-conorm [20].

- *y . _Xty

164 T(x,y)= T0)(1y) T (x,y) ey (15)

165  2.3. Heronian mean

166 Definition 4 [24]. Letai(i :1,2,---,n)eR, which is greater than zero. The Basic Heronian mean
167  (BHM) is defined as follows:

A )

169 Based on the BHM, Yu and Wu [32] extended the BHM to a more generalized form by
170  introducing two parameters p and g, and they proposed the geometric Heronian mean [34].

171  Definition 5 [32]. Letp,g>0and 4, € R,a; >0 (i =1, 2,---,n), then the Heronian mean(HM) operator
172  is defined as follows:

168 BHM (a,,a,,-,a,) =
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=
=

173 HM”'q(‘ll/ﬂz,"',Ilw):{ (2_’_1)22’1?”?}“1 17)
n(n i1 j=i

1
174 1is easy to notice that the HM reduces to the BHM whenever P=49= 5
175 Definition 6 [32]. 1f 7,9 >0 and P,q are not equal to zero at the same time, @ €R, 2,20, i=12,-,n,
176  then the geometric Heronian mean (denoted as GHM) has the following form:

1 (. 2
177 GHMp,q (ﬂl,ﬂz/“‘ran) = m(ill;[i(pui +qaf )7’(""‘1)) (18)

178 3. Normal intuitionistic fuzzy Hamacher Heronian mean operator and its weighted form

179  3.1. Hamacher operational laws of the NIFNs

180 From Definition 3, Hamacher t-norm and Hamacher t-conorm, Hamacher intersection and sum
181  between NIENSs are introduced.
182 Suppose that A,»:<(oc,~,a,~),y,»,v,»> i=12, A=<(a,o),y,v> , >0 A>0 . The Hamacher
183 operational laws of the NIFNs are presented as follows:
p e =gy = (1=y ) e 0,0,
184 AP, A = 19
L <(a1+a2,al+az), 1-(1-y) /7/+(1—y)(v1+vz—vlvz)> 49
1 1 _ gt o} Ll vl+v2—vlvz—(1—y)vlv2
85 A ®, A, <{a1a2,a10c2 p + p J,)/+(1—)/)([J1 o —M{JZ), 1—(1—7/)0102 (20)
1+(y-1)u) —(1-pn)'
186 AA=( (Aa,A0), 1+ 2“) (-s) -, w 1)
(1+()/—1)y) +()/—1)(1—y) (1+(y—1)(1—v)) +()/—1)v"
A A
1 1 -1 —(1-
187 A= (a",)\ioﬂ'laj, 4 (b 30) 1=0) A 22)
(1+(r=1)(1=p)) +(r=1)u (1+(y-1)o) +(y-1)(1-0)

188 Furthermore, according to Definition 3 and the properties of Hamacher t-norm and t-conorm,
189  the above operation results are all NIFNs. Especially, when 3 =1, the above operational rules
190  reduce to the operational laws of Definition 2. Therefore, the Hamacher operational laws of NIFNs
191  extend the Algebraic operational rules of NIFNs.

192 Theorem1.If A = <(cvi,ai),y,,vi> i=1,23, A= <(a,o),y,v> and y>0,A>0,A, > O(i = 1,2) , then

193 A®, A=A, A (23)
194 A ®, A=A, ®, A, (24)
195 (A®y A)®y A=A @, (A @y A) (25)
196 (A ®y A)®, A=A ®, (A, ®, A,) (26)
197 AA @y A)=(AA)®, (AA,) (27)
198 (LA)®, (LA)=(A+1,)A (28)
199 AN ®, A = Alrh) (29)
200 Al ®y A =(A®, A) (30)
201 (A" = A (31)
202 A(ALA)=(AA)A (32)
203  Proof.

204 (1) In light of the operation laws of NIFNs, the Equations (23) and (24) hold.

205 (2) For the Equation (25)
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(A, A)®, A =
ty + o — s —(1—)/)#1[Jz V10,
<(C¥1+0Cz/01 +C72), 1—(1—’}/)‘[11[[12 ’)/—1-(1—7/)(2]1+Uz—U1U2)>®H<(a3,03),y3,’03>
3 3 : 1+ 7/_1 i _ﬁ 1—‘Ll,- Vﬁvi
N (;af’;ai)' n iﬂ( ( ) ) H(n ) '3 = 5
=R g(1+(y_1)y,.)+(y—1)g(1—y,.) g(1+(y—1)(1—v,-))+(y—1)glvi
A®,(A®, A)=
o + 1 — phapts = (1= ) papts 0,0, >
ay,0y ), th, 0 ) Oy { (@ +a5,0, +03), ’
<( ) > ( ) 1-(1-y)apts y+(1-7)(0: +v, —0,0:)
(31 0) LD 0w /e
= i, 2.0 |, BN '3 - 3
== E(1+(7/_1)”")+(7/_1)g(1_”") g(1+()/—1)(1—v,-))+()/—1)Evi

Therefore, the Equation (25) holds.

(3) It is easily noticed that the Equation (26) has the same characteristic as the Equation (25),
thus the proof of the Equation (26) is omitted.

(4) For the Equation (27)

= =
<(A(al+az)a<al+oz>),z (G- MHO-8) e >
N+ =) +(r-)00-w) 1O1+(y=-1)(1-2)) +(y-1)Ie!
(/\Al)@ﬂ(/\Az)—<(/\al,/\ol), (H(y_l)f“)‘_(l_”ly yor >
(1+(r-1)w) +(r=1)(1-w) (1+(r-1)(1-2)) +(y-1)o;
@H<(M2 U T (T o >
(=) +(r-1)(1-) (1+(r-1)(1-2.)) +(r-1)o
<(A<al+az>,A(al+az>)q Ur-9e) R0 IS >
H(1+(y-1)u) +(y-DO-w) TO(1+(y-1)(1-2)) +(y-1)Ie!

Therefore, the Equation (27) holds.

(5) It is easily noticed that the Equation (28) has the same characteristic as the Equation (27),
thus the proof of the Equation (28) is omitted.

(6) In view of the Equation (29)

(1+(r-1)o) -(1-2)' >

AN @, Av = (a"l,)\%aﬂl'loj, yie = , = T
(1+(y-1)(1-p)) +(y-1u (1+(y-1)0) +(y-1)(1-0)

. N 1+(v=1)0)" =(1-0)"
R [ah,/\iah-lgj, yH _ ) ( +(V lv) ( 0) .
(1+(r-1)(1-p)) +(r-1u= (1+(y-1)o) +(y-1)(1-0)
_ [a/\1+AZ,aA1+Az\/Ala“ﬂaz R A2 J’ ]/le‘um I §(1+(y—1)v)/‘: —Q(l—v)A’
a @t (1 (y=1)(1-p)) + (-t T+ (y=1)0) +(y-1)11(1-0)"
e (1+(y-1)0) -11(1-2)"
_ (a"%,wl”‘z (Al_,_/\z)a-zo-z)l . yizlyl\l . - ,-:1( (7/ 3’ ) i:1( i ) _
(14 (y=1)(1-p)) + (=) 11+ (r=1)o) +(y-1)I1(1-2)"

d0i:10.20944/preprints201805.0296.v1
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242

243
244

245

246
247

248

= <(“A1M2/(/\1+/\z )% a/\1+/\z-10), -
Therefore, the Equation (29) holds.
(7) For the Equation (30)

]_[(1+()/—1)(1—7‘u))m +(y—1)!j‘u“ ’!j(l;(y—l)v)m +(y —71)!?(1— v)AZ

Al ®, A} = <(a]",/\;al“ol), yH - , - A>
(1+(r=1)(1-w)) +(r=-Dut (1+(r-Do) +(y-1)(1-2))

®y <(a2%/\;az“azj, Vi - , - -
(1+(r=1)(1-p)) +(r-1’ (1+(y=1)2.) +(y-1)(1-2:)

)

d0i:10.20944/preprints201805.0296.v1

[ \//\aluzo-lz Aa,220,2 ] '}/ﬁ[-ﬁ lj(l-F(')/—l)vi)/\ _li(l—vi)/\
={ | m'at, o'y o + o sy = 7 v 3 —— 1
“ (1 (y=1)(1-p)) + (=D TI(1+(y=1)o) +(y-1)II(1-2)

ygy? ﬁ(u(y—l)v,.)A—Q 1-9,)

= [al"azﬁ,/\ialﬁazﬁ a—i+a—2§}, > T 2 : By 2
& g(1+(y—l)(1—ui)) +(y -1 g(1+(y—l)vi) +(y-1 E(l—vi)

I
(A®,A) = [aa e 0_+0_J thtt o 0. v ~(1-y)oe. |
1 H 2 - 1“2, 4102 7 7
ai a3 y+(1—y)(y1+y2—yly2) 1—(1—)/)01222
_ [WWA;““&“&“ 0'12+(722J Vﬁy;‘ ﬁ(1+(7—1)vi)A_ﬁ(1—v,.)A
ot o (1 (y=1)(1-w)) + (=D 11+ (r=1)0) +(y-1)11(1-0)
2 2 A 2 A
i [0‘1/\052'\//\;051A062A G_lz+a_22]’ 2 yg‘u’A/\ 2 72 g(1+(y_1)Avi) _g(lz_vi)
a? @’ g(1+(y—1)(1—yi)) +(y—1)gy;\ g(1+(y—l)vi) +(y—1)g(l—v,»)’\

Therefore, the Equation (30) holds.
(8) For the Equation (31)

(1+(y-1)o) ~(1-2)’

(An )A2 = <(a"l ,)\léawaj, i = , m -
(1+()/—1)(1—y)) +(y-1)p (1+(y—1)v) +(y-1)(1-2)

>/\2

(1 + (y - 1)0)M2 —(1 —v)m2

- (06"1"2 ’/\2% (0("1 )AZ-1 Al%aArlO)’ V”/\l/:,\z ’ M My
(1+(y—1)(1—y)) +(V_1)HM2 (1+(7/—1)U) +(7/—1)(1—v)

(1e(r-1)e)* ~(1-0)"

= (0("“2,(/\1/\2 )% al\l/‘zlgj’ yy/\l:/\z ’ Aidy
(1+(r=1)(1-p)) " +(y-1ur (1+(y-1)o) " +(y-1)(1-0

Therefore, the Equation (31) holds.
(9) For the Equation (32)

A (/\ZA)/\1<(/\201,/\20), (1+(7"122P‘)A2—(1—#)M _ o
(08 10" () 1-0) -1
(1+(V—1)‘U)AVlz —(1—/,1)“2 —

MAz

=A <(A1Azoc,/\1/\20),

(1+(y-1)u) "+ (r-1)(1-p)" (1+(y-1)(1-0))
Therefore, the Equation (31) holds.
As a result, all the equations of Theorem 1 are right.

+ ()/ - 1)7}’“/‘Z

3.2. Normal intuitionistic fuzzy Hamacher Heronian mean operator and its weighted form

>
>

)/\Mg > =Ann

=(MA)A
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249  Definition 7. Let A, = <(0¢i,oi),yi,vi> (i =1, 2,-~,n) be a collection of NIFNs, and p,q>0, then the

250 normal intuitionistic fuzzy Hamacher Heronian mean (NIFHHM) operator is defined in the
251  following formula.

2 A
252 NIFHHM" (Al,AZ,---,A,I)—[m(@H (A7 ®, A ))] (33)
253 Lemmal:Let A, =<(oz,-,o,-), y,.,z;,.>,(i =1,2,+,1) be NIFNs, then
254 Al ®, Al :<{af’a7,af(x? p0—3+qa—’zJ,y§‘7,v§’7> (34)
a? az
255
256 = : Yy : (35)
(=1 =)) (1 (r=1)(1=p)) J+ (r=1)
((1+()/—1)v,-)px(1+(y—1)v,)q) ((1-0.) x(1-0,)')
257 ol = - - - p (36)
(1 =1)0) <(1+ (=10 ) J+(r-1)((1-0) x(1-2)')
258  Proof. By (22), we have A’ :<(af’,p;af"lai),yp,,vm>,‘u},‘ = e - ,
(1+(r=1)(1-p)) +(r-1)u
1+(y-1)o,) -(1-9,) 1
259 v, = ( +(7/ ):7 ) ( o ) = Al =<(a7,q2a710'/. ,[,147,qu>
(1+()/—l)vi) +()/—1)(1—vi)
260 ", = VH; , v, = (1+(7/_1)qu )4 —(1-9) :
(1+(y )( )/ 1)y (1+(y 1)0,) +()/—1)(1—vj)
261  From the formula (20), we obtain A/ ®, A’ —< alal,alal qa—’z],y,.’;”,vf;”>
Wt
262 [“S'q _ Hyi =ty V}liy}l;]

(9o b=t (1) 1)) (1 (=10 o (-
0, +9,-9,9,-(1-y)o, 0, (140~ 1>vf) <1+<y 1>v])q)—(<1—vl>”x(l—v,.f)

qj

1-(1-7)0, -0, ((1+(7/—1)v )+ (1_Uf)q)

264  Lemma?2.If A =<(a,-,a,.),yi,v,->, A >O(i =1,2,---,n) are NIFNs, then

263 o =

265 1,4, = <(§A,a,-,iA,.a,. ) 0 > -
ﬁl-ﬁ- -1 iAz_ﬁ 1— i/\z
266 o, = HiaiY )’”‘ ) ( ) : s
!:1[(1+()/—1)yi) +(y—1)g(1_”i)
[1o)
267 o I .

Q(lJ’(y_l)(l‘vf))A'+(y_1)}jv?’

268  Proof. When n=1, @nH AA; =M A, . According to the formula (19), we have:
i=1

= a, Ao (1+(7/_1)'u1)m_(1_'u1)/‘1 rot =(( Ay, Mo v
S <(Al . 1)’(1+<y—1>y1>“+<y—1)<1—ul>’“’(1+<y—1)<1—v1>)“+<y—1>w> i)

270  So the Equation (37) holds for n=1.
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271  Assume that the Equation (37) is true for n =k, we have:
272 G;{a AA, :<(iAiai/Zk:/\iO‘i)/[u®k/v®k>
i= i=1 i=1
N+ (r-1)u) -11(1-p)"
273 He, = = A = k A
H(1+(y=1)u) +(r-DI1(1-p)
k
[To"
274 Vs, = = - -
E(l+(y—1)(l—vi)) +(V—1)gv?f
275  When n=k+1, we apply the formulas (19) and (21), and get the following:
®, AA =
i=1
(@k{{ MA; j ®y (AkHAkH ) = <(Zk: /\x’ai/zk:/\iai );H@k 7 Ve, >®H
i= i=1 i=1
216 (1+(7/_1)Uk+1 )AM _(1_#k+1 )Am ]/Z),?f{l
(Ak+1ak+l s A O )/ o ! o
(1+(y—1)yk+1) +()/—1)(1—yk+1) (1+()/—1)(1—vk+1 )) +()/—1)v£‘ﬂ1
= <(l§ Aa, lf Ao )r}«l@kﬂ % >
i=1 i=1
277  Sowhenn=k+1, the Equation (37) holds.
278  Based on steps (1) and (2), we can get that the Equation (37) holds for any 7.
279 Lemma3.Let A = <(0¢,-,0i),y,-,v,-> A, >0 i=1,2,---,n be aset of NIFNs, then
: e e o)
280 B Al = Ha?",(l_[a{" )[Z& —j s Us, , s, (40)
i= i=1 i=1 =
[Ty
281 s, =— var T - (41)
T(1+(y=1)(1-p)) +(y=1)T1a"
n Ai n A
I1+(y-1)ov;) -TI(1-7v;
282 v, =1 Sl )Al ) Il ,, ) ; (42)
i+ 1)a) 0 -1)0-a)

i=1 i=1
283  From Lemma 2, we apply the mathematical induction to similarly prove Lemma 3 and the proof is
284  omitted here.
285  Theorem 2.If A = <(a,-,a,. ),yi,v,-> p,A,q>0 ( i= 1,2,‘--,;1) is a set of NIFNs, then the aggregation
286  result of the formula (33) is still a NIFN, and it has the following expression:

1

2 y p 1 " =
287 NIFHHM? (A, Ay, A, ) = W(”?’H‘(A ®, Al )]J (,0),10) (43)
2 aa =
288 a= n(n_,_l);/z;a,-aj] (44)
1% 2 ﬁnﬂpqﬁ* e, oa? o2
289 o= [W] (n(n+1) (;;aia,-) x[;%aiaﬁpa?+qa%] (45)

1
" 2, _2
V[lzll_,/[:,(v" +(yz _1)W])u(n+1) -1 (V,, _V\/ﬂ)n(,,ﬂ)]l 7

i=1,j=i

290 (46)

i=1,j=i i=L,j i=1,j=i

[,ﬁ (Vq Jr(yz 71)W1)m +(VZ 71) llﬂI:i(V"f 7W/)ﬁ]w +(y71)['ﬁ (VU *(72 *UW/)W 7'111’ (VU *W;‘)"liﬂ]p q
Vo=(1 (r=1)(1=gn)) (1 (1)) W=y
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U=
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291 =1, j=i i1, j= - i1, j 1, j=i -

[ﬁ..("v H2 =)W )T+ (2 -1) 11 (V- W) <”2“>]W (-1 T (Vi +(2 -1)W, )™~ T1 (V, -W) <21>]M

V,=(1+(y-1)o.) (1+(y-1)2,) W,=(1-2) (1-2,)

292 (47)
293  Proof.
294 According to Lemma 2, Lemma 3 and Equation (22), the Equation (43) holds. Consequently, it

295  is proved that NIFHHM~ (Al,Az,- - A, ) is a NIFN. For the ordinal pair (y, v), we need prove
296  thatitisalFN.ie. 0<u<1, 0<v<1 and 0<u+v<1.
297 (1) For the value of u,accordingto y>0 and 0<y, < 1,(1' =12, -,n), we have:

298 1+(y=1)(1-p) 2 (i =1,2,---n)
299  Moreover, forany iandj, (i, j=1,2,,n),
300 V= (1+(y=1)(1-p)) (1+(y-1)(1-p,)) 2 i) =W, 20

2 2

301 Thus T[] (V,-]- +()/2 —1)W,)”("*’) > ] (V,.]. -W, )W >0, and then
=1, j=i i=1,j=i

1
0 . L
- V(ill_,][i(vif +(V2 _1)1/\/17)”(””) _i:g:i(‘/ij —VV,-j )n(wl) ]p ! >0
303  From the following conditions:
304 IJ(V] +(y2 —)W, )T + (32 -1) 11_]1(V/ — W )T > I (Vi + (2 1) W, )0 - i (V, =W, J0 20

305 We obtain:

1,j=i
1
306 +(V—1)(.l£[ (Ve + (7 =1)W 7 - 11 (v, —w]-)"“f“)]”” >
i=1,j=i i=1,j=i
1
2 2 g
y(__g_i(%i +(y2 —1)W, ) - 11 (V; =W ) ]’ >0

307 Asaresult, 0<u<1.
308  (2) For the value of v, accordingto >0 and 0<v, < 1,(1' =12, -,n) , we have:

309 1+(y-1)o, 2 0,(i=1,2,-n)
310 Moreover, for any iandj, (i, j=1,2,---,n),
311 vV, =(1+(y=1)0.) (1+(y-1)0,) =(1-0) (1-7,)" =W, 20

312 Thus [ (V,+(y*-1)W, )™ > [ (V, =W, )1 20, and then
i1, j=i 1

el 4
i=1,j=i
1

(fl (Vi (2 =)W YT (32 1) 1 (v, -, o j

v
i=1,j=i i=1,j

313

i
2(.lfl,(‘4f +(r? —1)W,)u<72+1) n —Wf)"(i”jm o

i=1,j=i i=1,j=i

314 By the following conditions:
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i=1,j=i

n 2 " 2 \r
L (Ve w0 ) v

2 2 Pq
=) fL (V- m ) - 1 (- w ) |20

1
i=1,j=i i=1,j=i

( 11 (v, +(r*- 1)w,.)n(f+u +(y2=1) 11 (V, - Wf)v«fn) - (r][(V] +(-1)w, )ﬁ ~ 11 (Vi - Vv,j)n(fn) ] >0

i=1,j=i i=1,j=i

Weget 0<v<1.
(3) For the value of pu+v.

By the steps (1) and (2), we can obtain p+v2>0, and we need prove that p+v<1 is right in the

following.

1) If there exist at least y, with y, =1, then v, =0and Vy, —-W, =0, thus f[ (V,-]-—VV,-,-)W =0,

i=1,j=i
therefore we obtain p=1,0v=0,ie. p+v=1
2) If there exist at least p, with u, =0, then v, =1.

For the equation ]1[ (V,./ -W; )"("2”) , we have:
i=1,j=i
q . 4 .
s =) -w)) i (k< j<n) wz{w(“(%l)(l—uf)) e

! yp(1+(y—1)v/)q in U,
and W, =W, =0, (1£i£k£j£n) , thus

Therefore

d0i:10.20944/preprints201805.0296.v1
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It is easily noticed that the above equations respectively have the same characteristic as Equation

(46) and (47) except for the number of factors in each product part, i.e. the symbol 1‘[ shows

n(n+1)/2 product factors, but [T  shows n(n+1)/2-n product factors.

From the aforementioned analysis, without the loss of generality, there is no harm in assuming
the conditions with 0<y, <1 and O<v, <1, (z' =1, 2,---,11) . Thereupon, we can transform pu and

v into the following formulation.

y)/ [1+y/ (14—)//( (1+(( w)y) (1+((1y])/y,)y)”1))"("2”]}#4+le
v=1 1+7/[[1+7// (1+7//( (1+(o/(1-0))y ) (1+(v,/(1v,))y)q1))"("2“’T1}

According to 0<y, +v, <1, (i=1,2,~--,n), we have (1_["[1')/[-1:' Zvi/(l—vi)ZO, (i=1,2,---,n), and
then:

e

(1+( /(1 v)))/)p( ( v))y) -120, (Vi j=1,2,,n)

Thus p+o<p+1 1+;/u1+y/ (1+y/( 1+ )(1+((1_‘uj)/”’)y)q_IDU(M)J 1} -1
Therefore, we obtain 0<pu+v<1. As a result, (p, v) is a IFN.
With respect to the parameter y, some cases of NIFHHM operator are discussed.
(1) If y=1, then the formula (46)and(47) follow that:
n 2 ﬁ
w={1= 11 (1=pfp) ) (48)
i=1,j=i

1

:1—[1—1_%(1—(1—0,.)”(1—0].)")"‘"*”]’7q (49)

j=i
We call (43)-(45) and (48)-(49) normal intuitionistic fuzzy Heronian mean (NIFHM) operator.
(2) When y=2, the formula (46) and (47) follow:

n o o |
Z[H_((Z—M)p(Z—u,-)q+3ufu?)"(" - j:i((z-#f)p(z—#f)q‘ﬂf”#?)( UJ

i=1,j=i

= - — (60
1 ((2-u) (2-w) +3ut )™

i=1,j=i

2 + ,
R CRDAC DR NS B e DR
-:ﬁ:-((nv")p(““)q+3(1_"f)n(1_vf)q)"(:ﬂ) ) 1T ((1+v) (1+9,) +3(1-2,) (1-v,) o |
+3 11 ((1 +v; )” (1 +7; )q - (1 -7 )” (1 -0 )q)n(nzu) ~ 11 ((1 + U;)p (1 4 vl_)ﬂ 3 (1 o, )p (1 B U}_)q n(n2+1]
m . — (1)

1j=i
2

B
B ((1+e) (o) -(1-0) (1=, ] | | =11 ((1+0) (1+0,) ~(1-0.) (1-0) ™"

i=1,j=i

)

)
(o) (o) +3(1-o) (o) |77 [ | 11 [(10) (teo) +3(1-0) (1-0) |7

)

d0i:10.20944/preprints201805.0296.v1
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354  We call (43)-(45) and (50)-(51) normal intuitionistic fuzzy Einstein Heronian mean (NIFEHM)

355  operator.

356 (3) When p=g=1, the NIFHHM operator degenerates into the normal intuitionistic fuzzy

357  evolution Hamacher Heronian mean (NIFEHHM) operator.
NIFHHM?®: (A, Ay, A, ) =

358 2

M(@H(A ®HA)J <[ ey 23 aa, - (zzJaa/za Yo 2a, )] >

2

11_[ (\/(1 +(r-1)1 ‘#f))(l +(y-1)(1 —y,)) +(y —1)\/@)"(”*”

Jj=i

2

339 u=_"Ij"(\/(l+(y_1)(1_“f))(“(V—l)(l—#f))— W‘f)m :

; _(\/(1+(V—1)(1—#x-))(1+(y—1)(1_y,,))+(Vz_1) \/W)(

I1
i=1,j=i
2

) (I O ) O 1)) o |

i=1,j=i

2

360 U= y’zlﬂlzi(\/(l+(y_1)vi)(1+(y_1)vf)_J(l—vi)(l—vj))m

it ({00 o 10) + -y o )|

i1, j

0 (R ERT e e Y e e

361 (4) If g—0, the NIFHHM operator reduces to generalized normal intuitionistic fuzzy Hamacher
362  Arithmetical mean (NIFEHAM) operator.

363 NIFHHM”(Al,Az,--',An) = (i(@?ﬂ? (Aip)]]; _ <{(iiafj’l’{i]; (é )ii (Za” k )J 1% v>

364 ye -
(G0« [ 0] |
(o =DI((1+ (- 1)(1-)) - ) () )
(i) e -0a-ay ) | [ff(+ 6= +0-00-0) | |
(o) e f | (e e) -0
365 0=

L T 1
+(]/2 _1)Q((1 + (]/ —1)vi )V —(1 -0 )V) —E[((l + (y - 1)vi )V —(1 -0, )V)
366 (5)If p=1,9—0, the NIFHHM operator is transformed into normal intuitionistic fuzzy Hamacher
367  Arithmetical mean (NIFHAM) operator.

: ,( ,, [ (y-1)u) -11(1-w) o/
368 N,FHHM(AHAN,._,AW):1(®H(A,)]: [1206‘,[1](20,)} ” 1(1+(y )f) I1( ” ) il
e w1 (=) + (=)= ) T+ (1=y)o ) + (=111
369 The NIFHHM operator is generalization of the above five operators, and it has some properties

370  asfollows.
371  Theorem 3 (Idempotency). Ifall A =A= <(cx,a),y,v> (i = 1,2,~-~,n) then:

372 NIFHHM? (A, A+, A,) = NIFHHM? (A, A, -+, A)=A
373 Proof. According to Theorem 1, we have:
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NIFHHM? (A, A;,+++, A, )= NIFHHM?1 (A, A, -+, A)

) ((LH)(@(A o )j] ] [ﬁ(@(f‘ ))] e D <

Theorem 4 (Permutation). If A,» (z' =12, .,n) is any permutation of A, (i =1, 2,~-,n) then:

NIFHHM? (A, A, -+, A, ) = NIFHHM?# (AUAZ,--.,A”)

Proof. By Theorem 1, we have:
NIFHHM?(A,, A+, A, ) =

1
[

[(:ﬂ)( ®, (47 ®, Aq)]]”iq - [n(:ﬂ)[,(éﬁ,[(‘&"jﬁ ®y (A,)q m NIFHHM? (Al,Azf --,A,,j

Theorem 5 (Monotonicity). Letp>0,4>0 and p,q don’t simultaneously equal the value of zero,
A =<(06A,,OA, )/HAI/UA, >, B =<(oz31 ,05, )/[UB,'/UBI> i=1,2,---,n, are two sets of NIFNs, if the following

conditions hold,

éé:‘ ;;a”ag ;Mo S g, Ua 20g (i:1,2,---,n) (52)
éZZ)\/paz”zazqaz +qa a0’ ;/Z;\/paz”z a;'o} +qay a0} (53)

then for %;%% —;]2;0& 505 =0
NIFHHM? (A, A, -+, A,) < NIFHHM"* (B,,B,,-+-,B,) (54)

for ZZ(X”(X“ ZZa”oﬂ <0

i=1 j=i i=1 j=i

NIFHHM? (A,, A, -+, A, )= NIFHHM" (B,,B,,---,B,) (55)

Proof. Let NIFHH. ”'”’(Al,Az,--',An)=<(6¥A,O'A),[JA,ZJA>, aA—( 2 Ziaﬁlaifjﬁ

n+l1
=1 j=

‘ -1

o0 =) () [ [ (58 oot ratarer
Ha = 1
(L0 e v )
(1Ll =W (1) 1.0 s (=0 L (02w - 11 (v -w ) )
Vy=(14 (r=1)(1-pa)) (14 (- 1)(1 - ) Wy =,
OUa

(v (=)W= s o -1) 11 (v -w)# | —(Fn (v +(y2—Dm)ﬁ—iﬁfi(w—wf)"“z”’)w
y

w-:(1+(V—1)%)”(1+(V—1)UA/Y W, = (1 ou) (1=0,)

NIFHHM (B, B, -, B, ) ={(a,04). tts, 0s),

Qap = (n(nzﬂ)

x?qm
O Oy

1
P+
x( Z\/paz” ‘ajlo} +qai) a0}, jj
i=

M=
™=

1
N
1

J

1

o5 = {(;ﬂ)i(”(;”))

Zax ay
i=1 ],

d0i:10.20944/preprints201805.0296.v1
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V( (Vi (=W )™= 11 (v, =W, )*j "
o :(H (Vi (=)W, (2 1) 11 (V,fwzj)%)ﬂ(yfl)( 1 (Vi (7 - )™ *izlj:(V,fw,)*’)”
Vy=(1+(r=1)(1-wm)) (1+(y-1)(1-p)) W, =phu
(,:lf']:(w+(y2—1)w/)*1+(y2_1); (V’_W’)ﬁjﬁ_( I (Ve O =w )7 = 11 (Vi =W, )™ §
UB(‘fIJ,(Vﬁ(%l)W,) (o) I

we consider the following conditions.
(1) If there exist at least p, with y, =1 ,then according to the condition (52), s, =1, v, =0

and v, =0. Moreover, p, =p; =1, v, =v; =0, and we obtain a, =a;, thus

S, (NIFHHM" (A, A, -+, A, )) = ax (s =04 ) = s (15 —v5 ) = S, (NIFHHM?* (B,  B,, -+, B, )

H, (NIFHHM?* (A,, Ay, A, )) = s (14 +04) = s (us + 05 ) = H, (NIFHHM? (B, By, -+, B, )
From the conditions (52) and (53), we have o,=0,, and
S, (NIFHHM? ( Ay, As,++, A, )) = 04 (1ta =04 ) =05 (tts —vs ) = S, (NIFHHM?* (B,, B,, -, B, )
H, (NIFHHM? (A, Ay -+, A, )) =04 (14 +04 ) = 05 (us + 0 ) = H, (NIFHHM?* (B, B, -, B, ))

thus for ZZaA al —ZZaB az" >0 or ZZaA a’) —ZZ(X aB <0, the following equation holds.

i=1 j=i i=1 j=i i=1 j=i i=1 j=i
NIFHHM?7 (A, A, -+, A,)=NIFHHM?* (B,,B,,--, B, )
(2) If there exist at least u, with u; =0, thenp, =0, v, =1, andv, =1. For the condition with

U, =0 and v, =1, we can obtain

/,:

thus

Therefore

(L m  w)

i=1,izk,j=i,jzk

b= -
(,'zl,,-}_,][;i,j#k(‘/ij + (7/2 — 1)W]) ( ) i=1,i 1_][ |¢k(‘/i]' - W}‘)”(“H)j 1
+(V—1)( =1,i%k, j=i j# k( v (yz I)W ) i=1, zllj[ iri*k(Vij _Wi)m)m
V (1+()/ 1 )V (1+ Ve 1 ,UA, ))q Vvlf :#f‘;yif
(izl,i}%}[:i#k(‘/ﬁ + (V 1)W ) (7/2 1) 1,#{'/‘][:" j‘k(‘/ii - Wji)”(”ﬂ] jwq
Vs = _(i:1,1¢l:/[:i,j¢k(‘/i;‘ + (72 _1)‘/\/17)”(““) B i=1, ‘j/l 1, k(V’j B W] )ij q
=

b ) )]
+(V_1)(i:1,i*§/[:x,j¢k( ( ’ 1)W1) (Vif_vvii)n(:ﬂ))m

Vo= (b= 1e) (1 -1)eu) - Wo=(10,) (10 )

d0i:10.20944/preprints201805.0296.v1
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The above similar process is applied to calculate the value of NIFHHM?# (Bl,Bz,---,B”), we have

the following result.

" T
[ 1 ELJk(vf+(V2_1)Wf)”(”z”)+(72‘1) T (vews 1)]ﬂ+a
+(y_1)[ ol ,k(V (=Wt - I ]k(V,—w/)(Zu]”;
Vo =(1+(y-1)(1-p)) (1+(r-1)(1-p)) W, =phus,

[ ! ]k(V,+(y2—1)Wj)n(:+l)+()/2—1) 1 g,,#k(vf W/)(ZI)JW
{1 (st i vewa)
vy =

V,=(1+(y-1)o, )p (1+(y-1)o, )‘7 W, =(1-v5) (1-vs)

We can easily notice that the above equations respectively have the same characteristic as Equation
(46) and (47) in each product part. The different part of these equations is only that the symbol

11 shows n(n+1)/2 factors, but [1  hasn(n+1)/2—nterms.

=1k, j=i jek

Based on the analysis, we assume 0<pu, <1, O<p; <1, 0<v, <1 and O<wv, <1 for any

i=1,2,---,n. Thereupon, u,, v,, y; and v, are transformed as follows.

[lw/ i (lw/(“ —) )y (1 ((1m,)/m,)y)q1))@JW+71J

/ 1+)/{[1+)// 11 (1+y2/((1+(m/(1UA,)))/)V(1+(UA,/(1vA,))y)q1))"@2&}#41}

[Lr?// =Lj=i (1+7’/( 1+ — Us, /#B )( ((1‘113/)/%])7/)%1)],,(,,2+1)]”+le
o [ oo >>V>P<1+<v5,/<1vg,>>yrJ}(:m]mJ

By the conditions 0 <y, <u; <1, 0<v, <vy <1( =12, ) we have 0<p, +v, <1 and

0<py +v5 <1, (i=1,2,---,n),andthen,forany y>0,

(1—#/4[)/#/&,2(1—#3,)/#31/ UA‘/(]-_'UA,)Z’UE/(]._’UBI), (i=1,2,---,n)

Moreover u, <py and v, 275, and according to the condition (52), a, = a;is right. Thus
(@) For ¥y a%a) =YY aha) >0 ie. a,=a,>0
i=1 j=i i=1 j=i
S, (NIFHHM" (A, A, -+, A, )) = @ (ta =04 ) S @ (115 =0, ) = S, (NIFHHM?4 (B, B, -, B, )
If S (NIFHHM"(A,, Ay, A,))<S,(NIFHHM?*(B,,B,, -, B,)), then

d0i:10.20944/preprints201805.0296.v1
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440 NIFHHM" (A,, A, -+, A,) < NIFHHM" (B,,B,,---,B,)
441 If S (NIFHHM(A,, Ay, A,))=S,(NIFHHM?* (B,,B,,-,B,)), i.e.ct; (tta =04 ) = s (1ts =3 )
442 By the conditions a,=a; 20, —v, < Uz —vs, we can get u, —v, = —v; . Frompu, <p, and
443 v, 2v;, wehave u,=p; and v, =v;, and then
444 H, (NIFHHM?* (A,, Ay, A, )) = s (14 +0.) = s (s + 05 ) = H, (NIFHHM? (B, By, -+, B, )
445 According to the conditions (52) and (53), we get ¢,=0; >0, thus
446 S, (NIFHHM? ( Ay, Ay, -+, A,)) = 04 (1ta =04 ) =05 (tts —vs ) = S, (NIFHHM?* (B,, B,, -, B, )
447 H, (NIFHHM? (A, Ay -+, A, )) = 0, (14 +04 ) = 05 (us + 0 ) = H, (NIFHHM?* (B, B, -+, B, ),
448 therefore
449 NIFHHM" (A,, A, -, A,) = NIFHHM* (B,,B,,--, B, )
450 That is, when the conditions (52) and (53) is satisfied and anZn:aia”m =§nlia§,ag’ >0,

i=1 j=i i=1 j=i
451 NIFHHM? (A,, A, -+, A,) < NIFHHM" (B,,B,,---,B,)
452 (b) For Y3 ool =Y ajal <0 ie. a,=a,<0
i=1 j=i i=1 j=i
453 S, (NIFHHM?" (A, A, -+, A, )) = @ (i =04 ) 2 @ (115 =0, ) = S, (NIFHHM?* (B, B, -, B, )
454 If S (NIFHHM"(A,, Ay, A,))> S, (NIFHHM? (B,,B, -, B,)), then
455 NIFHHM? (A, A, ,++, A, ) > NIFHHM? (B,,B,,---,B,)
456 If S (NIFHHM(A,, Ay, A,))=S,(NIFHHM"* (B,,B, -, B,)), i.e.ct; (tta =0a ) = s (1ts =3 )
457 By the conditions a,=ay,u,—v, <y —v,, we can get p,—v, = —v;. Frompy, <y, and
458 v, 2v;, wehave u,=p; and v, =v;, and then
459 H, (NIFHHM" ( Ay, Ay, A, )) = @, (s +0.) = @, (us +0, ) = H, (NIFHHM? (B, B,, -+, B, )
460 According to the conditions (52) and (53), we get ¢,=0; >0, thus
461 S, (NIFHHM? ( Ay, Ay, -+, A, )) =04 (s —va ) =05 (tts —vs ) = S, (NIFHHM?* (B,, B, -, B, )
462 H, (NIFHHM? (A,, Ay, A, )) = 04 (114 +0.) = 05 (s +05 ) = H, (NIFHHM? (B, By -+, B, )),
463 therefore
464 NIFHHM" (A,, A, -+, A,) = NIFHHM?* (B,,B,,--, B, )
465 That is, when the conditions (52) and (53) is satisfied and ili ahal, =_’le i aja; <0,
S5 e
466 NIFHHM" (A,, A, -+, A, )= NIFHHM" (B,,B,,---,B,)
467  Theorem 6 (Boundary). Let A, = <(a,<,a,< ), i, 0, > be a set of NIFNs, and
468 A= <((({I)Z%Za”a?)‘lq , (Tiq)%(n(fﬂ))ﬁ (giam?jﬁl gi\/paf”'zafqo,? +qaaio? ], min{u |, m’ax{v,-}>
469 A= <[(n(j“)§i’a?a7)m, (ﬁ)%(n(fu) )}71’ (gga?a;’ )ﬁl éé\/paf’”af”a,z +qal’ e o? J, max{u}, mxin{v,}>
470 Then when Y¥a/a] >0, A~ <NIFHHM (A, A, A)< A
i=1 j=i

471 when YYala] <0, A" <NIFHHM (A, Ay, A )< A

i=1 j=i
472  The boundary is distinctly derived by the monotonicity, the proof is omitted.

473 From the aforementioned analysis, we can see that the NIFHHM operator do not involve the
474 significance of the input data. However, the importance of the attributes should be considered in re-
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alization, so the weighted form of the NIFHHM operator is defined.
Definition 8. If A, =<(ai,oi),yi,vi> (i=1,2,--,n) is a collection of NIFNs and w, is the weight of 4,,

w; €[0,1], =1, then normal intuitionistic fuzzy Hamacher weighted Heronian mean operator

(NIFHWHM) is defined:

(@A) @ (wa) )j (56)

Theorem 7. If &:<(ai,oi),yi,v,> (i=1,2,-,n) is a collection of NIFNs and p,q>0, then the

11/—1

NIFHWHM" (A, A, -+ A,,):(

aggregation result of the Equation (56) is a NIFN and

NIFHWHM? (A, Ay, A, ) =((e,0), 1,0) (57)
o=(rEta) (@) ] 58)
o= (ﬁ)i ( )” ' (lez(w a) (wa) )M | lnl ]nl \/pa)z”az” ‘a0 +qa e o7 (59)

u=(46) v, :((1+(w—1)u,)‘:i+(}f2—1)<1—;111f’f )”((n(; ) i) j” W, :(( (oo )”(( (o)) )q (60)

(=2 ) ) ) (100 )7+ (1) 1) (=D )+ (1) (1) (=g )T+ (r=1)(1p )

=(47) V, :(<“<*f*1>(1fw>)“”+<v“>vf“"' ) 000 2k Y p =( s )p e ) (61)
i (1(y-1)(1-)) (1) (1+(r-1)(1-0)) 7 +(y-1)o; 4 (1 (r-1)(1-01))" (1Yo (1+(r-1)(1-0))) 7 #(y-1)o;

Proof. We utilize Lemmal, Lemma2, Lemma3 and the operational laws (21) to get the Equation (57).

Consequently, we need prove 0<u<1, 0<v<1 and 0<p+v<1.i.e. For the ordinal pair (y, v) p
NIFHWHM' (Al, A, A, ) is a NIFN. According to operational law (21), for any i=1,2,---,n,
w;A,;is a NIFN and has the following situation.

WA =&, 0:),u,0)={ (v, w0 (1+('}/_1)[J;)M_(1—}1{)&’1 o
A= ((@,0)100) <( a0, ’)'(1+(y-1)y,,)”’+(y—1)(1—y,.)“"(1+(y—1)(1—v,))“”+(y—1)v,«n>

Thus the Equations (60) and (61) are transformed into the following formulas.

u=(46) V,-]-:(1+(7—1)(1—y,-))p(1+()/—1)(1—y]-))q =l
v=(47) V,=(1+(y-1)o.) (1+(y-1)7,)] W, =(1-0]) (1-9,)

By the similar process of Theorem 2, We can get that (y, ZJ) is a IFN.

It is prone to notice that NIFHWHM operator involves the monotonicity and boundedness, but
has not the property of commutativity and idempotency.

Theorem 8. Letp>0,4>0 and p,qisn’t simultaneously equal to zero, A, =<((xAl,an ),[,lAz,vAx > ,
B =((s,04),445,0) i=1,2,--,nare NIFNs, and w, (i =1,2,--n) is the weight of A,(i=1,2,---,n),

w; €[0,1], iwi =1. If the following conditions is satisfied as follows,
i=1

Ziw oc’”a)aq ZZa) ah ] ag ;Mo SUg, Vs 2Ty (i:1,2,-~-,n) (62)

i=1 j=i i=1 j=i

n n
ZZ\/pwz"az” z 2"02 +qa2”w2“a2’7 2 ZZ\/pwz”aZP ‘a0l + qa”wzqaz” Zozl (63)

i=1 j=i i=1 j=i

then for ZZa) al wlal, —Zzw apwjag 20
i=1 j=i i=1 j=i

NIFHWHM; (A,, A, -+, A, ) < NIFHWHM.; (B,,B,, -, B, (64)

for ZZa) ol wiad =ZZa) apwlay <0
i=1 j=i i=1 j=i

NIFHWHM}' (Ai, Ay, A, ) > NIFHWHM; (B,,B,,-+-, B, ) (65)

d0i:10.20944/preprints201805.0296.v1
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508  Proof. By the operational law (21), w;A; and ;B (i =12, -,n) are NIFNs , and we can obtain:

] (1+(r =) ~(1=ps)" o >
509 WA = (| Ay, 4704, Wiy, Wi0y, |, wi w ! @
Ao <( | (L (=) +(r=1)(1-p)" (1+(r-1)(1-20)) +(r=1)ou

510 @B =((o0 ) 00 )= <(% o) Urlr=tpa) (o) oy >

(=) +O=1)(1-w) " (1 (-1)(1-00) + (-1
511  For the part of NIFHWHM:;"’(A],A2,~~~,A,,)=<(aA,aA),yA,vA>,we have:

) non P q ﬁ
512 a, = ,I(M);;(wm) (@)
L
513 . 1 ) ﬁ n P 9\r  n n 2p 2p-2 29 2 2p 2 2¢-2 2
Oy :(m) (,,(ml) ;;((O,‘(XA,) (Cl)jOCA,) ;]Z:; pw."ay, Ay 04 T4y, CU/ Ay, Oy

514 s = (46) V,»f:(1+(7/—1)(1—y&))p(1+()/—1)(1—yA]))q W, =i, i,

515 v, =(47) V, =(1+(y=1)o. ) (1+(y-1)v, ) W, =(1-0,) (1-0, )
516  For the part of NIFHWHM;/'(B,,B,,,B,) <(a3 GB) s, vB> we have:
517 o =( 2335 (wan ) (wa ))
i1 ji

518 Oy :(ﬁ)%(n(jﬂ))%” (ii(a}ia& )P (a),an )q j}ll ZZ\/pwz”aB " g, : Oy, ’ +q0¢B a) oy, “ 20372

i=1 j=i 1 j=i
519 o =(46) V, =(1+(y=1)(1-pa )| (1+(r-1) (1= )] W=,
520 v, =(47) v, =(1+(y-1)0, ) (1+(y-1)v, ) W, =(1-0, ) (1-0, ]
521  In the following, we will respectively prove y,(y,-) and v,-(v,-) are monotonically increasing with

522 respect to independent variable.
523 (1) For the part of u, .

524  Taking the derivative of u with respectto u,, we get:

g e (0+0=10) =10 (1-p) " (14 (1) ~(1-))
" (O] G-
(s -a) v (-w) " (s (-a) ) (1 0-Da) - (1-u) "))
((1+(-1m) +(r-1)(-n)")
526 By the conditions w, €[0,1], >0, w €[0,1], the following inequalities are right.
! (1 (r=1)u) >0, (1) =14 (y=1)u) " >0, (1+(r-1)u) ~(1-p)" >0

2

525

528  Therefore Z—” >0, in other words, p, is monotonically increasing with respect to . .
i

529  (2) For the part of o, .

530  Taking the derivative of v, with respectto u., we get:

o, _ yo, 0" (1 +(y-1)(1- v,.))w' +yw v (1 +(y-1)(1-v, ))1 (y-1)
do ((1 (r=1)(1-2)) +(r-1)o)

yeurt(1+(y-1)(1 —7’:))”’71 (1+(r-1)(1-o)+o(y-1)

531
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532  Thus, v is monotonically increasing with respect to ov,. Therefore, we utilize the similar process
533  in Theorem 5 to get the proof of the Theorems8.
534

535  Theorem 9 (Boundary). Let A, =({(a;,0,), 1,7, ) be a set of NIFNs, and @, (i =1,2,+n) is the weight
536  of A(i=12-n), wel0l], To=1.

537 A =((a,0,) min{u},max{o}), Ar =((a,0,),max{u},min{o})

538  Then when éé(a)iai)p(a)ja,)qzo,

539 NIFHWHM (A7, Az -+, Ay ) < NIFHWHM? (A, A, -+, A, ) < NIFHWHM? (A7, A7+, A
540 when ifi(miai)p (wa) <0,

i=1i=1 j=i
et NIFHWHM;' (A;, A -, A; ) < NIFHWHM (A, A, -, A, ) < NIFHWHM (A;, As -, Ay )

542  The boundary is distinctly corollary of the monotonicity, the proof is omitted.
543 The NIFHWHM operator also has some cases.
544 (1) When the parameter y=1,

545 yz[l—iﬁi(l—(l—(l—yi)m)pX(l—(l—Hf)w;)q)mJlq (66)

546 v:l—(l—»ﬁ‘(l_(l_v:ﬂ, )ﬂ (1_0;(,j )a )(ZI)J -

947  We call (57)-(59) and (66)-(67) normal intuitionistic fuzzy weighted Heronian mean (NIFWHM)
548  operator.
549  (2)Ify=2, then

2

g (( T+u) +3(1 )’( Te)" +3(1 ) +3((1+y,)""-(1-p,)"")"((1+y,)“"‘-(1-;;,)"")” i
n[(w)" +3(1 y) )’((w)” +3(1 u) | ~((em) =(1-n)")

P

[y oo ey o f>“")q+3(<w,>‘“‘fm) Jeny-aar) T |
H[(uy ) +3(1 )(1+y, ) +3(1- ) 7((1+y,)‘”‘—(17y) )((“H) " %)m‘)

{n(((lw)‘w( w) J (1) 4301 )‘"")“ #3((1ep) = (=) ) ((+m) -(1-m)") )

=
Py

550 (68)

(

(00300 () e300 ={(00m) - 0-) () -0

[ -+ Sv o) +30 ) + 3((2 - -pe )V ((2 -9 -0 )4 ]ﬁ + 3{!(((2 0 +30 )V ((2 -0 ) +30) )q - ((2 -o) -o¢ )V ((2 -9)" -0 )q ]ﬁ i

I I

[ ( - ) +30; )(( ) +30/ )+3((2—v,)“‘—z;,“)v((Z—v,)M—v,‘“f‘)oJm—" (((2—0,)“#30 )V((Q v) +3v]‘“)q—((2—v,)w‘—v,““)V((Z—v,)W‘—v,“‘)q]

i=1
=

ey

- v, Ty 3v 2 v ’ + 3! )4 + 3((2 -7, )‘ —p )r ((2 -1, )w‘ -0 )q ] + 3]'![((2 [0 ) +30¢ )W ((2 -0, )w‘ +30) ) - ((2 -0, )‘ -y )) ((2 -1, )w‘ -0 )q ]M

i

2\

[n ooy 3 )(( o < sfpen oo o o e (oo o ey -]

552  We call (57)-(59) and (68)-(69) normal intuitionistic fuzzy Einstein weighted Heronian mean
553  (NIFEWHM) operator.
554  (3) When p=g=1, the NIFHWHM operator degenerates into the normal intuitionistic fuzzy

555  evolution Hamacher weight Heronian mean (NIFEHWHM) operator.
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556

S (o -1) \/((1 Hr-u) = (-w) (1 =) - (1))
B L ek U ) AR U ) AR G (R )}

-1

557 S N D )
1 S o=0a) + 0= =) =) )0+ 0-1a) + 0 -)a-w) ) |
o G e) =) (1 G- e) - (1))
- S G=u) 02 —0-w) )+ o-1u) + 02 -1)a-w)") [
B O (R e () (RSO M) A (R

v=

i [J (yfl)(lf ,))‘ (1o )p (1 (- 1)(1-0)) +(y21)v,“’/)J

_2
n(n+1)

\/ -0 )((l+(y71)(17v, )), 71]7“)/)
558 I \/(V(l +(y=1)(1-2))" +(y* =1)v~ )(7’(1 -)1-2)) + (7 1o ) e
B SN (ERREE I R ([ CE

oD 1 {J(y(n(y—l)(l—u))‘“‘ 07 =@ (1 (=)0 —0)) (1o )J” h
A o)) e [0 O mn-0) o)

559  (4)If q—0, the NIFHWHM operator reduces to generalized normal intuitionistic fuzzy Hamacher
560  weight Arithmetical mean (GNIFEHWAM) operator.

561 NIFHWHMF(AUAZ,M,A,,)—[i(é{,((wﬁ,)”)n; _<[(;§(wiai)”)"’,(;)5(ﬁ(wia,)”);] (g(wi o) we, )J ", v>

,TLI((V(l =) 02 =)= p)" ) 0 =) (D) (1 ) J J |
562 (e o) 0y (o) -G )
N ,
,lf!((y(l (=) 07 =D)(-p)") + 07 =)+ =Dw) —(1-p)") y - "
+(r2 - 1).@((7(1 =) + (=D (-p) ) (1 r-Du) -~ (=) ) j
f!((?/(l =) O =)= w)" ) (0 =) ((1 (D) (1 “) J JT’ |
_Q((Y(l =) ()= m) ) (D) () )j

+(y—-1)

(0= 0-0) -1 ) =000 =) ] |
(2 - 1)§[(V(1 Hr=n)(-a) O =1es | (1 (1)) e )] .
[a(( =m0 +m-or | e ()= 0)) -0 )J |
_ _Q((V(H(V “)(-0)) (7 ~or | (14 (r-D)(1-0)) -0 )]
(1 ) 021 -1 o)) e ) ||
<=1 (1= =1)1=0)" + (7 =1)or | ~((+ =)o) o0 [ ]|
o 1)[1{0(1 (r=1)(1-0)) + (7 =1 | + (7 =11+ (-1)(1-0))" 0= | J}

563

i=1

”[ y(1(r=1)(1-2))" + (7 =)o | (14 (r-1)(1-0)) o )]
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564 (5) If p=1,4—0, the NIFHWHM operator is transformed into normal intuitionistic fuzzy
565  Hamacher weight Arithmetical mean (NIFHWAM) operator.

NIFHWHM (A, A, -+, A,) = 1(@;{1 (a),Ai)]
n i=

566

i=1

(1§amm[1ﬂiwﬁd] (1 (r-1m) " =114(1-8)" e
N (1O =) A1 G100+ (-1

567 4. Normal intuitionistic fuzzy Hamacher Geometric Heronian mean operator and its weighted

568  form

569 In this section, the GHM is extended to contain the position where the attribute values are
570 NIFNs, and we introduce the normal intuitionistic fuzzy Hamacher geometric Heronian mean
571  (NIFHGHM) aggregation operator and its weighted form.

572

573  Definition 9. Let A = <(a,,o,.), yi,vi> (i=12,--,n) be a collection of NIFNs, and p,q>0 cannot take

574 the value of zero at the same time, a normal intuitionistic fuzzy Hamacher geometric Heronian
575  mean operator (NIFHGHM) is defined.

576 NIFHGHM?" (A, Ay -+, A, ) = L [@H (PA @, 94, )J (70)
RIS

577  Theorem 10.If A, = <(a,,a,),yi,v,> (i=1,2,--,n) isasetof NIFNs, and p,q>0 cannot take the value
578  of zero at the same time, then the aggregation value of the Equation (70) is a NIFN and

°r0 NIFHGHM (A, A, A.)=((@,0). 1) o
580 :1( . (zl)j .
* p+q 1:1,]:i(pa tqa ) ( )

581 1 n ,,(,ﬁ 8 M 2 (p(ji 4 q(j]. )2 2 7
°" p+q (ll'jll(paﬁqa]) jj [’;'f’[n(nJrl)(Pa,wa/)z (73)

582 M :
L

. [(ﬁ(u’+(yzl)w/)m+(yz 1) f1 (VW) ﬁ+(7*1)(ﬁ(v’,+(72*1)‘/\0)"# 1 (VW) )J (75)

i1, j=i Jj=i i=1,j=i

584  Proof. According to Lemma2, we get

pA; ©n gA; =
[@+wnwfj_ﬁvwwx}
(1+(r-1u) ) (A=) Yol
585 a; +qu;,po; +40;), , 5
(P qa;,p q )[(1+(y1)y,)p><]+(y1)((1‘11,)pr [(1+(7/—1)(1_0i))pX]+(y—l)vf’v”
(1+(r-1)u) (1-w) ) L1+ (r-1)(1-0)) ’

= <(pa,. +qa;,po; + qa,-),y?}“,vf}”>
586 From Lemma3, the following formula holds
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587 ) n(r12+1 - - nn2+1 21 2 (pCT +L]U]) i
840001 | 1 a0 1 mvan) 7| 320
yi:lrjl' Vif _W] )ﬁ

#E = n , — == n
568 (V)W) ) 1 (VW)

V=1 (=1 ) (1 (r-1)a ) Wy =(1-p) (1-,)

(Ve )W - T (v, -

U = n = 2 —= n _2_

589 (V)W) () B (V- )

V, =(1+(y-1)(1-2)) (1+(y-1)(1-2,)) W, =0/]
590  From the formula (21), the Equation (71) holds.
591 In the following, we prove that NIFHGHM~ (Al,Az,-u,A,,) is a NIFN.

592 (1) For the value of i, accordingto >0 and OSyiSl,(izl,Z,---,n),wehave:
593 1+(y—1)y,-2[.1,-,(1':1,2,--'11),andforany iand j (i, j=1,2,---,n)

594 V,=(1+(y=1)w) (1+(r-Du ) 2 (1= ) (1-p)" =W, 20

595  Thus f[ (Vij +(7/2 —1)1/\/,.].)"("2“) > I] (Vi]. -W, )ﬁ >0, and then
i=1,j=i i=1,j=i

1 1
n 2 2

]z[ I (Vi + (2 =)W, ) ™7 - 1 (M,—wf)"<"*"] 20

i=1,j=i i1, ji

596 [ 11 (V)W) + (1) 1 (-

]

597  From the following conditions:

i=1,j=i

598 ( (Vi + (2 =)W )T+ -1) 1 (v, —wf)v«iwj” +(y—1)[lﬁ (V4 (=)W )0 - 1 (7, —wiw]” >

" 2 0 2 Y . T 2 o
599 [ 11 (Vi ()W =) L 4= | (Vs - 1 (v [0

600  We obtain: 0<u<1.
601 (2) For the value of v, from the conditions >0 and 0<v, < 1,(i =1, 2,~-~,n) , we get:

602 1+(y=1)(1=9,) 2 v,(i=1,2,---n)
003 Vy=(1+(y=1)(1-2)) (1+(y-1)(1-2)) 2 o/e] W, 20 ¥i: j=1,2,n
604  Thus
605 (V07 =)W )& > [ (V, - W) eT20
4
606 y[n(v +(y2 -1y, ) - L (V- W, ) ] >0
607 By the conditions:
608 I1(vi+( W+ (7 1) IT (Vi -W, o TL(vi+0-1)w, e IV -w, o 2 0

609  We obtain:

i=1,j=i i=1,j=i

[ (Vi (=)W ™7+ (02 -1) [1 (v, -m)«fm]”“’ +(y—1>[ M1 (Vi + (7 =)W ™7 - 11 (v, _M)n(,;)]w
610 ’

j i=1,j=i

) V[,;jl(v,, W (Y, —w,)"@j} >0
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Asaresult, 0<v<l1.
(3) For the value of u+v, by the steps (1) and (2), u+v=0, and the inequality u+wv<1 is proved

in the following.
2

1) If there exist at least v, with v, =1, then y, =0, V,-W, =0 and f[ (Vi]. —VV,])@ =0,

i=1,j=i
therefore we have u=0,0=1,ie. u+v=1

2

2) If there exist at least v, with v, =0, then u, =1. For the equation f[ ‘(V,.]. -W, )"(Tﬂ) , we

=1,j=

have:

1+(y-1)) i T+(y-Dw) i

G = AL CUN y(ks‘Sn) Vi = 7 1y 1)) , " ‘u(lsisk)
)/P<1+(7/—1)(1—v,))q in v yq(1+()/—1)(1—vi)) in v

and W, =W, =0, (1<i<k<j<n) ,thus

L (QV”(H(V—l)M)qJ(; )
yv(1+(y—1)(1—v,))qj(;l 7/‘1(1+(y—1)(1—v,.))ﬁ)[’_ H v, _W’)"(:”)j in o

in U

S8
—_—~
—_
+
—_
-
|
—
S—
=
~—
—_
—
Il
o
—_~
=
-
N

>

N\
~

Therefore

Considering that there are n(n+1)/2 factors in the product part [] and n(n+1)/2-n factors in
i1, j=i

the part n, we suppose that O0<y, <1 and O<v, <1, (i =1,2,---,n) is right. Therefore, u

i=1,izk,j=i,j#k

and v have the following results.

S y/Hl ' yz/ U(H yz/ ((1 Hw/1=p))y) (1+ (/- ))y) _1Dn<fn>]”l" 1}

1

v ]/ [1+y2/ilj[i(1+y2/((1+((1—v,- )/vi)y)p(1+((1—v,- )/vj)y)q —1Dn(”2+l)}w +y1}

d0i:10.20944/preprints201805.0296.v1
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632
633

634
635

636
637

638
639

640

641

642
643
644

645

646

647

648

649
650

Basedon 0<y, +v, <1, (i— ) we have (1 v)/v >y/( [.1)20, (i:1,2,---,n),andthen
(1+((1—v,.)/v,») )(1+((1 v)/v) ) 2(14—([,1/( )) )(14—(/,1,/( y/))y)q—120, (Vi, j:l,2,-~-,n)

Thus

U+#<U+/[1+)/Hl+y/ (1+y/(1+ (1-v)/0)y )(1+((lv,)/vj)y)q1))”("2”)]171ﬂ

Therefore, 0<pu+v<1 isright. Asaresult, ([,t, v) is a IFN.

I
—

Especially, (1) When y=1, the NIFHGHM reduce to normal intuitionistic fuzzy geometric
Heronian mean (NIFGHM) which is presented by the formulas (71)-(73) and (76).

. 1_(1_ T (-0-w) (- ))H] v= [1 ~fi{1-vr0] )“] (76)
(2) If y=2, then
L e B o Lo L A

[ e 300w (- T3 () (o) ~1ow) (1-0)) )
ey o) a0 (1= )7 () () =00 (1) )]

= —— = (78)
e my em) sa0-p) 0o a1 (e n) (o) (o) 0-0)) 7

So the NIFHGHM operator reduce to the formulas (71)-(73) and (77)-(78), and it is called normal

intuitionistic fuzzy Einstein geometric Heronian mean (NIFEGHM).
(3) When p=g=1, the NIFHGHM operator degenerates into the normal intuitionistic fuzzy

LY (e e300 ) () ) O ) )

evolution Hamacher geometric Heronian mean (NIFEHGHM) operator.

NIFHGHM%%(A“AZ,N~,A”): ®u ( A (‘D” 2A )ﬁ
i=1,j=

A

i=1, j=i

-0 i (\/(“(?"1)”1‘)(“(7—1)#1;)‘\/(1—#,)(1—41;'))@

i1, j=i

H(\/(l +(y=1)(1-0))(1+(y-1)(1-v)) + (2 - 1)2#1' )ﬁ
g ) [ e )

i=1,j=i

e

(=) 1 (B0 G000 - oo |

4) If g— 0, the NIFHGHM operator reduces to generalized normal intuitionistic fuzzy Hamacher

geometric Arithmetical mean (GNIFHGAM) operator.
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651 NIFHGHMP(A”AZ,-“,A,,)Z*[éH(PAz)%j

652 v=

653 b= ;
1((1+(-a) +(2-1)(-n)

i=

= DI(( (-1 () |

i=

654 (5) If p=1,4—>0, the NIFHGHM operator is transformed into normal intuitionistic fuzzy
655  Hamacher geometric Arithmetical mean (NIFHGAM) operator.

NIFHGHM(A1,A2/ /An) = (@:{" (A’ )T[,j

656 ) ( - j ygyﬁ i}[(1+(y—1)v,-)%—§[(1—v,)%
ﬁ {1+ (1=7)u) (= Dftt T+ (=1)a) +(-)010-0)
657 The NIFHGHM operator has some properties considered in the following.
658
659  Theorem 11(Idempotency). Ifall A =A= <(a,o),,u, v> (i =12, -,n) then
660 NIFHGHM (A, A, -+, A,) = NIFHGHM (A, A,---A) = A

661  Proof. According to Theorem 1, we have:
NIFHGHM" (A, A, -+, A,) = NIFHGHM" (A, A,---, A)

662 L (o B .
T {Su0m0uaar (8 (o)A )=o) T -

663  Theorem 12(Permutation). If AZ- (i =1, 2,---,11) is any permutation of A, (i =12, -,n) then

ins1)

664 NIFHGHM? (A, A, -, A,) = NIFHGHM?# (Al,Az,---,Anj

665  Proof. Based on the Theorem 1, we obtain:
NIFHGHM (A, Ay, A,) =

666 1 n 2 1 n . o \u(ne1) . . .
—[@H (rA ®, qu),Mj - |, (pA,-(-BH qA,-) = NIIFHGH. M(AI,AZ,-.-,A,,j
p+q\m p+q| e

667  Theorem 13 (Monotonicity). Letp>0,4>0, p,q don’t simultaneously take the value of zero, and

668 A, :<(ch,,aA,, ),[uAy,vA‘,>, B, :<(aB,,GB‘, ),[JB,.,U&> i=1,2,---,n, are NIFNs which satisfy the following

669  conditions:

2
(1

670 ’ﬁ‘(paA, +qa,) =’]1[ (paw +qas ), pa <y, 04, 20, (i=1,2,-,n) (79)
i=1,j=i i=1,j=i
671 iilrz;:i((po& +40,, )2/(paA, +qa,, )2)=i:1’2;‘,:i((p031 +40y, )2/(;7% +qa, )2) (80)

672 thenfor [1 (pas +qas)=11 (pas +qas )20

i=1,j=i i=1,j=i

673 NIFHGHM" (A,, A;,+++, A,) < NIFHGHM* (B,,B, -+, B,) (81)

674 for TI (pes +qas,) =11 (pas +q0,) <0
i=1,j=i i

=1,j=i
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NIFHGHM* (A, A,,+++, A, ) 2 NIFHGHM" (B,,B, -+, B, ) (82)
Proof. Let NIFHGHM? (A, Ay, A, ) ={(0t1,04) 114,04 )
a, = plﬂy(ili[i(pm, +qa, )n(uzu)\J

1

1 i 2 0 2 (po, +‘7‘7Ar)2 i
__r n(n+1)
Oa piq (i:g:i(PaA, +‘706A,) ( ]x{i%i(n(n+1) (péu, +qay, )2 ]J

Vs =

and NIFHGHM(B,,B,,+,B,)={(ats,0% ), tts, s

ay = b (11_/[ (pas, +qas,) )

I R PP R
Op p+q [i:l:[:i(paB’+an’) ) X[ilz,]:i[f’l(f’l‘*‘l)(pa&+I]UZB,)2]]

fs = B N
( v+l “1W) T (7 -1) I (V/—Wu)ﬁjﬂ‘( (Vi (=17 T (v, =)™ |

( 1 (v7+(V2—1)w,)"("*”+(y2—1)121f'j (V, - W, )™ f"+(y—1) HZ(V,+(y2—1)W/)( )_iﬂ"*l_:l(w_w/,)mjﬁ
Vi=(14 (=D ) (1+(y =D ) Wy=(1-ppa ) (1~ )

Uy =

V(,“ (Vi+ (2 -1)W, )™ - 4r/’/[:i(v]_w7)( ))‘

{(iljli(\/,v,- +(r-1)w, )ﬁ +(y2 - 1){}3{{(\/{]. -W, )—)jw Ly _1)(i:lf,lzi(‘/i’ +(yr-1)w, )ﬁ _ IF][(V, _w, )(),q}

V,=(1+(y=1)(1-2,)) (1+(y-1)(1-0,)) W, =0v}0}

(1) When v, =1 is at least satisfied, v, =1, u, =0,and puy =0.Thus, v, =v; =1, p,=pu; =0.
According to the condition (79), the equation @, =a; is obtained. Therefore,
S\ (NIFHGHM? (A, Ay, A, )) = a4 (12 = 04) = s (s —v5 ) = S, (NIFHGHM?* (B,, B,, -, B, )

H, (NIFHGHM" ( Ay, Ay,++, A, )) = s (14 +0.4 ) = @ (1 + 05 ) = H, (NIFHGHM* (B, B, -, B, ))
If the conditions (79) and (80) are right, then ¢,=0;, and
S, (NIFHGHM? ( Ay, Ay,+++, A, )) =04 (1ta —v4 ) =05 (tts —vs ) = S, (NIFHGHM"* (B,, B, -, B, )
H, (NIFHGHM?" (A,, A, -+, A, )) = 0, (it + 04 ) = 04 (45 + 0 ) = H, (NIFHGHM"* (B, B, -+, B, )

Consequently, for ﬁ (pazA, +qa,, ) =11 (pozBl +qa, ) >0 or ] (pacA,. +qa,, ) =11 (pas,. +qas, ) <0, we
i=1,j=i i=1, i=1,j=i i=1

j=i i= /]':i

have NIFHGHM*(A,, A,, -, A,)=NIFHGHM"* (B,,B,,---,B,).
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(2) Supposing at least v, =0, then u, =1, v, =0, and p,; =1.From the equations pu, =1 and

v, =0, we have:

i=1,j=i i

{1 (V=) =i (1 (=)= e (1 )= ) )1 (0 =)

Therefore

2 b
(nel)

[t (o)

i=1,i#k,j=i j=k i=1,izk, j=i,j=k

" . . N
_ I (VU +(7/2 _1)1/\]’7) -1 (‘/U _Wj)u(ml]
i=Lizk,j=i,j#k i=1,izk,j=i, jek

[’l/\: BN

(le,i#f/[:i//tk(v‘j + (yz - 1) Vv’i )”(M] * (7/2 - 1) tzl,l*k’;:f:/‘k(VU B Vv’.j )m ) MZ
R TR O

V= (L (y =D ) (L (r=1ps ) Wo=(1-pa ) (1-ps, )

7/( ﬁ (fo +(V2 _1)Wx‘z‘)m -

i=1,izk,j=i jk i=1,i%

(e
2

(LT ) -]

-0 T (e w)T - (v

i1 izk,j=i 2k ) 1:1,ixk,/‘:i,jqu
V,=(1+(y-1)(1-0,)) (1+(y-1)(1-0,)) W, =20},
When p; =1 and v, =0, based on the same method as the above, u; and v; in

NIFHGHM? (BI,Bz,m, B,,) are transformed into the following;:

T L e I NSO

i=1,izk, =i j2k

1
o)

Lt

i=1,izk,j=i j#k i=1,izk,j=i j#k

1u3: 1
N TR I RO
S (A e L I

1
n 2 n 2 \pa
y( 11 (Vr/ +()/2 —])W,)n(ml) -1 (V,] _Wj)ﬂm))
i=1,izk,j=i,j#k i=1,izk,j=i,j#k

2

(H#ﬁ[ﬁ/ y (Vlj + (yz — l)VV,/-)”(M) + (yz _ 1)‘:1

jzk |
I L U

1,i#k, j=i,j#k , i=1,izk,j=i,J kq
v, =(1+()/71)(1va, )) (1+(7/71)(171)37)) W, =0} 0},
We can easily noticed the symbol f[ contains n(n+1)/ 2 terms, but f[ involves
i=1,j=i i=1,ik, j=i jk

n(n+1)/2—n product terms. Without the loss of generality, we suppose 0<p, <1, 0<p, <1

and O<wv, <1, O<uo, <1, (i = 1,2,~-~,n) . Therefore, we have:
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" "o /[1 " y/[[l ! yz/ rfl(l i yz/ ((1 (/=) ) (1 (e f (1)) ) —1Dn<f+u } ) 1D
- Z“%bw%ﬂ“ﬁwvaMWmmmme%@TW@
- %,/174pw%§@”7w4wmfﬂﬁﬂﬂwﬂlmMW1ﬂ@r1”

@ﬁmﬂ“ﬁ@wlmmm%wlmmwyQ@Twl}

717  According to the following inequalities

716 vy =

\

718 O<py Spy <1, 0<vy <v, <1, O<p, +0v, <1 and O<py +v, <1 (i:1,2,---,n)
719  we obtain:
20 (1-va)/oa < (120 )fon, pa J(1-pa) S f(1- 1), (1=1,2,0,m)

721  Thus, p,<ps; and v, 2v,, and by the conditions (79) and (80), we have a,=a, and 0, =0,.
722  Therefore, (1) when f[ (paA‘ +qa, ) =11 (pagl +qay, ) >0
i=1,j=i i

=1,j=i

723 S, (NIFHGHM?* (A,, Ay, A, )) = s (14 =04 ) < s (s —v5 ) = S, (NIFHGHM?* (B, B, -+, B, ))

724 If S (NIFHGHM(A,, Ay, -+, A,))<S,(NIFHGHM" (B,,B, -, B,)), then

725 NIFHGHM" (A,, A+, A,) < NIFHGHM* (B,, B, -+, B,)

726 If S (NIFHGHM?(A,, A, A,))=S,(NIFHGHM? (B,,B,,---,B,)), Based on the conditions
127 =y 20,1y — Vs < iy — Uy, fhs < Uy, Vs >0y, we Obtain p, =p, and v, =v,, and then

728 H, (NIFHGHM? (A,, Ay, -+, A, )) = @, (14 +04 ) = @ (15 +0;) = H, (NIFHGHM"* (B, B, -, B, ))
729 S,(NIFHGHM? (A,, Ay, -+, A, )) =0, (1 —v4) = 05 (115 =05 ) = S, (NIFHGHM? (B, B,, -, B, ))
730 H, (NIFHGHMW (A“Az,---,A,,)) =04 (s +04) =0, (s +vs ) = H, (NIFHGHMW (B.,B., -,Bn)) ,
731  thus

732 NIFHGHM“ (A,, A, -+, A,) = NIFHGHM* (B,, B, -+, B,)

733  (2) when ﬁ;(pa& +qa, ) =11 (pag,. +qay, ) <0

i=1,j=i

734 S, (NIFHGHM"* (A,, Ay, A, )) = s (s =04 ) 2 s (s —v5 ) = S, (NIFHGHM?* (B, B, -+, B, ))

735 If S (NIFHGHM (A, A, -+, A,))>S,(NIFHGHM" (B,,B,, -, B,)), then

736 NIFHGHM" (A, A, ,+++, A, ) > NIFHGHM* (B, B, -+, B,)

737 If S (NIFHGH w(Al,Az,--.,A,,))=sl (NIFHGH V/ﬂ(B“BZ,-u,Bn)), Based on the conditions
738 =ty 20,11y =V, < g — Uy, ta < [y, 04 =0y, we obtain p, =, and v, =v,, and then

739 H, (NIFHGHM" ( Ay, Ay,++, A, )) = s (14 +04 ) = @ (1 +0;) = H, (NIFHGHM?* (B, B, -, B, ))
740 S,(NIFHGHM? (A,, Ay, -+, A,)) =04 (s —v4) = 04 (15 =05 ) = S, (NIFHGHM* (B, B, -, B, ))
741 H, (NIFHGHM? (A, Ay -+, A, )) = 0.4 (14 +0.4) = 05 (15 + 05 ) = Hy (NIFHGHM?* (B,, B, -+, B,)) ,

742 thus NIFHGHM* (A,, A, -+, A,) = NIFHGHM* (B,,B, -+, B, ), therefore, the Theorem 13 holds.
743
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Theorem 14(Boundedness). Let A, = <(a,-,o,. ),yi,v,->,(i =12, -,n) be a set of NIFNs, and

A=<[p;(lﬁli(m,+qm)"‘”z”’)p2(( I (pa+qa))™ N ) ( P“r+‘7“1')2)forkin{#f}fmﬁx{vf}>
pai+qaj)Z)j],miax{y,,},m;n{v,}>

Then when r[(pa +qa) 0, A <NIFHGH, (Al,Az, A< A

when [[ (pa: +qa;)<0, A* <NIFHGHMr (A, A, A,)< A"
i=1,j=i

Theorem 14 is distinctly derived by Theorem 13. the proof is omitted.
Similarly, the weighted form of NIFHGHM operator are defined in the following.

Definition 10. If A, =<(a,,a,),u,,v,.> (i:1,2,---,n) is a collection of NIFNs, w; €[0,1] is the
weight of Ai(i :1,2,~--,n) with ga}i =1, then normal intuitionistic fuzzy Hamacher weighted
geometric Heronian mean (NIFHWGHM) operator is presented as follows.

NIFHWGHM" (A, As,+, A, ) = piq[@,, (pAr @, qA} ) 2 J (83)

Theorem 15. Let A,:<(a,,o,-),yi,vi> (i=1,2,-,n) be a set of NIFNs and p,q>0 which cannot

simultaneously take the value of zero, the aggregation result of the Equation (83) is a NIFN and

NIFHWGHM.' (A;, Ay, A,) =((a,0), 1,0) (84)
P : 85
a= WQ(W +qa; ) (85)
1 : 2 (p w‘%a’“”*l“fJf‘?w%a?”’lof)Z 2
S S o }"7 (1) J i 86
o p+q ,:l;,l:,(pa +qa ) X i:lz,/':z n(n+1) (pa’{n,_’»qa;uy) (86)
( T (Vi+ (O =W )™+ (2 =1) TT (V= W,)™ >j*
{1 (Vs bW i (v )
y_
(ﬁ:_(Vﬁ(W—l)W,)“ '+ (r2-1) (V,,-—w,)“(f“)j
(=1 L (VG =w) - 1 (v-w) )
Vo= (e () (m)) (-0 f (1 O 1w)) (1| (87)
W =((1+ (- )(-w)) ) (0 (- 1)(0-m)) )
y( 11‘[ (V] +(V2_1)W1),,("—au_ H(VJ W})ﬁjﬂ
v= ! L= :
(i:ly,l/:i(vﬁ (Vz_l)vv”)ﬁ (yz 1)H(V1_Wf)ﬁj+q

.

(VG- (W) )

! U")m‘ +(2-1)(1-0)" )P((l’L(V—l)vf)% +(y2-1)(1-7,)" )" (88)
wo=((1(r=1)a) ~-o) | (1 (r-1)a) - (1-0)"|

Proof. By the formula (22), we have

PO | o JR— (t+ly-1)o) ~1-0)
(1+(r=1)(1-p)) + (-1 (1+(y-1)o) +(r-1)(1-2)

=
Il
—_—
—_—
—_
+
—_
=
|
—_
- N
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AY = [a‘f’f w%a‘."/’la-j yu (1 +(r-1)y, ) -(1-9)"
j (At et A N I W 7 W ,
(1+(-)(1-w)) (- (1+(r-1)o) +(y-1)(1-2))

From Lemma?2, the following equation holds.

1 1
i —_ i ') 2 )i~ 2 -1
pA? @, qA]" = <[Paf’ +qa)’, pwia; o + quia;” "fj’#ﬁq,v*?q>

- (( 1 KGR ) K )
U (( 1)pa) % (B +(r*-1) ﬁz/)) (- )((ﬂlf—ﬁzf)pX(ﬁl,—ﬁz/)”)
Bu=(1+(y=1)(1-p))" Pu=p By =(1+( w)" Bu=u
(6 -5 > (5.~ )

((51,+(V2 1)6.,) x( )) Y- 1((61 "x(él,—éz,)")

Oy = (1+()/—1)v,v)w 0y = (1—2;,-) Oy = (1+()/—1)v] )’ 0, = (1— vj)mf

By Lemma3, we get:

n 2 " 2

w; _ _ i w; \ (]
®, (pAr @, A7 ) =((a.,0.),1,0), @ = T (par +qa; )™
i=1,j=i i=1,j=i

1

;21 Z 2 % w;—1 % w;j-1 ’ W, on 2 ’
i:;/:i n(n+1)(pa), a;t G,+qa),-aj Ujj (pa,-' +qaj )
[T
1

W, :((1+(y-1)v;)‘“’ ~(1-2)" ) X((1+(y-1)z,])w, ~(1-9))" )

We can see that the Equation (84) holds by the formula (21). Consequently, we derive 0<u<1,
0<v<1 and O<ptv<l.ie. NIFHWGHM)’ (AI,AZ,- . -,A,,)is a NIFN. According to Equation (22),
forany i=1,2,---,n, A”isaNIFN and has the following equation.

L et o ek

y=1)(1-w)) +(y-ue (1+(y-1)v) +(y-1)(1-2,)"
Therefore, the Equations (87) and (88) have the following situation.

u=(74) V,=(1+(y-1u) (1+(y-1Du) W =(1-p) (1-u)

v=(75) V,=(1+(y-1)(1-0)] (1+(r-1)(1-7,)) W, =20/

Appling the similar derivation of Theorem 10, it is obtained that (/.1, U) is a IFN.

From the above, the NIFHWGHM operator has the monotonicity and the boundedness

Theorem 16 (monotonicity). Let p>0,920, p,q don’t simultaneously equal the zero, and
Ai=<(aA,rO-A,)/[uA1/’UA,> , Bi=<(a31,03,),[,1&,031> i=1,2,--,n are NIFNs, and the following

conditions is right,
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f[ (paj’; +qaf/’):i:]f][:i(pa? +qa:"), Ua S U, Vs 20g (i =1,2,---,n) (89)

i=1,j=i
}j};:I((P\/w_faL”,'-laA,+q\/w_faij;'laAl)2/(pa +qa” )) ((p\/_a 03+q\/_a O‘B)/(pa:?‘an:”)Z) 00)
then or [l {pa +aa? )= 11 (pa +0a7 )20
NIFHGHM; (A, A+, A, ) < NIFHGHM' (B,,B,,--,B,) o1

g w; wi | _ < w; wj
for i:]]T][:i(paA’ +qa] ) —‘_L[:i(pa& +qar, ) <0

NIFHGHM' (A, A; -+, A,) = NIFHGHM/ (B,,B,,--, B, ) (92)
Proof. From the proof of Theorem 15, we obtain:
AY = 4704 | Ha s 04 ) = v, 0, ), )/,UX 7 (1+(‘y—1)v/\y>w’_(1_v&)w’
"= ({0 iaron) <(“~ Yo o) (- 1)(1-) + (=D (1 (r-1)on )+ (r-1)(1-0, )"
B = 8,08 |, Hp,UB ) = B a0 |, ‘)/‘uB (1+(V*1)'03, )m’ (17061 )“”
o an ) <(a faran) (e -1)(-p)) (=D (L (r-1)on) + (r-1)(1-20)"
NIFHWGHMY (A, As -, A, )=<(aA o), yA,vA>, a, p— i (paA +qa )7’
. ) , ) ) (pw?aj{;’lmz +qw§a§;’lo,4] jz 2
Oy :m ’711_/[ (pa +qu ) n+1) o i:lz,/‘:f Tl(n+1) (pax +q0(:f)2

NIFHWGHM?' (B,,B,, -+, A, )= <(aB 00 )t UE>, as—ﬁn_(m +qa? 7
. . 2\
1 " 2 5 (pw?a;"lcrg, +qw}agf’1a&j
Op=—— a? +gal )T x| 3
B pq| (}7 5 4 ) i1 I’l(l’l+l) (Pa‘{;‘ +qa:;)z

o= (74) vy =(1+ (y =1 ) (14 (y -1 ) Wy =110 ) (1= )

0, =(75) Vi/»:(1+(y—1)(1—05,))n(1+(y—1)(1—vB,))q W, =0, 0y

Consequently, it is proved that u,(y,) and v,(v) are monotonically increasing.

(1) Taking the derivative of u;, with respectto u;, we have:

du,_yor (Le(y=1)(1-p)) o (1+(y-1)(1-p))" (r-1)

i (= 0-2)0=p) =1 |
z)/a),y,f‘"’l (1+()/—1)(1—‘u,v))mrl (1+(7/_1)(1_“i2)+#i(y_1))= Vi et .0
(0 =1)-)" + (1)) (0 (-1)a-))" + (-1 )

Thus, v, is monotonically increasing with respect to v,.

(2) Taking the derivative of v, with respect to u,, we obtain:
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(
4, ((1+(-1)2) +(-1)a-2)")
y(a}, ((1 +()/ —1)0, )WI Y+ (1 -0, )w"1 —(1 + (7/ —1)7), )wﬁl)+ ((1 + (7/ —1)21,- )w‘ —(1 -0 )w' )j
((1+(-12) + (-1)1-2)")

Forany w, €[0,1], >0, v €[0,1], we have:
(1+()/—1)v,)m'71 >0, (1_#1)0),,. —(1+(y—1)v,)

wi-1

>0, (1+(y-1)o) -(1-2)" >0
Therefore Z—Z >0, in other words, v, is monotonically increasing with respectto ov,.

We obtain the proof of the Theorem 16 based on the similar process in Theorem 13.
Theorem 17 (boundedness). Let A, = <(04,»,0i ),yi,vi> be a set of NIFNs, and w; (i =12, -n) is the
weightof A (i=12,--,n), w €[0,1], Za) =1.

A =(o,o0) i} max{or)), A ={(a00), max{u) min{o)

Then when ii]i[ﬁ{ ( pa’ +qa ) >0,

NIFHWGHM; (A;, A; -+, A; ) < NIFHWGHM? (A, A, -+, A, ) < NIFHWGHM; (At Az -+, Ay )

when ,7111,[;1-<m:u’ +qa;’ ) <0,
NIFHWGHM; (At, As -+, A; ) < NIFHWGHM? (A, A,,+++, A, ) < NIFHWGHM., (A7, A+, A, )

The boundary is distinctly corollary of the monotonicity, the proof is omitted.
The NIFHWGHM operator has also some special cases discussed in the following.
(1) When y=1, the formulas (87) and (88) reduce to the following equation.

y:l{l— nl (1—(1— we) (- )”)”]M (93)

i1, ji

U{l_lg[l_(l—(l_v‘.)”‘ )”x(l—(l_v,)‘”')qj’“"z*”r (94)

So the normal intuitionistic fuzzy weighted geometric Heronian mean (NIFWGHM) operator can
be defined by the formulas (84)-(86) and (93)-(94).
(2) When y=2, then

p=——" — (95)
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, i:lj[:l(((l+vz)u"+3(1—vz)w’ )p((l+v,)w’+3(1—v]) )q+3((1+v‘)‘“‘_(1_0,)‘“')”( ”j S
) —_13[4(((1+v,)w'+3(1_v,)wl)”((1+v) +3(1-0,)" )q—((l+v,)”’—(1_y,)”‘)ﬁ( o 7] o o

,:1::,(((l+v,- )"" +3(lfy,, )“'v )V ((1+ZJ/ )w/ +3(17v/. )" )q 3((l+y ) (1 v, ) ) ((1_,_7] ) (l v j
1 () +30a) () 3(1-0)" | (1) (10 (1re) 10}

i=1,j=i

(1]

—2 _\pq

i}i(((lw, ) +3(1-0)" ) ((1+0,)" +3(1-0,)" ) +3((140,)" =(1-0)" ) ((140,)" - (1-2,)" )j’

+ o]

7’:11‘1[(((1%, )" +3(1-0,)" )” ((1+0)" +3(1-2,)" )” ~((0)" - (1-0)" )” ((1+0)" = (1-,)" )j

We can see that the NIFHWGHM operator transform into the normal intuitionistic fuzzy Einstein
weighted geometric Heronian mean (NIFEWGHM) operator which is defined by the formulas
(84)-(86) and (95)- (96)

(3) When p=gq=1, the NIFHWGHM operator degenerates into the normal intuitionistic fuzzy

2
W)

evolution weight Hamacher geometric Heronian mean (NIFEHWGHM) operator.

NIFHGHMY' (A, Ay, A) = ®, (A2 @, 1 A7 )T
i=1,j=i

T \/((“(V‘l)(l‘”'))w‘+(V‘1)Hf”)((“(w—l)(l—#,))w’+(V—1)u}”’) o
o 7J((1+(7/71)(1*#i))w’ *p;‘")((1+(7/,1)(17HI))“, 7‘17”)
: \/((“(V‘l)(l‘“‘))m'+(V‘1)# (0 -)0-w) < -yur) |
+(72—1)\/((1+(V—1)( w) - )(( (- 1)(1_%))‘”/_#7)) |
ey i
\/((H(V 1)(1- H)) - )((1+(7/ 1)(1- ,)) —H,)

4) If g—0, the NIFHWGHM operator reduces to generalized normal intuitionistic fuzzy

+(y—1) 11

i=1, j=i

Hamacher geometric weight Arithmetical mean (NIFEHWGAM) operator.

NIFHWGHM., (A, Ay, A,) = 1((5,, (pAs )*) = <[1(ﬁ(pa;”' )%),1(( '
P i=1 i=] p i=!

p 1
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=
~—

(®) If p=1,4—0, the NIFHWGHM operator is transformed into normal intuitionistic fuzzy
Hamacher geometric weight Arithmetical mean (NIFHWGAM) operator.

NIFHWGHM! (Al,Az,--.,An)z(@?{l (A )v,j _

)’H# i]l((1+()/—l)v, )’ ) ﬁ((l,vi )wf)

1 1 1

{00 ) G- (e |

5. New methods based on Hamacher Heronian mean operator for normal intuitionistic fuzzy
information.

We utilize the developed operators to the MCGDM problem where the input arguments are
some NIFNs.

(1) Description of a MCGDM problem.
a collection of decision makers: E={e, e, ,e,}

a collection of alternatives: A={A, A, A,}

attributes set: C={C,,C,,--,C,}

weight of attributes set: w={w, @, ,}» @ €[0,1] Yw,=1
=1

weight of decision makers: A={A,,A,,-+,A,}, A, €[0,1] TA =1
a decision matrix given by e, for A with respectto C:
Eo=[ef] = k=12-,q¢ =((a},0}),u,0)

(2) the method based on NIFHWHM operator (or NIFHWGHM)
Step 1. Normalization of decision making information
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863 In realization, the bigger values of some benefit attributes (I, ) are better and the smaller values
864 of some cost attributes (I, ) are better, therefore, decision-making information should be normalized

865  for the unity of input data. Hence, decision matrices E* =[e§] can be transformed into matrices

866 Rr = [n-jk ]mxn ,(k =1, 2,--~,q) by Wang's method [16] where

a; o o
7 7 7 ‘Llll; 7 ’()5‘]. Cj € 11
max {Oé,v]} m_ax{o,,-} ;i

867 rx‘/k = <(a§11, ’ Of\l,,v )/ [Jil,, 7 V’I(\L, > = z 1 (97)

i v b/l
x 7 7 ‘U.,] 7 vk Cj € IZ
a; max {a,j } a;

868  Step 2. Apply the NIFHWHM or NIFHWGHM operator to integrate R*=[y5] ~ (k=1,2,---,4) into

869  the collection of the matrix R=7 ]m , where

870 r, = NIFHWHM? (1},17,++,1 ) or r; = NIFHWGHM" (11,121} )

871  Step 3. Utilize the NIFHWHM operator or NIFHWGHM operator to get the value 7, ( =12, ) of
872  alternative A, (i =12, m) where

873 = NIFHWHM" (.,%2,++,7,) or 1. = NIFHWGHM?" (11,71, ) -

874  Step 4. Utilize the ranking method of the NIFNs to rank r; (i =1, 2,~~-,m) in the descending order and
875  derive the priority of each alternative A (i =1, 2,---,m) according to . (i =12, -,m) )

876  Step 5. the end.

877 6. an application example

878 A MCGDM problem will be presented to demonstrate the application of the developed
879  approach (a stock value evaluation problem), which is adapted from [26]. In the intricate stock
880  market, a real problem is how to analyze the stock investment value and choose the stock.
881  Therefore, an effective stock evaluation approach is very significant. However, most of the financial
882  indicators approximately obey normal distribution, and the NIFNs can effectively describe the
883  phenomenon of normal distribution and evaluate the stock investment value information. To
884  evaluate the stock alternatives, we suppose that there are four stocks (alternatives) denoted as
885 {A, A, A, A}, and we extract the four key financial attributes described as undistributed profits per

886  share (C,), Net asset value per share (C.), Earnings per share(C:), and Equity ratio(c,), whose
887  weight vectoris «=(0.33,026,0.16,025) .

888 Obviously, these attributes are all benefit attributes under which three decision workers
889 ek(k:1,2,3) utilize NIFNs to evaluate the four alternatives. Three decision makers can evaluate the

890 four alternatives under the four attributes (C,C,,C.,C,), and Three decision matrices E* :[ef; ]44

891  are set out in the following tables (see Tables1-3).

892 Table 1. decision matrix E' frome'.
C C, C, C,
A, ((3.07,214),07,015)  ((0.94,0.69),0.7,0.15) ((1.82,090),0.6,02) ((1.76,3.67),0.65,0.15)
A, {(212,121),07,02) ((0.42,035),06,0.15) ((2.16,098),055,0.2) ((235,3.23),06,0.1)
A, ((155,1.63),07,0.2) ((0.73,041),0.6,0.2) ((1.55,0.79),0.7,0.2) ((4.25,254),07,0.2)
A, ((123,096),075,025)  ((0.63,0.50),0.6,0.15) ((1.14,066),0.6,0.15) ((4.96,2.93),0.75,0.2)
893
894

895
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Table 2. decision matrix E? from e? .

C C. C, C,
A, ((307,214),06,015)  ((0.94,0.69),0.65,0.1) ((1.82,090),0.7,02) ((1.76,3.67),0.65,0.2)
A, ((212,121),07,025) ((0.42,035),07,0.2) ((2.16,098),06,02) ((2.35,3.23),065,0.2)
A, ((155,1.63),06,02) ((0.73,041),0.6,0.15) ((1.55,0.79),0.6,0.2) ((4.25,2.54),065,0.15)
A, {(123,096),08,02) <(0.63,0.50),0.65,0.15> ((1.14,066),07,0.15) ((4.96,2.93),07,0.2)
Table 3. decision matrix E* from ¢° .
C C, C, C,
A ((3.07,214),06502)  ((0.94,0.69),0.60,02) ((1.82,090),0.65,0.2) ((1.76,3.67),07,0.15)
A, ((212121),065,02)  ((042,0.35),0.75,0.15) ((216,098),07,0.15) ((235,3.23),07,0.15)
A, ((155,1.63),08,02)  ((0.73,0.41),0.65,0.15) ((1.55,079),0.7,0.25) ((4.25,254),06,0.1)
A, ((123,096),07,0.1) ((0.63,050),07,0.2) ((1.14,066),0.7,02) ((4.96,2.93),06,02)

6.1. a new method related to the NIFHWHM and NIFHWGHM operator

According to the following steps, all of the alternatives are ranked in order to get the best
alternatives.
Step 1. Normalizing the input data

Utilizing Equation (97) to integrate decision matrix into the normalized decision matrix
Rk = [THM which is shown Tables 4-6.
Step 2. Applying the NIFHWHM and NIFHWGHM operator to integrate normalization matrices
Re=[r] . (k=1,23) into amatrix R:=[r,|  (see Table7 and Table 8) (without the loss of generality,
let y=2,p=g=1)
Step 3. Utilizing the NIFHWHM and NIFHWGHM operator to derive preference values of
R:[r,,]m and calculate the collection preference value r,.(i:1,2,3,4) of alternative A,(i:1,2,3,4) (see
Table 9 and Table 10).
Step 4. Calculating the value of score function S(r,)(i = 1,2,3,4) (see Table 9 and Table10).

Step 5. Arranging all of the alternatives A, (i=1,2,3,4) as follows (see Table 9 and Table10).

Table 4. normalization matrix R' given by e' .

C C C C,

A {(10,0697),07,0.15) ((1.0,0734),07,0.15)  ((0.843,0454),06,02)  ((0.355,2.085),0.65,0.15)
A, {(069,0323),07,02)  ((0.447,0423),06,015)  ((1.0,0.454),0.55,02) ((0.474,1.21),0.6,0.1)
A, ((0505,0801),07,02)  ((0.777,0.334),06,0.12)  ((0.718,0411),0.7,0.2) ((0.857,0.414),0.7,02)
A, ((0401,0.35),075,025)  ((0.67,0575),06,015)  ((0.528,0.39),0.6,0.15) ((1.0,0.472),075,0.2)

Table 5. normalization matrix R* given by e>.

C C, C C,

A {(1.0,0697),06,015)  ((1.0,0.734),0.65,0.1) ((0.843,0454),07,02)  ((0.355,2.085),0.65,0.2)
A, ((0.69,0323),07,025)  ((0.447,0423),07,0.2) ((1.0,0.454),0.6,0.2) ((0.474,1.21),0.65,0.2)
A, {(0505,0801),0.6,02)  ((0.777,0.334),06,0.15)  ((0718,0411),0.6,02)  ((0.857,0.414),0.65,0.15)

>

((0.401,035),08,02)  ((067,0.575),0.65,0.15)  ((0.528,0.39),0.7,0.15) ((1.0,0.472),07,02)
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able 6. normalization matrix R* given by ¢° .
916 Table 6 lizati ix R° given by
C C, G Cs
A ((1.0,0697),0.65,0.2) ((1.0,0.734),0.6,0.2) ((0.843,0.454),0.65,02)  ((0.355,2.085),0.7,0.15)
A, ((0.69,0323),065,02)  ((0.447,0.423),0.75,015)  ((1.0,0.454),0.7,0.15) ((0.474,121),0.7,0.15)
A, ((0505,0801),08,02)  ((0.777,0334),0.65,0.15)  ((0.718,0411),0.7,0.25) ((0.857,0.414),06,0.1)
A, ((0401,0.35),07,0.1) ((0.67,0575),07,0.2) ((0.528,0.39),07,0.2) ((1.0,0.472),0.6,0.2)
917 Table 7. The collective decision matrix R of NIFHWHM operator.
C, G Cs C,
A ((0.664,0.073),0.872,0.064)  ((0.664,0.085),0.863,0.082)  {(0.605,0.049),0.872,0.038)  ((0.413,0.002),0.851,0.049)
A, ((0.555,0.069),0.881,0.050)  ((0.443,0.059),0989,0.031)  ((0.660,0.072),0.849,0.071)  ((0.463,0.082),0.842,0.047)
A, ((0.480,0.898),0.893,0.056)  ((0.575,0.065),0.850,0.048)  ((0.562,0.096),0.859,0.073)  ((0.612,0.061),0.862,0.050)
A, ((0.431,0.113),0.868,0.062)  ((0.538,0.062),0.879,0.043) ((0.481,0.102),0.83,0.062) ((0.662,0.063),0.912,0.053)
918 Table8. The collective decision matrix R of NIFHWGHM operator.
C, G Cs C
A ((1.00,0.402),0.786,0.0.202) ((1.00,0.423),0.787,0.20) ((0.945,0.293),0.78,0.207) ((0.708,2.397),0.792,0.202)
A, ((0.884,0.239),0.805,0.209)  ((0.765,0.417),0.795,0.202) ((1.00,0.262),0.757,0.205) ((0.78,1.147),0.779,0.199)
, ((0.797,0.729),0.81,0.207) ((0.919,0.228),0.762,0.198)  {(0.896,0.296),0.794,0.209) ((0.95,0.265),0.787,0.201)
\ ((0.738,0.371),0.843,0206)  ((0.875,0433),0.779,0.202)  {(0.808,0.344),0.788,0.202) ((1.00,0.272),0.807,0.207)
919
920 Table9. aggregation result of the NIFHWHM operator.
Alternatives A Collection Preference Valuer, Score Function s(r) Ranking
A 1, =((0.0451,0.1054),0.0537,0.9268) S(r)=-0.0394 2
A r, =((0.0440,0.0568),0.0525,0.9235) S(r,)=-0.0383 1
A r, =((0.0506,0.0335),0.0547,0.9297) S(r,)=-0.0443 4
A, r, =((0.0489,0.0308),0.0581,0.9166) S(r,)=-0.0420 3
921 Tablel0. aggregation result of the NIFHWGHM operator.
Alternatives A Collection Preference Valuer, Score Function s(r) Ranking
A r, =((0.8463,0.6660),0.8967,0.1569) S(r,)=0.6261 1
A r, =((0.6460,0.2203),0.8977,0.1572) S(r,)=0.4784 4
A r, =((0.6539,0.0832),0.8979,0.1571) S(r,)=0.4844 3
A, r, =((0.6543,0.0725),0.9073,0.1572) S(r,)=0.4908 2
922  6.2. Sensitivity analysis
923 In the proposed method of this paper, three parameters y, p and g are involved and
prop pap p v q

924  influence aggregation result. Therefore, we make a sensitivity analysis in order to study the
925  influence of the generalized parameters with respect to the ordering results of the above example. In
926  other words, we choose the different parameters y, p and g in Steps (2) and (3) to rank all the

927  alternatives, and discuss the effect of the parameter values change on the ordering results. The
928  aggregation results are provided in Table 11 and Figure 1-5.

929 From Table 11 and Figure 1-5, we can observe that different parameter values have a certain
930  influence on the ordering results. In general, the best alternative is A with respect to the NIFWHM
931  operator, Ais the best one with respect to the NIFHWGHM operator.
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932 (1) From Table 11 and Figure 1-2 , best alternative and the ordering results of the alternatives are
933  concordant wheny>133 and pq are given in the NIFHWHM or NIFHWGHM operators. When
934 y<133 and there is at least equal to zero in p and 4, the rankings of the alternatives are different.
935 (2) From Figure 3 and Figure 4, we can see that when y4 are given in the NIFHWHM or
936  NIFHWGHM operators and p takes the values of the different intervals, the best resolution and the
937  orderings are different. For example of the NIFHWHM operator, when y=14=1, pe(0,083], the
938 ranking is A-A>A>A , pe(083,0136] , the ranking is A>A>A>A , pe(136178] , the ranking
939  isA-A>A>Aandpe(1785], the ranking isA ~A~A>A, and we notice that when pe(0.83,0.136], the best
940  oneis A, pe(0835], the best oneis A .

941  (3) From Figure 5 shows that sensitivity of the parameter 4 is similar to the parameter p, but the
942  influence of the valuegis less in the NIFHWGHM operator. As long asg>0.11, the rankings are
943  concordant A-A=A>-A

944 In a word, based on the generalized parameters y, p and g in NIFHWHM operator and
945 NIFHWGHM operator, the new method of this paper can provide more reliable and flexible
946  decision-making results. Moreover, the reasonable and best alternative can be properly obtained on
947  the basis of actual situation of the practical MAGDM problems, namely the new method can offer an
948  effective and powerful mathematic tool for the MAGDM under uncertainty.

949 Tablell. sensitivity analysis with respect to y in the NIFHWHM operator.

y s(n) s(r) s(r) s(r) Ranking
0.1 -0.0388 -0.0298 -0.0336 -0.0288 A-A-A-A
05 -0.0440 -0.0336 -0.0378 -0.0333 A-A-A-A
p=1 1.0 —0.0469 -0.0358 -0.0403 -0.0359 A-A-A>A
4=0 15 -0.0486 -0.0371 -0.0417 —0.0374 A-A-A-A
20 -0.0497 -0.0380 -0.0427 -0.0384 A-A-A-A
5.0 -0.0528 -0.0403 -0.0453 -0.0410 A-A-A-A
30 -0.0560 -0.0428 -0.0480 —0.0439 A-A-A-A
0.1 -0.0283 -0.0280 -0.0326 -0.0291 A-A-A>A
05 -0.0311 -0.0309 -0.0357 -0.0324 A-A-A>A
p=05 10 -0.0328 -0.0326 -0.0376 -0.0313 A-A-A>A
q=05 15 -0.0337 -0.0336 -0.0387 -0.0355 A-A-A>A
20 -0.0344 -0.0343 -0.0394 -0.0362 A-A-A-A
5.0 -0.0361 -0.0360 -0.0413 -0.0383 A-A-A>-A
30 -0.0381 -0.0379 -0.0434 -0.0404 A-A-A>A
0.1 -0.0326 -0.0315 -0.0368 -0.0340 A-A-A-A
05 —0.0354 —0.0344 —0.0400 -0.0374 A-A-A-A
b1 1.0 -0.0374 -0.0363 -0.0421 -0.0397 A-A-A>-A
~ 15 -0.0385 -0.0375 -0.0434 -0.0411 A-A-A>A
= 20 -0.0394 -0.0383 -0.0443 -0.0420 A-A-A>A
5.0 -0.0416 -0.0406 -0.0468 —0.0447 A-A-A>A
30 -0.0441 -0.0430 —0.0495 —0.0476 A-A-A-A
0.1 -0.0398 -0.0341 -0.0390 —0.0362 A-A-A-A
05 -0.0433 -0.0372 -0.0424 -0.0398 A-A-A-A
p=2 1.0 -0.0459 -0.0395 -0.0448 -0.0425 A-A-A-A
q=1 15 —0.0475 -0.0410 —0.0464 -0.0442 A-A-A-A
20 -0.0487 -0.0420 -0.0475 —0.0454 A-A-A-A
5.0 -0.0518 -0.0448 -0.0505 —0.0487 A-A-A-A
30 -0.0553 -0.0478 -0.0539 —0.0524 A-A-A-A
p=2 0.1 -0.0334 -0.0342 -0.0434 -0.0458 A-A-A-A

q=5 05 -0.0361 -0.0372 —0.0466 —0.0494 A-A-A-A
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1.0 -0.0382 -0.0396 -0.0492 -0.0523 A-A-A-A
15 -0.0395 -0.0411 -0.0509 —0.0542 A-A-A-A
20 -0.0404 -0.0422 -0.0520 —0.0556 A-A-A-A
5.0 -0.0431 -0.0450 -0.0553 —0.0596 A-A-A-A
30 -0.0472 -0.0491 -0.0608 -0.0667 A-A-A-A
0.1 -0.0420 -0.0376 -0.0445 —0.0466 A-A-A-A
0.5 —0.0454 -0.0409 -0.0478 -0.0503 A-A-A-A
p=20 1.0 -0.0483 -0.0437 -0.0507 -0.0537 A-A-A-A
q=5 15 -0.0501 -0.0455 -0.0526 —0.0560 A-A-A-A
20 -0.0515 -0.0468 -0.0540 -0.0577 A-A-A-A
5.0 -0.0613 —0.0556 -0.0647 —0.0712 A-A-A-A
30 -0.0613 —0.0556 -0.0647 -0.0712 A-A-A-A
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Figure 1. Sensitivity analysis with respect to y in NIFHWHM operator based on different p,q: (a)
Variation tendency of score function value when p=1,4=0; (b) Variation tendency of score function

value when p=0,4=1; (c) Variation tendency of score function value when p=054=05; (d) Variation

tendency of score function value when p=1,4=1; (e) Variation tendency of score function value when
p=3,4=1; (f) Variation tendency of score function value when p=1,4=3.
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Figure 2. Sensitivity analysis with respect to y in NIFHWGHM operator based on different p,q: (a)

Variation tendency of score function value when p-14=0; (b) Variation tendency of score function

value when p-04=1; (c) Variation tendency of score function value when p-054=05; (d) Variation

tendency of score function value when p-1,4=1; (e) Variation tendency of score function value when

p=34=1; (f) Variation tendency of score function value when p-14=3.
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Figure 3. Sensitivity analysis with respect to p in NIFHWHM operator based on different y,q: (a)
Variation tendency of score function value when y=14=0; (b) Variation tendency of score function
value when y=2,=0; (c) Variation tendency of score function value when y=1,4=1; (d) Variation
tendency of score function value when y=2,4=1; (e) Variation tendency of score function value when



http://dx.doi.org/10.20944/preprints201805.0296.v1
http://dx.doi.org/10.3390/sym10060199

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 May 2018 d0i:10.20944/preprints201805.0296.v1

44 of 51
e [\ L))
TR ron samearin
\
!\ \
\
\
\
\“
989 (c) (d)
= =)
. \\_\\‘
990 T N ) ‘ T ]
991
992 Figure 4. Sensitivity analysis with respect to p in NIFHWGHM operator based on different y,q: (a)
993 Variation tendency of score function value when y=14=0; (b) Variation tendency of score function
994 value when y=2,=0; (c) Variation tendency of score function value when y=1,4=1; (d) Variation
995 tendency of score function value when y=24=1; (e) Variation tendency of score function value when
996 y=14=>5; (f) Variation tendency of score function value when y=24=5.
o\ \
RN
“\\ .
M \7\\\ .\\,

( 08 ' 15 2 25 ) 36 ‘ “ s ‘o 08 1 15 2 25 ) '
997 NIFHWHM operator /gamma=1p=0  q NIFHWGHM oparator jgamma=1ps2  q


http://dx.doi.org/10.20944/preprints201805.0296.v1
http://dx.doi.org/10.3390/sym10060199

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 May 2018

998

999
1000

1001
1002

1003
1004
1005
1006
1007
1008
1009

1010

1011
1012

1013
1014
1015
1016
1017

1018
1019
1020
1021
1022

d0i:10.20944/preprints201805.0296.v1

45 of 51
(a) (b)
1 B
Yo
\
b
\\
B \
"
NIFHWHM oporalor gammas1pst NIFHWGHM oparalor fgammast p=1  q
(c) (d)
3
. N
e 44 Bccnem 0043
/
/\ 5922
\ N
A\l
o "
g
LK
a
N\
\,
N
/ ‘\\
NIFHWHM operalor Gammas1p2 NIFHWGHM operalor lgammas1 =2
(e) ()

Figure 5. Sensitivity analysis with respect to ¢4 in NIFHWHM and NIFHWGHM operator based on
different y,p: (a) Variation tendency of score function value when y-1p=0 in NIFHWHM operator;
(b) Variation tendency of score function value when y=1p=2 in NIFHWGHM operator; (c) Variation
tendency of score function value when j-1p=1 in NIFHWHM operator; (d) Variation tendency of
score function value when )-1p=1 in NIFHWGHM operator; (e) Variation tendency of score
function value when y-1p=2 in NIFHWHM operator; (f) Variation tendency of score function value
when y-1p=2 in NIFHWGHM operator.

6.3. Comparison analysis

6.3.1 A comparison with decision-making methods using triangular and trapezoidal intuitionistic
fuzzy information A comparison analysis with the exiting method using NIFNs

For further comparison of the rationality and comprehensiveness of the proposed method in
this paper, a prospect value determination method with the TralFNs[44] and an extend TODIM
method with TrilFNs[45] are applied to deal with the aforementioned example. Thus we need
transform the TralFNs and TrilFNs by the transformation method in [18] which is shown in Table 12.
According to Table 12, the information r =((a:,0! ;i) from each expert is also transformed into the

i

TralFNs and the TrilFNs, moreover, the normalization method of the TralFN and TrilFN decision
matrix is presented as follows.
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Where B is benefit attributes set.
From Table 13, we can see that the best alternative of three methods are A, but the ordering

jeB

results are different for these methods. The reason is that TrilFNs and TralFNs can’t well depict the
laws of normal distribution and accurately express corresponding normal random phenomena.
There are many normal random factors under the social and economic environment. Furthermore, in
light of Central Limit Theorem, the limit distribution of the sum of random variables is normal
distribution. Therefore, compared with the TrilFNs and TralFNs, the NIFNs can better depict the
decision problems with normal distribution information.

Consequently, the NIFNs can more realistically express the uncertainty information than the
TrilFNs and TralFNs, and the decision-making method of this paper is more reliable and reasonable
to aggregate the normal distribution information. Moreover, the proposed method of this paper take
into account the interrelationship between input arguments and it is more practical than the method
in [19] and [44-45].

Table 12. Transformation method of the NIFN, TralFN and TrilFN.

NIFN TralFN TrilFN
<(6l1,ﬂz,ﬂs,m),(bubz,b3,b4);#,v>
m=a-2.50 b, =a-30 bec):
@o)ns)  aor niezy o, febdwo)

a,=a+1.50 b, =a+20
a,=x+2.50 b, =a+30

Table 13. Comparison of the ranking results by methods in [56] and [44-45].

Method Measure A A, A, A, Ranking
Tended[zg PIMIN . Closeness coefficient 0786 0279 0491 0431 ArA-A-A
TOPSIS in [56] Closeness coefficient 0.489 0.282  0.798 0427 A-A-A>A

Value determination Prospect value function -0.291 -0.137 -0.185 -0.243 A>A>A>A

in [44]
Method in thi -0.035 -0.034 -0.040 -0.037 A-A-A-A
e pc; ; (1;1 is Score function -0.037 -0.036 -0.042 -0.038 A-A-A-A’

-0.039 -0.038 -0.044 -0.042 A-A-AA

! Parameter y=0.5,p=q=1by NIFHWHM operator. > Parameter y=1,p=q=1by NIFHWHM operator. 3
Parameter y=2,p=q=1by NIFHWHM operator.

6.3.2 A comparison with decision-making methods using the NIFNs.

In order to study the advantages of the method in this paper, we apply three methods in [35],
[41] and [19] to solve MAGDM problems in the aforementioned example, and the aggregation
results are shown in Table 14.

From Table 14, we can observe that the best alternatives are all A, but the solution ordering

results are completely different for four methods which can all tackle NIF information. Compared
with two methods in [35] and [41], the new method of this paper considers also the interrelationship
factor between input arguments and between input argument and itself. In practical MAGDM
problems, there widely exist the interrelationships among the attributes or relationships between

d0i:10.20944/preprints201805.0296.v1
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input arguments and between input argument and itself, and the ranking results from the new
method of this paper is more effective and more reasonable.

In addition, if the parameter g=0 or p=0, then the interrelationships didn’t exist in the new
method of this paper. In the aforementioned example, we can obtain the aggregation ordering
results, namely, the relationships between arguments or among the attributes are not considered in
the proposed method of this paper. The solution ordering results is the same as the method in [35]
and [41], consequently, this verify the different ordering results.

In addition, for a group of attributes c,(i=1,2,---,n) and a collection of input arguments

a,(i=1,2,-,n), the method in [19] also take into account the relationships between any pair of
attributes ¢ and ¢, (i=j)or between any pair of input arguments a, and a, (i = j), but it neglects
the correlation between input argument g, and itself or between the attribute ¢ and itself.
Considering that the correlation between 4, and 4, (i#j) or between ¢, and ¢, (i#j) equals the
correlation between g4, and g, (i#j) orbetween ¢, and ¢ (i#j), the method in [19] deal with it

separately and brings subsequently about redundancy. Compared with the method in [19], the new
method of this paper not only considers relationships between the input arguments or the attributes,
but also take into account the correlation between input argument and itself or attribute and itself,
furthermore, interrelationships between and or between and are tackled once.

Table 14. Comparison of the ranking results by methods in [19], [35]and [41].

Method Measure A A, A, A, Ranking
MADM method by NIFL g o finction 0486 0779 0491 0531  A-A~-A-A
operator in [35]
MADM method by .
=A=A -
NIFBM operator in [19] Score function 0476 0482 0471 0467 A-A-A-A
VIKOR—base(.i dynamic Comproml.se value 0998 0003 0775 0698 A=A=AsA
method in [41] function
-0.035 -0.034 -0.040 -0.037 A-A-A-A
-0.037 -0.036 -0.042  -0.038 =A-A A
Method in this paper Score function ArA A

-0.039 -0.038 -0.044 -0.042 A-A-A-A’
-0.044 -0.035 -0.041 -0.037 A>A>A>A’

1 Parameter y=0.5p=q=1by NIFHWHM operator. ? Parameter y=1,p=q=1by NIFHWHM operator.?
Parameter y=2,p=q=1by NIFHWHM operator.  Parameter y=1,p=0,9=1by NIFHWHM operator.

7. Conclusions

In this paper, motivated by the ideal of Heronian mean, we introduce a family of information
fusion operators based on Hamacher operation for NIFNs including NIFHHM, NIFHWHM,
NIFHGHM, NIFHWGHM operators and discuss various properties of the proposed operators
which have the desirable quality that they can not only contain the normal intuitionistic fuzzy
information, but also consider the correlations of two input arguments once. Therefore, the new
proposed operators don’t result subsequently in redundancy, and these operators also take into
account the interrelationship between input argument and itself at the same time. Furthermore, we
have manifested that the operators related to Hamacher operation generalize the operators ground
on algebraic or Einstein operational rules and they are more flexible. Based on the proposed
operators, a new multi-criteria group decision-making approach is presented in order to deal with
normal intuitionistic fuzzy number information. The advantages of this new method are that: (1) itis
more reliable and reasonable to aggregate the normal distribution information under the normal
intuitionistic fuzzy numbers environment. (2) it offers an effective and powerful mathematic tool for

d0i:10.20944/preprints201805.0296.v1
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1085  the MAGDM under uncertainty and can provide more reliable and flexible decision-making results
1086  in decision making. (3) it not only considers relationships between the input arguments or the
1087 attributes, but also take into account the correlation between input argument and itself or attribute
1088 and itself, furthermore, interrelationships between and or between and are tackled once. Lastly, an
1089  application example reveals that the developed approach is effective and practical by the
1090  comparison with other method. In further research, it is significant and essential to study the
1091  application of the proposed operators in the wide fields, such as uncertain programming, cluster
1092  analysis or pattern recognition and so on.
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