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1 Abstract: This paper addresses the problem of assessing and optimizing acoustic positioning
> system for underwater target localization with range measurements only. We present a new
s three-dimensional assessment model to assess the optimal geometric beacon formation whether
«  meet user needs. For the sake of mathematical tractability, it is assumed that the measurements of
s the range between the target and beacons are corrupted with white Gaussian noise with variance
s is distance-dependent. Then by adopting dilution of precision (DOP) parameters in the assessment
»  model, the relationship between DOP parameters and positioning accuracy is derived. In addition, the
s optimal geometric beacon formation that will yield the best performance is achieved by minimizing
o the values of geometric dilution of precision (GDOP) on condition that the position of target is known
1o and fixed. Next, in order to make sure whether the estimate positioning accuracy over interesting
u  region satisfy the precision needed by the users, geometric positioning accuracy (GPA), horizonal
12 positioning accuracy (HPA) and vertical positioning accuracy (VPA) are utilized to assess the optimal
1z geometric beacon formation. Simulation examples are designed to illustrate the exactness of the
1« conclusion. Unlike other work which only use GDOP to optimize the formation and cannot assess
15 the performance of the specified dimensions, this new three-dimensional assessment model can
s assess the optimal geometric beacon formation in each dimension for any point in three-dimensional
17 space, which can provide users with guidance advices to optimize performance of every specified
1= dimension.

1o Keywords: acoustic positioning system; three-dimensional assessment model; positioning accuracy;
20 DOP; optimal configuration

1 1. Introduction

N

22 The last decade has witnessed tremendous progress in the development of marine technologies.
=3 Marine robotics, for example, autonomous underwater vehicle (AUV) are becoming ubiquitous in
2« the execution of individual and military affairs. The reliable, accurate underwater positioning and
s navigation system is quite important to the operation of AUV. The underwater positioning and
26 navigation system mainly includes inertial navigation system [1,2], geophysical navigation system
2z [3,4], visual navigation system [5,6], acoustic positioning system [7,8] and integrated navigation system
22 [9,10]. To locate targets moving in a large range and for long time, acoustic positioning system is
20 always utilized. There are lots of researchers have interest in solutions for the problem how to place
50 the beacons in two or three-dimensional space. Hong Z. [11] addressed the problem of determining
a1 the optimal two-dimensional spatial placement of multiple sensors participating in a robot perception
2 task. Levanon, N. [12] studied position determination in two-dimensional scenarios by achieving
s the lowest GDOP when range measured from beacons optimally located at the vertices of a regular
s« n-sided polygon to the target. It is noteworthy that the definition of GDOP contains the fundamental
s relationship between measurement errors and computed position and time bias errors [13]. In this
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s paper, the definition of dilution of precision (DOP) is similar to that in [13]. Moreno-Salinas et al.
sz studied the multiple target localization with range measurements in unconstrained two-dimensional
ss  scenarios [14]. Some other work also paid attention to three-dimensional scenarios. In [15], the authors
s studied optimal sensor placement and motion coordination strategies for mobile sensor networks.
s They investigated the determinant of the fisher information matrix (FIM) in the two-dimensional
a1 and three-dimensional cases. The latter work was studied on the FIM and the maximization of its
«2 determinant, in order to determine the sensor configuration that yields the most accurate positioning
a3 [16]. Literature [17-20] also had close related work. More recently, in [21], Zou, Y.J. et al. assumed
«s that range measurements have different weights depending on their value and took uncertainty of
s initial node position into consideration for the calculation of determinant of FIM. All the researches
« above focused on the optimal beacon configuration, few focused on the assessment models and rules
«z of acoustic positioning system like assessment models and rules of global navigation satellite system
s (GNSS). For example, in [22], the assessment models and rules of GNSS interoperability with range
+ measurements were previously presented by the author. Assessment parameters: DOP, navigation
so satellite system precision and navigation satellite system integrity were introduced to assess the GNSS
s1  performance. The work in [23] presented a study on GPS combined with Indian regional navigation
sz satellite system (IRNSS) with DOP to measure the satellite-receiver geometry related to positioning
ss accuracy. More recently, Swaszek, P. F. et al. analysed lower bounds DOP to allow users to assess how
s well their receivers are performing respecting the best possible performance, that will be useful for
ss  users to select satellites with multiple GNSS constellations, see [24] and the references therein.

56 Motivated by previous work in the area, we offer the analytic assessment model using DOP
s» parameters related to the position accuracy for the problem of assessing acoustic positioning system
se in this paper. Then the geometric beacon placement is optimized based on target to beacons range
ss measurements only. Next, what we should take care is the values of GPA, HPA and VPA over the
s interesting region where the sampling points taking place of the target. The document is organized as
&1 follows. In Section 2, DOP parameters and positioning accuracy for the assessment model are derived,
ez the steps to assess the acoustic positioning system are listed as well. Section 3 contains the optimal
es beacon configurations for the case where the beacons can be placed freely in both two-dimensional
e« scenario and three-dimensional scenario. The results of Section 3 are then examined in Section 4 for
es the particular scenario, and the steps to assess the acoustic positioning system in practice are shown.
es Finally, Section 5 contains the conclusions and further research.

oz 2. Assessment model: DOP parameters and position accuracy

o8 DOP parameters in literature [13] are defined as geometry factors that relate the target position
e errors to the measurements of the ranges errors. Generally, the receiver and beacons clock both have
7 bias errors from the system time and the bias errors are a few microseconds or so, the speed of sound
7 in water is about 1500 m/s, then the measurements errors are insignificant compared to the accuracy
72 of positioning. Consequently, the DOP parameters in this paper don’t consider the clock bias errors.
73 In what follows, the position of the ith beacon is (x;, y;, z;) relative to the coordinate origin, and the
7 target’s actual position coordinates (x, y,z) are considered unknown. In order to achieve the target’s
75 position in three dimensions, ideal measurements of ranges are made with n(n > 3) beacons from
7e equations:

di = f(x,y,2) = \/ (1 — 02 + (5 — 9)? + (2 — 2 M

7z where d; is ideal measurement of range from the ith beacon to the target without noise interference, i
zs ranges from 1 to n and references the beacons.

79 However, the measurements are always corrupted by noise. We assume that all noise sources are
s independent and have equal variance, with this notation, the measurement model is given by:

D; = /(5 — )2+ (v~ 9)? + (2 — 2)2) + w; @)
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where D; is actual measurement of range from the ith beacon to the target with noise interference, w; is

the measurement error taken to be a zero mean Gaussian process N (0, 0?) with covariance is 0.
Assuming that the target’s position is approximately estimated as (x, Ve, z.) when the

measurements are corrupted by noise. However, we still use Equation (1) to estimate the position of

target, thus we get the expression as follows:

D = f(Xe,Ye,ze) = \/(xi —%e)? 4+ (i — Ye)? + (zi — 2¢)? 3)

We can denote the offset of the actual position (x,y,z) from the approximate position by a
displacement (Ax, Ay, Az) described as:

X = Xe+ Ax
Yy=Ye+Ay (4)
z =2z, + Az

Substituting (4) into (1), we can get the expression:

f(x,y,2) = f(xe + Ax, ye + Ay, ze + Az) (5)
This latter function can be expanded about the approximate target’s position using a Taylor series:

f(xe + Ax,ye + Ay, z, + AZ) = f(xe/ Ye, Ze)"’

of (Xe, Ye, Ze) Ax + of (Xe, Ye, Ze) Ay + 9f (xe, Ye, Ze) Az+--- ©)
axe aye aze

The expansion has been truncated after the first-order partial derivatives and the partial
derivatives evaluate as follows:

Of (Xe, Yerze)  (x;— )

axe Di
af(xe/yerze) _ (yi - ye) (7)
a]/e D;
af(xe;}/erze) _ (Zi - Ze)
aze Di
Substituting (7) into (6) yields:
di=pp— GiX) py Wi be)y, (G2, ®)

D; D D,

For convenience, we will simplify Equation (8) by introducing new variables where:

X X
Ayi = ( ZDi E)
ayl' _ (]/i[;‘]/e) (9)
i
Zi —Z
e

By substituting (9) into (8), w; can be determined:

w; = Dj —d; = ay;Ax + ay; Ay + a5 Az (10)

Now we have three unknowns composing the vector Au = (Ax, Ay, Az)T and the unknown
quantities can be determined by solving the matrix shown as:
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Ad = HAu (11)

oz where T donates the transpose of matrix; the matrix Ad and observation matrix H are described by
s making the definitions:

w1

wy
Ad=| (12)

Wn
ax1 ay1 4z
ax2  Ay2 a4z

H=|_ . (13)
Axn  Ayn  Azn
90 If vectors (ay, ayi, a,;) do not all lie in a plane, the weighting matrix (HTH) will be invertible.
10 Thus the method of least squares can be used to solve Equation (11) for Au:
Au = (H™H) 'HTAd (14)

101 In fact, the ideal positioning accuracy is decided by Au, then the covariance of Au is obtained by
- forming the product AuAu” and computing an expected value:

...
o

covAu = E [AuAu’] = E [(HTH)—lHTAd ((HTH)_lHTAd)T]

= £ [(H™H) 'HTAdAdTH(HTH) | (15)

= (H™H) 'H cov(Ad)H(HTH) !

The usual assumption is that w; is distributed and independent, with zero mean Gaussian process
whose variance is 02. The covariance of Ad is a scalar multiple of the identity: 021, «, where I, is
the n x n identity matrix.Then the result of Equation (15) is derived as:

covAu = o?(H™H) 'HTH(H'H) ! = 0?(HTH) ! (16)

103 Under the stated assumptions, the covariance of the errors of the position is just a scalar multiple
s of the weighting matrix (H'H)~!. The covariance of Au is a 3 x 3 matrix and has an expanded

105 representation:

02 ox0y  0x0%
cov(Au) = |0ox0y (75 0y 0% (17)
ox0z  oy0. 07

106 The components of the weighting matrix (HTH) ~! quantify how measurement errors translate
107 into components of the covariance of Au. Express the weighting matrix (HTH) ! in component form:

Dy D12 D3
(H'H)'=D= |Dy Dxn Dy (18)
D31 D3y Ds3
108 unlike other work which only use GDOP to optimize the formation and cannot assess the

100 performance of any specified dimensions, more DOP parameters are presented in this paper, we
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1o use GDOP, HDOP and VDOP to assess the optimal geometric beacon formation in each dimension for
1 any point in three-dimensional space:

\/0F + 05 + 02
GDOP = /D1y 4+ Dpp + D3z = +——————

o

\JoE+ (75 (19)
HDOP = /D11 + Dy = Y
e V2
VDOP = /D33 = .
112 To assess the acoustic positioning system, the sampling points over interesting region are adopted

us  to take place of the approximate target’s position. Then the observation matrix H is achieved by the
us  Equation (20):
(r1=xs)  (1—ys) (z1—z)
n r r
(o—xs)  (y2a—ys) (22—%)
H=| "7 2 " (20)

(Xn;XS) (yr1;y5) (Zn;zs}

Tn 'n 'n

us  where (x;,;,2;),i = 1---n denote the ith beacon’s position in three dimensions, (x;, ys, zs) denote the
ue sampling point’s position over interesting region in three dimensions,r; is the range between the ith
uz beacon and the sampling point.

118 Equation (20) is valid provided that the range measurement errors are sufficiently small so that
ue the error between sample point’s actual position and approximately estimated position can be ignored.
120 The minimum of ¢ is ¢/2f in theory, where c is the speed of propagation of sound in the water, f is the
i1 frequency of sound in the water. However, ¢ in practice is always far larger than c¢/2f. Multiply o by
122 GDOP, HDOP and VDOP, respectively, then the GPA, HPA and VPA will be obtained, correspondingly.

GPA = /0% +0F + 0% = GDOP X
HPA = /0% + 07 = HDOP x (21)

VPA =0, = VDOP X 0

123 Compare the GPA, HPA and VPA with the user requirements and decide whether the positioning
124 accuracy meet the user requirements. If they don’t, that means more beacons are needed. If the HPA
125 don’t satisfy the user requirements, add the beacons in the horizonal plane. If the VPA don’t satisfy the
126 User requirements, add the beacons in vertical plane. If the GPA don’t satisfy the user requirements,
12z add the beacons in horizonal plane mainly.

128 According to the above analysis, the steps to assessment acoustic positioning system can be
120 summarized as follows:

130 1. Determine the optimal beacons configurations with n beacons: the beacons should be distributed

131 at the vertices of a regular n-sided polygon on the same plane. This conclusion is drawn in Section
132 3.

133 2. According to the spatial resolution needed by users, make sure the sampling points in space, then
134 compute the ranges from beacons to the all sampling points in space by Equation (1).

135 3. Define the variance of range measurements errors ¢, obtain the DOP parameters, GDOP, HDOP
136 and VDOP by the Equation (19), and compute the GPA, HPA and VPA by the Equation (21).

13z 4. Define the variance of range measurements errors ¢, obtain the DOP parameters, GDOP, HDOP
138 and VDOP by the Equation (19), and compute the GPA, HPA and VPA by the Equation (21).

13 5. Determine whether increase the number of beacons into the acoustic positioning system according
140 to the compare between the ideal positioning accuracy and the users’ requirements.
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11 3. The optimal beacons configurations with DOP parameters
12 3.1. Two-dimensional scenarios
143 This section addresses the problem of estimate beacon placement for underwater target

14s  positioning in two-dimensional space, subject to the condition that the beacons and the sampling point
15 lie on the horizontal plane. In this situation, H is singular so the matrix D doesn’t exist. For the sake of
s simplicity, and without loss of generality, the sampling point is considered to be located at the origin
1z Of the inertial coordinate frame hereinafter. It is assumed that the position of the ith beacon is located
14 on the point whose radius is r; and the polar angle is «;, so the polar coordinates of the ith beacon is
e (1;CcOsw;, t;sing;), then the matrix H can be simplified as Hj:

71 COS &1 r1sinay

" o coswq sinwg
rcosay  rysinay cosay  sinay
Hi=| 7 o= . (22)
75 COS Oy Ty SIN & :
COStn InSRn cosw, sinwy
150 At this point, we introduce the vectors, X and Y, defined as:
X = [cos @1 Cos@p -+ COS zxn}
(23)
Y = [sinle sinap, - sin ocn}
151 It’s obvious that the analytical relationship of the determinant of X and Y is as follows:
X +]Y)? =n (24)
152 As a consequence, define ¢ is the angle formed by vectors X and Y, then the weighting matrix

155 Dq = (H;"H;) ! is parameterized by two vectors X and Y:

Y? — |X| Y| cos ¢
-1
Dy — Y, cos?a; Y. cosa;sing; - IX] Y| cos ¢ X? 25)
1= iq cosa;sina; 1 sin® ; N det(H;"Hy)
154 The determinant of HyTH; yields:
det(H;"Hy) = [X[*|Y]? (1 — cos? ¢) (26)
185 Obviously, cos? ¢ = 0 is the only feasible solution to make the det(H;THy) largest that implies

16 that vectors X and Y are orthogonal. This condition makes (H;"H;) ! be a diagonal matrix and
157 det(H;THy) can now be written as:

det(H1"Ha) = [XP [Y* = [XP* (n — [X) < =(IX[* = n/2)* + 1 /4 (27)
158 One obtains, finally:
[ n 4
HDOP > / - =1/ — 2
=\ n2/4 \/; (28)
150 We will now make sure the beacon configurations. Define the sampling point at the center of

160 an n-sided regular polygon (n > 2), and the n beacons are placed at the vertices of a regular n-sided
161 polygon. Then coordinate of the ith beacons is described as:
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2m(i —1 2m(i —1
(ricosn(l),risinn(l)>i:1,2,~~ N (29)
n n
162 Then the matrix Hy can be described as:
cos( sin 0
21 s 27T
cos =& sin <&
Hy = ! ! (30)
cos 2”(;71) sin 2”(;71)
163 Using the Fourier summation formulas:
1 2m(i —1
R Gl
i=1 n 2
n 2 ;o
- 270 =1)
i=1 n 2
L 2r(i—1) . 2m(i—1) G
Z cos sin =0
n n
i=1
1 2m(i—1 1 2m(i—1
Zcos (i ) :Zsm (i ) =0
i=1 n i=1
164 Substituting Equation (31) into Equation (25) yields:
-1
no 2
D = 2 — | n 32
NI )
165 We now can draw the conclusion that in two-dimensional scenarios, it is clear that the beacon

16 configurations have no explicit dependence on the ranges, only related to the angles that the range
167 vectors form with the unit axes of the frame. What's more, for position determination, based on n
1s range measurements (n > 2), the lowest possible HDOP is 2/+/n. This value will occur when the
1es  sampling point is on the initial point, and the n beacons are located at the vertices of regular n-sided
170 polygon. Then more optimal beacon configurations can be generated by two methods: 1) multiplying
i1 the range of each beacon to the sampling point by an arbitrary positive number as long as the sampling
172 point could receive the signals from all beacons. 2) rotating the beacon formation rigidly in terms of an
173 arbitrary axis. However, the two methods can only make the lowest possible HDOP constant when the
17 sampling point is on the initial point, and the n beacons are located at the vertices of regular n-sided
17s  polygon.

176 3.2. Three-dimensional scenarios

177 Similar to the two-dimensional scenarios, the sampling point is considered to be located at the
s origin of the inertial coordinate frame hereinafter. Assume that the position of the ith beacon is
ie  located on the point (x;,y;,z;), and the range between the sampling point and the beacon is r; =

180 (x2 + y? + z2). Define the angles (w;, B;,v;) shown as Equation (33):

cosw; = x;/1;
cos Bi = yi/ i (33)

COs 7y; = Zl'/r,‘
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181 Then the coordinate of the ith beacon can be defined as (7; cos a;, r; cos B;, ; cos y;). The matrix of
1.2 H becomes:
n Cfls S C,OIS Zl n Cfls n cosa] €OsPB1  COSYq
9 COS 77 COS Y’
- ) c;)zs a 1 = 2 I o 2 _ cosap COSfy COSY2 (34)
Tncosdy  nCOSPn  1uCOSYy cosay cosPn  €osYn
n Tn Tn
183 It is convenient to introduce the vectors X, Y and Z defined as:
X = [cos ®q COS@p -+ COS an}
Y= {cos B1 cosBy --- cos ,Bn} (35)
7 = {cos Y1 COSYyp -+ COS 'yn}
184 The relationship of the determinant of X, Y and Z is shown as follows:
X+ Y[+ 2P = n (36)
165 Computations show that Equation (18) can be rewritten as:
X X||Y|cosg  |X||Z]cos6
D=(HH)" = |[X[Ycosg  [Y?  |Y||Z|cosw 37)
IX||Z| cos® |Y||Z]cosw 1z
186 where ¢ , 0 and w are the angles formed by vectors X and Y, Y and Z, Y and Z, respectively.
187 From Equation (37) it follows that:
Y |Z]* (1 — cos? w) + |X|? |Z]* (1 — cos? ) + [X[* | Y] (1 — cos? ¢)
GDOP = (38)
det(HTH)
168 The determinant of (HTH) yields:
det(HTH) = |X|* |Y|*|Z|* (1 + 2 cos w cos 0 cos ¢ — cos® § — cos? w — cos? @) (39)
189 We suppose a procedure inspired in the two-dimensional problem, the optimal solution is:
cosw = cosf =cosp =0 (40)
100 In this situation, it follows that:
1 —cos?w _
1+2coswcosfcosp —cos?f —cos?w —cos? g
— o2
1 —cos” 6 1 (41)
14 2cosw cosf cos ¢ — cos? 0 — cos? w — cos? ¢
1—cos? ¢ _q
1+2coswcosfcos g —cos? —cos?w —cos? ¢
101 We now show that 1 is their minimum possible values. Without loss of generality, suppose that a

1

©

> smaller value that clearly satisfies:
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1 — cos? w
<1 42
1+ 2 cosw cos 0 cos ¢ — cos? § — cos? w — cos? @ (42)
103 As it’s known to all, the determinant of symmetrical matrix HTH is not less than 0. What’s more,

10s  GDOP is inexistence when the determinant of HTH = 0. Therefore, the determinant of HTH > 0 is in
105 consideration. In this situation, the above inequality is equivalent to:

0 < 2cosw cos B cos ¢ — cos®f — cos? ¢ (43)
106 Because |cos w| < 1, it follows that:
2cos w cos B cos ¢ < cos? 6 + cos? ¢ (44)
107 This conclusion contradicts Equation (43). Therefore:
o2
1—cos“w > (45)

1+ 2 cos w cos 0 cos ¢ — cos? 6 — cos? w — cos? @

1908 Similarly, we can prove that:

1—cos®60
>1
1+ 2coswcosfcos @ — cos? 6 —cos?w —cos? ¢ — (46)
1—cos® @ >
14 2cosw cosf cos ¢ — cos? — cos?w —cos? ¢ —
100 In these circumstances, GDOP is computed as:
1 1 1 1 1 1
2 2 2 2 2 2 2
\/lxl Y| 1z \/IXI YI" = X7 =Y
200 Construct the binary function f(a, b) as follows:
1 1 1
=44y - 48
flab) a+b+n—a—b (48)
201 The Hessian matrix of Equation (48) is:
?*f(ab)  9f(ab) 24 2 2
. e e 3 EPEAL EPEAL
Hessian = l afa(’fzz,b) azgj‘a(?fb)] =", (+n Y (49)
Jboa o2 (n—a—b)3 a3 (n—a—b)3
202 where it is easy to proof that the Hessian matrix of Equation (48) is positive definite, the minimum
20s  value of f(a,b) is obtained provided that the first derivatives equal to 0:
of(a,b) 1 1 0
da  (n—a-—b)2 a2 (50)
of (a,b) 1 1 0
da  (n—a-—b)2 b2
204 From which follows that:
n
=b=~ 51
a=b=2 1)

205 Substituting this result in Equation (36), we obtain:
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2 2 2_ 1
XP =Y =z = 62)
206 Now we determine the geometric configuration in three-dimensional scenarios. To simplify the

207 computation, we assume that the optimal beacon formations are placed on a unit sphere centered
20s at the sampling point. Inspired by the work in two-dimensional scenarios, we address the problem
200 Of optimal beacon placement subject to the condition that the beacons lie on the same plane. Then
210 the beacons may be distributed at the vertices of a regular n-sided polygon, which belongs to the

1 circumference of the plane z = % or on the circumference of the plane z = — % In addition, the

2

[

N
e

2 optimal radius R = \/g . Now we give a simple proof of this geometric configuration. Firstly, rewrite
213 the positions of the beacons in polar coordinates as:

cosw; = x;/1; = X;
cos Bi = yi/ri = Yi (53)
cosy; = Zi/ri = Zj

214 Because all beacons are distributed on the circumference of the plane z = % or on the
a5 circumference of the plane z = — % It then follows that:
1
cos®v; = 3
n (54)
2] = Y cos?yi = =
i=1 3
216 With the conclusion in Equation (31), we can get:
Trxi\2 2m(i—1 n
Z Xi Z 2 7‘[(1 )
=) =), coss ——— =~
= ( R ) = n 2
Ty & 2n(i—1) n
y Yi° _ Y si 2 27T _
=) =) sin" —— =~
= ( R ) = n 2
n n . .
Xi\ (Vi 2e(i—1) . 2m(i—1)
) (L) = =0
Z; ( R ) ( R ) Z; cos n s n 45
" .
X 27t(i — 1)
= - 0
L (&) =

I
—

1=
/N
s
N—
I
1=
<]
=}
x
I
o

Il
—
Il
_

217 Therefore, we can obtain the formula as follows:
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XP =) ()= x K2 =1
= ! 2 3
Y=Y ()= hwR2 =T
~ L vi) =5 =3
n
XY =) (xiyi) =0 (56)
i=1
1 n
ZIX| = 3 52 () =0
i=1
1 n
2 =13 =0
3 i=1
218 Then Equation (37) yields:
-1
200 300
D=HH)'=|0 % 0| =0 2 0 (57)
00 2 o0 3
210 Once the optimal beacon placement on a unit sphere in three-dimensional scenarios is found

220 in terms of the direction cosines achieved above, more infinite optimal beacon placements can be
=1 generated by multiplying the range of each beacon to the sampling point by an arbitrary positive
222 number, as long as the sampling point can receive the signal from the beacons. The lowest possible
223 GDOP is 3/+/n based on n range measurements (n > 3).

224 An interesting problem arises: whether HDOP and VDOP get the lowest value when the optimal
225 beacons configurations make GDOP lowest. The answer is no. Assume that the coordinate of the ith
226 beacon is (x;,y;,z), without loss of generality, if the beacons are located on a circle centered at the
227 sampling point described as:

Xyt =72 (58)
228 With the condition shown in Equations (36) and (40), HDOP and VDOP are described as:
2
1 1 —|z? n—ny—
HDOP = \[— + — = ”2| |2: I
X]= 1Y X7 1Y no X yn U
=1 §2472 &~i=1 §24 72 (59)

B \/n(f'2 +22)2 — nz2(P2 4+ 22) \/ n(#2 + z2)72

n 2\ 2 n 2\ 2
i—1 X Li—1Y; i—1 X Li—1 Y

22
wop= | L — [t _ L (60)
|Z|2 n 2Z+2~2 n 2
zZ T

220 It’s shown that the vertical distance z between beacons and sampling point becomes larger, HDOP
230 will be larger, and VDOP will be smaller. In many practical applications of interest, however, the
21 sampling point’s depth can be measured directly with small error. Thus there’s no need to estimate it
232 with acoustic range measurements. Therefore, based on the GDOP or HDOP, we can decide whether
233 the beacons configuration meet user needs.
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23¢ 4. Simulation example
25 4.1. Optimal beacon placement in two-dimensional scenarios
236 If there is only one sampling point in the acoustic positioning system and known to users, section

237 3.1 shows clearly that the optimal beacons are placed at the vertices of regular n-sided polygon. Given
28 the experimental conditions, it’s necessary to estimate how good the positioning accuracy in term
230 of the beacon formation for anywhere in the acoustic positioning system. In order to achieve the
20 goal, HPA with hypothetical sampling point on a grid in a finite spatial region A is computed. In this
2a1  paper, region A will always be rectangle. The formation is the one in which four beacons are placed at
22 p1 = [2000,2000]m, p, = [—2000,2000]m, p3 = [—2000, —2000]m, ps = [2000, —2000]m. It's assumed
23 that all range measurements are corrupted by additive zero mean Gaussian noise with variance o = 1
2aa 50 that the values of HPA are equal to that of HDOP. The spatial resolution chosen is 2m x 2m.

HPA in 3D view

2000

0

1000 -1000

Y (meters)
(meters) -2000  -2000 X (meters)

Figure 1. HPA in the 3D view in two-dimensional scenarios.
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Figure 2. Level curves of HPA in two-dimensional scenarios.
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245 The simulation results of HPA are presented in Figure 1 and 2. In Figure 1, the values of HPA in
2a6 3D view for region A are shown. It’s important to note that the HPA obtained at the point of beacon are
27 computed with three other beacons, without the beacon location itself, so as to avoid det(HTH) = 0.
2 Thus, the values of HPA at these points are extra-large. In Figure 2, level curves of HPA in region A are
2as  shown. We can draw the conclusion that better performance obtained in two-dimensional scenarios is
=0 within the circle of 1.02, which inspires us around the centre of the beacon is more accurate than that
=1 nearby the beacon. Furthermore, the better positioning region in two-dimensional scenarios is like a
=2 square, however, rotating 90 degrees to the beacon formation.

23 4.2. Optimal beacon placement in three-dimensional scenarios

254 For three-dimensional scenario, the beacons are supposed to be placed on the surface of the
a5 sea, and the coordinates are p; = [2000, 2000, 0]m, p, = [—2000,2000, 0]m, ps = [—2000, —2000, 0]m,
2se  pg = [2000, —2000, 0]m. Similar to the two-dimensional scenario, all range measurements are assumed
=7 to be corrupted by additive zero mean Gaussian noise with variance o = 1. Three different levels of
=8 sampling points” height are considered for the computation of the GPA involved in the optimization
20 figuration. The depths of the sampling points are assumed to be —1000m, —2000m and —3000m,
200 respectively. The spatial resolution chosen is 2m x 2m. In Figure 3 and 4, GPA values of the —2000m
261 sampling points are supplied. The other GPA values of the —1000m and —3000m sampling points
262 are similar to those of —2000m. They aren’t presented in this paper due to space limitations. The
263 comparison of GPA, HPA and VPA between different sampling points” height are provided in Table 1.
264 From Figure 3, the best theoretical accuracy is obtained at the centre of beacons. It implies the
205 target around the centre of the beacons can achieve more accurate positioning than those nearby the
266 beacons. From Figure 4, it suggests that the better positioning region in three-dimensional scenarios
267 is also like a square, similar to the beacon formation. Therefore, the beacons for acoustic positioning
2es  should be located beyond the interesting region. What’s more, the better performance will be achieved
200 When the distances between beacons are larger, only if the target could receive the signals from all
20 beacons. Over the interesting region, GPA show ideal accuracies in some parts of the interesting
2 region. This fact will be of great importance to determine the number of beacons needed or whether
22 the positioning accuracy over a given area meets user needs.

GPA in 3D view
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Figure 3. Level curves of HPA in three-dimensional scenarios.
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Figure 4. Level curves of HPA in three-dimensional scenarios.
273 For each case in three-dimensional scenarios, the minimum and maximum GPA, HPA as well as
27a  VPA are computed with the optimal beacon placement. The results are shown in Table 1.
Table 1. Results for three different sampling points” height.
GPAmin GPAmax HPAmin HPAmax VPAmin VPAmax
-1000m 1.5651 1.9538 1.0607 1.2862 0.9682 1.5811
-2000m 1.5000 1.7464 1.2247 1.4491 0.8602 1.0000
-3000m 1.6116 1.9274 1.4577 1.6748 0.6872 0.9539
275 It’s obvious shown that minimum of GPA(GDOP) is obtained when the sampling points” height

276 is —2000m, and this value satisfied the formula 3/+/n = 3/ V4 = 1.5. What's more, the data in Table 1
2z imply that HPA(HDOP) grow proportional to the height of sampling points. However, VPA(VDOP)
2rs  grow inversely proportional to the height of sampling points. This conclusion is consistent with the
270 theory in section 3.2.

220 5. Conclusions

281 This paper offered a new characterization of the solutions to assess and optimize acoustic
202 positioning system. By assuming that the range measurements between the sampling points and the
2e3  acoustic beacons were corrupted by white Gaussian noise, the assessment parameter DOP related
2sa  to the positioning accuracy were derived. Then the best positioning accuracy to be obtained was
2es converted into that of minimizing the GDOP conveniently. Furthermore, unlike other work only use
26 GDOP to optimize the formation and cannot assess the performance of any specified dimensions
2z Whether users satisfy, we use GPA, HPA and VPA to assess the optimal geometric beacon formation in
2.s  each dimension for any point in three-dimensional space. This new assessment model can provide
2e0 Users with guidance advices to optimize performance of each specified dimension. Finally, numerical
200 simulations support the view that the methodology proposed to estimate performance of acoustic
201 system is feasible. Future work will aim at: 1) extending the methodology developed to deal with
202 time bias errors; 2) studying the performance of the acoustic positioning system on condition that the
203 beacons is in motion with ocean currents.
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