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Abstract: Expressions for the axial pressure profiles in a cylindrical channel and between parallel 
plates or a rectangular channel with large aspect ratio, with Maxwell slip gas flow are derived from 
first p rinciples. The resulting expressions, which only involve the inlet and outlet pressures and 
the channel dimensions, will be useful in modelling or simulations of channel flows at Knudsen 
numbers in the range 10−3–0.1, such as in MEMS and NEMS. The expression for a cylindrical channel 
is validated by deriving from it an expression for the channel mass flow, which is shown to agree 
with a known expression for the mass flow through cylindrical channels with Maxwell slip flow. The 
expression for flow between parallel plates is found to agree with the zeroth order relation derived by 
Arkilic et al. using perturbation analysis. The effect of the accommodation coefficient on the pressure 
profile in a cylindrical channel is shown.
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1. Introduction12

An upsurge in the development of micro-and nanoelectromechanical devices (MEMS and NEMS)13

has kindled renewed interest in the flow of fluids at moderately high Knudsen numbers through14

channels and crevices.15

In many modern design applications, such as in the design of MEMS and NEMS [1–3], it is16

necessary to characterize and model the flow of fluids in narrow channels. For this it is useful to know17

the pressure profile in channel flow at Knudsen numbers whereby the flow is in the Maxwell slip18

regime, since this is often the regime into which the flows in such devices fall in practise.19

Expressions for the pressure profiles for Maxwell slip flow in channels, even of simple geometries,20

have not yet been published.21

Arkilic et al. [4] in a highly cited paper derived an expression for the axial pressure profile in slip22

flow, based on a 2-D model and perturbation analysis in a rectangular channel of very large aspect23

ratio, it is stated in that paper that their expression is accurate to zeroth orderr. Gallis and Torczynsky24

[5] derived an expression for the pressure profile in the slip flow regime based on a more advanced25

slip expression than the one of Maxwell, involving four dimensionless parameters, determined so that26

the mass flow in the channel would match benchmark values in the different high-Knudsen-number27

flow regimes. Their expression is implicit in the pressure, the authors state it may be inverted, but that28

the “the resulting expression is too complicated to be useful”.29

In this present paper, explicit expressions for the axial pressure profiles in a cylindrical channel30

and a rectangular channel with large aspect ratio, both of uniform temperature, with Maxwell slip flow31

will be derived from first principles. The accuracy of the derived expressions is only limited by the32

accuracy of the Maxwell slip assumption itself.33
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Since there is nothing in the functional forms obtained below that will demand that the variables34

are non-dimensionalized, the derivations will be done in terms of the physical, dimensional variables35

themselves, which will make the physical significance of the expressions more transparent. Sometimes36

(e.g. [4]) nondimensionalization of the physical parameters is done by scaling with the corresponding37

parameters at the exit of the channel.38

2. Derivations and Results39

2.1. Flow in a cylindrical channel40

A standard momentum balance on an element differential in the axial direction to analyze laminar
pipe flow, with a no-slip wall boundary condition, results in [6]:

dp
dz

= −2
r

(
−µ

du
dr

)
(1)

giving by integration: ∫ u

0
du′ =

dp
dz

1
2µ

∫ r

R
r′ dr′ (2)

The wall slip for Maxwell slip is ([7,8]): uw = −ζ du
dr

∣∣
r=R with the factor ζ expressed as: ζ = ζ0

p and

the factor du
dr

∣∣
r=R evaluated from the no-slip solution. Inserting this expression for uw in the lower

integration limit on the RHS of (2)gives:∫ u

−ζ du
dr

∣∣
r=R

du′ =
dp
dz

1
2µ

∫ r

R
r′ dr′ (3)

giving:

u + ζ
du
dr

∣∣∣∣
r=R

= −dp
dz

1
4µ

(
R2 − r2

)
. (4)

From the no-slip DE, (1):
du
dr

=
r

2µ

dp
dz

⇒ du
dr

∣∣∣∣
r=R

=
R
2µ

dp
dz

(5)

Ref. [9], together with others, give ζ = 2−σV
σV

λ . λ is the mean free path in the gas and σV is the
momentum accommodation coefficient (see [10] and also below), which in general depends on the
nature of the gas, the channel wall material and the Knudsen number. In many cases σV ≈ 0.8 ([10,11]).
Filling in, this makes the solution for the gas velocity, u:

u = −dp
dz

1
4µ

(
R2 − r2

)
− 2− σV

σV
λ

R
2µ

dp
dz

. (6)

The mass flow, ṁt =
∫ R

0 ρu2πr dr, becomes:

ṁt = −
πρR3

8µσV
(4λ(2− σV) + σV R)

dp
dz

.

ρ = pM
RT = p m

kBT where M is the molar mass, m is the molecular mass, R is the universal gas

constant, kB is the Boltzmann constant and λ = kBT√
2πd2 p

([8]), with d the molecular collisional diameter,
giving:

ṁt = −
πpmR3

kBT 8µσV

(
4

kBT√
2πd2 p

(2− σV) + σV R

)
dp
dz
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which can be rewritten to:
ṁt = A

dp
dz

+ Bp
dp
dz

(7)

where, after simplification,

A = −mR3(2− σV)√
8d2µσV

and B = − πmR4

8µkBT
. (8)

Both of the parameters A and B are negative, since 0 ≤ σV ≤ 1, being interpreted as the fraction of41

molecules or atoms undergoing diffuse, rather than specular, reflection at the wall ([5,11]).42

Equation (7) is a differential equation for p(z), and can be solved as a boundary value problem in43

the following way.44

A first-principles, steady-state mass balance on an element, which spans the channel cross-section
and is differential in the z-direction, gives: ṁt,in = A dp

dz + Bp dp
dz , ṁt,out = A dp

dz + Bp dp
dz +

d
dz

(
A dp

dz + Bp dp
dz

)
dz. Setting ṁt,in = ṁt,out gives, after rearrangement:

(A + Bp)
d2 p
dz2 + B

(
dp
dz

)2
= 0, (9)

There are two solutions to this equation, we take the positive one, since this is the one satisfying the
boundary conditions at the two ends of the channel, giving:

p = −
A +

√
(A + Bp0)2 − B(p0−pL)(2A+B(p0+pL))z

L

B
(10)

resulting in p = p0 for z = 0 and p = pL for z = L agreeing with the boundary conditions (remember45

the values of A and B are negative). A plot of pressure along the channel, see Fig. 1, shows a similar46

shape to that for Poiseuille flow for flow where the inlet Knudsen number is relatively low (0.001, the47

lower limit of the range where Maxwell slip is normally applied), while it becomes more linear for48

flow at higher Knudsen numbers as expected, since in the molecular-flow limit the pressure profile is49

linear.

Figure 1. Pressure profiles for slip flow of argon in a cylindrical channel of diameter 325 µm and length
2mm. Left: inlet Knudsen number: 1.0× 10−3 Right: inlet Knudsen number: 0.0244. In both cases the
outlet Knudsen number is 0.1

50

2.2. Flow between parallel plates or in a wide, rectangular channel51

Slip flow in a wide rectangular channel or between parallel plates has been the subject of a number52

of investigations (e.g. [4,12–14]) and is relevant in a variety of MEMS and NEMS applications. The53

derivation in this section of the stream-wise pressure profile will follow the general method of the54
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derivation in the previous section for flow in a cylindrical channel, starting with Poiseuille flow, since55

the result of this is used also here for quantifying the slip term.56

The flow will be assumed two-dimensional, thus the effect of the side walls (left and right walls57

in the front view in Fig. 2) on the flow is neglected.58

Figure 2. Schematic of a wide rectangular channel. Left: front view. Right: expanded side view
showing velocity profiles for Poiseuille flow (fully drawn line) and Maxwell slip flow (broken line)

The standard momentum balance, which reduces to a force balance, since the convective
momentum flows in and out are equal, on an element, differential in both the z-direction (in anticipation
that the pressure gradient varies in this direction) and the y-direction, for Poiseuille flow gives the
differential equation for the fluid velocity:

dp
dz

= −µ
d2u
dy2 . (11)

Integrating twice in the y-direction, with the no-slip boundary conditions u = 0|y=0 or y=b gives:

u =
1

2µ

dp
dz

(
by− y2

)
(12)

giving a velocity gradient magnitude at the walls of∣∣∣∣du
dy

∣∣∣∣
y=0 or y=b

=
b

2µ

dp
dz

(13)

Solving Eq. (11) with the boundary condition at the walls: uw = ζ
∣∣∣ du

dr

∣∣∣
y=0 or y=b

gives:

u =
1

2µ

dp
dz

(
by− y2

)
+ ζ

∣∣∣∣du
dr

∣∣∣∣
y=0 or y=b

, (14)

which just adds the slip velocity to the Poiseuille velocity profile. This profile is shown in Fig. 2. Filling
in for

∣∣∣ du
dr

∣∣∣
y=0 or y=b

from Eq.(13) and that ζ = 2−σV
σV

λ (see the previous section) the mass flow per unit

width, ṁp =
∫ b

0 ρudy becomes:

ṁp =
b3ρ

12µ

dp
dz
− b2kBTρ

2
√

2d2πµp
dp
dz

+
b2kBTρ√

2d2πµσV p
dp
dz

(15)
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using ρ = pM
RT = pm

kBT , ṁp can be written in the same form as ṁt above (Eq. 7), namely:

ṁp = A
dp
dz

+ Bp
dp
dz

(16)

this time with

A =
mb2( 1

σV
− 1

2 )√
2d2πµ

and B =
b3m

12kBTµ
. (17)

The derivation of a second-order differential equation for p then follows the derivation in the previous
section leading to Eq. (9). In this case, however, the two constants A and B are both positive, so that
the other of the two solutions of Eq. (9) is the physically relevant one satisfying the end conditions,
namely:

p =
−A +

√
(A + Bp0)2 − B(p0−pL)(2A+B(p0+pL))z

L

B
(18)

For Maxwell slip flow in a wide rectangular channel, or between parallel plates, the pressure59

profile is thus given by Eq. (18) with the expressions for A and B given in Eq. (17).60

3. Discussion61

3.1. Cylindrical-channel flow62

Rather than trying to compare with experiment, which can be somewhat ambiguous, we can show63

that the expression for cylindrical channel flow is correct by comparing an expression for the mass flow64

derived from Eq. (10) with an analytical expression for the mass flow through cylindrical channels65

with slip flow, which is known although an expression for the pressure profile was not known till now.66

Substituting the pressure profile given in Eq. (10) into Eq. (7), and finding the mass flow based
on the channel inlet conditions by setting z = 0 and using dp

dz

∣∣
z=0 and p = p0, gives for the mass flow,

after simplification:

ṁ = − (p0 − pL)(BpL + Bp0 + 2A)

2L
(19)

which is positive, since A and B are negative. This result can be found using the axial pressure gradient
anywhere along the channel, not only at the inlet. The analysis in [8] results in an expression for the
mass flow through a channel with slip flow:

ṁ =
π(p0 − pL)R4

8µL

(
(p0 + pL)M

2RT

)(
1 +

8ζ0

R(p0 + pL)

)
. (20)

Substituting into Eq. (19) the expressions for A and B given in Eq. (8) and substituting into Eq. (20) that67

ζ0 = (2−σV)
σV

pλ, with λ given in Sect. 2.1, shows, after some rearrangement, that the two expressions68

for the mass flow are identical showing the correctness of the derived expression for the axial pressure69

profile.70

3.2. Flow between parallel plates71

Since the expression derived in this paper for the pressure profile in the flow direction is exact, it
can be used to check the accuracy of the solution of [13]. However the expression in [13] is complex to
work out, since it requires the outlet velocity of the gas to calculate the outlet Reynolds number and
the Mach number to work out the outlet Knudsen number, K (see below), which is required in their
expression for the profile in the flow direction of the dimensionless pressure, p̃0 ≡ p

pL
:

p̃0(x̃) = −6σK +
√
(6σK)2 + (1 + 12σK)x̃ + (P2 + 12σKP)(1− x̃) (21)
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where the subscript 0 on the left-hand-side does not signify the pressure at the channel inlet, as it72

does in this paper, but rather that the solution is accurate to zeroth order as stated by Arkilic et al.73

x̃ ≡ z
L , P ≡ p0

pL
, σ ≡ 2−σV

σV
, K is the outlet Knudsen number based on the channel height, given in [13]74

as K =
√

πγ
2

M
R ,with M and R the outlet Mach number and Reynolds number, respectively, and γ is75

the adiabatic heat capacity ratio.76

Making the substitutions indicated into Eq. (21) but using the expression for the Knudsen number:77

K = λ
b with the mean free path in the gas as: λ = kBT√

2πd2 p
, rather than the expression for K used in [13],78

and substituting into Eq. (18) from Eq. (17) it is possible to show that the expressions derived in this79

work and that given in [13] for the axial pressure profile are identical. The advantage of the derivation80

presented here is that it is more direct and transparent, the only assumption involved being that of81

Maxwell slip flow, and furthermore that the derivation in this paper is applicable to other types of82

conduits, as shown for the case of cylindrical conduits above. The pressure profiles resulting from the83

expression derived here, together with a graphical confirmation that the expression of Arkilic et al and84

that in this paper give the same results is given in Fig. 3

Figure 3. Pressure profiles for slip flow between two parallel plates 325 µm apart according to Eq(18)
with (17). Left the profile is plotted together with that of Arkilic et al., confirming graphically that their
expressions is the same as the one derived here.

85

In fact, it turns out that, even though the solutions for the two types of conduits, cylindrical and86

parallel plates, have different forms, the pressure profiles are almost indistinguishable very close for87

like characteristic dimension (tube diameter and channel height, respectively), the difference between88

them being in the fourth significant digit. E.g. the pressure in the middle of the cylindrical channel of89

325 µm shown in Fig. 1 with the high inlet pressure is 17102 Pa, while the equivalent one between the90

parallel plates in Fig. 2 is 17122 Pa.91

4. Effect of the accommodation coefficient on the axial pressure profile92

In much of the literature the accommodation coefficient is taken as 1.0. Intuitively one would93

expect a lower flow and, perhaps, a more non-linear axial pressure profile for the same pressure drop94

for a higher accommodation coefficient. However, it turns out that the effect changing σV from 0.8 t095

1.0 has very little effect on the actual shape of the profile and this only reduces the the mass flow, for96

like pressure drop over the channel, by 0.85%. To see a significant effect on the shape of the profile,97

σV had to be reduced substantially. In Fig. 4 the effect of reducing σV to 0.1 is shown. The effect is to98

make the profile more linear, as one might intuitively expect. The mass flow through the channel by99

like pressure drop increased by 23% making this change. We conclude that the practice of taking the100

accommodation coefficient as unity does not introduce much error.101

5. Conclusions102

• A solution method for the axial pressure profiles in conduits with Maxwell slip flow is presented103

and applied to the two types of conduits with the most practical applicability: a conduit with104
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Figure 4. Pressure profiles for slip flow in a cylindrical channel with diameter 325 µm, effect of the
accommodation coefficient.

cylindrical cross-section and flow between two parallel plates, which can also be used for flow in105

a rectangular conduit with large aspect ratio. The solutions have been verified by deriving from106

them expressions that could be compared with literature.107

• The solutions are useful for the design of MEMS and NEMS, and can be used to pinpoint the108

positions of regime transitions in conduits with flow with high pressure ratios between inlet and109

outlet.110

• the pressure profiles in cylindrical channels and rectangular channels with large aspect ratio111

under the Maxwell slip assumption, for like characteristic dimensions (tube diameter and channel112

height, respectively), have been found to be very similar but not identical.113

• The accommodation coefficient has been found to have only a minor effect on the pressure profile114

in Maxwell slip flow. The accommodation coefficient had to be reduced substantially to see a115

significant effect.116
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