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Abstracts: 

The aim of this article is introduced the concept of double framed T-soft fuzzy set (DFT-soft 
fuzzy set) which is the combination of soft set and fuzzy set. We also defined the notions and 
apply this concept in BCK/BCI-algebras. By using example, we also discussed the concept of 
double framed T-soft fuzzy algebra (DFT-soft fuzzy algebra) and double framed B-soft fuzzy 
algebra (DFB-soft fuzzy algebra) and also investigated their properties. Each double framed 
T-soft fuzzy algebra is double framed B-soft fuzzy algebra but by using example, we proved 
that converse may or may not be possible. 

Keywords: double framed T-soft fuzzy set; double framed T-soft fuzzy algebra; double 
framed B-soft fuzzy algebra 

1. Introduction 

Traditionally mathematics uses crisp set theory [1] to explain the properties of any substance 
and this set theory consists of two possibilities that are either false or true. But with the 
passage of time, the vague concepts became a virus in different fields of our life like 
pharmacology, engineering, medical application and economics but classical mathematical 
tools are failed to solve these problems.  Then in 1965, Zadeh [2] introduced most successful 
theory which is known as fuzzy set theory which dealt with the vague concepts. This theory 
is used openly in different fields like pharmacology, engineering, medical application and 
economics, among others. We know that fuzzy set theory is strongly based on membership 
function. We can determine the membership grade of an element of a set with the help of 
membership function. The fuzzy set theory has become very popular. But there was a 
difficulty to set a membership grade of a membership function. To solve this problem 
Moldstov [3] presented the theory which is known as soft set theory. This theory is used 
successfully in different areas such as game theory, Riemann-integration, smoothness of 
function, Perron-integration, etc. In 2002 Maji et al. [4] introduced the application of soft set 
theory in decision making problems. Also Maji [5] in 2003 studied the theoretical work on 
soft set theory to polish this concept so that readers could easily understand and contributed 
their role to extend the scope of this theory in different fields of life. After theoretical 
discussion, now we discussed about the contributions of those researchers whose applied this 
concept in different fields of algebra like Cagman et al. [6] studied the soft set and soft 
groups and also introduced the notation of soft groups. They also defined the relation 
between fuzzy set, rough set and soft set and discuss the properties. Ali et.al [7] introduced 
some new operations on soft sets. 
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For the study of BCK/BCI algebras we refer the readers to books [8, 9]. Jun et al. [10] 
worked on intersectional soft sets and defined its applications in BCK/BCI algebras. They 
also defined the notations of intersectional soft sets. Also Jun [11], studied the union soft sets 
and defined its application in BCK/BCI algebras.  Further, Jun and Park [12] elaborated 
applications of soft ideal theory in BCK/BCI algebras. Jun and Ahn [13] studied the 
applications of double framed soft sets. They also introduced the notations of double framed 
soft algebras and discussed their properties by giving several examples. Naz [14] introduced 
some operations on double framed double soft sets. Hadipour [15] applied the concept of 
double framed soft set in BF-algebras and introduced the notations of double framed BF-
algebras. He also investigated its properties. Cho et al. [16] studied the concept of double 
framed soft near ring. Shabir and Samreena [17], worked on double framed soft topological 
spaces and defined its notation. For further information, we refer to reader papers [18-29] 
regarding soft algebraic structures. 

From inspiring above literature, In section 2,we discussed basic definitions related to soft set, 
double framed soft set and BCK/BCI algebras. In section 3. our basic purpose to combine the 
concept of soft set and fuzzy set in pair form and then this concept is used in BCK/BCI 
algebras and introduced its notations. We investigated the properties of double framed T-soft 
fuzzy algebra and double framed B-soft fuzzy algebras. We elaborated that each double 
framed T-soft fuzzy algebra is also double framed B-soft fuzzy algebra but converse is may 
or may not possible. 

2. Preliminaries 

Let ܺ be a non-empty set. Then ܣ ൌ ሼ൏ ,ݔ ሻݔ஺ሺߤ ൐ ݔ| ∈ ܺሽ is called fuzzy set, where ߤ஺ is a 

membership function which map each element of ܺ in	ሾ0, 1ሿ. Here we say that ܣ is fuzzy 

subset of	ܺ. The set of all fuzzy subsets of a set ܺ is denoted by	ܲܨሺܺሻ.  Two fuzzy sets	ܣ 

and ܤ are equal if and only if  ߤ஺	ሺݔሻ ൌ ݔ	ሻ  for allݔ஻ሺߤ ∈ ܺ. Where ߤ஺ and ߤ஻	are 

membership functions which map each element of ܺ in	ሾ0, 1ሿ. The complement of a fuzzy set 

 ,௖ and is defined byܣ is denoted by ܣ

஺೎ߤ ൌ 1 െ  ,஺ߤ

Where ߤ஺ is a membership function which map each element of ܺ in	ሾ0, 1ሿ. Let ܺ be a non-

empty set. The union of two fuzzy sets ܣ and ܤ with membership functions ߤ஺	ሺݔሻ		and 

 ,ሻ respectively is denoted and defined byݔ஻ሺߤ

ሻݔ஺∪஻ሺߤ ൌ ,ሻݔሺ	஺ߤሼݔܽ݉ ሻሽݔ஻ሺߤ ݔ	݈݈ܽ	ݎ݋݂	 ∈ ܺ. 
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Here ߤ஺ and ߤ஻	are membership functions which map each element of ܺ in	ሾ0, 1ሿ. In 

abbreviated form ߤ஼ ൌ ஺ߤ ∨ ܥ	where	஻,ߤ ൌ ܣ ∪  and ܣ The intersection of two fuzzy sets .ܤ

  ,ሻ respectively is denoted and defined byݔ஻ሺߤ	݀݊ܽ	ሻݔሺ	஺ߤ with membership functions ܤ

ሻݔ஺∩஻ሺߤ ൌ ݉݅݊ሼߤ஺	ሺݔሻ, ሻሽݔ஻ሺߤ ݔ	݈݈ܽ	ݎ݋݂ ∈ ܺ. 

Here ߤ஺ and ߤ஻	are membership functions which map each element of ܺ in	ሾ0, 1ሿ. In 

abbreviated form ߤ஼ ൌ ஺ߤ ∧ ܥ where	஻,ߤ ൌ ܣ ∩  .ܤ

Cagman [6] introduced the new definition of soft set in this way, 

A pair ሺ߁,  to the all ܧ is a mapping from ߁  ሻ is indicated to be soft set over if and only ifܧ
subset of ܷ e.g 

        ሺ߁, ሻܧ ൌ ൛൫݁, ݁	|ሺ݁ሻ൯߁ ∈ ሺ݁ሻ߁	݀݊ܽ	ܧ ∈ ܲሺܷሻൟ 

Where ܲሺܷሻ is power set of ܷ and ߁: ܧ → ܲሺܷሻ. The function ߁ is an approximation 
function of the soft set ሺ߁,  ሻ. It is easy to see that soft set is parameterized family of subsetsܧ
of ܷ. 

The set of all soft sets over ܷ is denoted by ܵሺܷሻ. 

BCK/BCI-algebras defined by K. Iseki, in such a way, 

A non-empty set ܺ under binary operation " ∗ " with ߠ is called a BCI-algebra of type ሺ2,  ሻߠ

is denoted by ሺܺ,∗,  ሻ and defined asߠ

ሺ1ሻ൫ሺݑ ∗ ሻݒ ∗ ሺݑ ∗ ሻ൯ݓ ∗ ሺݓ ∗ ሻݒ ൌ ,ݑ	݈݈ܽ	ݎ݋݂	ߠ ,ݒ ݓ ∈ ܺ, 

                             ሺ2ሻ	൫ݑ ∗ ሺݑ ∗ ሻ൯ݒ ∗ ݒ ൌ ,ݑ	݈݈ܽ	ݎ݋݂	ߠ ݒ ∈ ܺ,	 

                             ሺ3ሻ	ݑ ∗ ݑ ൌ ݑ	݈݈ܽ	ݎ݋݂	ߠ ∈ ܺ, 

                             ሺ4ሻ	ݑ ∗ ݒ ൌ ,ߠ ݒ ∗ ݑ ൌ ݑ	ݏ݁݅݌݉݅	ߠ ൌ ,ݑ	݈݈ܽ	ݎ݋݂	ݒ ݒ ∈ ܺ. 

If a BCI-algebra ܺ satisfies,  ߠ ∗ ݑ ൌ ݑ	݈݈ܽ	ݎ݋݂	ߠ ∈ ܺ then ܺ is called BCK-algebra. For any 

BCI/BCK-algebra the following hold, ݑ ∗ ߠ ൌ ݑ	݈݈ܽ	ݎ݋݂	ݑ ∈ ܺ. 
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Jun at al. [13] introduced the double framed soft set in such a way, 

A double framed pair ሺሺܨ,ॄሻ, ,ܨሻ over ܷ is said to double framed soft set, in pair formሺܣ ॄሻ  

both are soft sets over ܷ. A double framed pair ሺሺܨ,ॄሻ,  ሻ over ܷ is said to be double framedܣ

soft algebra if it satisfies  

ݑሺܨ ∗ ሻݒ ൒ ሻݑሺܨ ∩ ݑॄሺ	and	ሻݒሺܨ ∗ ሻݒ ⊆ ॄሺݑሻ ∪ ॄሺݒሻ	for	all	ݑ, ݒ ∈  .ܣ

 

        3. Double framed T-soft fuzzy algebra and double framed B-soft fuzzy algebra 

In this section, We elaborate the double framed T-soft fuzzy set, double framed T-soft fuzzy 
algebra, double framed B-soft fuzzy algebra and investigate their properties. In all examples, 
all defined BCI/BCK algebras are taken from [13] except 3.12. Example. 

Note that we take ߜ ൌ ܺ, which is BCI/BCK algebras, where ߜ is a set of parameters, and for 
sub algebras, we use ܣ, ,ܤ  .otherwise mentioned ,ߜ of ܥ

3.1. Definition 

Let ሺܨ, :݂ ሻ is a soft set over ܷ andܣ ܣ → ܫ	݁ݎ݄݁ݓ	ሺܫ ൌ ሾ0, 1ሿሻ is a fuzzy set then double 
framed pair ሺሺܨ, ݂ሻ, ,ሻ over ሺܷܣ ሾ0, 1ሿሻ is called double framed T-soft fuzzy set (DFT-soft 
fuzzy set ). 

3.2. Definition 

Let ሺሺܨ, ݂ሻ, ,ሻ and ሺሺॄܣ ݃ሻ, ,ሻ be two “DFT-soft fuzzy set” over ሺܷܤ ሾ0, 1ሿሻ then ሺሺܨ, ݂ሻ,  ሻܣ
is said to be double framed T-soft fuzzy subset of ሺሺॄ, ݃ሻ,  ሻ ifܤ

ሺ1ሻ  ܣ ⊆  ,ܤ

ሺ2ሻ ܨሺܽሻ ⊆ ॄሺܽሻ and ݂ሺܽሻ ൒ ݃ሺܽሻ for all ܽ ∈  .ܣ

We can write ሺሺܨ, ݂ሻ, ሻܣ ⊂ഥ෩ ሺሺॄ, ݃ሻ, ,ܨሻ. In case ሺሺܤ ݂ሻ, ,ሻ is super set of ሺሺॄܣ ݃ሻ,  .ሻܤ

3.3. Definition 

Let ሺሺܨ, ݂ሻ, ,ሻ and ሺሺॄܣ ݃ሻ, ,ሻ be two “DFT-soft fuzzy set” over ሺܷܤ ሾ0, 1ሿሻ then ሺሺܨ, ݂ሻ,  ሻܣ
is said to be double framed T-soft fuzzy twisted subset of ሺሺॄ, ݃ሻ,  ሻ ifܤ

ሺ1ሻ  ܣ ⊆  ,ܤ

ሺ2ሻ ܨሺܽሻ ⊇ ॄሺܽሻ and ݂ሺܽሻ ൑ ݃ሺܽሻ for all ܽ ∈  .ܣ

We can write ሺሺܨ, ݂ሻ, ሻܣ 	⊂ഥ෡ ሺሺॄ, ݃ሻ, ,ܨሻ. In case ሺሺܤ ݂ሻ, ,ሻ is super set of ሺሺॄܣ ݃ሻ,  .ሻܤ

3.4. Definition 
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A “DFT-soft fuzzy set” ሺሺܨ, ݂ሻ, ,ሻ over ሺܷܣ ሾ0, 1ሿሻ is said to be a “DFT-soft fuzzy algebra” 
over ሺܷ, ሾ0, 1ሿሻ if it satisfies 

ݔሺܨ ∗ ሻݕ ⊆ ሻݔሺܨ ∪ ݔ݂ሺ	ܽ݊݀	ሻݕሺܨ ∗ ሻݕ ൒ ݂ሺݔሻ ∧ ݂ሺݕሻ  for	all	ݔ, ݕ ∈  .ܣ

3.5. Example  

Suppose ߜ ൌ ሼ݌ఏ, ,ଵ݌ ,ଶ݌	 ఏ݌" ଷሽ be the set of parameter, (where݌	 ൌ ଵ݌" ,"݈ݑ݂݅ݐݑܾܽ݁	 ൌ
ଶ݌"	 ,"݌݄ܽ݁ܿ ൌ ,”݊݋݅ݐܽܿ݋݈	݀݋݋݃	݊݅	 ଷ݌	 ൌ  ሻ with the followingݏ݃݊݅݀݊ݑ݋ݎݎݑݏ	݊݁݁ݎ݃	݊݅
binary operation 

 

 

 

 

 

 

 

 

ሺߜ,∗, ܷ ఏሻ is BCK-algebra And݌ ൌ ሼ݄ଵ, ݄ଶ, ݄ଷ, ݄ସ, ݄ହሽ is the initial universe set that 
containing five houses. 

Now we define a “DFT-soft fuzzy set” as follows 

:ܨ                 ߜ → ܲሺܷሻ, ݕ ↦

ە
۔

ۓ
ܷ																							if	ݕ ൌ ఏ݌
	ሼ݄ଵ, ݄ଶ, ݄ହሽ					if	ݕ ൌ ଵ݌
ሼ݄ଵ, ݄ଶ, ݄ଷ, ݄ହሽ	if	ݕ ൌ ଶ݌
ሼ݄ଵ, ݄ଶሽ														if	ݕ ൌ ଷ݌

  

 Define  ݂: ߜ → ሾ0	1ሿ such that ݂ሺ݌ఏሻ ൌ 0.7, ݂ሺݕሻ ൌ .5. Then ሺሺܨ, ݂ሻ,  ሻ is “DFT-soft fuzzyߜ
set” ሺܷ, ሾ0, 1ሿሻ. 

 

3.6. Example 

Consider the initial universe set ܷ ൌ ሼ݄ଵ, ݄ଶ, ݄ଷ, ݄ସ, ݄ହሽ and a set of parameters ߜ ൌ ሼ݌ఏ,
,ଵ݌ ,ଶ݌	   ଷሽ which is defined in above equation under the binary operation “*” such that݌	

 ଷ݌	 ଶ݌	 ଵ݌ ఏ݌ *       

 ఏ݌ ఏ݌ ఏ݌ ఏ݌ ఏ݌

 ଵ݌ ଵ݌ ఏ݌ ଵ݌ ଵ݌

 ଶ݌	 ఏ݌ ଶ݌	 ଶ݌	 ଶ݌	

 ఏ݌ ଷ݌	 ଷ݌	 ଷ݌	 ଷ݌	
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And  ܣ ൌ ሼ݌ఏ, ,ଶ݌	 ,ܨNow consider ሺሺ .ߜ ଷሽ is a subalgebra of݌	 ݂ሻ,  ሻ “DFT-soft fuzzy set” asߜ
follows 

:ܨ                            ߜ → ܲሺܷሻ, ݕ ↦ ቐ
ሼ	݄ଶሽ												if	ݕ ൌ ఏ݌
ሼ݄ଵ, ݄ଶ, ݄ଷሽ	if	ݕ ൌ ଶ݌
ሼ݄ଵ, ݄ଶሽ							if	ݕ ൌ ଷ݌

  

Define  ݂: ߜ → ሾ0	1ሿ such that ݂ሺ݌ఏሻ ൌ 0.8, ݂ሺ݌ଶሻ ൌ 0.6 and ݂ሺ݌ଷሻ ൌ 0.5 . Then ሺሺܨ, ݂ሻ,  ሻܣ
is “DFT-soft fuzzy set” ሺܷ, ሾ0, 1ሿሻ.  

3.7. Example 

Let ሺߜ,∗, ߜ ఏሻ is BCI-algebra, where݌ ൌ ሼ	݌ఏ, ,ଵ݌ ,ଶ݌ ,ଷ݌ ,ସ݌ ,ହ݌ ,଺݌  ଻ሽ, defined by݌

 ଷ݌	 ଶ݌	 ଵ݌ ఏ݌ *       

 ఏ݌ ఏ݌ ఏ݌ ఏ݌ ఏ݌

 ଵ݌ ଵ݌ ఏ݌ ଵ݌ ଵ݌

 ଶ݌	 ఏ݌ ଶ݌	 ଶ݌	 ଶ݌	

 ఏ݌ ଷ݌	 ଷ݌	 ଷ݌	 ଷ݌	

 ଺݌ ଺݌ ହ݌ ସ݌ ଷ݌ ଶ݌ ଵ݌ ఏ݌ *       

 ସ݌ ସ݌ ସ݌ ସ݌ ఏ݌ ఏ݌ ఏ݌ ఏ݌ ఏ݌

 ସ݌ ସ݌ ସ݌ ହ݌ ఏ݌ ఏ݌ ఏ݌ ଵ݌ ଵ݌

 ସ݌ ସ݌ ଺݌ ଺݌ ఏ݌ ఏ݌ ଶ݌ ଶ݌ ଶ݌

 ସ݌ ହ݌ ଺݌ ଻݌ ఏ݌ ଵ݌ ଶ݌ ଷ݌ ଷ݌

 ఏ݌ ఏ݌ ఏ݌ ఏ݌ ସ݌ ସ݌ ସ݌ ସ݌ ସ݌

 ఏ݌ ఏ݌ ఏ݌ ଵ݌ ସ݌ ସ݌ ସ݌ ହ݌ ହ݌

 ఏ݌ ఏ݌ ଶ݌ ଶ݌ ସ݌ ସ݌ ଺݌ ଺݌ ଺݌

 ఏ݌ ଵ݌ ଶ݌ ଷ݌ ସ݌ ହ݌ ଺݌ ଻݌ ଻݌

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 23 April 2018                   doi:10.20944/preprints201804.0293.v1

http://dx.doi.org/10.20944/preprints201804.0293.v1


7 | P a g e  

Now consider a “DFT-soft fuzzy set” ሺሺܨ, ݂ሻ,  ሻ, as followsߜ

:ܨ ߜ → ܲሺܷሻ, ݕ ↦ ൜
ሼ݄ଵ, ݄ଷ, ݄ହ, ݄଻ሽ	if	ݕ ∈ ሼ	݌ఏ, ,ଵ݌ ,ଶ݌ ଷሽ݌
ሼ݄ଵ, ݄ଶ, ݄ସሽ							if	ݕ ∈ ሼ	݌ସ, ,ହ݌ ,଺݌ ଻ሽ݌

   

where ܷ ൌ ሼ݄ଵ, ݄ଶ, ݄ଷ, ݄ସ, ݄ହ, ݄଺	݄଻ሽ. 

Define  ݂: ߜ → ሾ0	1ሿ such that ݂ሺ݌ఏሻ ൌ 0.8, ݂ሺ݌ଵሻ ൌ 0.7, ݂ሺ݌ଶሻ ൌ 0.6 and ݂ሺ݌ଷሻ ൌ 0.5, 
݂ሺ݌ସሻ ൌ 1 ൌ ݂ሺ݌ହሻ, ݂ሺ݌଺ሻ ൌ 0.9 ൌ ݂ሺ݌଻ሻ. 

Then we have 

଺݌ሺܨ ∗ ହሻ݌ ൌ ଶሻ݌ሺܨ ൌ ሼ݄ଵ, ݄ଷ, ݄ହ, ݄଻ሽ ⊈ ሼ݄ଵ, ݄ଶ, ݄ସሽ ൌ ଺ሻ݌ሺܨ ∪   ହሻ݌ሺܨ

And 

݂ሺ݌଺ ∗ ହሻ݌ ൌ ݂ሺ݌ଶሻ ൌ .6 ≱ .9 ൌ 	 .9 ∧ .9 ൌ ݂ሺ݌଺ሻ 	∧ ݂ሺ݌ହሻ  

Implies ሺሺܨ, ݂ሻ, ,ሻ is not a “DFT-soft fuzzy algebra” over ሺܷߜ ሾ0, 1ሿሻ. 

3.8. Lemma  

Every “DFT-soft fuzzy algebra” ሺሺܨ, ݂ሻ, ,ሻ over ሺܷߜ ሾ0, 1ሿሻ satisfies the following condition 

ሻߠሺܨ ⊆ ሻߠ݂ሺ	ܽ݊݀	ሻݔሺܨ ൒ ݂ሺݔሻ  for	all	ݔ ∈  .ߜ

Proof 

Since ܨሺݔ ∗ ሻݔ ⊆ ሻݔሺܨ ∪ ݔ	ሻ for allݔሺܨ ∈ ݔሺܨ implies ߜ ∗ ሻݔ ൌ ሻߠሺܨ ⊆ ݔ	ሻ becauseݔሺܨ ∗
ݔ ൌ  .ߠ

Now ݂ሺݔ ∗ ሻݔ ൒ ݂ሺݔሻ ∧ 	݂ሺݔሻ for all	ݔ ∈ ݔ Since .ߜ ∗ ݔ ൌ ݔso ݂ሺ ߠ ∗ ሻݔ ൌ ݂ሺߠሻ ൒ ݂ሺݔሻ. 

Hence, proof is complete. 

3.9. Theorem 

For a “DFT-soft fuzzy algebra” ሺሺܨ, ݂ሻ, ,ሻ over ሺܷߜ ሾ0, 1ሿሻ, the following are equivalent; 

ሺ1ሻ ܨሺߠሻ ൌ ሻߠ݂ሺ	ܽ݊݀	ሻݔሺܨ ൌ ݂ሺݔሻ  for	all	ݔ ∈  ,ߜ

ݔሺܨ	(2) ∗ ሻݕ ⊆ ݔ݂ሺ	ܽ݊݀	ሻݕሺܨ ∗ ሻݕ ൒ ݂ሺݕሻ  for	all	ݔ, ݕ ∈  .ߜ

Proof 

 ሺ1ሻ ⇒ ሺ2ሻ	, We suppose that ሺ1ሻ is valid. Now by definition of ሺሺܨ, ݂ሻ,  ሻ, we haveߜ

ሺfor	all	ݔ ∈ ݔሺܨ	ሻߜ ∗ ሻݕ ⊆ ሻݔሺܨ ∪ ሻݕሺܨ ൌ ሻߠሺܨ ∪ ሻݕሺܨ ൌ ሻߠሺܨ	ሻ becauseݕሺܨ ൌ
ݔ	all	for	ሻݔሺܨ ∈  ,ߜ
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Now ሺfor	all	ݔ ∈ ݔሻ݂ሺߜ ∗ ሻݕ ൒ ݂ሺݔሻ ∧ ݂ሺݕሻ ൌ ݂ሺߠሻ ∧ ݂ሺݕሻ ൌ ݂ሺݕሻ because ݂ሺߠሻ ൌ
݂ሺݔሻ	for	all	ݔ ∈  .ߜ

ሺ2ሻ ⇒ ሺ1ሻ, Assume that ሺ2ሻ is valid. Then for ݕ ൌ ݔሺܨ such that ߠ ∗ ሻߠ ⊆ ݔሻ and ݂ሺߠሺܨ ∗
ሻߠ ൒ ݂ሺߠሻ implies ܨሺݔሻ ⊆ ሻݔሻ and ݂ሺߠሺܨ ൒ ݂ሺߠሻ because ݔ ∗ ߠ ൌ  then by 3.8. Lemma ,ݔ
we have, ܨሺߠሻ ⊆ ሻߠ݂ሺ	ܽ݊݀	ሻݔሺܨ ൒ ݂ሺݔሻ  for	all	ݔ ∈ ሻݔሺܨ so ,ߜ ൌ ሻݔሻ and ݂ሺߠሺܨ ൌ ݂ሺߠሻ. 

3.10. Proposition 

In a BCI-algebra ܺ, every “DFT-soft fuzzy algebra” ሺሺܨ, ݂ሻ, ,ሻ over ሺܷܣ ሾ0, 1ሿሻ satisfies the 
following condition 

For all ݑ, ݒ ∈ ܣ ቊ
ݑ൫ܨ ∗ ሺߠ ∗ ሻ൯ݒ ⊆ ሻݑሺܨ ∪ ሻݒሺܨ

݂൫ݑ ∗ ሺߠ ∗ ሻ൯ݒ ൒ ݂ሺݑሻ ∧ ݂ሺݒሻ
    

Proof: Let ݑ, ݒ ∈  we have ,ܣ

ݑ൫ܨ ∗ ሺߠ ∗ ሻ൯ݒ ⊆ ሻݑሺܨ ∪ ߠሺܨ ∗ ሻݒ ⊆ ሻݑሺܨ ∪ ൫ܨሺߠሻ ∪ ሻ൯ݒሺܨ ∵ ሺሺܨ, ݂ሻ,  ሻ is double framedܣ

soft fuzzy algebra implies ܨ൫ݑ ∗ ሺߠ ∗ ሻ൯ݒ ⊆ ሻݑሺܨ ∪  .ሻ by 3.8. Lemmaݒሺܨ

Now ݂൫ݑ ∗ ሺߠ ∗ ሻ൯ݒ ൒ ݂ሺݑሻ ∧ ݂ሺߠ ∗ ሻݒ ൒ ݂ሺݑሻ ∧ ൫݂ሺߠሻ ∧ ݂ሺݒሻ൯ ∵ ሺሺܨ, ݂ሻ,  ሻ is doubleܣ

framed soft fuzzy algebra implies ݂൫ݑ ∗ ሺߠ ∗ ሻ൯ݒ ൒ ݂ሺݑሻ ∧ ݂ሺݒሻ by 3.8. Lemma. 

Hence proved. 

3.11. Definition 

A “DFT-soft fuzzy set” ሺሺܨ, ݂ሻ, ,ሻ over ሺܷߜ ሾ0, 1ሿሻ is said to be a “DFB-soft fuzzy algebra” 
over ሺܷ, ሾ0, 1ሿሻ if it satisfies  

ݔሺܨ ∗ ሻݕ ⊆ ሻݔሺܨ ∪ ݔ݂ሺ	ܽ݊݀	ሻݕሺܨ ∗ ሻݕ ൒ ݂ሺݔሻ. ݂ሺݕሻ  for	all	ݔ, ݕ ∈  .ߜ

3.12. Example 

Let ߜ ൌ ሼߦఏ, ,ଵߦ ,ଶߦ " ଷሽ be a set with binary operationߦ ∗ " defined by 

 

 ఏߦ ∗
 

 ଵߦ
 

 ଶߦ  ଷߦ

 ఏߦ ఏߦ
 

 ଵߦ
 

 ଶߦ  ଷߦ

 ଶߦ ଷߦ ఏߦ ଵߦ ଵߦ

 ଵߦ ఏߦ ଷߦ ଶߦ ଶߦ

 ఏߦ ଵߦ ଶߦ ଷߦ ଷߦ
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Then ሺߜ,∗,   ఏሻ is a BCl-algebra. Defineߦ

:ܨ ߜ → ܲሺܷሻ, ݕ ↦ ൜
ሼ݄ଵ, ݄ଷ, ݄ହሽ			if	ݕ ൌ ఏߦ
ܷ				if	ݕ ∈ ሼ	ߦଵ, ,ଶߦ ଷሽߦ

    where ܷ ൌ ሼ݄ଵ, ݄ଶ, ݄ଷ, ݄ସ, ݄ହ, ݄଺	݄଻ሽ. 

And 

 ݂: ߜ → ሾ0	1ሿ such that ݂ሺߦఏሻ ൌ 0.6, ݂ሺݕሻ ൌ 0.7 for all ݕ ∈ ሼߦଵ, ,ଶߦ  ଷሽߦ

It is routine to verify ሺሺܨ, ݂ሻ, ,ሻ is a “DFB-soft fuzzy algebra” over ሺܷߜ ሾ0, 1ሿሻ. 

3.13. Theorem 

Let ሺሺܨ, ݂ሻ, ,ሻ be a “DFT-soft fuzzy set” over ሺܷߜ ሾ0, 1ሿሻ. Then prove that “DFT-soft fuzzy 
algebra” of ߜ over ሺܷ, ሾ0, 1ሿሻ is also “DFB-soft fuzzy algebra” of ߜ over ሺܷ, ሾ0, 1ሿሻ. 

Proof 

Let ሺሺܨ, ݂ሻ, ,ሻ be a “DFT-soft fuzzy algebra” over ሺܷߜ ሾ0, 1ሿሻ to prove ሺሺܨ, ݂ሻ, -ሻ be a “DFBߜ
soft fuzzy algebra” over ሺܷ, ሾ0, 1ሿሻ. 

As ሺሺܨ, ݂ሻ, ,ሻ be a “DFT-soft fuzzy algebra” over ሺܷߜ ሾ0, 1ሿሻ then for any ݑ, ݒ ∈  we have ,ߜ

ݑሺܨ ∗ ሻݒ ⊆ ሻݑሺܨ ∪  ,ሻ  is obviousݒሺܨ

݂ሺݑ ∗ ሻݒ ൒ ݂ሺݑሻ ∧ ݂ሺݒሻ ൒ ݂ሺݑሻ. ݂ሺݒሻ implies ݂ሺݑ ∗ ሻݒ ൒ ݂ሺݑሻ. ݂ሺݒሻ.  

Hence, ሺሺܨ, ݂ሻ, ,ሻ is “DFB-soft fuzzy algebra” over ሺܷߜ ሾ0, 1ሿሻ. 

Note that converse of above theorem may or may not be true. 

3.12. Example represented that ሺሺܨ, ݂ሻ, ,over ሺܷ ߜ ሻ is a “DFB-soft fuzzy algebra” ofߜ ሾ0, 1ሿሻ 
but not a “DFT-soft fuzzy algebra” of ߜ over ሺܷ, ሾ0, 1ሿሻ because 

݂ሺߦଵ ∗ ଵሻߦ ൌ ݂ሺߦఏሻ ൌ 0.6 ≱ 0.7 ൌ 0.7⋀0.7 ൌ ݂ሺߦଵሻ⋀݂ሺߦଵሻ. 

3.14. Lemma 

Each “DFB-soft fuzzy algebra” ሺሺܨ, ݂ሻ, ,ሻ over ሺܷߜ ሾ0, 1ሿሻ satisfies the following condition 

ሻߠሺܨ ⊆ ሻߠ݂ሺ	ܽ݊݀	ሻݔሺܨ ൒ ሺ݂ሺݔሻሻଶ  for	all	ݔ ∈  .ߜ

Proof 

Since ܨሺݔ ∗ ሻݔ ⊆ ሻݔሺܨ ∪ ݔ	ሻ for allݔሺܨ ∈ ݔሺܨ implies ߜ ∗ ሻݔ ൌ ሻߠሺܨ ⊆ ݔ	ሻ becauseݔሺܨ ∗
ݔ ൌ  .ߠ

Now ݂ሺݔ ∗ ሻݔ ൒ ݂ሺݔሻ. ݂ሺݔሻ for all	ݔ ∈ ݔ since ,ߜ ∗ ݔ ൌ ݔso ݂ሺ ߠ ∗ ሻݔ ൌ ݂ሺߠሻ ൒ ሺ݂ሺݔሻሻଶ. 

Hence, proof is complete. 
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3.15. Proposition 

In a BCI-algebra ܺ, every “DFB-soft fuzzy algebra” ሺሺܨ, ݂ሻ, ,ሻ over ሺܷܣ ሾ0, 1ሿሻ satisfies the 
following condition 

For all ݑ, ݒ ∈ ܣ ቊ
ݑ൫ܨ ∗ ሺߠ ∗ ሻ൯ݒ ⊆ ሻݑሺܨ ∪ ሻݒሺܨ

݂൫ݑ ∗ ሺߠ ∗ ሻ൯ݒ ൒ ݂ሺݑሻ. ݂ሺݒሻଷ
    

Proof: Let ݑ, ݒ ∈  we have ,ܣ

ݑ൫ܨ ∗ ሺߠ ∗ ሻ൯ݒ ⊆ ሻݑሺܨ ∪ ߠሺܨ ∗ ሻݒ ⊆ ሻݑሺܨ ∪ ൫ܨ. ሺߠሻ ∪ ሻ൯ݒሺܨ ∵ ሺሺܨ, ݂ሻ,  ሻ is double framedܣ

soft fuzzy algebra over ሺܷ, ሾ0, 1ሿሻ implies ܨ൫ݑ ∗ ሺߠ ∗ ሻ൯ݒ ⊆ ሻݑሺܨ ∪   .ሻ, by 3.14. Lemmaݒሺܨ

Now ݂൫ݑ ∗ ሺߠ ∗ ሻ൯ݒ ൒ ݂ሺݑሻ. ݂ሺߠ ∗ ሻݒ ൒ ݂ሺݑሻ. ൫݂ሺߠሻ. ݂ሺݒሻ൯ ∵ ሺሺܨ, ݂ሻ,  ሻ is double framedܣ
soft fuzzy algebra over ሺܷ, ሾ0, 1ሿሻ, 
Implies ݂൫ݑ ∗ ሺߠ ∗ ሻ൯ݒ ൒ ݂ሺݑሻ ∧ ݂ሺݒሻ ൒ ݂ሺݑሻ. ሺ݂ሺݒሻଶ. ݂ሺݒሻሻ, by  3.14. Lemma, 
Implies ݂൫ݑ ∗ ሺߠ ∗ ሻ൯ݒ ൒ ݂ሺݑሻ. ݂ሺݒሻଷ. 

Hence, proof is complete. 

3.16. Theorem 

Let ൫ሺܨ, ݂ሻ, ,൯ over ሺܷܣ ሾ0, 1ሿሻ be a double framed T-soft fuzzy subset of a double framed 

soft fuzzy set ൫ሺॄ, ݃ሻ, ,൯ over ሺܷܤ ሾ0, 1ሿሻ where ܨሺ݌ሻand ॄሺ݌ሻ both are identically 

approximations and ݂ሺ݌ሻ and ݃ሺ݌ሻ both are identical approximations for all ݌ ∈   If .ܣ

൫ሺॄ, ݃ሻ, ,൯ is a “DFT-soft fuzzy algebra” over ሺܷܤ ሾ0, 1ሿሻ then  ൫ሺܨ, ݂ሻ,  ൯ is both “DFT-softܣ

fuzzy algebra” over ሺܷ, ሾ0, 1ሿሻ and “DFB-soft fuzzy algebra” over ሺܷ, ሾ0, 1ሿሻ. 

Proof 

Let ݑ, ݒ ∈ , then ܣ ݒ ∈ ∵ ܤ ܣ ⊆  .ܤ

As ൫ሺॄ, ݃ሻ, ,൯ is a “DFT-soft fuzzy algebra” over ሺܷܤ ሾ0, 1ሿሻ so  

ॄሺݑሻ ∪ ॄሺݒሻ ൌ ሻݑሺܨ ∪ ሻݒሺܨ ⊇ ݑሺܨ ∗ ሻݒ ൌ ॄሺݑ ∗ ሻݑሺܨ ሻ impliesݒ ∪ ሻݒሺܨ ⊇ ݑሺܨ ∗  .ሻݒ

∵  .ሻ are identical approximations݌ሻand ॄሺ݌ሺܨ

݃ሺݑሻ ∧ ݃ሺݒሻ ൌ ݂ሺݑሻ ∧ ݂ሺݒሻ ൑ ݂ሺݑ ∗ ሻݒ ൌ ݃ሺݑ ∗ ሻݑሻ implies ݂ሺݒ ∧ ݂ሺݒሻ ൑ ݂ሺݑ ∗  .ሻݒ

∵ ݂ሺ݌ሻ and ݃ሺ݌ሻ are identical approximations. 

Hence ൫ሺܨ, ݂ሻ, ,൯ is a “DFT-soft fuzzy algebra” over ሺܷܣ ሾ0, 1ሿሻ. 

Now, ݂ሺݑሻ. ݂ሺݒሻ ൌ ݃ሺݑሻ. ݃ሺݒሻ ൑ ݂ሺݑሻ ∧ ݂ሺݒሻ ൌ ݃ሺݑሻ ∧ ݃ሺݒሻ ൌ ݂ሺݑሻ ∧ ݂ሺݒሻ ൑ ݂ሺݑ ∗ ሻݒ ൌ
݃ሺݑ ∗ .ሻݑሻ implies ݂ሺݒ ݂ሺݒሻ ൑ ݂ሺݑ ∗ ∵ .ሻݒ ݂ሺ݌ሻ and ݃ሺ݌ሻ are identical approximations. 

Hence ൫ሺܨ, ݂ሻ, ,൯ is a double frame B-soft fuzzy algebra over ሺܷܣ ሾ0, 1ሿሻ. 
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3.17. Theorem 

Let ൫ሺܨ, ݂ሻ, ,൯ over ሺܷܣ ሾ0, 1ሿሻ be a double framed B-soft fuzzy subset of a double framed 

soft fuzzy set ൫ሺॄ, ݃ሻ, ,൯ over ሺܷܤ ሾ0, 1ሿሻ where ܨሺ݌ሻand ॄሺ݌ሻ both are identically 

approximations and ݂ሺ݌ሻ and ݃ሺ݌ሻ both are identical approximations for all ݌ ∈   If .ܣ

൫ሺॄ, ݃ሻ, ,൯ is a “DFB-soft fuzzy algebra” over ሺܷܤ ሾ0, 1ሿሻ then  ൫ሺܨ, ݂ሻ,  ൯ is a “DFB-softܣ

fuzzy algebra” over ሺܷ, ሾ0, 1ሿሻ. 

Proof  

Let ݑ, ݒ ∈ ,ݑ  then ܣ ݒ ∈ ∵ ܤ ܣ ⊆  .ܤ

As ൫ሺॄ, ݃ሻ, ,൯ is a “DFT-soft fuzzy algebra” over ሺܷܤ ሾ0, 1ሿሻ so  

ॄሺݑሻ ∪ ॄሺݒሻ ൌ ሻݑሺܨ ∪ ሻݒሺܨ ⊇ ݑሺܨ ∗ ሻݒ ൌ ॄሺݑ ∗ ሻݑሺܨ ሻ impliesݒ ∪ ሻݒሺܨ ⊇ ݑሺܨ ∗  .ሻݒ

∵  .ሻ are identical approximations݌ሻ and ॄሺ݌ሺܨ

݃ሺݑሻ. ݃ሺݒሻ ൌ ݂ሺݑሻ. ݂ሺݒሻ ൑ ݂ሺݑ ∗ ሻݒ ൌ ݃ሺݑ ∗ .ሻݑሻ implies ݂ሺݒ ݂ሺݒሻ ൑ ݂ሺݑ ∗ ∵ .ሻݒ ݂ሺ݌ሻ and 
݃ሺ݌ሻ are identical approximations. 

Hence ൫ሺܨ, ݂ሻ, ,൯ is a double frame B-soft algebra over ሺܷܣ ሾ0, 1ሿሻ. 

Remark 

(1) Converse of above theorem is may or may not be possible. 

(2) ൫ሺܨ, ݂ሻ, ,൯ is may or may not be “DFT-soft fuzzy algebra” over ሺܷܣ ሾ0, 1ሿሻ because 3.12. 

example represented that each “DFB-soft fuzzy algebra” is not “DFT-soft fuzzy algebra”. 

3.18. Definition  

Let ሺܸி,௙ሻ and ܤሺॄ,௚ሻ are two “DFT-soft fuzzy set” over ሺܷ, ሾ0, 1ሿሻ. Then extended uni-int 

“DFT-soft fuzzy set” of ሺܸி,௙ሻ and ܤሺॄ,௚ሻ is defined as a “DFT-SS” ሺܸ ∪  ,ሻሺி∪෥ॄ,௙∩ഥ௚ሻ	ܤ

 Where ܨ ∪෥ ॄ ∶ ሺܸ ∪ ሻ	ܤ ⟶ ܲሺܷሻ defined by  

݌     ⟶ ቐ
݌	݂݅	ሻ݌ሺܨ ∈ ܸ െ ܤ
ॄሺ݌ሻ	݂݅	݌ ∈ ܤ െ ܸ

ሻ݌ሺܨ ∪ ॄሺ݌ሻ	݂݅	݌ ∈ ܸ ∩ ܤ
 

and ݂ ∩ഥ ݃: ሺܸ ∪ ሻ	ܤ ⟶ ሾ0,1ሿ defined by 

݌ ⟶ ቐ
݂ሺ݌ሻ	݂݅	݌ ∈ ܸ െ ܤ
݃ሺ݌ሻ	݂݅	݌ ∈ ܤ െ ܸ

݂ሺ݌ሻ ∧ ݃ሺ݌ሻ	݂݅	݌ ∈ ܸ ∩ .ܤ
  

It is denoted by ሺܸி,௙ሻ ⊔ࣟ ሺॄ,௚ሻܤ ൌ ሺܸ ∪  ሻሺி∪෥ॄ,௙∩ഥ௚ሻ. We shall call this uni-int T-”DFT-soft	ܤ

fuzzy set” over ሺܷ, ሾ0, 1ሿሻ as union of “DFT-soft fuzzy set” over ሺܷ, ሾ0, 1ሿሻ. 
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3.19. Theorem 

The extended uni-int “DFT-soft fuzzy set” over ሺܷ, ሾ0, 1ሿሻ of two double-framed T-soft fuzzy 

algebras ൫ሺܨ, ݂ሻ, ,൯ and ൫ሺॄܣ ݃ሻ, ,൯ over ሺܷܣ ሾ0, 1ሿሻ is “DFT-soft fuzzy algebra” over 

ሺܷ, ሾ0, 1ሿሻ. 

Proof 

Let ݑ, ݒ ∈   then we have ܣ

ሺܨ ∪෥ ॄሻሺݑ ∗ ሻݒ ൌ ݑሺܨ ∗ ሻݒ ∪ ॄሺݑ ∗ ሻݒ ⊆ ൫ܨሺݑሻ ∪ ሻ൯ݒሺܨ ∪ ൫ॄሺݑሻ ∪ ॄሺݒሻ൯ 

                                       ൌ ൫ܨሺݑሻ ∪ ॄሺݑሻ൯ ∪ ൫ܨሺݒሻ ∪ ॄሺݒሻ൯ ൌ ሺܨ ∪෥ ॄሻሺݑሻ ∪ ሺܨ ∪෥ ॄሻሺݒሻ, 

             ሺ݂ ∩ഥ ݃ሻሺݑ ∗ ሻݒ ൌ ݂ሺݑ ∗ ሻݒ ∧ ݃ሺݑ ∗ ሻݒ ൒ ൫݂ሺݑሻ ∧ ݂ሺݒሻ൯ ∧ ൫݃ሺݑሻ ∧ ݃ሺݒሻ൯  

                                      ൌ ൫݂ሺݑሻ ∧ ݃ሺݑሻ൯ ∧ ൫݂ሺݒሻ ∧ ݃ሺݒሻ൯ ൌ ሺ݂ ∩ഥ ݃ሻሺݑሻ ∧ ሺ݂ ∩ഥ ݃ሻሺݒሻ.  

Hence, ሺܸி,௙ሻ ⊔ࣟതതതത ,ሺॄ,௚ሻ is a “DFT-soft fuzzy algebra” over ሺܷܤ ሾ0, 1ሿሻ. 

 

3.20. Definition 

Let ሺܸி,௙ሻ  and ܤሺॄ,௚ሻ are two “DFSS” over ܷ. Then extended int-uni “DFT-SS” of ሺܸி,௙ሻ and 

஻ሺॄ,೒ሻ is defined as a “DFSS” ሺܸܤ ∪ ,,௙∪ഥ௚ሻ over ሺܷ	ி∩෥ॄ	ሻሺ	ܤ ሾ0, 1ሿሻ, 

 Where ܨ ∩෥ ॄ ∶ ሺܸ ∪ ሻ	ܤ ⟶ ܲሺܷሻ defined by 

݌     ⟶ ቐ
݌	݂݅	ሻ݌ሺܨ ∈ ܸ െ ܤ
ॄሺ݌ሻ	݂݅	݌ ∈ ܤ െ ܸ

ሻ݌ሺܨ ∩ ॄሺ݌ሻ	݂݅	݌ ∈ ܸ ∩ ܤ
  

and ݂ ∪ഥ ݃ ∶ ሺܸ ∪ ሻ	ܤ ⟶ ሾ0,1ሿ defined by 

݌     ⟶ ቐ
݂ሺ݌ሻ	݂݅	݌ ∈ ܸ െ ܤ
݃ሺ݌ሻ	݂݅	݌ ∈ ܤ െ ܸ

݂ሺ݌ሻ ∨ ݃ሺ݌ሻ	݂݅	݌ ∈ ܸ ∩ ܤ
  

It is denoted by ሺܸி,௙ሻ ⊓ࣟതതതത ሺॄ,௚ሻܤ ൌ ሺܸ ∪  ሻሺॄ∩෥௚,௙∪ഥ௚ሻ. We shall call this int-uni “DFT-soft	ܤ

fuzzy set” over ሺܷ, ሾ0, 1ሿሻ as intersection of double framed T- soft fuzzy set over ሺܷ, ሾ0, 1ሿሻ. 

3.21. Theorem 

The extended int-uni “DFT-soft fuzzy set” of two double-framed T-soft fuzzy algebras 

൫ሺܨ, ݂ሻ, ,൯ and ൫ሺॄܣ ݃ሻ, ,൯ over ሺܷܣ ሾ0, 1ሿሻ is “DFT-soft fuzzy algebra” over ሺܷ, ሾ0, 1ሿሻ if 

ሺሺܨ, ݂ሻ, ሻܣ 	⊂ഥ෩ ሺሺॄ, ݃ሻ,  .ሻܣ
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Proof 

Let ݑ, ݒ ∈   then we have ܣ

    ሺܨ ∩෥ ॄሻሺݑ ∗ ሻݒ ൌ ݑሺܨ ∗ ሻݒ ∩ ॄሺݑ ∗ ሻݒ ൌ ݑሺܨ ∗ ሻݒ ⊆ ሻݑሺܨ ∪   ሻݒሺܨ

                              ൌ ൫ܨሺݑሻ ∪ ॄሺݑሻ൯ ∩ ൫ܨሺݒሻ ∪ ॄሺݒሻ൯ ൌ ሺܨ ∩෥ ॄሻሺݑሻ ∪ ሺܨ ∩෥ ॄሻሺݒሻ, 

∵ if	A ⊆ ܤ	and	ܥ ⊆ ܣ	then	ܦ ∪ ܤ ൌ ሺܣ ∩ ሻܥ ∪ ሺܤ ∩  .ሻܦ

     ሺ݂ ∪ഥ ݃ሻሺݑ ∗ ሻݒ ൌ ݂ሺݑ ∗ ሻݒ ∨ ݃ሺݑ ∗ ሻݒ ൌ ݂ሺݑ ∗ ሻݒ ൒ ݂ሺݑሻ ∧ ݂ሺݒሻ 

                                      ൌ ൫݂ሺݑሻ ∨ ݃ሺݑሻ൯ ∧ ൫݂ሺݒሻ ∨ ݃ሺݒሻ൯ ൌ ሺ݂ ∪ഥ ݃ሻሺݑሻ ∧ ሺ݂ ∪ഥ ݃ሻሺݒሻ.  

Hence, ሺܸி,௙ሻ ⊓ࣟതതതത ,ሺॄ,௚ሻ is a “DFT-soft fuzzy algebra” over ሺܷܤ ሾ0, 1ሿሻ. 

 

 

 

3.22. Theorem 

The extended uni-int “DFT-soft fuzzy set” of two double-framed B-soft fuzzy algebras 

൫ሺܨ, ݂ሻ, ,൯ and ൫ሺॄܣ ݃ሻ, ,൯ over ሺܷܣ ሾ0, 1ሿሻ is “DFB-soft fuzzy algebra” over ሺܷ, ሾ0, 1ሿሻ. 

Proof 

Let ݑ, ݒ ∈   then we have ܣ

ሺܨ ∪෥ ॄሻሺݑ ∗ ሻݒ ൌ ݑሺܨ ∗ ሻݒ ∪ ॄሺݑ ∗ ሻݒ ⊆ ൫ܨሺݑሻ ∪ ሻ൯ݒሺܨ ∪ ൫ॄሺݑሻ ∪ ॄሺݒሻ൯ 

                                       ൌ ൫ܨሺݑሻ ∪ ॄሺݑሻ൯ ∪ ൫ܨሺݒሻ ∪ ॄሺݒሻ൯ ൌ ሺܨ ∪෥ ॄሻሺݑሻ ∪ ሺܨ ∪෥ ॄሻሺݒሻ, 

             ሺ݂ ∩ഥ ݃ሻሺݑ ∗ ሻݒ ൌ ݂ሺݑ ∗ ሻݒ ∧ ݃ሺݑ ∗ ሻݒ ൒ ൫݂ሺݑሻ. ݂ሺݒሻ൯ ∧ ൫݃ሺݑሻ. ݃ሺݒሻ൯ ……(a)  

Case (1) 

If ൫݂ሺݑሻ. ݂ሺݒሻ൯ ∧ ൫݃ሺݑሻ. ݃ሺݒሻ൯ ൌ ൫݂ሺݑሻ. ݂ሺݒሻ൯ then (a) becomes 

ሺ݂ ∩ഥ ݃ሻሺݑ ∗ ሻݒ ൒ ൫݂ሺݑሻ. ݂ሺݒሻ൯ ൒ ൫݂ሺݑሻ ∧ ݃ሺݑሻ൯. ൫݂ሺݒሻ ∧ ݃ሺݒሻ൯ ൌ ሺ݂ ∩ഥ ݃ሻሺݑሻ. ሺ݂ ∩ഥ ݃ሻሺݒሻ  

Implies ሺ݂ ∩ഥ ݃ሻሺݑ ∗ ሻݒ ൒ ሺ݂ ∩ഥ ݃ሻሺݑሻ. ሺ݂ ∩ഥ ݃ሻሺݒሻ. 

Case (2) 

If ൫݂ሺݑሻ. ݂ሺݒሻ൯ ∧ ൫݃ሺݑሻ. ݃ሺݒሻ൯ ൌ ൫݃ሺݑሻ. ݃ሺݒሻ൯ then (a) becomes 
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ሺ݂ ∩ഥ ݃ሻሺݑ ∗ ሻݒ ൒ ൫݃ሺݑሻ. ݃ሺݒሻ൯ ൒ ൫݂ሺݑሻ ∧ ݃ሺݑሻ൯. ൫݂ሺݒሻ ∧ ݃ሺݒሻ൯ ൌ ሺ݂ ∩ഥ ݃ሻሺݑሻ. ሺ݂ ∩ഥ ݃ሻሺݒሻ  

Implies ሺ݂ ∩ഥ ݃ሻሺݑ ∗ ሻݒ ൒ ሺ݂ ∩ഥ ݃ሻሺݑሻ. ሺ݂ ∩ഥ ݃ሻሺݒሻ. 

Hence, proof is complete. 

Hence, ሺܸி,௙ሻ	⊔ࣟതതതത ,ሺॄ,௚ሻ is a “DFB-soft fuzzy algebra” over ሺܷܤ ሾ0, 1ሿሻ. 

3.23. Theorem 

The extended int-uni “DFT-soft fuzzy set” of two double-framed B-soft fuzzy algebras 

൫ሺܨ, ݂ሻ, ,൯ and ൫ሺॄܣ ݃ሻ, ,൯ over ሺܷܣ ሾ0, 1ሿሻ is “DFB-soft fuzzy algebra” over ሺܷ, ሾ0, 1ሿሻ if 

ሺሺܨ, ݂ሻ, ሻܣ 	⊂ഥ෩ ሺሺॄ, ݃ሻ,  .ሻܣ

Proof 

Let ݑ, ݒ ∈   then we have ܣ

    ሺܨ ∩෥ ॄሻሺݑ ∗ ሻݒ ൌ ݑሺܨ ∗ ሻݒ ∩ ॄሺݑ ∗ ሻݒ ൌ ݑሺܨ ∗ ሻݒ ⊆ ሻݑሺܨ ∪   ሻݒሺܨ

                              ൌ ൫ܨሺݑሻ ∪ ॄሺݑሻ൯ ∩ ൫ܨሺݒሻ ∪ ॄሺݒሻ൯ ൌ ሺܨ ∩෥ ॄሻሺݑሻ ∪ ሺܨ ∩෥ ॄሻሺݒሻ, 

                                        ∵ if	A ⊆ ܤ	and	ܥ ⊆ ܣ	then	ܦ ∪ ܤ ൌ ሺܣ ∩ ሻܥ ∪ ሺܤ ∩   .ሻܦ

     ሺ݂ ∪ഥ ݃ሻሺݑ ∗ ሻݒ ൌ ݂ሺݑ ∗ ሻݒ ∨ ݃ሺݑ ∗ ሻݒ ൌ ݃ሺݑ ∗ ሻݒ ൒ ൫݃ሺݑሻ ∧ ݃ሺݒሻ൯ 

                              ൌ ൫݂ሺݑሻ ∨ ݃ሺݑሻ൯. ൫݂ሺݒሻ ∨ ݃ሺݒሻ൯ ൌ ሺ݂ ∩ഥ ݃ሻሺݑሻ ∧ ሺ݂ ∩ഥ ݃ሻሺݒሻ. 

Hence, ሺܸி,௙ሻ ⊓ࣟതതതത ,ሺॄ,௚ሻ is a “DFB-soft fuzzy algebra” over ሺܷܤ ሾ0, 1ሿሻ. 

For a “DFT-soft fuzzy set” ൫ሺܨ, ݂ሻ, ߰ ൯, we definedܣ െ and α ݁ݒ݅ݏݑ݈ܿݔ݁ െ  respectively ݐݑܿ

as follows, where ߰ ⊆ ܷ and α ∈ ሾ0, 1ሿ  

߰ െ ݁ݒ݅ݏݑ݈ܿݔ݁ ൌ ሼݑ ∈ ߰	|ܣ ⊇  ,ሻሽݑሺܨ

                                             α െ ݐݑܿ ൌ ሼݑ ∈ α	|ܣ ൑ ݂ሺݑሻሽ, 

and denoted as ஺݁ሺܨ; ߰ሻ and ஑݂, respectively. 

The set DFTAሺܨ, ݂ሻሺట,஑ሻ ൌ ሼݑ ∈ ߰	|ܣ ⊇ ,ሻݑሺܨ α ൑ ݂ሺݑሻሽ  is called double framed including 

set. 

3.24. Theorem 

For a “DFT-soft fuzzy set” ൫ሺܨ, ݂ሻ, ,൯ over ሺܷߜ ሾ0, 1ሿሻ, the following are equivalent 

ሺ1ሻ ൫ሺܨ, ݂ሻ, ,൯ is double framed soft fuzzy algebra over ሺܷߜ ሾ0, 1ሿሻ, 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 23 April 2018                   doi:10.20944/preprints201804.0293.v1

http://dx.doi.org/10.20944/preprints201804.0293.v1


15 | P a g e  

(2) for every ߰ ⊆ ܷ and ߚ ∈ ሾ0, 1ሿ with ߰ ∈ ሻ and αܨሺ݉ܫ ∈ ߰ ሺ݂ሻ then݉ܫ െ  set ݁ݒ݅ݏݑ݈ܿݔ݁

and α െ ,ܨof  ൫ሺ 	ݐݑܿ ݂ሻ,  .ߜ ൯ are sub algebras ofߜ

Proof 

ሺ1ሻ ⇒ ሺ2ሻ  

Consider ൫ሺܨ, ݂ሻ, ,൯ is “DFT-soft fuzzy algebra” over ሺܷߜ ሾ0, 1ሿሻ. Let ݑ, ݒ ∈  be such that ߜ

,ݑ ݒ ∈ ݁ఋሺܨ; ߰ሻ  and ݑ, ݒ ∈ ஑݂ for every ߰ ⊆ ܷ and α ∈ ሾ0, 1ሿ respectively, with ߰ ∈  ሻܨሺ݉ܫ
and α ∈ ,ܨሺ݂ሻ. Then by definition of ൫ሺ݉ܫ ݂ሻ,   ൯ such thatߜ

ݑሺܨ ∗ ሻݒ ⊆ ሻݑሺܨ ∪ ሻݒሺܨ ⊆ ߰,         ݃ሺݑ ∗ ሻݒ ൒ ݃ሺݑሻ ∧ ݃ሺݒሻ ൒ α. 

Implies ݑ ∗ ݒ ∈ ݁ఋሺܨ; ߰ሻ and ݑ ∗ ݒ ∈ ஑݂. 

Hence, ݁ఋሺܨ; ߰ሻ  and ஑݂ are subalgebras of ߜ.  

ሺ2ሻ ⇒ ሺ1ሻ, Suppose that ሺ2ሻ is valid to prove ൫ሺܨ, ݂ሻ,  ൯ is double framed soft fuzzy algebraߜ

over ሺܷ, ሾ0, 1ሿሻ. Let ݑ, ݒ ∈ ሻݑሺܨ  be such that ߜ ൌ ߰௨, ܨሺݒሻ ൌ ߰௩ and ݂ሺݑሻ ൌ α௨, ݂ሺݒሻ ൌ
α௩. By taking ߰ ൌ ߰௨ ∪ ߰௩ and α ൌ α௨ ∧ α௩. Then ݑ ∗ ݒ ∈ ݁ఋሺܨ; ߰ሻ and ݑ ∗ ݒ ∈ ஑݂. 

As ݁ఋሺܨ; ߰ሻ and ஑݂ are double framed T-soft fuzzy subalgebra so 

ݑሺܨ ∗ ሻݒ ⊆ ߰ ൌ ߰௨ ∪ ߰௩ ൌ ሻݑሺܨ ∪ ݑሻ,       ݃ሺݒሺܨ ∗ ሻݒ ൒ α ൌ α௨ ∧ α௩ ൌ ݃ሺݑሻ ∧ ݃ሺݒሻ. 

Hence, ൫ሺܨ, ݂ሻ, ,൯ is “DFT-soft fuzzy algebra” over ሺܷߜ ሾ0, 1ሿሻ. 

3.25. Corollary 

If ൫ሺܨ, ݂ሻ, ,൯ is a “DFT-soft fuzzy algebra” over ሺܷߜ ሾ0, 1ሿሻ then double framed including set 

of  ൫ሺܨ, ݂ሻ,  .ܺ ൯ is subalgebraߜ

3.26. Definition 

Let ൫ሺܨ, ݂ሻ, ,൯ be a “DFT-soft fuzzy set” over ሺܷߜ ሾ0, 1ሿሻ. Then “DFT-soft fuzzy set” 

൫ሺܨ∗, ݂∗ሻ, ,൯ over ሺܷߜ ሾ0, 1ሿሻ is defined by 

∗ܨ ∶ ߜ ⟶ ܲሺܷሻ  ݌ ⟶ ቄܨሺ݌ሻ	݌ ∈ ݁ఋሺܨ; ߰ሻ
	݁ݏ݅ݓݎ݄݁ݐ݋					ܯ

 

݂∗ ∶ ߜ ⟶ ሾ0,1ሿ   ݌ ⟶ ൜
݂ሺ݌ሻ		݂݅	݌ ∈ ஑݂
݁ݏ݅ݓݎ݄݁ݐ										ߛ

 

Where ߰,ܯ ⊆ ܷ, α, ߛ ∈ ሾ0, 1ሿ and ܨሺ݌ሻ ⊂ ሻ݌ሺ݂ ,ܯ ൐  .ߛ

3.27. Theorem  

If ൫ሺܨ, ݂ሻ, ,൯ is a “DFT-soft fuzzy algebra” over ሺܷߜ ሾ0, 1ሿሻ. Then prove that ൫ሺܨ∗, ݂∗ሻ,  ൯ߜ
over ሺܷ, ሾ0, 1ሿሻ is also a “DFT-soft fuzzy algebra”. 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 23 April 2018                   doi:10.20944/preprints201804.0293.v1

http://dx.doi.org/10.20944/preprints201804.0293.v1


16 | P a g e  

Proof 

Let ൫ሺܨ, ݂ሻ, ,൯ be a “DFT-soft fuzzy algebra” over ሺܷߜ ሾ0, 1ሿሻ, to prove ൫ሺܨ∗, ݂∗ሻ,  ൯ is also aߜ

“DFT-soft fuzzy algebra” over ሺܷ, ሾ0, 1ሿሻ. 

As ൫ሺܨ, ݂ሻ, ,൯ be a “DFT-soft fuzzy algebra” over ሺܷߜ ሾ0, 1ሿሻ so for every ߰ ⊆ ܷ and α ∈
ሾ0, 1ሿ, ݁ఋሺܨ; ߰ሻ and ஑݂ are sub algebras with ߰ ∈ ሻ and αܨሺ݉ܫ ∈  .ሺ݂ሻ݉ܫ

Let ݑ, ݒ ∈ ,ݑ  if ߜ ݒ ∈ ݁ఋሺܨ; ߰ሻ then ݑ ∗ ݒ ∈ ݁ఋሺܨ; ߰ሻ. 

Thus, ܨ∗ሺݑ ∗ ሻݒ ൌ ݑሺܨ ∗ ሻݒ ⊆ ሻݑሺܨ	 ∪ ሻݒሺܨ ൌ ሻݑሺ∗ܨ ∪  ,ሻݒሺ∗ܨ

If  ݑ ∉ ݁ఋሺܨ; ߰ሻ or ݒ ∉ ݁ఋሺܨ; ߰ then ܨ∗ሺݑሻ ൌ ሻݒሺ∗ܨ or ܯ ൌ  ,ܯ

Thus, ܨ∗ሺݑ ∗ ሻݒ ⊆ ܯ ൌ ሻݑሺ∗ܨ ∪ ሻ݌ሺܨ ∵  ሻݒሺ∗ܨ ⊂ ݌ if ܯ ∉ ݁ఋሺܨ; ߰ሻ. 

Now, if ݑ, ݒ ∈ ݅ఋሺ݂; αሻ ൌ ஑݂ then ݑ ∗ ݒ ∈ ஑݂. 

Thus, ݂∗ሺݑ ∗ ሻݒ ൌ ݂ሺݑ ∗ ሻݒ ൒ ݂ሺݑሻ ∧ ݂ሺݒሻ ൌ ݂∗ሺݑሻ ∧ ݂∗ሺݒሻ 

Implies, ݂∗ሺݑ ∗ ሻݒ ൒ ݂∗ሺݑሻ ∧ ݂∗ሺݒሻ. 

If  ݑ ∉ ஑݂ or ݒ ∉ ஑݂ then ݂∗ሺݑሻ ൌ ሻݒor ݂∗ሺ ߛ ൌ  ,ߛ

Thus, 

݂∗ሺݑ ∗ ሻݒ ൌ ݂ሺݑ ∗ ሻݒ ൒ ߛ ൌ ݂ሺݑሻ ∧ ݂ሺݒሻ ൌ ݂∗ሺݑሻ ∧ ݂∗ሺݒሻ ∵ ݂ሺ݌ሻ ൐ ݌ if ߛ ∉ ஑݂. 

3.28. Definition 

Let ൫ሺܨ, ݂ሻ, ,ܨ൯ and ൫ሺܣ ݂ሻ, ,൯ be “DFT-soft fuzzy set” over ሺܷܤ ሾ0, 1ሿሻ. Then their product is 

defined as 

ܣ	:஺∨஻ܨ                ൈ ܤ ⟶ ܲሺܷሻ, 

               ஺݂∧஻: ܣ ൈ ܤ ⟶ ሾ0,1] 

Such that ሺݔ, ሻݕ ⟶ ൜
ሻݔሺܨ ∪ ሻݕሺܨ
݂ሺݔሻ ∧ ݂ሺݕሻ

 

And denoted by ൫ሺܨ∨, ∧݂ሻ, ܣ ൈ  .൯ܤ

3.29. Theorem 

Let ൫ሺܨ, ݂ሻ, ,ܨ൯ and ൫ሺܣ ݂ሻ, ,൯ be double framed T-soft fuzzy algebras over ሺܷܤ ሾ0, 1ሿሻ. Then 

prove that ൫ሺܨ∨, ∧݂ሻ, ܣ ൈ ,൯ is also a “DFT-soft fuzzy algebra” over ሺܷܤ ሾ0, 1ሿሻ. 

Proof 

We know that ሺܣ ൈ ,⊛,ܤ ሺߠ,  ሻ is also a BCK/BCI algebra. Then we only prove thatߠ

൫ሺܨ∨, ∧݂ሻ, ܣ ൈ ,൯ is a “DFT-soft fuzzy algebra” over ሺܷܤ ሾ0, 1ሿሻ. 
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Let ሺݔ, ,ሻݕ ሺݑ, ሻݒ ∈ ܣ ൈ  we have ,ܤ

,ݔ஺∨஻൫ሺܨ ሻݕ ⊛ ሺݑ, ሻ൯ݒ ൌ ݔ஺∨஻ሺܨ ∗ ,ݑ ݕ ∗   ሻݒ

                                    ൌ ݔሺܨ ∗ ሻݑ ∪ ݕሺܨ ∗ ሻݒ ⊆ ሺܨሺݔሻ ∪ ሻሻݑሺܨ ∪ ሺܨሺݕሻ ∪  ሻሻݒሺܨ

                                   ൌ ሺܨሺݔሻ ∪ ሻሻݕሺܨ ∪ ሺܨሺݑሻ ∪   ሻሻݒሺܨ

                                   ൌ ,ݔ஺∨஻ሺܨ ሻݑ ∪ ,ݕ	஺∨஻ሺܨ   .ሻݒ

஺݂∧஻൫ሺݔ, ሻݕ ⊛ ሺݑ, ሻ൯ݒ ൌ ஺݂∧஻ሺݔ ∗ ,ݑ ݕ ∗ ሻݒ ൌ ݂ሺݔ ∗ ሻݑ ∧ ݂ሺݕ ∗  ሻݒ

                                                          ൒ ሺ	݂ሺݔሻ ∧ ݂ሺݑሻሻ ∧ ሺ݂ሺݕሻ ∧ ݂ሺݒሻሻ 

                                                         ൌ ሺ	݂ሺݔሻ ∧ ݂ሺݕሻሻ ∧ ሺ݂ሺݑሻ ∧ ݂ሺݒሻሻ 

                                                        ൌ ݂ሺݔ ∗ ሻݕ ∧ ݂ሺݑ ∗   ሻݒ

                                                        ൌ ஺݂∧஻ሺݔ, ሻݕ ∧ ஺݂∧஻ሺݑ,  .ሻݒ

Hence, ൫ሺܨ∨, ∧݂ሻ, ܣ ൈ ,൯ is a “DFT-soft fuzzy algebra” over ሺܷܤ ሾ0, 1ሿሻ. 

3.30. Theorem 

Let ൫ሺܨ, ݂ሻ, ,ܨ൯ and ൫ሺܣ ݂ሻ, ,൯ be double framed T-soft fuzzy algebras over ሺܷܤ ሾ0, 1ሿሻ. Then 

prove that ൫ሺܨ∨, ∧݂ሻ, ܣ ൈ ,൯ is also a “DFB-soft fuzzy algebra” over ሺܷܤ ሾ0, 1ሿሻ. 

Proof 

We similar to above theorem by using definition of double framed T-soft fuzzy algebra and 
previous theorem. 

Conclusion: 

We defined the concept of “DFT-soft fuzzy set” which is combination of double framed T 
soft fuzzy set and introduced their notions. Further, proved that extended uni-int of “DFT-soft 
fuzzy set” is also double framed T-soft fuzzy algebra and “DFB-soft fuzzy algebra” but 
converse is not true because, we proved that each double framed T soft fuzzy algebra is also 
“DFB-soft fuzzy algebra” but converse is not true. And we also discussed the product of 
double framed T-soft fuzzy algebra and “DFB-soft fuzzy algebra”. 

Further, we will apply this concept in different algebraic structure and discussed its 
operations.   
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