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Abstract: Hamacher operation which is generalization of the Algebraic and Einstein operation, can 

widely provide a large number of arithmetical operation with respect to uncertainty information, 

and Heronian mean can deal with correlations of the input arguments or different criteria and 

don’t make calculation redundancy, meanwhile, the normal intuitionistic fuzzy numbers (NIFNs) 

can depict distinctively normal distribution information in practical decision making. In this paper, 

a multi-criteria group decision-making (MCGDM) problem is researched under the NIFNs 

environment, and a new MCGDM approach is introduced on the basis of the Hamacher operation. 

Firstly, according to Hamacher t-conorm and t-norm, some operational laws of NIFNs are 

presented. Secondly, it is noticed that Heronian mean can’t only once take into account mutual 

relation between attribute values once, but also consider the correlation between input argument 

and itself. Therefore, we develop some operators and study their properties in order to aggregate 

normal intuitionistic fuzzy numbers information, these operators include Hamacher Heronian 

mean (NIFHHM), Hamacher weighted Heronian mean (NIFHWHM), Hamacher geometric 

Heronian mean (NIFHGHM) and Hamacher weighted geometric Heronian mean (NIFHWGHM). 

Furthermore, we apply the proposed operators to the MCGDM problem and present a new method. 

The main characteristics of this new method involve that: (1) it is suitable to make decision under 

the normal intuitionistic fuzzy numbers environment and more reliable and reasonable to 

aggregate the normal distribution information. (2) it utilizes Hamacher operation which can 

provide more reliable and flexible decision-making results and offer an effective and powerful 

mathematic tool for the MAGDM under uncertainty. (3) it uses the Heronian mean operator which 

can considers relationships between the input arguments or the attributes and don’t brings 

subsequently about redundancy. Lastly, an application is given for showing the feasibility and 

effectiveness of the presented method in this paper. 

Keywords: Normal intuitionistic fuzzy numbers; Heronian mean; Hamacher t-conorm; Hamacher 

t-norm34 
35 

1. Introduction36 

In multi-criteria group decision making, because a lot of problems are uncertain or fuzzy, the 37 
value of input argument is not real number at times and may be more effectively described as fuzzy 38 
value. Zadeh's fuzzy set (FS) plays an important role to deal with fuzzy number information [1], and 39 
the FS theory has been a good tool which is suitable to various fields including decision analysis, 40 
machine learning, information retrieval, etc. 41 

However, the FS theory only defines a membership function in domain of discourse, so it is 42 
very difficult to comprehensively describe the vagueness and uncertainty of the objective elements 43 
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in the real society [4]. The intuitionistic fuzzy set (denoted as IFS) theory was given [3], which 44 
involves a non-membership function besides a membership function. Recently, the IFS theory has 45 
been widely applied to the decision-making field. Xu [2] and Yager [5] presented respectively some 46 
aggregation method under intuitionistic fuzzy number circumstance to settle MCGDM problem. 47 
Atanassov [7] and Gargov [6] extended the IFS to the interval-valued intuitionistic fuzzy set 48 
(denoted as IVIFS). Xu and Yager [8] proposed a new measure method of the similarity in regard to 49 
the IVIFSs for solving the decision-making problem. Tan and Zhang [9] gave a new TOPSIS 50 
approach which can resolve the decision-making problem with IVIFNs. Wang et al. [10] utilized the 51 
prospect value function and introduced a score method which can settle the MCGDM problem 52 
under the IVIFNs environment. Gomathi Nayagam et al. [11] defined an accuracy function of the 53 
IVIFNs. Fuzzy number intuitionistic fuzzy set (denoted as FNIFS) theory was proposed by Liu and 54 
Yuan [14]. Some basic operational laws were defined and the relationships among the FNIFS, the IFS 55 
and IVFS were discussed. Shu et al. [13] proposed the triangular intuitionistic fuzzy numbers 56 
(TriIFNs) and presented the operational rules which are utilized to the fault-tree analysis. Lin et al. 57 
[12] introduced some prioritized aggregation operators under the FNIF circumstance. Furthermore,58 
they gave an approach to deal with fuzzy number intuitionistic fuzzy MCGDM problems. Wang [15]59 
extended the TriIFNs and originally defined the TriIFNs and IVTriIFNs. The trapezoidal60 
intuitionistic fuzzy numbers (TraIFNs) [38,44,48-50,55] are the other form of the IFNs. Some61 
MCGDM process are studied for the TriIFNs or TraIFNs information [36,43,45,51-54,56].62 

In the reality of social life, a lot of social and economic phenomena conform to normal 63 
distribution, such as random measurement error, average annual rainfall in a region, etc. Yang and 64 
Ko [16] proposed the concept with respect to the normal fuzzy numbers (NFNs) which are very 65 
suitable to depict the normal distribution information. Wang et al. [17, 18] gave the definition of the 66 
NIFNs, and they introduced some operations and score function of the NIFNs. Some MCGDM 67 
problems are discussed in order to deal with NIFNs information [35,37,43], and some new operators 68 
were developed. Nevertheless, these aggregation operators only concern the impact of input data 69 
and ordered result, and they cannot present the interrelationship of input data. Some normal 70 
intuitionistic fuzzy Bonferroni mean operators were proposed by Liu and Liu [19] for describing the 71 
correlation of input data. Bonferroni [23] was originally proposed Bonferroni mean (BM) in 1950 72 
which considers the mutuality of attribute values [21]. The BM operators were studied with respect 73 
to the circumstance under which the attribute values may be other types, such as IFNs [21,47], 74 
IVIFNs [22], HFNs [20] and NIFNs [19]. 75 

Compared with Bonferroni mean, Heronian mean (denoted as HM) [24,40,46] is another 76 
aggregation technique which can also depict the relationship between aggregated arguments 77 
objectively. From Bonferroni mean and Heronian mean, the BM mainly indicates correlation 78 

between any pairs of criteria ic  and jc  ( i j ). However, the correlation between ic  and jc  is 79 

equal to the correlation between jc  and ic  ( i j ). In other words, the BM operator takes it into 80 

account twice and it generates subsequently the redundant calculation. Furthermore, it ignores the 81 

correlation between criteria ic  and itself. Although the HM operator owns similar structure to the 82 

BM operator, it can solve the stated two problems of the BM operator. At present, the HM has been 83 
applied to aggregate the input information with the IFNs [25], the IVIFN [27] and the hesitant fuzzy 84 
set (HFS) information [26]. 85 

However, the HM is not applied to aggregate the normal intuitionistic fuzzy number (NIFN) 86 
arguments. From above, all mentioned operators only consider the algebraic operation of the IFNs, 87 
hesitant fuzzy set (HFS), IVIFNs or NIFNs where the algebraic product and sum are important and 88 
they can define union and intersection of the NIFNs, IVIFNs or HFS. In conclusion, a generalized 89 
t-conorm and t-norm can simulate union and intersection between the IFNs or IVIFNs [28, 29].90 
According to Archimedean t-conorm and t-norm, Xia et al. [28] generalized the Hamacher and Frank91 
operational laws and presented some operational laws of the IFNs. Furthermore, they introduced92 
the weighted average and geometric operator for intuitionistic fuzzy MCGDM problem. Because93 
these operators do not integrate the weight of the attribute and order, they can’t be utilized to94 
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IVIFNs. Wang and Liu [30, 31] applied Einstein operation to develop some operators including the 95 
IFEOWG, IFEWG, IFEOWA and IFEWA. 96 

Hamacher operation generalizes algebraic and Einstein operation and plays an important role 97 
in studying aggregation method for the MCGDM problem [32,42]. Hamacher operation has been 98 
applied to aggregate the IFNs information, IVIFNs information [19, 33] or hesitant fuzzy information 99 
[26]. 100 

From the above analysis, we notice that there is no method proposed for aggregating NIFNs 101 
with respect to Hamacher operation and considering the interrelationship between normal 102 
intuitionistic fuzzy arguments at the same time. Therefore, in this paper, Hamacher operation is 103 
extended to the normal intuitionistic fuzzy number, and some normal intuitionistic fuzzy Heronian 104 
mean operators are introduced. These operators are based on Hamacher operation that can extend 105 
the choice scope of decision-makers and significantly investigate some generalized normal 106 
intuitionistic fuzzy HM operator. 107 

This paper will be presented: In Section 2, we review the normal intuitionistic fuzzy number, 108 
Hamacher operation and Heronian mean operators. In Section 3, we establish Hamacher operational 109 
rules and their characteristics with respect to the normal intuitionistic fuzzy numbers, furthermore, 110 
we propose the normal intuitionistic fuzzy Heronian mean operators based on Hamacher operation 111 
of NIFNs, and discuss some properties of the developed operators. According to the new Hamacher 112 
operations, the geometric Heronian mean is extended to the NIFNs and its weighted version is 113 
presented in Section 4. In Section 5, we utilize new operators to make a MCGDM procedure for the 114 
NIFNs information and present the decision making steps. In Section 6, an application is introduced 115 
to show new approach and the evidence of practicality and effectiveness. In Section 7, we make a 116 
conclusion and present some remarks. 117 

2. Preliminaries118 

Some notion and operational rules with respect to NIFNs are introduced, and the definition of 119 
Heronian mean operator is given. 120 

2.1. Normal intuitionistic fuzzy number 121 

Definition 1 [16]. If R is a real number set, and , ,x α σ R ,   ,A α σ  is a normal fuzzy number122 

(NFN) whose membership function is presented: 123 

 
2

, 0
x a

σA x e σ
  
 
   (1) 124 

Definition 2 [18]. If X is a finite nonempty set, a normal intuitionistic fuzzy number (NIFN) 125 

 , , ,A AA α σ μ v is defined in the following, where Aμ and Av are respectively the membership and 126 

non-membership function, and they satisfy 0 1Aμ  , 0 1Av  , 0 1A Aμ v   . 127 

 
2

, 
x α

σ
A Aμ x μ e x X

  
 
   (2) 128 

   
2

1 1 , 
x α

σ
A Av x v e x X

  
 
     (3) 129 

Compared with the classical IFNs, the non-membership function of the NIFNs can more 130 
comprehensively capture the fuzziness and uncertainty of objects. From the definition of NIFNs, its 131 
universe of discourse expands from discrete to continuous, and it can effectively describe a large 132 
number of normal distribution under the socioeconomic environment. In the following, some 133 
operational rules of the NIFNs were defined in [18]. 134 

Let  , , , , 1,2i i i i iA α σ μ v i  , and  , , ,A α σ μ v , 0, 0γ λ  , then 135 

 1 2 1 2 1 2 1 2 1 2 1 2, , ,A A α α σ σ μ μ μ μ v v      (4) 136 

2 2
1 2

1 2 1 2 1 2 1 2 1 2 1 2
2 2
1 2

, + , ,
σ σ

A A α α α α μ μ v v v v
α α

 
    

 
 

(5)137 
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   , ,1 1 ,
λ

λλA λα λσ μ v   (6) 138 

 
1

12, , ,1 1
λ

λ λ λ λA α λ α σ μ v 
   

 
(7) 139 

The score and accuracy function with respect to NIFNs were given as follows [18]: 140 

       1 2, A A A AS A α μ v S A σ μ v    (8) 141 

       1 2,A A A AH A α μ v H A σ μ v    (9) 142 

In order to rank any two NIFNs, the following method was introduced by Wang and Li [18]. 143 

(1) If    1 1 1 2S A S A , then 1 2A A144 

(2) If    1 1 1 2S A S A , and    1 1 1 2H A H A , then 1 2A A145 

(3) If    1 1 1 2S A S A and    1 1 1 2H A H A , then 146 

If    2 1 2 2S A S A then 1 2A A147 

If    2 1 2 2S A S A and    2 1 2 2H A H A then 1 2A A148 

If    2 1 2 2S A S A and    2 1 2 2H A H A then 1 2A A149 

2.2. Hamacher t-norm and Hamacher t-conorm 150 

In FS theory, t-conorm ( *T ) and t-norm ( T ) play an active role in the generalization of 151 
intersection and union of fuzzy sets [34, 35]. 152 
Definition 3 [34]. If A and B are IFSs, then the union and intersection of A and B are expressed: 153 

          *
*, , , , ,A B A BTTA B x T μ x μ x T v x v x x X  (10) 154 

          *
*, , , , ,A B A BTTA B x T μ x μ x T v x v x x X  (11) 155 

Hamacher defined the Hamacher t-norm and Hamacher t-conorm [10]: 156 

 
  

, ,  0
1

γ

xy
T x y γ

γ γ x y xy
 

   
(12) 157 

 *
(1 )

, ,  0
1 (1 )

γ

x y xy γ xy
T x y γ

γ xy

   
 

 
(13) 158 

Especially, when 1γ  , Hamacher t-norm and Hamacher t-conorm transform into the 159 

Algebraic t-norm and t-conorm: 160 

 ,T x y xy ,  * ,T x y x y xy   (14) 161 

If 2γ  , Hamacher t-norm and Hamacher t-conorm are respectively equal to the Einstein 162 

t-norm and t-conorm [20].163 

 
  

,
1+ 1 1

xy
T x y

x y


 
 * ,

1

x y
T x y

xy





 (15) 164 

2.3. Heronian mean 165 

Definition 4 [24]. Let  1,2, ,ia i n R  , which is greater than zero. The Basic Heronian mean 166 

(BHM) is defined as follows: 167 

 
 

1 2
1

2
, , ,

1

n n

n i j
i j i

BHM a a a a a
n n  

 


(16) 168 

Based on the BHM, Yu and Wu [32] extended the BHM to a more generalized form by 169 
introducing two parameters p  and q , and they proposed the geometric Heronian mean [34]. 170 

Definition 5 [32]. Let , 0p q  and  , 0 1,2, ,i ia R a i n   , then the Heronian mean(HM) operator 171 

is defined as follows: 172 
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 
 

1

,
1 2

1

2
, , ,

1

p q
n n

p qp q
n i j

i j i

HM a a a a a
n n



 

 
  
  

(17) 173 

It is easy to notice that the HM reduces to the BHM whenever 
1

2
p q  . 174 

Definition 6 [32]. If , 0p q  and ,p q  are not equal to zero at the same time, ,  0,  1,2, ,i ia R a i n   , 175 

then the geometric Heronian mean (denoted as GHM) has the following form: 176 

     
2

, 1
1 2

1,

1
, , ,

n
p q n n

n i j
i j i

GHM a a a pa qa
p q



 

 
  

  
(18) 177 

3. Normal intuitionistic fuzzy Hamacher Heronian mean operator and its weighted form178 

3.1. Hamacher operational laws of the NIFNs 179 

From Definition 3, Hamacher t-norm and Hamacher t-conorm, Hamacher intersection and sum 180 
between NIFNs are introduced. 181 

Suppose that  , , , 1,2i i i i iA α σ μ v i  ,  , , ,A α σ μ v , 0   >0γ λ . The Hamacher182 

operational laws of the NIFNs are presented as follows: 183 

 
 

    
1 2 1 2 1 2 1 2

1 2 1 2 1 2

1 2 1 2 1 2

1
, , ,

1 1 1
H

μ μ μ μ γ μ μ v v
A A α α σ σ

γ μ μ γ γ v v v v

   
   

     
(19) 184 

  
 

 

2 2
1 2 1 2 1 21 21 2

1 2 1 2 1 2
2 2
1 2 1 2 1 2 1 2

1
, , ,

1 1 1
H

v v v v γ v vμ μσ σ
A A α α α α

α α γ γ μ μ μ μ γ v v

     
   

        

(20) 185 

 
    

           

1 1 1
, , ,

1 1 1 1 1 1 1 1

λ λ

λ

λ λλ
λ

γ μ μ γv
λA λα λσ

γ μ γ μ γ v γ v

   


         

         

(21) 186 

  

     

    

     

1
12

1 1 1
, , ,

1 1 1 1 1 1 1 1

λ λ
λ

λ λ λ
λ λ λ

λ

γ v vγμ
A α λ α σ

γ μ γ μ γ v γ v



    
  

           
(22) 187 

Furthermore, according to Definition 3 and the properties of Hamacher t-norm and t-conorm, 188 
the above operation results are all NIFNs. Especially, when 1γ  , the above operational rules 189 

reduce to the operational laws of Definition 2. Therefore, the Hamacher operational laws of NIFNs 190 
extend the Algebraic operational rules of NIFNs. 191 

Theorem 1. If  , , ,  1,2 3i i i i iA α σ μ v i  ，,  , , ,A α σ μ v  and  0, 0, 0 1,2iγ λ λ i    , then 192 

1 2 2 1=H HA A A A  (23) 193 

1 2 2 1=H HA A A A  (24) 194 

   1 2 3 1 2 3=H H H HA A A A A A    (25) 195 

   1 2 3 1 2 3=H H H HA A A A A A    (26) 196 

     1 2 1 2H Hλ A A λA λA   (27) 197 

     1 2 1 2Hλ A λ A λ λ A   (28) 198 

 1 21 2 λ λλ λ
HA A A   (29) 199 

 1 21 2

λ
λ λ

H HA A A A   (30) 200 

 
2

1 1 2
λ

λ λ λA A (31) 201 

   1 2 1 2λ λ A λ λ A (32) 202 

Proof. 203 
(1) In light of the operation laws of NIFNs, the Equations (23) and (24) hold.204 
(2) For the Equation (25)205 
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 

 
 

    
 

1 2 3

1 2 1 2 1 2 1 2

1 2 1 2 3 3 3 3

1 2 1 2 1 2

1
, , , , , ,

1 1 1

H H

H

A A A

μ μ μ μ γ μ μ v v
α α σ σ α σ μ v

γ μ μ γ γ v v v v

  

   
  

     

206 

 
    

            

3 3 3

3 3
1 1 1

3 3
1 1

1 1 1 1

1 1 1
, , ,

1 1 1 1 1 1 1 1

i i i
i i i

i i n n
i i

i i i i
i i i i

γ μ μ γ v
α σ

γ μ γ μ γ v γ v

  

 

   

     
  

            

207 

 

   
 

    

1 2 3

2 3 2 3 2 3 2 3

1 1 1 1 2 3 2 3

2 3 2 3 2 3

1
, , , , , ,

1 1 1

H H

H

A A A

μ μ μ μ γ μ μ v v
α σ μ v α α σ σ

γ μ μ γ γ v v v v

  

   
  

     

208 

 
    

            

3 3 3

3 3
1 1 1

3 3
1 1

1 1 1 1

1 1 1
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Therefore, the Equation (25) holds. 210 
(3) It is easily noticed that the Equation (26) has the same characteristic as the Equation (25),211 

thus the proof of the Equation (26) is omitted. 212 
(4) For the Equation (27)213 
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Therefore, the Equation (27) holds. 219 
(5) It is easily noticed that the Equation (28) has the same characteristic as the Equation (27),220 

thus the proof of the Equation (28) is omitted. 221 
(6) In view of the Equation (29)222 
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i

i i i
i

λ λ
λ
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  
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λ
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Therefore, the Equation (29) holds. 229 
(7) For the Equation (30)230 
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Therefore, the Equation (30) holds. 238 
(8) For the Equation (31)239 
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Therefore, the Equation (31) holds. 243 
(9) For the Equation (32)244 
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Therefore, the Equation (31) holds. 246 
As a result, all the equations of Theorem 1 are right. 247 

3.2. Normal intuitionistic fuzzy Hamacher Heronian mean operator and its weighted form 248 
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Definition 7. Let    , , , 1,2, ,i i i i iA α σ μ v i n  be a collection of NIFNs, and , 0p q  , then the 249 

normal intuitionistic fuzzy Hamacher Heronian mean (NIFHHM) operator is defined in the 250 
following formula. 251 

 
 

 

1

,
1 2

1,

2
, , ,

1

p qn
p qp q

n H Hi j
i j i

NIFHHM A A A A A
n n



 

  
        

(33) 252 

Lemma 1: Let    , , , 1,2, ,i i i i iA α σ μ v i n ， be NIFNs, then 253 
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Proof. By (22), we have
1

1
2, , ,

i i

p p p
i p pi i iA α p α σ μ v 

  
 

,
     1 1 1 1

i

p
i

p p
p

i i

γμ
μ

γ μ γ μ


    
, 258 

    

     

1 1 1

1 1 1 1
i

p p

i i

p p p

i i

γ v v
v

γ v γ v

   


    
, 

1
1

2, , ,
q jj

q q q
j qj j jA α q α σ μ v 

  
 

259 

     1 1 1 1
j

q
j

q q
q

j j

γμ
μ

γ μ γ μ


    
, 

    

     

1 1 1

1 1 1 1
j

q q

j j

q q q

j j

γ v v
v

γ v γ v

   


    
260 

From the formula (20), we obtain 
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261 

             
=

1 1 1 1 1 1 1 1

i j

i j i j

p q
p q i jpq

ij p q
p qp q p q

i j i j

μ μ γμ μ
μ

γ γ μ μ μ μ γ μ γ μ γ μ μ




             

262 

 
 

           
             

1 1 1 1 1 11
=

1 1 1 1 1 1 1 1 1

i j i j i j

i j

p q p q

i j i j
p q p q p qpq

ij p q p q
p q

i j i j

γ v γ v v vv v v v γ v v
v

γ v v γ v γ v γ v v

             


            

263 

Lemma 2. If  , , ,i i i i iA α σ μ v ,  0 1,2, ,iλ i n  are NIFNs, then 264 

 
1 1 1

, , ,
n n

n n n

H i i i i i i
i i i

λ A λα λσ μ v 
  

    (37) 265 

    

      
1 1

1 1

1 1 1

1 1 1 1

i i

n i i

n nλ λ

i i
i i

n nλ λ

i i
i i

γ μ μ
μ

γ μ γ μ

 


 

    


     

(38) 266 

     
1

1 1

1 1 1 1

i

n i
i

n
λ
i

i

n nλ
λ

i i
i i

γ v
v

γ v γ v




 




     

(39) 267 

Proof. When 1n  , 1 1
1

n

H i i
i

λ A λ A


  . According to the formula (19), we have: 268 

 
    

           
 

1 1

1

1 11 11
1

1 1 1

1 1 1 1 1 1 1 1 1 1

1 1 1 1

1 1 1
, , , = , , ,

1 1 1 1 1 1 1 1

λ λ

λ

λ γλ
λ

γ μ μ γv
λ A λ α λ σ λ α λ σ μ v

γ μ γ μ γ v γ v
 

   


         
269 

So the Equation (37) holds for 1n  . 270 
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Assume that the Equation (37) is true for n k , we have:271 

 
1 1 1

, , ,
k k

k k k

H i i i i i i
i i i

λ A λα λσ μ v 
  

   272 

    

      
1 1

1 1

1 1 1

1 1 1 1

i i

k i i

k kλ λ

i i
i i

k kλ λ

i i
i i

γ μ μ
μ

γ μ γ μ

 


 

    


     

273 

     
1

1 1

1 1 1 1

i

k i
i

k
λ
i

i

k kλ
λ

i i
i i

γ v
v

γ v γ v




 




     

274 

When 1n k  , we apply the formulas (19) and (21), and get the following: 275 

   

 
    

           

 

1 1

1

1 11
1

1

1

+1 1
1 1 1

1 1
1

+1 +1 +1 +1

1 1 1 1

1 1

1 1

, , ,

1 1 1
, , ,

1 1 1 1 1 1 1 1

, ,

k k

k k

k

k kk
k

k

H i i
i

k k k

H i i H k k i i i i H
i i i

λ λ
λ

k k
k

k k k k λ λλ
λ

k k k k

k k

i i i i
i i

λ A

λ A λ A λ α λ σ μ v

γ μ μ γv
λ α λ σ

γ μ γ μ γ v γ v

λ α λ σ

 



 






  
  

 


   

 

 

 

 
     
 

   

         

   1 1
,

k k
μ v

  

276 

So when 1n k  , the Equation (37) holds. 277 
Based on steps (1) and (2), we can get that the Equation (37) holds for any n . 278 

Lemma 3. Let  , , ,  0  1,2, ,i i i i i iA α σ μ v λ i n   be a set of NIFNs, then 279 

 
1

2 2

21 11 1

, , ,i i i

n n

n n n n
iλ λ λ

H ii i i
i ii i

i

σ
A α α λ μ v

α
 

  

 
          

 

(40) 280 

     
1

1 1

1 1 1 1

i

n i
i

n
λ
i

i

n nλ
λ

i i
i i

γ μ
μ

γ μ γ μ




 




     

(41) 281 

    

      
1 1

1 1

1 1 1

1 1 1 1

i i

n i i

n nλ λ

i i
i i

n nλ λ

i i
i i

γ v v
v

γ v γ v

 


 

    


     

                         

(42) 282 

From Lemma 2, we apply the mathematical induction to similarly prove Lemma 3 and the proof is 283 
omitted here. 284 

Theorem 2. If    , , , , , 0 1,2, ,i i i i iA α σ μ v p λ q i n   is a set of NIFNs, then the aggregation285 

result of the formula (33) is still a NIFN, and it has the following expression:286 

 
 

   

1

,
1 2

1,

2
, , , , , ,

1

p qn
p qp q

n H Hi j
i j i

NIFHHM A A A A A α σ μ v
n n



 

  
         

(43) 287 

 

1

1

2

1

p q
n n

p q
i j

i j i

α α α
n n



 

 
  
  

(44) 288 

 

11
1

12 22

2 21 1

1 2

1

p q
n n n np q jip q p q

i j i j
i j i i j i

i j

σσ
σ α α α α p q

p q α αn n

 


   

 
      

                   
 

(45) 289 

        

                     

   

1
2 2

12 1

1, 1,

1 1
2 22 2

1 12 2 21 1

1, 1, 1, 1,

1

1 1 1 1

1 1 1 1

p qn n
n n n n

ij ij ij ij
i j i i j i

p q p qn n n n
n n n nn n n n

ij ij ij ij ij ij ij ij
i j i i j i i j i i j i

p

ij i

μ

γ V γ W V W

V γ W γ V W γ V γ W V W

V γ μ



 

   

 

  

       



 
     

 

   
                

   

        1 1  
q

p q
j ij i jγ μ W μ μ  

(46)290 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 May 2018                   doi:10.20944/preprints201805.0296.v1

Peer-reviewed version available at Symmetry 2018, 10, 199; doi:10.3390/sym10060199

http://dx.doi.org/10.20944/preprints201805.0296.v1
http://dx.doi.org/10.3390/sym10060199


10 of 51 

                   

               

1 1
2 22 2

1 11 12 2 2

1 1 1 1

1
2 22

1 12 2 2

1 1

1 1 1

1 1 1 1

p q p qn n n n
n n n nn n n n

ij ij ij ij ij ij ij ij
i j i i j i i j i i j i

p qn n
n n n nn n

ij ij ij ij ij ij
i j i i j i

v

V γ W γ V W V γ W V W

V γ W γ V W γ V γ W

 

  

       



 

   



   
               

   

 
          

 

， ， ， ，

， ，

     

         

1

2
1 1

1 1

1 1 1 1     1 1

p qn n
n n

ij ij
i j i i j i

p q p q

ij i j ij i j

V W

V γ v γ v W v v



 

   

 
   

 

       

， ，

291 

(47) 292 
Proof. 293 

According to Lemma 2, Lemma 3 and Equation (22), the Equation (43) holds. Consequently, it 294 

is proved that  ,
1 2, , ,p q

nNIFHHM A A A is a NIFN. For the ordinal pair  μ v， , we need prove 295 

that it is a IFN . i.e. 0 1μ  , 0 1v   and 0 + 1μ v  . 296 

(1) For the value of μ , according to 0γ   and  0 1, 1,2, ,iμ i n   , we have: 297 

    1 1 1 1,2,i iγ μ μ i n    ，298 

Moreover, for any i and j ,  1,2, ,i j n， ,299 

       1 1 1 1 1 1  = 0
p q

p q
ij i j iji jV γ μ γ μ μ μ W        300 

Thus         

2 2
12 1

1, 1,

1 0
n n

n n n n
ij ij ij ij

i j i i j i

V γ W V W 

   

      , and then 301 

        

1
2 2

12 1

1, 1,

1 0
p qn n

n n n n
ij ij ij ij

i j i i j i

γ V γ W V W


 

   

 
      

 
302 

From the following conditions:303 

                   

2 22 2
1 12 2 1 2 1

1, 1, 1, 1,

1 1 1 0
n n n n

n n n nn n n n
ij ij ij ij ij ij ij ij

i j i i j i i j i i j i

V γ W γ V W V γ W V W  

       

             304 

We obtain: 305 

          

          

        

1
2 2

12 2 1

1, 1,

1
2 2

12 1

1, 1,

1
2 2

12 1

1, 1,

1 1

1 1

1 0

p qn n
n n n n

ij ij ij ij
i j i i j i

p qn n
n n n n

ij ij ij ij
i j i i j i

p qn n
n n n n

ij ij ij ij
i j i i j i

V γ W γ V W

γ V γ W V W

γ V γ W V W



 

   



 

   



 

   

 
      

 

 
        

 

 
      

 

306 

As a result, 0 1μ  . 307 

(2) For the value of v , according to 0γ   and  0 1, 1,2, ,iv i n   , we have: 308 

   1 1 1,2,i iγ v v i n   ，309 

Moreover, for any i and j ,  1,2, ,i j n， , 310 

         1 1 1 1 1 1  = 0
p q p q

ij i j i j ijV γ v γ v v v W        311 

Thus         

2 2
12 1

1, 1,

1 0
n n

n n n n
ij ij ij ij

i j i i j i

V γ W V W 

   

      , and then 312 

          

        

1
2 2

12 2 1

1, 1,

1
2 2

12 1

1, 1,

1 1

1 0

p qn n
n n n n

ij ij ij ij
i j i i j i

p qn n
n n n n

ij ij ij ij
i j i i j i

V γ W γ V W

V γ W V W



 

   



 

   

 
      

 

 
       
 

313 

By the following conditions:314 
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          

          

1

1

2 2
12 2 1

1, 1,

2 2
12 1

1, 1,

1 1

1 1 0

p q

p q

n n
n n n n

ij ij ij ij
i j i i j i

n n
n n n n

ij ij ij ij
i j i i j i

V γ W γ V W

γ V γ W V W





 

   

 

   

 
      

 

 
        

 

315 

                   

1 1
2 22 2

1 11 12 2 2

1, 1, 1, 1,

1 1 1 0
p q p q

n n n n
n n n nn n n n

ij ij ij ij ij ij ij ij
i j i i j i i j i i j i

V γ W γ V W V γ W V W
 

  

       

   
                

   
316 

We get 0 1v  . 317 
(3) For the value of μ v .318 

By the steps (1) and (2), we can obtain 0μ v  , and we need prove that 1μ v   is right in the 319 

following. 320 

1) If there exist at least kμ with 1kμ  , then 0kv  and 0kk kkV W  , thus    
2

1

1,

0
n

n n
ij ij

i j i

V W 

 

  ,321 

therefore we obtain 1, 0μ v  , i.e. 1μ v   322 

2) If there exist at least kμ with 0kμ  , then 1kv  . 323 

For the equation    
2

1

1,

n
n n

ij ij
i j i

V W 

 

 , we have: 324 

   

  
 

1 1 1
,  

1 1

q
p

j

kj q
p

j

γ γ μ in μ
V k j n

γ γ v in v

   
  
  


   

  
 

1 1 1
, 1  

1 1

p
q

i

ik p
q

i

γ γ μ in μ
V i k

γ γ v in v

   
  
  


325 

and  0, 1   kj ikW W i k j n      , thus326 

   

            

          

21
1

2 1 1, , ,j k
1

211,
1

1 1, , ,j k

1 1 1 1 1 1

1 1 1 1

n k nq p
p q n n

j i ij ij
n j k i i i k j i

n n
ij ij

n k nq pi j i
p q n n

j i ij ij
j k i i i k j i

γ γ μ γ γ μ V W in μ

V W

γ γ v γ γ v V W in v




     


 


     

   
           

   
  

                

327 

    

             

           

2
1

12

2 1 1, , ,j k
12

21, 1
12

1 1, , ,j k

1 1 1 1 1 1 1

1

1 1 1 1 1

n k nq p
n np q

j i ij ij
j k i i i k j in

n n
ij ij

i j i n k nq p
n np q

j i ij ij
j k i i i k j i

γ γ μ γ γ μ V γ W in μ

V γ W

γ γ v γ γ v V γ W in v




     


  


     

   
            

   
   

                 

328 

Therefore 329 

        

          

          

1
2 2

1 12

1, , ,j k 1, , ,j k

1
2 2

1 12 2

1, , 1, ,

2 2
1 12

1, , ,j k 1,

1

1 1

1 1

p qn n
n n n n

ij ij ij ij
i i k j i i i k j i

p qn n
n n n n

ij ij ij ij
i i k j i i i k j i

n
n n n n

ij ij ij ij
i i k j i i i

γ V γ W V W

μ

V γ W γ V W

γ V γ W V W



 

       



 

     

 

    

 
     

 

 
      

 

     

       

1

, ,j k

1 1 1 1 1 1   

p qn

k j i

p q
p q

ij i j ij i jV γ μ γ μ W μ μ



  

 
 
  
 
  
  
   

       

330 

          

        

    

1
2 2

1 12 2

1, , ,j k 1, , ,j k

1
2 2

1 12

1, , ,j k 1, , ,j k

2

12

1, , ,j

1 1

1

1

p qn n
n n n n

ij ij ij ij
i i k j i i i k j i

p qn n
n n n n

ij ij ij ij
i i k j i i i k j i

n n
ij ij

i i k j i

V γ W γ V W

V γ W V W

v

V γ W



 

       



 

       



  

 
           
 
  
       
   

       

          

         

1

2

12

k 1, , ,j k

1
2 2

1 12

1, , ,j k 1, , ,j k

1

1 1

1 1 1 1  1 1

p qn n
n n

ij ij
i i k j i

p qn n
n n n n

ij ij ij ij
i i k j i i i k j i

p q p q

ij i j ij i j

γ V W

γ V γ W V W

V γ v γ v W v v





    



 

       

 
         
 
  
        
   

       
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It is easily noticed that the above equations respectively have the same characteristic as Equation 332 

(46) and (47) except for the number of factors in each product part, i.e. the symbol
1,

n

i j i 

 shows 333 

( 1) 2n n product factors, but
1, , ,j k

n

i i k j i   

 shows ( 1) 2n n n  product factors. 334 

From the aforementioned analysis, without the loss of generality, there is no harm in assuming 335 

the conditions with 0 1iμ  and  0 1, 1,2, ,iv i n   . Thereupon, we can transform μ and 336 

v into the following formulation.337 

       
 

1
2

1
2 2

1,

1 1 1 1 1 1 1 1

p q

p q n nn

i i j j
i j i

μ γ γ γ μ μ γ μ μ γ γ





 

  
                       

338 

       
 

1
2

1
2 2

1,

1 1 1 1 1 1 1 1 1 1

p q

p q n nn

i i j j
i j i

v γ γ γ v v γ v v γ





 

                              

  339 

According to  0 1, 1,2, ,i iμ v i n    , we have      1 1 0, 1,2, ,i i i iμ μ v v i n     , and 340 

then： 341 

       

         

1 1 1 1 1

1 1 1 1 1 0, 1,2, ,

p q

i i j j

p q

i i j j

μ μ γ μ μ γ

v v γ v v γ i j n

     

       ，
342 

Thus        
 

1
2

1
2 2

1,

1 1 1 1 1 1 1 1 1 1 1

p q

p q n nn

i i j j
i j i

μ v μ γ γ γ μ μ γ μ μ γ





 

                                 

343 

Therefore, we obtain 0 + 1μ v  . As a result,  μ v，  is a IFN. 344 

With respect to the parameter γ , some cases of NIFHHM operator are discussed. 345 

(1) If =1γ , then the formula (46)and(47) follow that:346 

   

1
2

1

1,

1 1
p qn

p q n n
i j

i j i

μ μ μ




 

 
   
 

(48) 347 

      

1

2

1

1

1 1 1 1 1

p q
n p q n n

i j
i
j i

v v v








 
      
 
 

   (49) 348 

We call (43)-(45) and (48)-(49) normal intuitionistic fuzzy Heronian mean (NIFHM) operator. 349 

(2) When =2γ , the formula (46) and (47) follow:350 

             

      

      

      

 

1
2 2

1 1

1, 1,

1
2 2

1 1

1, 1,

2

1

1,

2 2 2 3 2 2

2 2 3 2 2 3

3 2 2 2 2

p q
n np q p qn n n np q p q

i j i ji j i j
i j i i j i

p q
n np q p qn n n np q p q

i j i ji j i j
i j i i j i

n p q pn np q
i j ii j

i j i

μ μ μ μ μ μ μ μ

μ

μ μ μ μ μ μ μ μ

μ μ μ μ μ



 

   



 

   



 

 
        

 
 



 
       

  
 
      
 

    

1

2

1

1,

p q

n q n np q
j i j

i j i

μ μ μ





 

 
 
 
 

  
 

  (50) 351 

352 

          

          

          

          

     

1 1
2 2

1 1

1, 1,

2 2

1 1

1, 1,

1 1 3 1 1 1 1 3 1 1

3 1 1 1 1 1 1 1 1

1 1 3 1 1

p q p q
n np q p q p q p qn n n n

i j i j i j i j
i j i i j i

n np q p q p q p qn n n n

i j i j i j i j
i j i i j i

p q p

i j i

v v v v v v v v

v v v v v v v v
v

v v v v

 

 

   

 

   

   
             

   
   
               
   

        

          

          

          

1 1
2 2

1 1

1, 1,

2 2

1 1

1, 1,

1 1 3 1 1

3 1 1 1 1 1 1 1 1

p q p q
n nq p q p qn n n n

j i j i j
i j i i j i

n np q p q p q p qn n n n

i j i j i j i j
i j i i j i

v v v v

v v v v v v v v

 

 

   

 

   

   
        

   
   
               
   

(51)353 
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Heronian mean (NIFEHM) 354 We call (43)-(45) and (50)-(51) normal intuitionistic fuzzy Einstein 

operator. 355 
(3) When 1

2p q  , the NIFHHM operator degenerates into the normal intuitionistic fuzzy 356 

evolution Hamacher Heronian mean (NIFEHHM) operator. 357 

 

       

1 1
2 2

1 1
2 2

,
1 2

2 2

1, 1 1

, , ,

2 2 2
, 2 2 , ,

1 1 1

n

n n n n n

H i H j i j i j i j i j
i j i i j i i j i

NIFHHM A A A

A A αα σ α α σ α α μ v
n n n n n n     



    
                

 358 

            

          

            

            

2

1
2

1,

2

1

1,

2

1
2

1,

2

1

1,

1 1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1 1

1 1 1 1 1 1 1

n n n

i j i j
i j i

n n n

i j i j
i j i

n n n

i j i j
i j i

n n n

i j i j
i j i

γ μ γ μ γ μμ

γ μ γ μ μμ
μ

γ μ γ μ γ μμ

γ γ μ γ μ μμ



 



 



 



 

       

       


       
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(4) If 0q  , the NIFHHM operator reduces to generalized normal intuitionistic fuzzy Hamacher361 

Arithmetical mean (NIFEHAM) operator. 362 
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(5) If 1, 0p q  , the NIFHHM operator is transformed into normal intuitionistic fuzzy Hamacher366 

Arithmetical mean (NIFHAM) operator. 367 
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The NIFHHM operator is generalization of the above five operators, and it has some properties 369 
as follows. 370 

Theorem 3 (Idempotency).  If all    , , , 1,2, ,iA A α σ μ v i n   then:371 

   , ,
1 2, , , , ,p q p q

nNIIFHHM A A A NIFHHM A A A A ，372 

Proof. According to Theorem 1, we have: 373 
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we consider the following conditions. 399 

(1) If there exist at least
kAμ with 1

kAμ  ,then according to the condition (52), 1
kBμ  , 0

kAv 400 

and 0
kBv  . Moreover, 1A Bμ μ  ， 0A Bv v  , and we obtain A Bα α , thus 401 
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From the conditions (52) and (53), we have =A Bσ σ , and404 
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   
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  , the following equation holds.407 
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kBμ  , then 0
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kAv  , and 1
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 ,
1 2, , ,p q

nNIFHHM B B B , we have420 The above similar process is applied to calculate the value of 

the following result. 421 
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We can easily notice that the above equations respectively have the same characteristic as Equation 424 
(46) and (47) in each product part. The different part of these equations is only that the symbol425 

1,

n

i j i 

 shows ( 1) 2n n factors, but 
1, , ,j k

n

i i k j i   

 has ( 1) 2n n n  terms.426 

Based on the analysis, we assume 0 1
iAμ  , 0 1

iBμ  , 0 1
iAv  and 0 1

iBv  for any 427 

1,2, ,i n . Thereupon, Aμ , Av , Bμ and Bv are transformed as follows. 428 
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By the conditions 0 1
i iA Bμ μ   , 0 1

i iA Bv v   ,  1,2, ,i n , we have 0 1
i iA Aμ v   and 433 

0 1
i iB Bμ v   ,  1,2, ,i n , and then, for any 0γ  ,434 
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Moreover A Bμ μ and A Bv v , and according to the condition (52), A Bα α is right. Thus 436 
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   , ,
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n nS NIFHHM A A A S NIFHHM B B B , i.e.    A A A B B Bα μ v α μ v   . 456 

By the conditions = ,A B A A B Bα α μ v μ v   , we can get A A B Bμ v μ v   . From A Bμ μ and 457 

A Bv v , we have A Bμ μ and A Bv v , and then 458 
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According to the conditions (52) and (53), we get = 0A Bσ σ  , thus 460 
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therefore 463 
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That is, when the conditions (52) and (53) is satisfied and 
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Theorem 6 (Boundary). Let  , , ,i i i i iA α σ μ v be a set of NIFNs, and 467 
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Then when 
1

0
n n

p q
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α α
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1 2, , ,p q
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when 
1
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1 2, , ,p q
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The boundary is distinctly derived by the monotonicity, the proof is omitted. 472 
From the aforementioned analysis, we can see that the NIFHHM operator do not involve the 473 

significance of the input data. However, the importance of the attributes should be considered in re- 474 
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 the NIFHHM operator is defined. 475 

 

alization, so the weighted form of 
Definition 8. If    , , , 1,2, ,i i i i iA α σ μ v i n  is a collection of NIFNs and iω is the weight of iA , 476 

[0,1]iω  , 
1

1
n

i
i

ω


 , then normal intuitionistic fuzzy Hamacher weighted Heronian mean operator 477 

(NIFHWHM) is defined: 478 

        
1

, 2
1 2 1

1,

, , ,
p qn

p qp q
w n H i i H j jn n

i j i

NIFHWHM A A A ω A ω A



 

 
   
 

(56) 479 

Theorem 7. If    , , , 1,2, ,i i i i iA α σ μ v i n  is a collection of NIFNs and , 0p q  , then the 480 

aggregation result of the Equation (56) is a NIFN and 481 
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(61) 486 

Proof. We utilize Lemma1, Lemma2, Lemma3 and the operational laws (21) to get the Equation (57). 487 

Consequently, we need prove 0 1μ  , 0 1v   and 0 + 1μ v  . i.e. For the ordinal pair  μ v， ,488 

 ,

1 2, , ,p q

w nNIFHWHM A A A is a NIFN. According to operational law (21), for any 1,2, ,i n , 489 

i iω A is a NIFN and has the following situation.490 
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Thus the Equations (60) and (61) are transformed into the following formulas. 492 
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By the similar process of Theorem 2, We can get that  μ v，  is a IFN.495 

    It is prone to notice that NIFHWHM operator involves the monotonicity and boundedness, but 496 
has not the property of commutativity and idempotency. 497 
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Proof. By the operational law (21), i iω A  and i iω B  1,2, ,i n  are NIFNs , and we can obtain:508 
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For the part of    ,

1 2, , , = , , ,p q

w n A A A ANIFHWHM A A A α σ μ v , we have: 511 
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For the part of    ,

1 2, , , = , , ,p q

w n B B B BNIFHWHM B B B α σ μ v , we have: 516 
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In the following, we will respectively prove  i iμ μ and  i iv v are monotonically increasing with 521 

respect to independent variable.  522 

(1) For the part of iμ . 523 

Taking the derivative of iμ  with respect to iμ , we get: 524 
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By the conditions [0,1], 0, [0,1]i iω γ μ   , the following inequalities are right. 526 
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Therefore 0
i
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dμ
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 , in other words, iμ  is monotonically increasing with respect to iμ .  528 

(2) For the part of iv . 529 

Taking the derivative of iv with respect to iμ , we get: 530 
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Thus, iv  is monotonically increasing with respect to iv . Therefore, we utilize the similar process 532 

in Theorem 5 to get the proof of the Theorem8. 533 
534 

Theorem 9 (Boundary). Let  , , ,i i i i iA α σ μ v be a set of NIFNs, and  1,2,iω i n is the weight535 

of  1,2, ,iA i n , [0,1]iω  , 
1

1
n

i
i

ω


 . 536 

     , ,min ,maxi i i i i
i i
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The boundary is distinctly corollary of the monotonicity, the proof is omitted. 542 
The NIFHWHM operator also has some cases. 543 

(1) When the parameter =1γ ,544 
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We call (57)-(59) and (66)-(67) normal intuitionistic fuzzy weighted Heronian mean (NIFWHM) 547 
operator. 548 
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(69) 551 

We call (57)-(59) and (68)-(69) normal intuitionistic fuzzy Einstein weighted Heronian mean 552 
(NIFEWHM) operator. 553 
(3) When 1

2p q  , the NIFHWHM operator degenerates into the normal intuitionistic fuzzy 554 

evolution Hamacher weight Heronian mean (NIFEHWHM) operator. 555 
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(4) If 0q  , the NIFHWHM operator reduces to generalized normal intuitionistic fuzzy Hamacher559 

weight Arithmetical mean (GNIFEHWAM) operator. 560 
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(5) If 1, 0p q  , the NIFHWHM operator is transformed into normal intuitionistic fuzzy564 

Hamacher weight  Arithmetical mean (NIFHWAM) operator. 565 
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4. Normal intuitionistic fuzzy Hamacher Geometric Heronian mean operator and its weighted567 
form568 

In this section, the GHM is extended to contain the position where the attribute values are 569 
NIFNs, and we introduce the normal intuitionistic fuzzy Hamacher geometric Heronian mean 570 
(NIFHGHM) aggregation operator and its weighted form. 571 
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the value of zero at the same time, a normal intuitionistic fuzzy Hamacher geometric Heronian 574 
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Proof. According to Lemma2, we get 584 
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From Lemma3, the following formula holds 586 
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From the formula (21), the Equation (71) holds. 590 
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We obtain: 0 1μ  . 600 

(2) For the value of v , from the conditions 0γ   and  0 1, 1,2, ,iv i n   , we get: 601 
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As a result, 0 1v  . 611 
(3) For the value of μ v , by the steps (1) and (2), 0μ v  , and the inequality 1μ v   is proved612 

in the following. 613 

1) If there exist at least kv with 1kv  , then 0kμ  , 0kk kkV W  and    
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  ,614 

therefore we have 0, 1μ v  , i.e. 1μ v   615 

2) If there exist at least kv with 0kv  , then 1kμ  . For the equation    
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have: 617 
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and  =0, 1   kj ikW W i k j n     , thus619 
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Therefore 623 
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Considering that there are ( 1) 2n n  factors in the product part
1,

n

i j i 

 and ( 1) 2n n n   factors in626 

the part
1, , ,

n
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 , we suppose that 0 1iμ  and  0 1, 1,2, ,iv i n   is right. Therefore, μ627 

and v  have the following results. 628 
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Based on  0 1, 1,2, ,i iμ v i n    , we have      1 1 0, 1,2, ,i i i iv v μ μ i n     , and then631 
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p q p q

i i j j i i j jv v γ v v γ μ μ γ μ μ γ i j n             ，632 

Thus 633 
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Therefore, 0 + 1μ v   is right. As a result,  μ v，  is a IFN.635 

Especially, (1) When =1γ , the NIFHGHM reduce to normal intuitionistic fuzzy geometric 636 

Heronian mean (NIFGHM) which is presented by the formulas (71)-(73) and (76). 637 
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(2) If =2γ , then639 
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So the NIFHGHM operator reduce to the formulas (71)-(73) and (77)-(78), and it is called normal 642 
intuitionistic fuzzy Einstein geometric Heronian mean (NIFEGHM). 643 
(3) When 1

2p q  , the NIFHGHM operator degenerates into the normal intuitionistic fuzzy 644 

evolution Hamacher geometric Heronian mean (NIFEHGHM) operator. 645 
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(4) If 0q  , the NIFHGHM operator reduces to generalized normal intuitionistic fuzzy Hamacher649 

geometric  Arithmetical mean (GNIFHGAM) operator. 650 
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(5) If 1, 0p q  , the NIFHGHM operator is transformed into normal intuitionistic fuzzy654 

Hamacher geometric  Arithmetical mean (NIFHGAM) operator. 655 
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The NIFHGHM operator has some properties considered in the following.657 
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and    ,
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(1) When 1
kBv  is at least satisfied, 1

kAv  , 0
kAμ  , and 0

kBμ  . Thus, 1A Bv v  ， 0A Bμ μ  . 686 

According to the condition (79), the equation A Bα α is obtained. Therefore, 687 
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If the conditions (79) and (80) are right, then =A Bσ σ , and690 
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Consequently, for    
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have    , ,
1 2 1 2, , , = , , ,p q p q
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(2) Supposing at least 0
kAv  , then 1

kAμ  , 0
kBv  , and 1

kBμ  . From the equations 1
kAμ  and 695 

0
kAv  , we have: 696 
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When 1
kBμ  and 0

kBv  , based on the same method as the above, Bμ and Bv in 706 

 ,
1 2, , ,p q

nNIFHGHM B B B are transformed into the following:707 

          

        

        

1
2 2

1 1

1
2 2

1 1

2 2
1

2 2

1, , , 1, , ,

2

1, , , 1, , ,

2 2

1, , ,

1 1

1

1 1

p q
n n n n

p q
n n n n

n n

n n

ij ij ij ij
i i k j i j k i i k j i j k

n n

ij ij ij ij
i i k j i j k i i k j i j k

B
n

ij ij ij ij
i i k j i j k

V γ W γ V W

V γ W V W
μ

V γ W γ V W


 


 



       

       

   

 
      

 

 
      
 

      

          

         

1

1

1
2 2

1 1

1, , ,

2

1, , , 1, , ,

1 1

1 1 1 1     1 1

p q
n n

p q
n n n n

i j i j

n

i i k j i j k

n n

ij ij ij ij
i i k j i j k i i k j i j k

p q p q

ij B B ij B B

γ V γ W V W

V γ μ γ μ W μ μ






 

   

       

 
 

 

 
       

 

       

708 

        

          

          

1
2 2

1 1

1
2 2

1 1

2 2
1 1

2

1, , , 1, , ,

2 2

1, , , 1, ,

2

1, , ,

1

1 1

1 1

p q
n n n n

p q
n n n n

n n n n

n n

ij ij ij ij
i i k j i j k i i k j i j k

B
n n

ij ij ij ij
i i k j i j k i i k j i

n

ij ij ij ij
i i k j i j k

γ V γ W V W
v

V γ W γ V W

γ V γ W V W


 


 

 

       

      

   

 
     

 
 

      
 

     

       

1

1, , ,

1 1 1 1 1 1   

p q

i j i j

n

i i k j i j k
p q

p q
ij B B ij B BV γ v γ v W v v



   

 
 

 

       

709 

We can easily noticed the symbol 
1,

n

i j i 

 contains ( 1) 2n n terms, but
1, , ,

n

i i k j i j k   

 involves710 

( 1) 2n n n  product terms. Without the loss of generality, we suppose 0 1
iAμ  , 0 1

iBμ 711 

and 0 1
iAv  ,  0 1, 1,2, ,

iBv i n   . Therefore, we have:712 
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According to the following inequalities 717 

0 1
i iA Bμ μ   , 0 1

i iB Av v   , 0 1
i iA Aμ v   and 0 1

i iB Bμ v    1,2, ,i n718 

we obtain: 719 

   1 1
i i i iA A B Bv v v v   ,    1 1

i i i iA A B Bμ μ μ μ   ,  1,2, ,i n720 

Thus, A Bμ μ  and A Bv v , and by the conditions (79) and (80), we have A Bα α and A Bσ σ . 721 

Therefore, (1) when    
1, 1,

0
i j i j
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i j i i j i

pα qα pα qα
   
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1 1 2 1 1 2, , , , , ,p q p q

n A A A B B B nS NIFHGHM A A A α μ v α μ v S NIFHGHM B B B    723 

If      , ,
1 1 2 1 1 2, , , , , ,p q p q

n nS NIFHGHM A A A S NIFHGHM B B B , then724 

   , ,
1 2 1 2, , , , , ,p q p q

n nNIFHGHM A A A NIFHGHM B B B725 

If      , ,
1 1 2 1 1 2, , , , , ,p q p q

n nS NIFHGHM A A A S NIFHGHM B B B , Based on the conditions 726 

= 0, , ,A B A A B B A B A Bα α μ v μ v μ μ v v      , we obtain A Bμ μ and A Bv v , and then727 
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n A A A B B B nH NIFHGHM A A A σ μ v σ μ v H NIFHGHM B B B     , 730 

thus 731 
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= 0, , ,A B A A B B A B A Bα α μ v μ v μ μ v v      , we obtain A Bμ μ and A Bv v , and then738 
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thus    , ,
1 2 1 2, , , , , ,p q p q

n nNIFHGHM A A A NIFHGHM B B B , therefore, the Theorem 13 holds. 742 
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Theorem 14(Boundedness). Let    , , , 1,2, ,i i i i iA α σ μ v i n ， be a set of NIFNs, and 744 
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Then when  
1,

0
n

i j
i j i

pα qα
 

  ,  ,
1 2, , ,p q
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when  
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n

i j
i j i

pα qα
 

  ,  ,+
1 2, , ,p q

nA NIFHGHM A A A A 748 

Theorem 14 is distinctly derived by Theorem 13. the proof is omitted. 749 
Similarly, the weighted form of NIFHGHM operator are defined in the following. 750 
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Definition 10. If    , , , 1,2, ,i i i i iA α σ μ v i n  is a collection of NIFNs, [0,1]iω  is the 752 

weight of  1,2, ,iA i n with 
1

1
n

i
i

ω


 , then normal intuitionistic fuzzy Hamacher weighted753 

geometric Heronian mean (NIFHWGHM) operator is presented as follows. 754 
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Theorem 15. Let    , , , 1,2, ,i i i i iA α σ μ v i n  be a set of NIFNs and , 0p q  which cannot 756 

simultaneously take the value of zero, the aggregation result of the Equation (83) is a NIFN and 757 

   ,
1 2, , , , , ,p q

ω nNIFHWGHM A A A α σ μ v (84) 758 

   
2

1

1,

1
ji

j

n
ωω n n

i
i j i

α pα qα
p q



 

 


(85) 759 

   

   

1
2 21 1

112 2
2

1

2
1,1,

1 2

1

ji

ji

ji

ωω
i i i j j j

n n
ωω n n

i j
ωi j ii j i ω

i j

pω α σ qω α σ

σ pα qα
p q n n pα qα





  

 
    

           
    
    

   
 

(86) 760 

          

        

          

    

1
2 2

1 1

1
2 2

1 1

1
2 2

1 1

2

2 2

1 1

2

1 1

2 2

1 1

2

1 1

1

1 1

1 1

p q
n n n n

p q
n n n n

p q
n n n n

n n

n n

ij ij ij ij
i j i i j i

n n

ij ij ij ij
i j i i j i

n n

ij ij ij ij
i j i i j i

ij ij

V γ W γ V W

V γ W V W
μ

V γ W γ V W

γ V γ W


 


 


 

   

   

   

 
      

 

 
      
 

 
      

 

   

， ，

， ，

， ，

     

             
         

1
2

1 1

1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1

p q
n n

i j
ji

i j
ji

n n

ij ij
i j i i j i

p q
ω ω

ωω
ij i i j j

p q
ω ω

ωω
ij i i j j

V W

V γ μ γ μ γ μ γ μ

W γ μ μ γ μ μ


 

   

 
   

 

          

        

， ，

(87) 761 

        

          

          

1
2 2

1 1

1
2 2

1 1

1
2 2

1 1

2

1, 1,

2 2

1, 1,

2

1, 1,

1

1 1

1 1

p q
n n n n

p q
n n n n

p q
n n n n

n n

ij ij ij ij
i j i i j i

n n

ij ij ij ij
i j i i j i

n n

ij ij ij ij
i j i i j i

ij

γ V γ W V W
v

V γ W γ V W

γ V γ W V W

V


 


 


 

   

   

   

 
     

 
  

          
         

   

              
           

2 21 1 1 1 1 1 1 1

1 1 1 1 1 1

i ji j

i ji j

p q
ω ωω ω

i i j j

p q
ω ωω ω

ij i i j j

γ v γ v γ v γ v

W γ v v γ v v

         

        

(88) 762 

Proof. By the formula (22), we have 763 
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From Lemma2, the following equation holds. 766 
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By Lemma3, we get: 770 
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We can see that the Equation (84) holds by the formula (21). Consequently, we derive 0 1μ  , 775 
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Therefore, the Equations (87) and (88) have the following situation. 779 
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Appling the similar derivation of Theorem 10, it is obtained that  μ v，  is a IFN.782 

From the above, the NIFHWGHM operator has the monotonicity and the boundedness 783 
784 

Theorem 16 (monotonicity). Let 0, 0p q  , ,p q  don’t simultaneously equal the zero, and 785 
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conditions is right, 787 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 May 2018                   doi:10.20944/preprints201805.0296.v1

Peer-reviewed version available at Symmetry 2018, 10, 199; doi:10.3390/sym10060199

http://dx.doi.org/10.20944/preprints201805.0296.v1
http://dx.doi.org/10.3390/sym10060199


32 of 51 

   
1, 1,

j ji i

A A B Bi j i j

n n
w ww w

i j i i j i

pα qα pα qα
   

    ,
i iA Bμ μ ,  1,2, ,

i iA Bv v i n  (89) 788 

       
2 22 2

-1 -1-1 -1

1, 1,

=j j j ji i i i

i j i jA A A A B B B Bi j i j i j i j

n n
w w w ww w w w

i A j A i B j B
i j i i j i

p w α σ q w α σ pα qα p w α σ q w α σ pα qα
   

   
       

   
 (90) 789 

then for    
1, 1,

0j ji i

A A B Bi j i j

n n
w ww w

i j i i j i

pα qα pα qα
   

    790 

   , ,

1 2 1 2, , , , , ,p q p q

w n w nNIFHGHM A A A NIFHGHM B B B (91) 791 

for    
1, 1,

0j ji i

A A B Bi j i j

n n
w ww w

i j i i j i

pα qα pα qα
   

    792 

   , ,

1 2 1 2, , , , , ,p q p q

w n w nNIFHGHM A A A NIFHGHM B B B (92) 793 

Proof. From the proof of Theorem 15, we obtain: 794 
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Consequently, it is proved that  i iμ μ and  i iv v are monotonically increasing.  805 

(1) Taking the derivative of iμ  with respect to iμ , we have: 806 
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Thus, iv is monotonically increasing with respect to iv . 808 

(2) Taking the derivative of iv with respect to iμ , we obtain: 809 
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For any [0,1], 0, [0,1]i iω γ v   , we have: 811 
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We obtain the proof of the Theorem 16 based on the similar process in Theorem 13. 814 
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The boundary is distinctly corollary of the monotonicity, the proof is omitted. 823 
The NIFHWGHM operator has also some special cases discussed in the following. 824 

(1) When =1γ , the formulas (87) and (88) reduce to the following equation.825 
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So the normal intuitionistic fuzzy weighted geometric Heronian mean (NIFWGHM) operator can 828 
be defined by the formulas (84)-(86) and (93)-(94). 829 
(2) When =2γ , then830 
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We can see that the NIFHWGHM operator transform into the normal intuitionistic fuzzy Einstein 833 
weighted geometric Heronian mean (NIFEWGHM) operator which is defined by the formulas 834 
(84)-(86) and (95)-(96). 835 
(3) When 1

2p q  , the NIFHWGHM operator degenerates into the normal intuitionistic fuzzy 836 

evolution weight Hamacher geometric Heronian mean (NIFEHWGHM) operator. 837 
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(4) If 0q  , the NIFHWGHM operator reduces to generalized normal intuitionistic fuzzy841 

Hamacher geometric  weight  Arithmetical mean (NIFEHWGAM) operator. 842 
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(5) If 1, 0p q  , the NIFHWGHM operator is transformed into normal intuitionistic fuzzy846 

Hamacher geometric weight  Arithmetical mean (NIFHWGAM) operator. 847 
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848 

5. New methods based on Hamacher Heronian mean operator for normal intuitionistic fuzzy849 
information.850 

We utilize the developed operators to the MCGDM problem where the input arguments are 851 
some NIFNs.  852 

(1) Description of a MCGDM problem.853 

a collection of decision makers:  1 2, , , qE e e e854 

a collection of alternatives:  1 2, , , mA A A A855 

attributes set:  1 2,C , , nC C C856 

weight of attributes set:  1 2
1

, , , 0,1  1
n

n j j
j

ω ω ω ω ω ω


    ，857 

weight of decision makers:  1 2
1

, , , 0,1  1
q

q k k
k

λ λ λ λ λ λ


    ，858 

a decision matrix given by ke for A with respect to C : 859 

  1,2, ,  , , ,k k k k k kk
ij ij ij ij ij ij

mxn
E e k q e α σ μ v     860 

(2) the method based on NIFHWHM operator (or NIFHWGHM)861 
Step 1. Normalization of decision making information862 
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In realization, the bigger values of some benefit attributes ( 1I ) are better and the smaller values 863 

of some cost attributes ( 2I ) are better, therefore, decision-making information should be normalized864 

for the unity of input data. Hence, decision matrices kk
ij

mxn
E e    can be transformed into matrices 865 

 1,2, ,kk
ij

mxn
R r k q     ，  by Wang's method [16] where 866 

 
   
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, , , ,     
max max

, , ,v
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, , , ,     
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jij ij

ijij ij
i i

k k k k k
ij N N N N

ij ij iji k k
jij ij

ij ijij
i

α σ σ
μ v C I

αα σ
r α σ μ

α σ σ
μ v C I

α ασ

  
   
 
 

  
 
  
   

   (97) 867 

Step 2. Apply the NIFHWHM or NIFHWGHM operator to integrate  1,2, ,k k
ij

mxn
R γ k q    into868 

the collection of the matrix ij
mxn

R r    , where 869 

 , 1 2, , ,p q q
ij ω ij ij ijr NIFHWHM r r r or  , 1 2, , ,p q q

ij ω ij ij ijr NIFHWGHM r r r870 

Step 3. Utilize the NIFHWHM operator or NIFHWGHM operator to get the value  1,2, ,ir i m of 871 

alternative  1,2, ,iA i m  where872 

 ,
1 2, , ,p q

i ω i i inr NIFHWHM r r r or  ,
1 2, , ,p q

i ω i i inr NIFHWGHM r r r . 873 

Step 4. Utilize the ranking method of the NIFNs to rank  1,2, ,ir i m in the descending order and 874 

derive the priority of each alternative  1,2, ,iA i m  according to  1,2, ,ir i m . 875 

Step 5. the end. 876 

6. an application example877 

A MCGDM problem will be presented to demonstrate the application of the developed 878 
approach (a stock value evaluation problem), which is adapted from [26]. In the intricate stock 879 
market, a real problem is how to analyze the stock investment value and choose the stock. 880 
Therefore, an effective stock evaluation approach is very significant. However, most of the financial 881 
indicators approximately obey normal distribution, and the NIFNs can effectively describe the 882 
phenomenon of normal distribution and evaluate the stock investment value information. To 883 
evaluate the stock alternatives, we suppose that there are four stocks (alternatives) denoted as 884 

 1 2 3 4, , ,A A A A , and we extract the four key financial attributes described as undistributed profits per 885 

share  1C , Net asset value per share  2C , Earnings per share  3C , and Equity ratio  4C , whose 886 

weight vector is  0.33,0.26,0.16,0.25
T

ω  . 887 

Obviously, these attributes are all benefit attributes under which three decision workers 888 

 1,2,3ke k  utilize NIFNs to evaluate the four alternatives. Three decision makers can evaluate the 889 

four alternatives under the four attributes  1 2 3 4, , ,C C C C , and Three decision matrices 
4 4

kk
ijE e


   890 

are set out in the following tables (see Tables1-3 ). 891 

Table 1. decision matrix 1E from 1e . 892 

1C 2C 3C 4C

1A  3.07,2.14 ,0.7,0.15  0.94,0.69 ,0.7,0.15  1.82,0.90 ,0.6,0.2  1.76,3.67 ,0.65,0.15

2A  2.12,1.21 ,0.7,0.2  0.42,0.35 ,0.6,0.15  2.16,0.98 ,0.55,0.2  2.35,3.23 ,0.6,0.1

3A  1.55,1.63 ,0.7,0.2  0.73,0.41 ,0.6,0.2  1.55,0.79 ,0.7,0.2  4.25,2.54 ,0.7,0.2

4A  1.23,0.96 ,0.75,0.25  0.63,0.50 ,0.6,0.15  1.14,0.66 ,0.6,0.15  4.96,2.93 ,0.75,0.2

893 
894 
895 
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Table 2. decision matrix 2E from 2e . 896 

1C 2C 3C 4C

1A  3.07,2.14 ,0.6,0.15  0.94,0.69 ,0.65,0.1  1.82,0.90 ,0.7,0.2  1.76,3.67 ,0.65,0.2

2A  2.12,1.21 ,0.7,0.25  0.42,0.35 ,0.7,0.2  2.16,0.98 ,0.6,0.2  2.35,3.23 ,0.65,0.2

3A  1.55,1.63 ,0.6,0.2  0.73,0.41 ,0.6,0.15  1.55,0.79 ,0.6,0.2  4.25,2.54 ,0.65,0.15

4A  1.23,0.96 ,0.8,0.2  0.63,0.50 ,0.65,0.15  1.14,0.66 ,0.7,0.15  4.96,2.93 ,0.7,0.2

Table 3. decision matrix 3E from 3e . 897 

1C 2C 3C 4C

1A  3.07,2.14 ,0.65,0.2  0.94,0.69 ,0.60,0.2  1.82,0.90 ,0.65,0.2  1.76,3.67 ,0.7,0.15

2A  2.12,1.21 ,0.65,0.2  0.42,0.35 ,0.75,0.15  2.16,0.98 ,0.7,0.15  2.35,3.23 ,0.7,0.15

3A  1.55,1.63 ,0.8,0.2  0.73,0.41 ,0.65,0.15  1.55,0.79 ,0.7,0.25  4.25,2.54 ,0.6,0.1

4A  1.23,0.96 ,0.7,0.1  0.63,0.50 ,0.7,0.2  1.14,0.66 ,0.7,0.2  4.96,2.93 ,0.6,0.2

6.1. a new method related to the NIFHWHM and NIFHWGHM operator 898 

According to the following steps, all of the alternatives are ranked in order to get the best 899 
alternatives. 900 
Step 1. Normalizing the input data 901 

Utilizing Equation (97) to integrate decision matrix into the normalized decision matrix 902 

4 4

kk
ijR r


    which is shown Tables 4-6. 903 

Step 2. Applying the NIFHWHM and NIFHWGHM operator to integrate normalization matrices 904 

 
4 4

  1,2,3kk
ijR r k


     into a matrix

4 4

k
ijR r


    (see Table 7 and Table 8) (without the loss of generality, 905 

let 2, 1γ p q   ) 906 

Step 3. Utilizing the NIFHWHM and NIFHWGHM operator to derive preference values of 907 

4 4
ijR r


    and calculate the collection preference value  1,2,3,4ir i  of alternative  1,2,3,4iA i  (see 908 

Table 9 and Table 10). 909 
Step 4. Calculating the value of score function   1,2,3,4iS r i  (see Table 9 and Table10). 910 

Step 5. Arranging all of the alternatives  1,2,3,4iA i   as follows (see Table 9 and Table10). 911 

Table 4. normalization matrix 1R given by 1e . 912 

1C 2C 3C 4C

1A  1.0,0.697 ,0.7,0.15  1.0,0.734 ,0.7,0.15  0.843,0.454 ,0.6,0.2  0.355,2.085 ,0.65,0.15

2A  0.69,0.323 ,0.7,0.2  0.447,0.423 ,0.6,0.15  1.0,0.454 ,0.55,0.2  0.474,1.21 ,0.6,0.1

3A  0.505,0.801 ,0.7,0.2  0.777,0.334 ,0.6,0.12  0.718,0.411 ,0.7,0.2  0.857,0.414 ,0.7,0.2

4A  0.401,0.35 ,0.75,0.25  0.67,0.575 ,0.6,0.15  0.528,0.39 ,0.6,0.15  1.0,0.472 ,0.75,0.2

Table 5. normalization matrix 2R given by 2e . 913 

1C 2C 3C 4C

1A  1.0,0.697 ,0.6,0.15  1.0,0.734 ,0.65,0.1  0.843,0.454 ,0.7,0.2  0.355,2.085 ,0.65,0.2

2A  0.69,0.323 ,0.7,0.25  0.447,0.423 ,0.7,0.2  1.0,0.454 ,0.6,0.2  0.474,1.21 ,0.65,0.2

3A  0.505,0.801 ,0.6,0.2  0.777,0.334 ,0.6,0.15  0.718,0.411 ,0.6,0.2  0.857,0.414 ,0.65,0.15

4A  0.401,0.35 ,0.8,0.2  0.67,0.575 ,0.65,0.15  0.528,0.39 ,0.7,0.15  1.0,0.472 ,0.7,0.2

914 

915 
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Table 6. normalization matrix 3R given by 3e . 916 

1C 2C 3C 4C

1A  1.0,0.697 ,0.65,0.2  1.0,0.734 ,0.6,0.2  0.843,0.454 ,0.65,0.2  0.355,2.085 ,0.7,0.15

2A  0.69,0.323 ,0.65,0.2  0.447,0.423 ,0.75,0.15  1.0,0.454 ,0.7,0.15  0.474,1.21 ,0.7,0.15

3A  0.505,0.801 ,0.8,0.2  0.777,0.334 ,0.65,0.15  0.718,0.411 ,0.7,0.25  0.857,0.414 ,0.6,0.1

4A  0.401,0.35 ,0.7,0.1  0.67,0.575 ,0.7,0.2  0.528,0.39 ,0.7,0.2  1.0,0.472 ,0.6,0.2

Table 7. The collective decision matrix R of NIFHWHM operator. 917 

1C 2C 3C 4C

1A  0.664,0.073 ,0.872,0.064  0.664,0.085 ,0.863,0.082  0.605,0.049 ,0.872,0.038  0.413,0.002 ,0.851,0.049

2A  0.555,0.069 ,0.881,0.050  0.443,0.059 ,0.989,0.031  0.660,0.072 ,0.849,0.071  0.463,0.082 ,0.842,0.047

3A  0.480,0.898 ,0.893,0.056  0.575,0.065 ,0.850,0.048  0.562,0.096 ,0.859,0.073  0.612,0.061 ,0.862,0.050

4A  0.431,0.113 ,0.868,0.062  0.538,0.062 ,0.879,0.043  0.481,0.102 ,0.83,0.062  0.662,0.063 ,0.912,0.053

Table8. The collective decision matrix R  of NIFHWGHM operator. 918 

1C 2C 3C 4C

1A  1.00,0.402 ,0.786,0.0.202  1.00,0.423 ,0.787,0.20  0.945,0.293 ,0.78,0.207  0.708,2.397 ,0.792,0.202

2A  0.884,0.239 ,0.805,0.209  0.765,0.417 ,0.795,0.202  1.00,0.262 ,0.757,0.205  0.78,1.147 ,0.779,0.199

3A  0.797,0.729 ,0.81,0.207  0.919,0.228 ,0.762,0.198  0.896,0.296 ,0.794,0.209  0.95,0.265 ,0.787,0.201

4A  0.738,0.371 ,0.843,0.206  0.875,0.433 ,0.779,0.202  0.808,0.344 ,0.788,0.202  1.00,0.272 ,0.807,0.207

919 

Table9. aggregation result of the NIFHWHM operator. 920 

Alternatives
i

A  Collection Preference Value
i
r Score Function  i

S r Ranking 

1
A  1

0.0451,0.1054 ,0.0537,0.9268r   1
0.0394S r   2 

2
A  2

0.0440,0.0568 ,0.0525,0.9235r   2
0.0383S r   1 

3
A  3

0.0506,0.0335 ,0.0547,0.9297r   3
0.0443S r   4 

4
A  4

0.0489,0.0308 ,0.0581,0.9166r   4
0.0420S r   3 

Table10. aggregation result of the NIFHWGHM operator. 921 

Alternatives
i

A  Collection Preference Value
i
r Score Function  i

S r Ranking 

1
A  1

0.8463,0.6660 ,0.8967,0.1569r   1
0.6261S r  1 

2
A  2

0.6460,0.2203 ,0.8977,0.1572r   2
0.4784S r  4 

3
A  3

0.6539,0.0832 ,0.8979,0.1571r   3
0.4844S r  3 

4
A  4

0.6543,0.0725 ,0.9073,0.1572r   4
0.4908S r  2 

6.2. Sensitivity analysis 922 

In the proposed method of this paper, three parameters γ , p  and q  are involved and 923 

influence aggregation result. Therefore, we make a sensitivity analysis in order to study the 924 
influence of the generalized parameters with respect to the ordering results of the above example. In 925 
other words, we choose the different parameters γ , p  and q  in Steps (2) and (3) to rank all the 926 

alternatives, and discuss the effect of the parameter values change on the ordering results. The 927 
aggregation results are provided in Table 11 and Figure 1-5. 928 

From Table 11 and Figure 1-5, we can observe that different parameter values have a certain 929 
influence on the ordering results. In general, the best alternative is 

1
A with respect to the NIFWHM 930 

operator, 
2

A is the best one with respect to the NIFHWGHM operator. 931 
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(1) From Table 11 and Figure 1-2 , best alternative and the ordering results of the alternatives are932 
concordant when 1.33γ   and ,p q  are given in the NIFHWHM or NIFHWGHM operators. When933 

1.33γ   and there is at least equal to zero in p and q , the rankings of the alternatives are different.934 

(2) From Figure 3 and Figure 4, we can see that when ,γ q  are given in the NIFHWHM or935 

NIFHWGHM operators and p takes the values of the different intervals, the best resolution and the936 

orderings are different. For example of the NIFHWHM operator, when 1, 1γ q  , 0,0.83p  , the937 

ranking is 
1 2 4 3

A A A A , 0.83,0.1.36p  , the ranking is
2 1 4 3

A A A A , 1.36,1.78p  , the ranking 938 

is
2 4 1 3

A A A A and 1.78,5p  , the ranking is
2 4 3 1

A A A A , and we notice that when 0.83,0.1.36p  , the best 939 

one is 
1

A , 0.83,5p  , the best one is 
2

A . 940 

(3) From Figure 5 shows that sensitivity of the parameter q  is similar to the parameter p , but the941 

influence of the value q is less in the NIFHWGHM operator. As long as 0.11q  , the rankings are942 

concordant 
1 4 3 2

A A A A943 

In a word, based on the generalized parameters  γ , p  and q  in NIFHWHM operator and 944 

NIFHWGHM operator, the new method of this paper can provide more reliable and flexible 945 
decision-making results. Moreover, the reasonable and best alternative can be properly obtained on 946 
the basis of actual situation of the practical MAGDM problems, namely the new method can offer an 947 
effective and powerful mathematic tool for the MAGDM under uncertainty. 948 

Table11. sensitivity analysis with respect to γ  in the NIFHWHM operator. 949 

  1
S r  2

S r  3
S r  4

S r Ranking 

1p 

0q 

0.1 0.0388 0.0298 0.0336 0.0288 4 2 3 1
A A A A

0.5 0.0440 0.0336 0.0378 0.0333 4 2 3 1
A A A A

1.0 0.0469 0.0358 0.0403 0.0359 2 4 3 1
A A A A

1.5 0.0486 0.0371 0.0417 0.0374 2 4 3 1
A A A A

2.0 0.0497 0.0380 0.0427 0.0384 2 4 3 1
A A A A

5.0 0.0528 0.0403 0.0453 0.0410 2 4 3 1
A A A A

30 0.0560 0.0428 0.0480 0.0439 2 4 3 1
A A A A

0.5p 

0.5q 

0.1 0.0283 0.0280 0.0326 0.0291 2 1 4 3
A A A A

0.5 0.0311 0.0309 0.0357 0.0324 2 1 4 3
A A A A

1.0 0.0328 0.0326 0.0376 0.0313 2 1 4 3
A A A A

1.5 0.0337 0.0336 0.0387 0.0355 2 1 4 3
A A A A

2.0 0.0344 0.0343 0.0394 0.0362 2 1 4 3
A A A A

5.0 0.0361 0.0360 0.0413 0.0383 2 1 4 3
A A A A

30 0.0381 0.0379 0.0434 0.0404 2 1 4 3
A A A A

1p 

1q 

0.1 0.0326 0.0315 0.0368 0.0340 2 1 4 3
A A A A

0.5 0.0354 0.0344 0.0400 0.0374 2 1 4 3
A A A A

1.0 0.0374 0.0363 0.0421 0.0397 2 1 4 3
A A A A

1.5 0.0385 0.0375 0.0434 0.0411 2 1 4 3
A A A A

2.0 0.0394 0.0383 0.0443 0.0420 2 1 4 3
A A A A

5.0 0.0416 0.0406 0.0468 0.0447 2 1 4 3
A A A A

30 0.0441 0.0430 0.0495 0.0476 2 1 4 3
A A A A

2p 

1q 

0.1 0.0398 0.0341 0.0390 0.0362 2 4 3 1
A A A A

0.5 0.0433 0.0372 0.0424 0.0398 2 4 3 1
A A A A

1.0 0.0459 0.0395 0.0448 0.0425 2 4 3 1
A A A A

1.5 0.0475 0.0410 0.0464 0.0442 2 4 3 1
A A A A

2.0 0.0487 0.0420 0.0475 0.0454 2 4 3 1
A A A A

5.0 0.0518 0.0448 0.0505 0.0487 2 4 3 1
A A A A

30 0.0553 0.0478 0.0539 0.0524 2 4 3 1
A A A A

2p 

5q 

0.1 0.0334 0.0342 0.0434 0.0458 1 2 3 4
A A A A

0.5 0.0361 0.0372 0.0466 0.0494 1 2 3 4
A A A A
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1.0 0.0382 0.0396 0.0492 0.0523 1 2 3 4
A A A A

1.5 0.0395 0.0411 0.0509 0.0542 1 2 3 4
A A A A

2.0 0.0404 0.0422 0.0520 0.0556 1 2 3 4
A A A A

5.0 0.0431 0.0450 0.0553 0.0596 1 2 3 4
A A A A

30 0.0472 0.0491 0.0608 0.0667 1 2 3 4
A A A A

20p 

5q 

0.1 0.0420 0.0376 0.0445 0.0466 2 1 3 4
A A A A

0.5 0.0454 0.0409 0.0478 0.0503 2 1 3 4
A A A A

1.0 0.0483 0.0437 0.0507 0.0537 2 1 3 4
A A A A

1.5 0.0501 0.0455 0.0526 0.0560 2 1 3 4
A A A A

2.0 0.0515 0.0468 0.0540 0.0577 2 1 3 4
A A A A

5.0 0.0613 0.0556 0.0647 0.0712 2 1 3 4
A A A A

30 0.0613 0.0556 0.0647 0.0712 2 1 3 4
A A A A

950 

951 
(a) (b) 952 

953 
(c)  (d) 954 
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955 
(e) (f) 956 

Figure 1. Sensitivity analysis with respect to γ  in NIFHWHM operator based on different ,p q : (a) 957 
Variation tendency of score function value when =1, 0p q  ; (b) Variation tendency of score function 958 
value when =0, 1p q  ; (c) Variation tendency of score function value when =0.5, 0.5p q  ; (d) Variation 959 
tendency of score function value when =1, 1p q  ; (e) Variation tendency of score function value when 960 

=3, 1p q  ; (f) Variation tendency of score function value when =1, 3p q  . 961 

962 
(a) (b) 963 

964 
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(c) (d) 965 
966 

967 
(e)                                     (f) 968 

Figure 2. Sensitivity analysis with respect to γ  in NIFHWGHM operator based on different ,p q : (a) 969 

Variation tendency of score function value when =1, 0p q  ; (b) Variation tendency of score function 970 

value when =0, 1p q  ; (c) Variation tendency of score function value when =0.5, 0.5p q  ; (d) Variation 971 

tendency of score function value when =1, 1p q  ; (e) Variation tendency of score function value when 972 

=3, 1p q  ; (f) Variation tendency of score function value when =1, 3p q  . 973 

974 

975 
(a) (b) 976 
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977 
(c) (d) 978 

979 
(e) (f) 980 

Figure 3. Sensitivity analysis with respect to p  in NIFHWHM operator based on different ,γ q : (a) 981 
Variation tendency of score function value when =1, 0γ q  ; (b) Variation tendency of score function 982 
value when =2, 0γ q  ; (c) Variation tendency of score function value when =1, 1γ q  ; (d) Variation 983 
tendency of score function value when =2, 1γ q  ; (e) Variation tendency of score function value when 984 

=1, 5γ q  ; (f) Variation tendency of score function value when =2, 5γ q  . 985 

986 
(a) (b) 987 
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988 
(c) (d) 989 

990 
(e) (f) 991 

Figure 4. Sensitivity analysis with respect to p  in NIFHWGHM operator based on different ,γ q : (a) 992 
Variation tendency of score function value when =1, 0γ q  ; (b) Variation tendency of score function 993 
value when =2, 0γ q  ; (c) Variation tendency of score function value when =1, 1γ q  ; (d) Variation 994 
tendency of score function value when =2, 1γ q  ; (e) Variation tendency of score function value when 995 

=1, 5γ q  ; (f) Variation tendency of score function value when =2, 5γ q  . 996 

997 
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(a) (b) 998 

999 
(c) (d) 1000 

1001 
   (e)                                     (f) 1002 

Figure 5. Sensitivity analysis with respect to q  in NIFHWHM and NIFHWGHM operator based on 1003 

different ,γ p : (a) Variation tendency of score function value when =1, 0γ p   in NIFHWHM operator; 1004 

(b) Variation tendency of score function value when =1, 2γ p   in NIFHWGHM operator; (c) Variation1005 

tendency of score function value when =1, 1γ p   in NIFHWHM operator; (d) Variation tendency of1006 

score function value when =1, 1γ p   in NIFHWGHM operator; (e) Variation tendency of score1007 

function value when =1, 2γ p   in NIFHWHM operator; (f) Variation tendency of score function value1008 

when =1, 2γ p   in NIFHWGHM operator.1009 

6.3. Comparison analysis 1010 

6.3.1 A comparison with decision-making methods using triangular and trapezoidal intuitionistic 1011 
fuzzy information A comparison analysis with the exiting method using NIFNs 1012 

For further comparison of the rationality and comprehensiveness of the proposed method in 1013 
this paper, a prospect value determination method with the TraIFNs[44] and an extend TODIM 1014 
method with TriIFNs[45] are applied to deal with the aforementioned example. Thus we need 1015 
transform the TraIFNs and TriIFNs by the transformation method in [18] which is shown in Table 12. 1016 
According to Table 12, the information  , ; ,

ij ij ij ij

k k k k k
ijr a σ μ v  from each expert is also transformed into the 1017 

TraIFNs and the TriIFNs, moreover, the normalization method of the TraIFN and TriIFN decision 1018 
matrix is presented as follows. 1019 

1020 
1021 
1022 
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1 2 3 4 1 2 3 4

4 4 4 4 4 4 4 4

, ; ,

, , , , , , , ; ,

ij ij ij

ij ij

ij ij ij ij ij ij ij ij

ij ij

k k k

k k

k k k
j j j

k
ij

k k k k k k k k

k k

k k k k k k k k
j j j j j j j j

a b c
μ v

c c c
r j B

a a a a b b b b
μ v

a a a a b b b b

  

       

  
     

 
   
       
   

1023 

Where B is benefit attributes set. 1024 
From Table 13, we can see that the best alternative of three methods are

2
A , but the ordering 1025 

results are different for these methods. The reason is that TriIFNs and TraIFNs can’t well depict the1026 
laws of normal distribution and accurately express corresponding normal random phenomena.1027 
There are many normal random factors under the social and economic environment. Furthermore, in 1028 
light of Central Limit Theorem, the limit distribution of the sum of random variables is normal1029 
distribution. Therefore, compared with the TriIFNs and TraIFNs, the NIFNs can better depict the 1030 
decision problems with normal distribution information. 1031 

Consequently, the NIFNs can more realistically express the uncertainty information than the 1032 
TriIFNs and TraIFNs, and the decision-making method of this paper is more reliable and reasonable 1033 
to aggregate the normal distribution information. Moreover, the proposed method of this paper take 1034 
into account the interrelationship between input arguments and it is more practical than the method 1035 
in [19] and [44-45]. 1036 

Table 12. Transformation method of the NIFN, TraIFN and TriIFN. 1037 

NIFN TraIFN TriIFN 

 , , ,α σ μ v

   1 2 3 4 1 2 3 4

1 1

2 2

3 3

4 4

, , , , , , , ; ,
= -2.5 -3
= -1.5 -2
= +1.5 +2
= +2.5 +3

a a a a b b b b μ v
a α σ b α σ
a α σ b α σ
a α σ b α σ
a α σ b α σ






 , , ; ,
-3 , , +3

a b c μ v
a α σ b α c α σ  

Table 13. Comparison of the ranking results by methods in [56] and [44-45]. 1038 

Method Measure 1A 2A 3A 4A Ranking 

Tended TODIM in 

[45] 
Closeness coefficient 0.786 0.279 0.491 0.431 2 4 3 1

A A A A

TOPSIS in [56] Closeness coefficient 0.489 0.282 0.798 0.427 2 4 1 3
A A A A

Value determination 

in [44] 
Prospect value function -0.291 -0.137 -0.185 -0.243 2 3 4 1

A A A A

Method in this 

paper 
Score function 

-0.035 -0.034 -0.040 -0.037
1

2 1 4 3
A A A A

-0.037 -0.036 -0.042 -0.038
2

2 1 4 3
A A A A

-0.039 -0.038 -0.044 -0.042
3

2 1 4 3
A A A A

1 Parameter =0.5, 1γ p q  by NIFHWHM operator. 2 Parameter =1, 1γ p q  by NIFHWHM operator. 3 1039 
Parameter =2, 1γ p q  by NIFHWHM operator.  1040 

6.3.2 A comparison with decision-making methods using the NIFNs. 1041 

In order to study the advantages of the method in this paper, we apply three methods in [35], 1042 
[41] and [19] to solve MAGDM problems in the aforementioned example, and the aggregation1043 
results are shown in Table 14.1044 

From Table 14, we can observe that the best alternatives are all
2

A , but the solution ordering 1045 

results are completely different for four methods which can all tackle NIF information. Compared 1046 
with two methods in [35] and [41], the new method of this paper considers also the interrelationship 1047 
factor between input arguments and between input argument and itself. In practical MAGDM 1048 
problems, there widely exist the interrelationships among the attributes or relationships between 1049 
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input arguments and between input argument and itself, and the ranking results from the new 1050 
method of this paper is more effective and more reasonable. 1051 

In addition, if the parameter 0q   or 0p  , then the interrelationships didn’t exist in the new 1052 

method of this paper. In the aforementioned example, we can obtain the aggregation ordering 1053 
results, namely, the relationships between arguments or among the attributes are not considered in 1054 
the proposed method of this paper. The solution ordering results is the same as the method in [35] 1055 
and [41], consequently, this verify the different ordering results. 1056 

In addition, for a group of attributes  1,2, ,ic i n  and a collection of input arguments 1057 

 1,2, ,ia i n , the method in [19] also take into account the relationships between any pair of 1058 

attributes 
i

c  and 
j

c   i j or between any pair of input arguments ia  and ja  i j , but it neglects 1059 

the correlation between input argument ia and itself or between the attribute 
i

c and itself.1060 

Considering that the correlation between ia  and ja  i j  or between 
i

c and 
j

c  i j equals the1061 

correlation between ia  and ja  i j  or between 
i

c  and 
j

c  i j , the method in [19] deal with it 1062 

separately and brings subsequently about redundancy. Compared with the method in [19], the new 1063 
method of this paper not only considers relationships between the input arguments or the attributes, 1064 
but also take into account the correlation between input argument and itself or attribute and itself, 1065 
furthermore, interrelationships between and or between and are tackled once. 1066 

1067 

Table 14. Comparison of the ranking results by methods in [19], [35]and [41]. 1068 

Method Measure 1A 2A 3A 4A Ranking 

MADM method by NIFI 

operator in [35] 
Score function 0.486 0.779 0.491 0.531 2 4 3 1

A A A A

MADM method by 

NIFBM operator in [19] 
Score function 0.476 0.482 0.471 0.467 2 1 3 4

A A A A

VIKOR-based dynamic 

method in [41] 

Compromise value 

function 
0.998 0.003 0.775 0.698 2 4 3 1

A A A A

Method in this paper Score function 

-0.035 -0.034 -0.040 -0.037
1

2 1 4 3
A A A A

-0.037 -0.036 -0.042 -0.038
2

2 1 4 3
A A A A

-0.039 -0.038 -0.044 -0.042
3

2 1 4 3
A A A A

-0.044 -0.035 -0.041 -0.037
4

2 4 3 1
A A A A

1 Parameter =0.5, 1γ p q  by NIFHWHM operator. 2 Parameter =1, 1γ p q  by NIFHWHM operator. 3 1069 
Parameter =2, 1γ p q  by NIFHWHM operator. 4 Parameter =1, 0, 1γ p q  by NIFHWHM operator. 1070 

7. Conclusions1071 

In this paper, motivated by the ideal of Heronian mean, we introduce a family of information 1072 
fusion operators based on Hamacher operation for NIFNs including NIFHHM, NIFHWHM, 1073 
NIFHGHM, NIFHWGHM operators and discuss various properties of the proposed operators 1074 
which have the desirable quality that they can not only contain the normal intuitionistic fuzzy 1075 
information, but also consider the correlations of two input arguments once. Therefore, the new 1076 
proposed operators don’t result subsequently in redundancy, and these operators also take into 1077 
account the interrelationship between input argument and itself at the same time. Furthermore, we 1078 
have manifested that the operators related to Hamacher operation generalize the operators ground 1079 
on algebraic or Einstein operational rules and they are more flexible. Based on the proposed 1080 
operators, a new multi-criteria group decision-making approach is presented in order to deal with 1081 
normal intuitionistic fuzzy number information. The advantages of this new method are that: (1) it is 1082 
more reliable and reasonable to aggregate the normal distribution information under the normal 1083 
intuitionistic fuzzy numbers environment. (2) it offers an effective and powerful mathematic tool for 1084 
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the MAGDM under uncertainty and can provide more reliable and flexible decision-making results 1085 
in decision making. (3) it not only considers relationships between the input arguments or the 1086 
attributes, but also take into account the correlation between input argument and itself or attribute 1087 
and itself, furthermore, interrelationships between and or between and are tackled once. Lastly, an 1088 
application example reveals that the developed approach is effective and practical by the 1089 
comparison with other method. In further research, it is significant and essential to study the 1090 
application of the proposed operators in the wide fields, such as uncertain programming, cluster 1091 
analysis or pattern recognition and so on. 1092 
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