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SYMMETRIC IDENTITIES FOR FUBINI POLYNOMIALS

TAEKYUN KIM!, DAE SAN KIM?2, GWAN-WOO JANG3, AND JONGKYUM KWON#%

ABSTRACT. In this paper, we represent the generating function of w-torsion
Fubini polynomials by fermionic p-adic integral on Zj,. Then we consider
a quotient of such fermionic p-adic integrals on Z;, representing generat-
ing functions of three w-torsion Fubini polynomials and derive some new
symmetric identities for the w-torsion Fubini and two variable w-torsion
Fubini polynomials.

1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Z,, Q,, and C,
will denote the ring of p-adic integers, the field of p-adic rational numbers and
the completion of the algebraic closure of Q,. The p-adic norm |-|, is normalized
as |plp = %. Let f(x) be a continuous function on Z,. Then the fermionic p-adic

integral on Z,, is defined by Kim (see [6]) as
p N_1 p N_1
[ t@dus@) = Jim > J@nale ) = Jim 3 S)
ZP
(1.1)

From (1.1), we note that
/fx+1 dp (z /f Yp_1(z) = 2f(0), (see [6,7)).  (1.2)

By (1.2), we easily get

/Z My (y) = o 2 1 Z Eu(r) =, (see [1-13]), (1.3)

P

where E, () are the ordinary Euler polynomials.
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It is known that the two variable Fubini polynomials are defined by the gen-
erating function

ZFn(x,y)g = %e“, (see [10]). (1.4)
n=0

When z =0, F,,(y) = Fi.(0,y), (n > 0), are called Fubini polynomials.
From (1.3) and (1.4), we note that F,,(x,—1/2) = E,(z), (n > 0). By (1.4),
we easily get

n

Fn(y) = Z SZ(”a k)k'yk’ (n > 0)7 (See [10]>7 (15)
k=0

where Sy(n, k) are the Stirling numbers of the second kind.
For w € N, we define the two variable w-torsion Fubini polynomials given by

1 ;o t"
— "' = an ) - .
e = 2 P 1)

In particular, for x = 0, F), .,(y) = Fp,(0,y) are called the w-torsion Fubini
polynomials. It is clear that F,, 1(z,y) = Fy(z,y).

In this paper, we represent the generating function of w-torsion Fubini poly-
nomials by fermionic p-adic integral on Z,. Then we consider a quotient of
such fermionic p-adic integrals on Z,, representing generating functions of three
w-torsion Fubini polynomials and derive some new symmetric identities for the
w-torsion Fubini and two variable w-torsion Fubini polynomials. Recently, sev-
eral researchers have studied symmetric identities for some special polynomials
(see [1-17]).

2. Symmetric identities for w-torsion Fubini and two variable
w-torsion Fubini polynomials

From (1.2), we note that

x t x _ 2 _ - "
Lt = i = iy =2 R e
and
xt z t z 2 xt - tn
[ I = D) () = e =2 Pl (22)

P
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From (2.1) and (2.2), we note that

0o t 00 m o . t )
<§xl“> (7;)2Fm(y)m!> =e /Z (—=1)*(y(e' — 1))*dp_1(2)

P
[eS) m
n

n=0

Thus, by (2.3), we easily get
" /n
3 ( Z)xan_l(w — Fu(a,y), (n>0). (2.4)
1=0
Now, we observe that
1—yFe' — 1)
1—yet—1) —

n=0 \i=0 =0

oo k—1 ] n
— (2 nn
> (Tvan)

n=0 \i=0

where Af(z) = f(z+ 1) — f(x).
For w € N, w-torsion Fubini polynomials are represented by the fermionic
p-adic integral on Z, as follows:

/Z (=y*(e" = 1)) dpy () = 1 => 2Fn,w(y)g, (2.6)
n=0

D — yw(et
From (2.1) and (2.6), we have
pr( y(e — 1))mdu 1( ) 1 _ywl(et _ l)wl B w1 —1 o i
fzp( ywi(et — 1)wr)rdy_q(z ) 1= ylet — 1) = ; y'(e" —1) o

o0 wi 1 ’I’L
5 (Ene) e
For wi,ws € N, we let

fz fz y“r(et = 1)) =y (ef — 1)*2) 2 dp_y (x1)dp—1 (22)
I= fZ (_yw1'w2 (et _ 1)w1w2)$d/1171($) . (28)

P



http://dx.doi.org/10.20944/preprints201804.0276.v1
http://dx.doi.org/10.3390/sym10060219

d0i:10.20944/preprints201804.0276.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 April 2018

4 TAEKYUN KIM!, DAE SAN KIM?, GWAN-WOO JANG?, AND JONGKYUM KWON*

Then, by (2.8), we get

Y2 (et — 1)w2)%dpu_q( )

— wi (Lt w1\ T fZ
I = </Zp(_y (6 e 1) ) d/lzl(iﬂ)) (fZ w1w2 _ 1)w1w2 a:du 1 .’E

(2.9)

First, we observe that

o v (el 0 diae) gyt iy R
Jo, (Cyre e — e rduy (@) © L—ye - et
=0
wi—1 wat Woi
— wat 2 -1 wot—1 It
vy (M)

=0

wy—1
_ Z ( Z nglAwgzon>
(2.10)
From (2.9) and (2.10), we can derive the following equation.

_ gty Jo, (=52 (et = 1)"2)dpa ()
! ‘</Zp(_y ey >d”‘1(x)> (fz g et—nwlwz)zdu (o >>

S | OOU)111U2 waink k
= 2rly ) < (3203 v 2o>k,

k=0 =0

- G wWal A Wol "
:nz;; (22 Y yeeinee OkF”"“’wl(y)<Z>> o

k=0 i=0
(2.11)

On the other hand, by (2.8), we get

= wa (Lt wa\T fZ — 1) )*dp_q(x)
I = </Zp(_y (6 — 1) ) d,“fl(“/')) (fZ w1w2 et — 1>w1w2)wdll1(l‘)> .
(2.12)

We note that

fzp(*ywl(et — 1)) du_y(z) L1y (ef — 1)wrwe B i "
Jo, (myrea(ef = Dwwa)rdpy(z) — T—yei(ef - D ; ey

wo—1 m
_ Z ( Z ywlew120n>

(2.13)
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Thus, by (2.12) and (2.13), we get
— 1)) dp—s(x) )

— wa (,t wa \T fZ
I= (/Zp(—y (e" =1)"*)%dp_r(x > <fz ywiwa (et — 1)wiwa)edy | (z)

> oo wz—1 k
= (Z 2Fm,w2(y)fnm!> X (Z Z ywlewlek> o
m=0

k=0 =0
[e'e] n ws—1 n tn
_ w1t A wrink i
-3 (5 S st nn()))
n=0 k=0 i=0
(2.14)
Therefore, by (2.11) and (2.14), we obtain the following theorem.
Theorem 2.1. For wy,ws € N;n > 0, we have
n w;—1 n wz—1
523 (1) 870t = 3257 (1) Pt 0"
=0 = k=0 i=0
(2.15)
Remark. In particular, for w; = 1, we have
n ws—1 n
Fu(y) =) <k> Fou ey ()Y  ATOF. (2.16)

From the symmetry of the fermionic p-adic integral on Z,, we have

_ wy [t wi\e fz Y2 (et — 1)"2)*dp_y ()
I= (/Zp(—y (e" =1)"") du—1($)> <fz i (ot — l)wle)zdu_1($)>

_ _ yw1w2 (et _ 1>w1w2

-/ )

(_ywl (et - 1)w1)zdul<x)> X (1 1— w2 (et _ ]_)w2

wi—1 wai 9 )
= S e
i=0 1=0 Ly (ef = 1)
w1 —1 wat tn
—23 (5 S i) &
=0 \ i=0 =0

(2.17)
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On the other hand, by (2.8), we get

~
Il

1€t_1wlacd
/Z(y(e—l)“”“)’”du1 (¢ = 1)) dp (z)

: T, Sy (e =1y du (@)

o) ()

P

u}zf
Z yw11 _ )wli % 2
1 —yw2(et — 1)w

wz—l w1t

wit(_1)\! (wii—1)t
Zzy 1( 1) 1_yw2(et_1)w26 '

i=0 1=0
[e%e) wo—1 wit n
:22 Zzyw” nwz(wﬂ Ly) nl
n=0 \ i=0 (=0
(2.18)
Therefore, by (2.17) and (2.18), we obtain the following theorem.
Theorem 2.2. For wi,ws € N,n > 0, we have
w1 —1 wai wa—1 w1
Z Z yUIQ’L n Jwi (wQZ Z Z yw” n ,Wa <’LU12 -1 y)
i=0 1=0 i=0 1=0
(2.19)
Remark. In particular, if we take w; = 1, then by Theorem 2, we get
UJQ— 3
i=0 1=0
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