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Abstract. In this paper, we represent the generating function of w-torsion

Fubini polynomials by fermionic p-adic integral on Zp. Then we consider

a quotient of such fermionic p-adic integrals on Zp, representing generat-
ing functions of three w-torsion Fubini polynomials and derive some new

symmetric identities for the w-torsion Fubini and two variable w-torsion

Fubini polynomials.

1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Zp, Qp, and Cp

will denote the ring of p-adic integers, the field of p-adic rational numbers and
the completion of the algebraic closure of Qp. The p-adic norm | · |p is normalized
as |p|p = 1

p . Let f(x) be a continuous function on Zp. Then the fermionic p-adic

integral on Zp is defined by Kim (see [6]) as∫
Zp

f(x)dµ−1(x) = lim
N→∞

pN−1∑
x=0

f(x)µ−1(x+ pNZp) = lim
N→∞

pN−1∑
x=0

f(x)(−1)x.

(1.1)

From (1.1), we note that∫
Zp

f(x+ 1)dµ−1(x) +

∫
Zp

f(x)dµ−1(x) = 2f(0), (see [6, 7]). (1.2)

By (1.2), we easily get∫
Zp

e(x+y)tdµ−1(y) =
2

et + 1
ext =

∞∑
n=0

En(x)
tn

n!
, (see [1− 13]), (1.3)

where En(x) are the ordinary Euler polynomials.

2010 Mathematics Subject Classification. 11B83, 11S80, 05A19.
Key words and phrases. Fubini polynomials, w-torsion Fubini polynomials, fermionic p-adic

integrals, symmetric identities.

1

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 23 April 2018                   doi:10.20944/preprints201804.0276.v1

©  2018 by the author(s). Distributed under a Creative Commons CC BY license.

Peer-reviewed version available at Symmetry 2018, 10, 219; doi:10.3390/sym10060219

http://dx.doi.org/10.20944/preprints201804.0276.v1
http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.3390/sym10060219


2 TAEKYUN KIM1, DAE SAN KIM2, GWAN-WOO JANG3, AND JONGKYUM KWON4

It is known that the two variable Fubini polynomials are defined by the gen-
erating function

∞∑
n=0

Fn(x, y)
tn

n!
=

1

1− y(et − 1)
ext, (see [10]). (1.4)

When x = 0, Fn(y) = Fn(0, y), (n ≥ 0), are called Fubini polynomials.
From (1.3) and (1.4), we note that Fn(x,−1/2) = En(x), (n ≥ 0). By (1.4),

we easily get

Fn(y) =

n∑
k=0

S2(n, k)k!yk, (n ≥ 0), (see [10]), (1.5)

where S2(n, k) are the Stirling numbers of the second kind.
For w ∈ N, we define the two variable w-torsion Fubini polynomials given by

1

1− yw(et − 1)w
ext =

∞∑
n=0

Fn,w(x, y)
tn

n!
. (1.6)

In particular, for x = 0, Fn,w(y) = Fn,w(0, y) are called the w-torsion Fubini
polynomials. It is clear that Fn,1(x, y) = Fn(x, y).

In this paper, we represent the generating function of w-torsion Fubini poly-
nomials by fermionic p-adic integral on Zp. Then we consider a quotient of
such fermionic p-adic integrals on Zp, representing generating functions of three
w-torsion Fubini polynomials and derive some new symmetric identities for the
w-torsion Fubini and two variable w-torsion Fubini polynomials. Recently, sev-
eral researchers have studied symmetric identities for some special polynomials
(see [1-17]).

2. Symmetric identities for w-torsion Fubini and two variable
w-torsion Fubini polynomials

From (1.2), we note that∫
Zp

(−1)x(y(et − 1))xdµ−1(x) =
2

1− y(et − 1)
= 2

∞∑
n=0

Fn(y)
tn

n!
, (2.1)

and

ext
∫
Zp

(−1)z(y(et − 1))zdµ−1(z) =
2

1− y(et − 1)
ext = 2

∞∑
n=0

Fn(x, y)
tn

n!
. (2.2)
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From (2.1) and (2.2), we note that( ∞∑
l=0

xl
tl

l!

)( ∞∑
m=0

2Fm(y)
tm

m!

)
= ext

∫
Zp

(−1)z(y(et − 1))zdµ−1(z)

=

∞∑
n=0

2Fn(x, y)
tn

n!
.

(2.3)

Thus, by (2.3), we easily get

n∑
l=0

(
n

l

)
xlFn−l(y) = Fn(x, y), (n ≥ 0). (2.4)

Now, we observe that

1− yk(et − 1)k

1− y(et − 1)
=

k−1∑
i=0

yi(et − 1)i =

k−1∑
i=0

i∑
l=0

(
i

l

)
(−1)i−lyielt

=

∞∑
n=0

(
k−1∑
i=0

i∑
l=0

(
i

l

)
(−1)i−lyiln

)
tn

n!

=

∞∑
n=0

(
k−1∑
i=0

yi∆i0n

)
tn

n!
,

(2.5)

where ∆f(x) = f(x+ 1)− f(x).
For w ∈ N, w-torsion Fubini polynomials are represented by the fermionic

p-adic integral on Zp as follows:∫
Zp

(−yw(et − 1)w)xdµ−1(x) =
2

1− yw(et − 1)w
=

∞∑
n=0

2Fn,w(y)
tn

n!
, (2.6)

From (2.1) and (2.6), we have∫
Zp

(−y(et − 1))xdµ−1(x)∫
Zp

(−yw1(et − 1)w1)xdµ−1(x)
=

1− yw1(et − 1)w1

1− y(et − 1)
=

w1−1∑
i=0

yi(et − 1)i

=

∞∑
n=0

(
w1−1∑
i=0

yi∆i0n

)
tn

n!
, (w1 ∈ N).

(2.7)

For w1, w2 ∈ N, we let

I =

∫
Zp

∫
Zp

(−yw1(et − 1)w1)x1(−yw2(et − 1)w2)x2dµ−1(x1)dµ−1(x2)∫
Zp

(−yw1w2(et − 1)w1w2)xdµ−1(x)
. (2.8)
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Then, by (2.8), we get

I =

(∫
Zp

(−yw1(et − 1)w1)xdµ−1(x)

)
×

( ∫
Zp

(−yw2(et − 1)w2)xdµ−1(x)∫
Zp

(−yw1w2(et − 1)w1w2)xdµ−1(x)

)
.

(2.9)

First, we observe that∫
Zp

(−yw2(et − 1)w2)xdµ−1(x)∫
Zp

(−yw1w2(et − 1)w1w2)xdµ−1(x)
=

1− yw1w2(et − 1)w1w2

1− yw2(et − 1)w2
=

w1−1∑
i=0

yw2i(et − 1)w2i

=

w1−1∑
i=0

yw2i
w2i∑
l=0

(
w2i

l

)
(−1)w2i−lelt

=

∞∑
n=0

(
w1−1∑
i=0

yw2i∆w2i0n

)
tn

n!
.

(2.10)

From (2.9) and (2.10), we can derive the following equation.

I =

(∫
Zp

(−yw1(et − 1)w1)xdµ−1(x)

)
×

( ∫
Zp

(−yw2(et − 1)w2)xdµ−1(x)∫
Zp

(−yw1w2(et − 1)w1w2)xdµ−1(x)

)

=

( ∞∑
m=0

2Fm,w1(y)
tm

m!

)
×

( ∞∑
k=0

(

w1−1∑
i=0

yw2i∆w2i0k

)
tk

k!

=

∞∑
n=0

(
2

n∑
k=0

w1−1∑
i=0

yw2i∆w2i0kFn−k,w1
(y)

(
n

k

))
tn

n!
.

(2.11)

On the other hand, by (2.8), we get

I =

(∫
Zp

(−yw2(et − 1)w2)xdµ−1(x)

)
×

( ∫
Zp

(−yw1(et − 1)w1)xdµ−1(x)∫
Zp

(−yw1w2(et − 1)w1w2)xdµ−1(x)

)
.

(2.12)

We note that∫
Zp

(−yw1(et − 1)w1)xdµ−1(x)∫
Zp

(−yw1w2(et − 1)w1w2)xdµ−1(x)
=

1− yw1w2(et − 1)w1w2

1− yw1(et − 1)w1
=

w2−1∑
i=0

yw1i(et − 1)w1i

=

∞∑
n=0

(
w2−1∑
i=0

yw1i∆w1i0n

)
tn

n!
.

(2.13)
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Thus, by (2.12) and (2.13), we get

I =

(∫
Zp

(−yw2(et − 1)w2)xdµ−1(x)

)
×

( ∫
Zp

(−yw1(et − 1)w1)xdµ−1(x)∫
Zp

(−yw1w2(et − 1)w1w2)xdµ−1(x)

)

=

( ∞∑
m=0

2Fm,w2
(y)

tm

m!

)
×

( ∞∑
k=0

(

w2−1∑
i=0

yw1i∆w1i0k

)
tk

k!

=

∞∑
n=0

(
2

n∑
k=0

w2−1∑
i=0

yw1i∆w1i0kFn−k,w2
(y)

(
n

k

))
tn

n!
.

(2.14)

Therefore, by (2.11) and (2.14), we obtain the following theorem.

Theorem 2.1. For w1, w2 ∈ N, n ≥ 0, we have

n∑
k=0

w1−1∑
i=0

(
n

k

)
Fn−k,w1

(y)yw2i∆w2i0k =

n∑
k=0

w2−1∑
i=0

(
n

k

)
Fn−k,w2

(y)yw1i∆w1i0k.

(2.15)

Remark. In particular, for w1 = 1, we have

Fn(y) =

n∑
k=0

w2−1∑
i=0

(
n

k

)
Fn−k,w2(y)yi∆i0k. (2.16)

From the symmetry of the fermionic p-adic integral on Zp, we have

I =

(∫
Zp

(−yw1(et − 1)w1)xdµ−1(x)

)
×

( ∫
Zp

(−yw2(et − 1)w2)xdµ−1(x)∫
Zp

(−yw1w2(et − 1)w1w2)xdµ−1(x)

)

=

(∫
Zp

(−yw1(et − 1)w1)xdµ−1(x)

)
×
(

1− yw1w2(et − 1)w1w2

1− yw2(et − 1)w2

)

=

(
w1−1∑
i=0

yw2i(et − 1)w2i

)
×
(

2

1− yw1(et − 1)w1

)

=

w1−1∑
i=0

w2i∑
l=0

yw2i(−1)l
2

1− yw1(et − 1)w1
e(w2i−l)t

= 2

∞∑
n=0

(
w1−1∑
i=0

w2i∑
l=0

yw2i(−1)lFn,w1
(w2i− l, y)

)
tn

n!
.

(2.17)
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On the other hand, by (2.8), we get

I =

(∫
Zp

(−yw2(et − 1)w2)xdµ−1(x)

)
×

( ∫
Zp

(−yw1(et − 1)w1)xdµ−1(x)∫
Zp

(−yw1w2(et − 1)w1w2)xdµ−1(x)

)

=

(∫
Zp

(−yw2(et − 1)w2)xdµ−1(x)

)
×
(

1− yw1w2(et − 1)w1w2

1− yw1(et − 1)w1

)

=

(
w2−1∑
i=0

yw1i(et − 1)w1i

)
×
(

2

1− yw2(et − 1)w2

)

=

w2−1∑
i=0

w1i∑
l=0

yw1i(−1)l
2

1− yw2(et − 1)w2
e(w1i−l)t

= 2

∞∑
n=0

(
w2−1∑
i=0

w1i∑
l=0

yw1i(−1)lFn,w2(w1i− l, y)

)
tn

n!
.

(2.18)

Therefore, by (2.17) and (2.18), we obtain the following theorem.

Theorem 2.2. For w1, w2 ∈ N, n ≥ 0, we have

w1−1∑
i=0

w2i∑
l=0

yw2i(−1)lFn,w1
(w2i− l, y) =

w2−1∑
i=0

w1i∑
l=0

yw1i(−1)lFn,w2
(w1i− l, y).

(2.19)

Remark. In particular, if we take w1 = 1, then by Theorem 2, we get

Fn(y) =

w2−1∑
i=0

i∑
l=0

yi(−1)lFn,w2(i− l, y). (2.20)
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