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Abstract: This paper aims to describe the geometrical structure and explicit expressions of family
of finitely parametrized probability densities over smooth manifold M. The geometry of family
of probability densities on M are inherited from probability densities on Euclidean spaces {U, }
via bundle morphisms, induced by an orientation-preserving diffeomorphisms p, : Uy — M.
Current literature inherits densities on M from tangent spaces via Riemannian exponential map
exp : TyM — M; densities on M are defined locally on region where the exponential map is a
diffeomorphism. We generalize this approach with an arbitrary orientation-preserving bundle
morphism; we show that the dualistic geometry of family of densities on U, can be inherited to family
of densities on M. Furthermore, we provide explicit expressions for parametrized probability densities
on pu(U,) C M. Finally, using the component densities on p,(Uy,), we construct parametrized
mixture densities on totally bounded subsets of M. We provide a description of inherited mixture
product dualistic geometry of the family of mixture densities.

Keywords: Probability densities on manifold, geometric statistics, Hessian manifold

1. Introduction

Statistics and data analysis on manifolds is of interest in fields such as image processing, shape
analysis, machine learning, and natural computation. For instance, the notion of probability densities
on manifold of motions [1] arises naturally; yet a description of geometrical properties and the explicit
expressions of families of probability densities over a such general manifold is lacking.

Striving for explicit expressions of probabilty density functions over manifolds goes back to the
field of directional statics on spheres [2], and recently [3] on the space of symmetric positive definite
matricies. Both studies employ the notion of Riemannian exponential map described by Pennec in [4].

However, finding the exact expression of Riemannian exponential map for general Riemannian
manifolds can in practice be computationally expensive, as it involves solving the geodesic equation,
which is a second-order differential equation. Therefore, in this work we aim to extend and generalize
the approach by [4] in two ways:

1. Inherit the dualistic geometry of family of parametrized probabilty densities over Euclidean
spaces to probability densities over manifolds via orientation-preserving bundle morphism. This
generalizes the Riemannian exponential map

2. Construct and study the product dualistic geometry of families of parametrized mixture densities
on totally bounded subsets of M. This generalizes the extent of region where family of
finitely parametrized probability densities and their corresponding geometrical structure can be
described on M.

The discussion of this paper revolves around the following bundle morphism induced by a local
orientation-preserving diffeomorphism p : U C R* — M.
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In this work we will discuss how the geometry of S, a family of probability densities over
Euclidean space U C R”, is inherited to S via pulled-back bundle morphism defined by p~!.

The paper is organized as follows: In the second section we discuss and establish the domain
of discourse. We provide a brief summary of the natural identification of probability densities over
manifolds both as functions and as volume forms described in the existing literature. This allows us to
use density and volume form interchangeably in further discussion for simplicity. This describes the
vertical parts of the bundle morphism shown above.

In the third section we extend the notion of naturality of Riemannian structure to dualistic
structure [5] of Hessian-Riemannian manifolds. We study how dualistic structure can be inherited
from one manifold to another via a diffeomorphism. We show how the pulled-back dualistic structure
can be determined explicitly via the pulled-back local coordinates. As it is well known that statistical
manifolds can be endowed with dualistic geometry. This will be used throughout the rest of the paper
to naturally inherit family of probability densities over Euclidean spaces to probability densities over
manifolds. This describes the top horizontal part of the bundle morphism shown above.

In the forth section we consider the entire bundle morphism and present a construction of
probability densities on manifolds that generalizes the current approach [4] as discussed above. We
first show how family of parametrized probability densities S on M is inherited from open subset
U C R" via the bundle morphism, while preserving the dualistic geometrical structure of S on U.
This allows us to derive an exact expression of probability density functions on M as a pulled-back
densities. Moreover, the induced family of probability densities S on M inherits the dualistic geometry
of S on U, which in turn allows us to inherit useful properties such as metric and divergence. This
local construction is then extended to construct parametrized mixture densities over totally bounded
subsets of M. We show that, under rather mild natural conditions, the family of mixture densities is a
product manifold with the corresponding dualistic product geometry (generated by locally induced
family of probability densities).

Finally, in section five we provide a simple example of inducing family of mixture Gaussian
density functions over the unit 2-sphere S2.

2. Setting

Let M be connected n-dimensional smooth Riemannian manifold with finite Riemann volume.

Let Vol(M) denote the line bundle of smooth densities over M, and £ (Vol(M)) denote the smooth
sections of Vol(M). Let Dens (M) denote the subspace of positive densities over M (reader is kindly
referred to relevant publications [6,7] for details on volume bundle):

Dens (M) = {u € € (Vol(M)|u(x) > 0¥x € M)} C Vol(M)

We consider the subspace of positive densities that integrate to 1 over M: Prob(M) =
{u € Dens (M)]| [, =1} C Dens (M).

Let y19 := dV, denote the Riemannian volume form, be the reference measure on M. The space of
probability density function over M denoted by P(M) C L'(M, ug) C C*(M,R..) can be associated
naturally to Prob(M) C Dens; (M) volume forms in via Hodge star operator [8], or more notably in
recent work, a diffeomorphism [7,9] given by the map:
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@ : Dens; (M) — C*(M,Ry)

yH,/%:,/]acyoy .

For the rest of the paper we will associate the space of probability densities as a function space
and space of densities naturally with respect to the Riemannan volume form dV;.

In this work we will also restrict our attention to finitely parametrized families of probabilty
distributions. Family of finitely parametrized probability distributions, equipped with Fisher
information metric, has the structure of a Riemannian manifold also known as a statistical manifold
[5].

That is, the statistical manifold of the family of probability distributions will be finite dimensional
for the rest of the paper.

3. Preliminary: Induced dualistic structure

Consider a statistical manifold S with its corresponding metric g together with a pair of
g-conjugate connections (V, V*). The triplet (g, V, V*), known as the dualistic structure [5], is
fundamental to the study of the intrinsic geometry of statistical manifolds [10]. The triplet (g, V, V*)
satisfies the following:

X(Y,Z) = (VxY,Z)g + (Y,VyZ)g , VX,Y,ZcE(TS)

In this section we show how dualistic structure can be inherited to an arbitrary smooth manifold
from a given manifold with dualistic structure naturally via a diffeomorphism.

We discuss two different ways of pulling back (dually flat) dualistic structures given a
diffeomorphism from one manifold to another. We first show that general dualistic structures can
be pulled back directly via diffeomorphism. We then show when the manifolds are dually flat, the
induced dualistic structure can be computed implicitly via the pulled-back coordinates and metric.

Whilst the first method arises more naturally in a theoretical setting, the second provides a more
computable way to describe an such an induced dualistic structure that is equivalent to the first when
the manifolds are dually flat.

It is worth noting that, the intrinsic geometry of a statistical manifolds (S, g, V, V*) can be
alternatively be associated to a pair (g, T), where T denotes Amari-Chenstov tensor T(X,Y,Z) =
(VXY —VxY,Z),.

In a recent paper, Ay et al. [11] showed how (g, T) can be inherited via sufficient statistics. In our
case since diffeomorphisms are injective therefore is a sufficient statistics, our discussion is a special
case of what they showed.

In this section we provide an alternative proof for the case when S is finite dimensional, and when
the map between statistical manifolds is a diffeomorphism. In particular we show the relation between
induced dualistic structure, Hessian structure, and local coordinate systems on finite dimensional
statistical manifolds.

3.1. Naturality of dualistic structure

Suppose S is a finite dimensional manifold equipped with torsion-free dually flat dualistic
structure (g, V, V*), then we can induce via a diffeomorphism a (dually flat) dualistic structure onto
another manifold S.

Theorem 1. If ¢ : S — S is a diffeomorphism between smooth manifolds, and S is equipped with
torsion-free dualistic structure (g,V,V*), then S is a Riemannian manifold with induced dualistic structure

(9*g, 9"V, " V7).
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Proof. Let S be a smooth n-dimensional manifold, and let S be a smooth n-dimensional manifold with
torsion-free dualistic structure (g, V, V*) then the following condition is satisfied:

X(Y,Z)g = (VxY,Z)g + (Y, ViZ)e , YX,Y,Z € E(TS)

Let ¢ : S — S be a diffeomorphism. Then the pullback of g along ¢ given by § = ¢*g¢ defines a
Riemannian metric on S.
Consider pullback of V via ¢ is given by:

¢*V : E(TS) x E(TS) — E(TS)
(¢ V)X Y) = ¢ 'V(9 X, 9:Y) = 9V 50T,

where £ (TS) denote the set of smooth sections of tangent bundle over S, ¢ is the push-forward
of ¢, and ¢* is the pullback of ¢. Since pullback of torsion-free connection by diffeomorphism is a
torsion-free connection. Therefore ¢*V and ¢*V* are torsion-free connections on the tangent bundle
over S: .. : TS — S.

Therefore it remains to show that (V, V*) := (¢*V, ¢*V*) is §-conjugate pair of connections on S.
i.e. they satisfy the following equation:

Let
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Similarly, we have:
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X ((9:Y, 9:Z)g) (@(P)) = ( 9:Y,9.Z)g09097") (9(p)
9-X (9" (Y, 2) 0 97" (9(p))
:X( Z)gog o p) o7 (g(p))

/—\

(VY. 2)2(p) + (¥, 93205(p) = XV, 205(p) , VXY, Z € £(T5)

Therefore S can be equipped with the induced torsion-free dualistic structure (g, Vv, W*) =
(¢*g, ¢*V,p*V*) as desired. [

Remark 1. This means the diffeomorphism ¢ : S — S is a local isometry.

This also implies if (V, g) satisfies Codazzi’s equation [12]:

Xg(Y,Z) =g(VxY,2) =g (Y, VxZ) = (Vxg) (Y, Z) = (Vz8) (V. X) ,

then (V, §) := (¢*V, ¢*g) also satisfies Codazzi’s equation. The derivation is as follows (cf. proof
of Prop 4.2 [12]):

where T, T* denote the torsion of V, V* respectively. Since V and V* are torsion free, the
expression is identically zero onall f € S. Therefore (V, §) satisfies Codazzi’s equation. By Proposition
2.1in[13], § is a Hessian metric with respect to V, meaning there exists a potential function ¢ on S
such that § = V V ¢ is a Hessian metric, and (S, §, ) is a Hessian manifold.

We can also determine the pull-back curvature on S with dualistic structure (¢*g, ¢*V, ¢*V*) by
the following immediate corollary:
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Corollary 1. Let ¢ : (S,§) — (S, ) be a local isometric diffeomphism. Suppose S has g-conjugate connections
(V,V*),and let (V,V*) := (¢*V, ¢*V*) be the induced §-conjugate connections on S, then ¢*R = R and
@*R* = R*. In particular if S is dually flat, then so is S.

Proof. Let ¢ : (5,§,V,V*) — (S,5,V,V*) be alocal isometry, where (§,V,V*) = (¢*g, ¢*V, 9*V*),
then by the proof of theorem 1:

ViV = (¢9"V)xY = 9.1 (V, 59:Y), VXY € £ (TS)

Hence we have:

9«(VxVyZ) =V, 5V 102 1)
v

By definition the Riemannian curvature tensor on S is given by: X, Y, Z € TS:

(R(X,Y)Z,W) = (VxVyZ,W) — (VyVxZ,W) — (VixyZ,W)

Let X,Y,Z,W € TS. The pullback curvature tensor ¢*R is thus given by:

(P RYXYV)Z,W) = (V, 5V, 79:Z, W)
= ¢+(VxVyZ) — 9.(VyVxZ) — 9:(V(x v)Z)
= ¢«((R(X,Y)Z,W))

By symmetry, ¢*R* satisfies:

((9"R")(X,Y)Z,W) = .((R"(X,Y)Z,W))

If S is dually flat, meaning R = 0 = R*, we then have the equality:

R*=0&R=0&¢9'R=0< ¢"R"=0
O

This result has been known for Levi-Civita connection on Riemannian manifolds. Here we
generalize it slightly to pair of g-conjugate dual connections.
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3.2. Computing induced dualistic structure

Finally we discuss how pulled-back dually flat dualistic structure (¢*g, ¢*V, ¢*V*) can be
determined explicitly via the Hessian dualistic structure generated by the pulled-back metric, local
coordinates, and the corresponding induced potential function.

Definition 1. Given a smooth manifold M, a divergence [5] D or contrast function[14] on M is a smooth
function D : M x M — Ry satisfying the following:

1. D(p;q) >0, and
2. D(p,q) =0iffp=q.

A dualistic structure ( gP,vPb,vb *) on S can be determined by divergence function D via the
following equations [5,14,15] for each point p € S:

8r .= gp (9:,9)) == —9;97 D[p;q]

= (V5990 =313}k Dlpsall,-y

|‘1:P

D
iy

where (6;) denote local coordinates on M with corresponding local coordinate frame (9;) about
p. Let 9! denote the i partial derivative on the ¢*" argument of D. By an abuse of notation, we may
write [5]:

DJ[o;; 0] := —8118]2 Dlp;qlly—p, and

~D[0;9j;9¢] := —0}9;9; Dlp;qll,—, - @)

Remark 2. Conversely, given a torsion-free dualistic structure and a local coordinate system, there exists a
divergence that induces the dualistic structure [16]. We will refer to the divergence D on S corresponding to the
pulled-back dualistic structure (¢*g, 9*V, ¢*V*) (not necessarily dually flat) as the induced divergence on S.

For the rest of the section we will assume both S and S are dually flat, and we show how the
pulled-back dually flat dualistic structure can be determined explicitly.

Let (E)i = a%i) denote the local coordinate frame for TS corresponding to local V-affine
coordinates (6;), and let D C TS denote the tangent subspace spanned by vector fields (9; := ¢, 19;).
Since [¢;19;, ¢ 19;] = ¢! [9;,9j] = 0, the vector fields (0; := ¢;'0;) commute, hence the space D
spanned by (0;) is involutive. Therefore by theorem of Frobenius, D is completely integrable, hence
there exists (¢*V)-affine coordinates (6;) on S with corresponding local frame (0;).

Remark 3. The pulled-back coordinates and the corresponding local coordinate frame described in this fashion
does not depend on the dual flatness of S and S. Of course, when S and S are not dually flat, the coordinate
systems may no longer be ¥,V -affine.

Let (ai = a%) denote local coordinate frame of TS corresponding to local V*-affine coordinates

(17;). We can define local (¢*V*)-affine coordinates (7j;) on S with corresponding local coordinate
frame (9" := 93 10").
It is immediate that (8;), (7;) are ¢*g-dual coordinates:
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@) = (9°3) (9:10:, 9519
=g (p-9:'9 9,079
=g (9,9) =]

Moreover, if we consider smooth pulled back coordinates (6; := 6; o ¢) and the correspond local

coordinate frame ((’I) = (a%i) on TS. Then

9i(0;) = ¢, 9;(6j 0 )
=9;(6jogog") =96, = 5l
This implies for each i, there exists a constant c; such that §; = 0; + ;, this implies d; = 0; for all i
Since ¢ is a Hessian metric with respect to V, there exists a potential function § such that
§=VVy gij = 51-5]-1ﬁ = 51-5]-1,5. The corresponding §-dual local coordinate system of S with respect to
(6;), denoted by (77,) can be defined by (77;) = 9;§ with correspond local coordinate frame (51) of TS
[5].
Now let’s consider the Hessian Riemannain structure of dually flat manifolds [13] induced by the
following divergence function:

where ' is a smooth function on S representing the Legendre-Fréchet transformation of ¢ with
respect to the pair of §-dual local coordinates (6;), (77;) on S. Let § denote the Hessian metric generated

= — . D o =l=2—= 7
by D: g,jl; == g?‘ﬁ. By definition gij’ﬁ =-9;0;D = gf| .
Let (Vﬁ, Vﬁ*) denote pair of §-dual connections defined by D. We now show (V,V*) =

(©7)

Let X,Y,Z € £ (TS) and j € S, the following is satisfied by construction:

X(Y, Z)g = (V¥ Z)g + (¥,
v Z)s

X(Y,Z)5 = (Vi ¥, Z)5 + (Y,

< <k
D F Dk

Since § = g, the two equations are equal, hence if we let for p € S let (9; = 9;) denote the local
frame of T,,S, and let X = d; = 9;, ¥ = d; = 0y, and Z = 0y = I then:

(V¥ 2)s + (Y, V32Z)e = (VgY¥, Z)g + (Y, Vi Z)g
= <v315]/ ék>§ + <é]/ vS’ék>g~ = <v§l§],§k>§+ <a], Va ak>g
=0+ <é], ﬁgé]&g =0+ <7]’$§i§k>§

Since d; = 0, for all i, and § = g, we have forall p € S:
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(9, V3 0)g = (9;, Vo . Vijk

Q%

Therefore V* = V', and hence by symmetry (V, V*) = (V, v*) .

Furthermore, we can determine the explicit expression of the Christoffel symbols of the induced
connection V' = V* = @*V* at p € S in pulled-back coordinates ; = 6; o ¢ as follows. Let p € S be
an arbitrary, and let j := ¢(p) = ¢~ !(p) € S, then:

4. Probability densities on manifold

In this section we construct family of probability densities over smooth manifolds via
orientation-preserving bundle morphism. This extend and generalize the construction of probability
distributions on geodesically complete Riemannian manifolds via Riemanian exponential map
described in previous literature [4], summarized as follows:

Given an arbitrary point x on Riemannian manifold M, the geodesic 7, : [0, ;) C R — M with
initial point p and initial velocity v € TyM is uniquely determined on an interval [0, I,). This allows us
to define the Riemannian exponential map at a given point x, which maps the tangent space TyM to M
by tracing along the geodesic 7, starting at x, determined by initial velocity v € TyM for time 1. To be
precise, we have the following definition [17]:

Definition 2. Given a point x € M, consider the subset Oy of Ty M given by:

Op := {v € TuM | 7y is defined on [0, 1), and I, > 1}

then the exponential map at x is the map:

exp, : Oy = M
exp, (0) := 7o(1)

For each x € M, there exists a local neighbourhood W, in Ty M where the Riemannian exponential
map is a diffeomorphism. The the image of Riemannian exponential map can be viewed as a
generalization of “going from p with direction v in the shortest path for time 1" within this local
neighbourhood. It is also well known that if M is geodesically complete, then the Riemannian
exponential map is defined on the entire tangent space Ty M for any x € M.

In previous literature [4], probability densities and the corresponding statistical properties on
geodesically complete Riemannian manifolds are constructed by inheriting probability densities on
the tangent space via the Riemannian exponential map.

In particular, let Wy C TyM denote the region where the exponential map is diffeomorphism. For
each y € exp,(Wy) there is a unique v € Wy such thatexp, (v) = y.

Given a probability density function p on TxM, a probability density function § on M whose
function value on y = exp,.(v) € exp,(Wy) can be constructed by:
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p(v) = plexp,(v))
or equivalently, since exp, is a diffeomorphism,
ply) = pllog(y)) ®)

where log, is the inverse of the Riemannian exponential map on Wy.

However, finding the exact expression for Riemannian exponential map for general Riemannian
manifolds maybe computationally expensive in practice, as it involves solving the geodesic equation,
which is a second order differential equation. Therefore in this work we are aim to find the explicit
expression of parametrized probability distributions on manifold with a more general map.

We extend and generalize the above construction in two ways:

We first discuss family of probability densities on M inherited locally from open subsets of R"
via an orientation-preserving bundle diffeomorphism. We discuss how the pulled-back family of
probability densities on M inherit the geometrical properties from the family of probability densities
on R", and show that it generalities the above construction with the Riemannian exponential map.

We then extend this to construct probability distributions on M supported beyond the region
where the map p is a diffeomorphism. In particular, we show that parametrized family of probability
densities on inherited in this fashion can be extended to any totally bounded subset V of M. We first
consider an orientation-preserving open cover of V, where each element of the open cover is equipped
with a local family of inherited probability distributions. A family of parametrized mixture densities
Ly on the entire V can thus be constructed by gluing the locally inherited densities. Finally we discuss
the geometrical properties of elements of Ly, and show that it is a product manifold of locally inherited
family under two conditions.

We shall begin our discussion by first considering the case when M is Riemannian manifold. In
the last subsection we generalize it to arbitrary smooth topological manifold.

4.1. Local densities on M via local bundle morphism

Let M be a smooth topological manifold, let U be an open subset of R". Suppose there exists
orientation-preserving diffeomorphism p : U C R" — M. Here we consider locally inherited family of
probability densities on M via orientation-preserving diffeomorphism p. In particular we construct
local parametrized families of probability densities over p(U) C M as a subspace of the density bundle
Vol(M) via the bundle morphism induced by p.

Let $ := {pg|6 € E C R™} C P(U) denote a finitely parametrized family of probability density
functions over U C R". We further assume elements of § are mutually absolute continuous, then S has
the structure of a statistical manifold [5].

Let 11 be an arbitrary reference measure on U, and let S := {1p|6 € E} denote the set of volume
densities over U naturally associated to S with respect to p (as discussed in section 2).

Locally defined family of probability densities over p(U) C M can thus be constructed via the
pullback bundle morphism defined by orientation-preserving diffeomorphism! p=1 : M — U:

1 Since p is an orientation-preserving diffeomorphism, then so is p~!
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_1*
S C Prob(U) £— § C Prob(M)

I

Ut———— o) cM

where S C Prob(M) is a family of probability densities over M given by:

g = ‘O_l*s = {179 = p_l*l/g}
More precisely, let x € V := p(U) C M, and let Xy, ..., X, € TyM be arbitrary vectors. Given a

density vy € S C Prob(U), the pulled-back density 7p on V C M is given by:

7o = pr Vve(Xq, ..., Xp) Yy eV, C M. (4)

] = ve(paj*le,. . .,p;*an)

pty)
Since p is an orientation-preserving diffeomorphism, so is p~!, hence we have the following
equality:

o
u'l V::p(LI)p v

Suppose vy has probability density function py with respect to the reference measure yg on U, i.e.
Vg = ppdip, then in local coordinates (xl, e, x”) of M, the above integral has the following form:

1= /upgdyo = /V (Pe op‘l) (detDp_l) dx! Ao A dx"

Next we show the diagram commutes: since p is a local diffeomorphism, for each v € U,
dly € p(U) C M such thaty = p(v), and (v, pg) is a section in the line bundle 7ty; : Prob(U) — U. We
have the following equalities:

pormy(v,pg) =p(v) =y ,

* 1

mop ™t (@ ps) = (7 ) pe) =07t (0) = p(0) =y

Finally, suppose S has dualistic structure given by (g, V, V*). Since p~! is a diffeomorphism, so
is p~1". Therefore by the discussion in Section 3, § has inherited dualistic structure (@*g, ¢*V, ¢*V*),
where ¢ = p~1". In particular, the induced family of probability distributions inherits the geometrical
structure via the bundle morphism as well.

Remark 4. Note that both the local coordinate map pg € S+ 6 € R and ¢ := p~ ' are diffeomorphisms.
For the rest of the paper we will, without loss of generality, assume S to be parametrized by (0;) instead of the

pulled-back local coordinates (Gi o p*1*> unless specified otherwise (described in Section 3.2 and Remark 3) if

the map p~V" is clear.

Example 1. Suppose (S, g, V), V(_“)) C Prob(U) is an a-affine statistical manifold for some « € R, with

Fisher metric g, the associated g-dual a-connections <V<"‘), V=9, and the corresponding a-divergence Dy on
S [5]. Since p : U — M is a (local) diffeomorphism, it is injective, hence a sufficient statistic for S [5].
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By the invariance of Fisher metric and a-connection under sufficient statistic, the induced family S is also
an a-affine statistical manifold.

Furthermore, due to the monotonicity of a-divergence (as a special case of f-divergence), the induced
divergence Dy, (see remark 2) on S can be computed by:

Du(p™Vp.p""'q) = Dulp,a) , forpges
4.1.1. Special case: Riemannian exponential map

We now illustrate the framework outlined above on a special case of locally inherited family of
probability densities discussed in [4] via Riemann exponential map:

Example 2. Let M be a complete Riemannian manifold. For each x € M [17]:

seg(x) := {v € TxM|exp,(tv) is a minimizing unit speed curve ,t € [0,1]}
seg’(x) :== {sv|s € [0,1), v € seg(x)} ,
cut(x) :=seg(x) \ seg’(x) ,

where cut(x) is known as cut locus in current literature.

Consider the open set Uy := TxM \ cut(x) C TxM, then exp, : Uy — M is a local diffeomorphism.

Since each tangent T, M is a topological vector space, it can be considered naturally as a metric space with
the metric topology induced by the Riemannian metric. Since finite dimensional topological vector spaces of
the same dimension n := dim(M) are unique up to isomorphism, TxM is isomorphic to R". Moreover, since
Euclidean metric and Riemannian metric are equivalent on finite dimensional topological vector spaces, the
respective induced metric topologies are also equivalent. This means probability density functions over TxM can
be considered naturally as density functions over R”.

Let Sy denote a finitely parametrized family of probability densities over Uy. Since exp, is a diffeomorphism
in Uy, we can construct parametrized family of probability distributions on exp, (Uy) by:

1 *
Sy C Prob(Uy) —2% Prob(M)

L

Un € TM ey M

where log, = exp, ! denotes the Riemannian log function. j € Sy = log} are given by p(y) =
log? p(y) = plexp; 1 (y)) = p(log,(y)). This coincides with equation 3.

Since exp,, is an orientation preserving diffeomorphism on Uy = M \ cut(x), this reduces to a special case
of the construction via orientation-preserving bundle morphism discussed above.

It is worth nothing that for general Riemannian manifolds, this approach maybe quite limiting
since Uy maybe a small region in the tangent space.

Throughout the rest of the paper, we will be using the Riemannian exponential map as an
example to illustrate our approach. It is however worth noting that our construction applies to all
orientation-preserving diffeomorphism, not just the Riemannian exponential map.

4.2. Mixture densities on totally bounded subsets of M

In this section we discuss probability distributions on M supported beyond the region where the
map p is a diffeomorphism. In particular, we discuss how parametrized family of mixture probability
densities with locally inherited dualistic geometry can be defined on totally bounded subsets of M.
We begin with the notion of orientation-preserving open cover on M.
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4.2.1. Orientation-preserving open cover

Definition 3. Let M be an n-dimensional smooth manifold, an orientation-preserving open cover of M is
a set of pairs {(pa, Ux)}, where Uy C R", py : Uy — M are orientation preserving diffeomorphisms, and
{pa(Uy)} is an open cover of M.

Remark 5. There always exists an orientation-preserving open cover for orientable smooth manifold M; we may
simply consider the smooth atlas A := {(pa, Ux)} of M. It is worth noting that we only require py : Uy — M
to be orientation-preserving locally on each U,. Therefore, orientation-preserving open cover exists even when
M is inorientable.

We now provide two examples of orientation-preserving open cover using Riemannian
exponential map:

Example 3. Given a complete, Riemannian manifold M, and a point x € M, the injectivity radius at x is the
real number [17]:

inj(x) := max {exp, : B(0,r) C TxM — M is a diffeomorphism }
re

For x € M, let By := B(0,inj(x)) C TxM = R" denote the ball of injectivity radius centred at 0 i.e. the
largest metric ball in TxM such that exp,, is a diffeomorphism, then {exp. (Bx)} is an open cover of M.

In By, the pushforward of the Riemannian exponential map denoted by (exp,.), : By C TxM — M is the
identity map, a linear isomorphism. Therefore exp., is an orientation preserving local diffeomorphism on the ball
of injectivity radius [17]. Hence {(px, Ux)} := { (exp,, Bx)} is an orientation-preserving open cover of M.

Example 4. Alternatively we can consider another orientation-preserving open cover extended from the one
defined above:

{(exp, TxM \ cut(x)) } = {(exp,,seg’(x))}
is also an orientation-preserving open cover of M.

4.2.2. Refinement of orientation-preserving open cover:

Given an orientation-preserving open cover over Riemannian manifold M, there exists a refinement
of open cover by metric balls in M.

This will be used to construct a finite orientation-preserving open cover of totally bounded subsets
of M.

Lemma 1. Let M be a n-dimensional Riemannian manifold, and orientation-preserving open cover of
{(pa, Ux)} of M. There always exist refinement {(pa, Wy) } of {Ux} satisfying:

1. {pa(Wa)} covers M, and
2. pa(Wy) are metric balls in M.

Proof. Given (orientation-preserving) open cover {(ps, Uy)} of M. For each «, Vx, € p,(Uy) there
exists normal neighbourhood Ny, C px(Uy).

Since Ny, is open for all x, € p,(Uy), there exists €y, > 0 such that the metric ball centred at x,
denoted by By, satisfies: By, := B(xq, €x,) C Ny, C pa(Uy) C M.

In other words, By, is the metric ball centred at x, in normal coordinates under norm given by
radial distance function.
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Since py is a diffeomorphism for all «, this implies p;l (By,) =: Wy, C U, for each x, € pu(Uy).
Hence {(px, Wy, )} is the desired refinement of {(ps, Uy)}.
O

Observe that the proof did not use the fact that p, is orientation-preserving. It suffices to consider
open cover {(pa, Uy)} of M such that p, are just diffeomorphisms with the following simple result:

Lemma 2. Let f : M — N be a local diffeomorphism between manifolds M, N. Then there exists local
orientation-preserving diffeomorphism f : M — N.

Proof. Since f : M — N is a local diffeomorphism, the pushforward f, : T,M — Ty, N is a linear
isomorphism for all p € M. Since f, is a linear isomorphism, the determinant of the matrix Df is
non-zero: detDf # 0. If f is orientation-preserving, then there’s nothing left to prove. Hence we will
now assume f is orientation reversing, in other words: detDf < 0.

Let (xl, ceey x”) denote local coordinates in M, let ]7 denote coordinate representation of f, then
we can write:

(@) @) = (Fi@) o Fu)
where x := (x!(p),..., x"(p)).

Choosea € [1,...,n], and let f : M — N denote the diffeomorphism from M to N defined by the
following coordinate representation:

F( P (p)) = (Fi) s Faa (00, Fa (), Fo()

In other words, we define f by swap the a’ and a + 1% coordinates of f. The matrix representation
of f. in standard coordinates is thus given by:

Df=1-Df ,

where I’ is the matrix given by:

= O

In—(a+1)

th

1
where I is the identity matrix of the dimension k, the sub-matrix [ (1) 0 ] is located at the (a,a)"" to

the (a+1,a+1)" position of I’, and the rest of the entries are all zero. Since detDf < 0, this means
detDf = detl’ - detDf = —1-detDf > 0. O

For the rest of the discussion we will consider the orientation-preserving open cover by metric
balls {(p«, Wx, )} of Riemannian manifold M.

Example 5. Consider once again orientation-preserving open cover of Example 3 given by {(pa, Us)} =

{(exp,, TxM \ cut(x))} = {(exp,, seg’(x)) }xEM'
Metric balls in normal neighbourhoods are geodesic balls, i.e. for all B(x,, €x, ), there exists d, such that

%
B(x4, €x,) = exp, (B(0,0dx,)
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An orientation-preserving open cover by metric balls can be given by the refinement: {(px, Wy, )} =

{ (expx, 3(6}, 5xa> }

4.2.3. Mixture densities on totally bounded subsets of M

xeM'

Now we are ready to construct parametrized family of probability densities on totally bounded
subsets of Riemannian manifold M. Let V C M be totally bounded subset of M, and let {(pa, Ux)}
be an orientation-preserving open cover of M. Let {(px,, Wx, ) } denote a refinement of {(pon, Ux) } by
open metric balls in M discussed in Lemma 1.

Since {pa (Wx,) = B(xa, €x,)},,cp 1S an open cover of M by metric balls, it is an open cover of
V C M as well. Moreover, since V is totally bounded, there exists a finite subcover { B(xy, exﬁ,)};\:1 of
V.

For simplicity, by an abuse of notation, we will denote the finite subcover by {(px, Wa)}2; :=

A
{(0xy, Wi, ) Yot
For each a € [1,...,A], let Sy = {vy :=vp|0* € By C R™} C Prob(W,) denote finitely

parametrized volume form over W, parametrized by 6* € &,. Note that in general we allow
the parametric families S, to have different parametrizations and dimensions m,. Furthermore,

consider for each & the induced family of local probability densities S, := p; 1 Sy = {z?a =04 1*1/“} C
Prob(M) C Vol(M) on p,(Wx) C M, we can then define parametrized mixture densities over V.C M
by patching together the locally induced ones:

A
173:24’0(‘17“ ’ 5)
a=1

where ¢, € (0,1) foralla € [1,...,A], and 29:1 o0 = 1.
Let Sy denote the simplex of mixture coefficients treated as a family of discrete distributions:

A
So = {{q)a}ﬁ_l l9u €(0,1), ) 9o = 1} SO
a=1

A
={{pe=Pa=0)},}
Then Sj is an exponential family, hence a dually flat manifold with local parametrization

A-1
(6?)]:1 — {4)06};\:1, given by [5]

Pi

— 1 jel,..., A-1]
1_20[?:1%

0 _
0; = log

A-1
Let By := { (9?) - } denote the set of parameters of Sy. We denote the set of mixture densities
]:
by ‘CV:

A
Ly := {17 =Y @u-Ta| {@utass € So, % € S“}
a=1

In local coordinates (xl, e ,x") of M, the mixture volume form 7, can be expressed in the

following form:
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A
7=p(x,Edxt Ao Adx" = Y ¢a- Palx,0%)dxt A~ Adx" 6)
o

where f,(x,0") are parametrized probability density functions naturally associated to 7, that
are parametrized by sets of parameters (6%) € E, (see remark 4). In local coordinates (xl, el x”) of
M, pa(x,6%) is defined implicitly by f(x,6%)dx! A --- Adx" := 7. The parameters of the mixture
distribution p(x,¢) are collected in ((’,’,')?:1 = (69,60,...,0%) € Bg x E1 X --- x Ep, where d :=
dim (Eg X 1 X - -+ X Ep).

4.2.4. Remark: Exhaustion by compact set and the extent of extended support

It is worth noting that since every smooth topological manifold is o-locally compact, M admits a
compact exhaustion:

Definition 4. An exhaustion by compact sets is an increasing sequence of compact subsets K; of M such
that ¢ # Ky C int(Kg) CKy,C---and:

lim K; = U® | K; = M

j—oo /

For each x € M, for any totally bounded subset V C M, there exists N € N such that for all n > N:

K, (DKy) DV

Even though at first glance totally bound-ness might be quite restrictive, this shows that it allows
us to approximate the manifold sufficiently well.

4.3. Geometrical structure of Ly

Consider a totally bounded subset V C M, orientation-preserving finite open cover { (0x, Wa)}2_,
of V by metric balls, and dually flat families of densities S, over W,. We will show that the family
of mixture distirbutions Ly is, under two conditions, a dually flat product Riemannian manifold,
hence naturally inheriting the local geometry of families of component densities S, established in the
beginning of section 3.

For each «, let (Sa, Qu, V%, V"‘*) C Prob(W,) be a family of probability densities over W, that

has the structure of a dually flat statistical manifold. Let 5, := p;!'S, denote the pulled-back
family of probability densities on p, (W) C M with corresponding pulled-back dualistic structures

(g“,x, W"‘,W“*) discussed in section 3. Let Sy := {{go,x}é\:l | pa € (0,1), é\zl P = 1} - (O,l)Afl

denote the simplex of mixture coefficients with corresponding dualistic structure (go, Vo, VO*) .

4.3.1. Ly as a smooth manifold

For simplicity, let iy (x) := p(x,0%) denote the probability density function corresponding to
7, € S, for all a. We first show that Ly is indeed a smooth manifold under the following two natural
conditions:

(C1). Family of mixture component distributions have different proper support: Let K, :=
{x € M|pu(x) >0, Vps € Sy} denote the proper support of probability densities fiy € S, for each
a€{1,...,A}. We assume K, \K/g # @ for B # a.
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(C2). No functional dependency between mixture component densities : We construct mixture
densities in Ly as unconstrained mixtures, meaning there are no functional dependency between
mixture component. In other words, changing parameters 6F € Ep of mixture component fig € S p has
no influence on P, € S, for B # a and vice versa. We write this condition as follows: For each iy € S,

Py _ Bex
aZf =0, V6, € BP CR", VB #a.

Remark 6. 1. The first condition C1 can always be satisfied simply by choosing a suitable open cover of V.
2. The second condition C2 is automatically fulfilled for unconstrained mixture models. One can imagine
introducing functional dependencies among mixture component distributions, but this is not the case
considered here. We make the assumption that: if we alter one distribution p, € S, it does not affect
distributions in S"ﬁ for B # a.

We now discuss the implications of conditions C1 and C2 in further detail:

The first condition C1 implies: The component distributions f, € S, are linearly independent
functions, and the map (6°) € Eg = (@a)i; = Y2 1 @upa(x,0%) is injective.

The second condition C2 implies:

Consider two distributions p, § € Ly sharing the same mixture coefficients {(pa}i\:l, ie p(x) =
Lot @ufia(x) and § = Y21 guda(x)-

If p(x) = §(x) forall x € M:

W) _ o)

008 0% 7
o'p(x)  9'4(x)

0 v 7 v
(005)"  (o0f)

{eNy ,

hence by condition C2, for each w € [1,..., A], there exists a constant c, such that

PaPa(X) = Qafu(x) +cu, YxeM

Since i, and §, are probability densities:

o P At

—— ——
=1 =1

This means [, cx = ca - [; 1 = 0. Since M has finite (non-zero) Riemannian volume: [,,1 >0,
this implies ¢, = 0 and hence f, = §, for all a.

Hence by injectivity of the parametrization mapping 6* — f, of S, for a € [1,...,A], the
parametrization of mixture component parameters (61,...,0%) — (py,..., pa) is injective as well.

Therefore the parametrization map (6°,6',...,6%) € Egx By x - - - x Ep > p(x) = L0 @afa(X)
onto Ly is an isomorphism.

By condition C2, the parameters are also independent in the sense that for § # a:

p b, d6% ~ a0%
:apgzapz.ilﬁ VPa €S & —5 =0
a0 90 o 6"
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_ -1 .
Moreover, recall the pulled-back local coordinates maps <9;X =00 (p‘l ) =0fo p*) on Sy,
then:

a6 o p* —1* d d —1*
= 79‘?‘op*):7 9‘."op*op =0
36! o p* (™). 267 o 207 (@ )

In other words, pullback by p does not introduce additional functional dependencies among
parameters.

Mixture densities p € Ly can thus be identified naturally by the map j = Y2 | ¢upa
(¢1,---,®A, P1,--.,PA), where the image represents the mixture coefficients and the mixture
component distributions. Since parametrizations 6* — f, are smooth with smooth invserse, Ly is a
smooth manifold with coordinates Ly > p := 29:1 Papa(x,0%) — (60,01, 08 €Bg X By X -+ Hp.

4.3.2. Torsion-free dualistic structure on Ly

Now consider the following function on Ly x Ly:

DtﬁvXﬁvﬁR

A A A
D(p,q) =D (Zlq)am, Z}l(P&qa) = Dkr ({@a}. {94 }) + Zlﬁa(ﬁa,%)

A Pa A
= Zq)alog (,)"‘ZDa(ﬁm%) . (7)
a=1 Pu a=1

where Dgj is the Kullback-Leibler divergence (relative entropy) on mixture coefficients Sy =

{{go,x =P(A= 0()};\:1} as family of discrete distributions, and D, is the induced divergence on

smooth manifolds S, described by Remark 2 in Section 3.
It is immediate by definition that D satisfies the conditions of a divergence:

1. Non-negativity: Since D,’s and Dk, are both non-negative, so is D:

A
D =Dk + Y Da
N a=1
>0 >0

2. Identity: Since D,’s and Dk are divergences, the following is satisfied:

_ Dkr(9) =0
b=0e {Da(ﬁ“,%) =0 Va

Let 0 € E¥ C R™ be coordinates of Sy, and one again let (&)?_, := (6°,8',...,6") denote
the coordinates of Ly, where d := dim (Egp x Eq X - -+ x E5) and <§]“ = 9}?‘ o p;t) denote the local
pulled-back coordinates of S, discussed in section 3.2 (see also Remark 3 and 4). Let the corresponding

coordinate frame be denoted by (51- = a%) . We can then construct a dualistic structure on Ly [5,15]
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via divergence function D denoted by (gD ,vb,vP *) with the following equations as discussed in
Section 3

_ ¢Pu (5i,5j)\ﬁ+ Yy g (Si,éj))ﬁ . ®

Moreover, if 9; = 690 then:

— gDt (51-,8]-)’{%}9:1 , )

where {q)a}g‘\:l € Sp. Ifo; = af = #, where (9{5 ) denote parametrization of gﬁ for some
B € {1,...,A}, then by condition C2: 1

& (39)], =0+ 3 8™ (.20)]

a=1 «
“os D ),
a=p Pa
= g7 (3f,9F) ‘ﬁﬁ = gﬁ(af,af)‘% , (10)

where ¢f is the metric on Sp, and pg := (p’l*

analysis towards the end of Section 3. Otherwise, let

l"ll-?k ; (Va 8],6k>gp

ﬁ a=1 P
A _
Dxra Y. )
— (v,i“aj,awgp ﬁ+a§1 <V§ a],ak>gD ; , (11)

where we recall —D[0;0;;dx] := —010102 D[p; 4] |q:p by equation (2) in Section 3. By a similar
argument as above in equation 9 and 10, we obtain the following:

d0i:10.20944/preprints201803.0106.v1
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37 . 5 _ 9 e
<v§KLa],ak>gDKL - if 9= o for{ =1i,j,k ,
— Dpi— — — ..
(V50 0k)gn| = <vafaj,ak>gpﬁ‘ if 9= = % , for 0 =i, jk (12)
Pp ¢
0 Otherwise.

This implies that for Xo, Yy € € (TSp), Xa, Ya € € (TSs) fora € [1,..., A], we have the following:

A A A
V?ng:l Ye) (XO +) X,X) =vP (Xo + ) X Yo+ ), Y,X>

a=1 a=1 a=1

A
_ VQOKLXO + Y VX, . (13)
a=1
By symmetry and the fact that g¥ = ¢P" [5], we also have the following;

A —_ =

<V5D,-*§]"5k>g’3 ﬁ+ Y <V§Xa]‘/ak>gD o, (14)

a=1 % p

1

; = <V§KL§j,5k>gD

and we also obtain the following result analogous to equation (12):

Di = = U ..
(VéiKLaj, ak>gDKL - if 9= a%g ,forl=1i,j,k
(V59 9k) g0 )= (V273;,3) Dﬁ‘ if ég:afzaiﬁ forf=ijk , (15
i g pﬁ 9€
0 Otherwise.

Finally, for X, Yy € £ (TSp), Xa, Yo € € (TS~,X) fora € [1,...,A], we would have the following;:

A A A
V](DY0+Z$:1 Y,) (Xo +) Xoc) = VP (Xo + ) X, Yo+ ), Ya>

a=1 a=1 a=1

A —x
D¥ D,
= Vi< Xo + a; Vi Xe - (16)

Hence by equations (8, 13, 16), the dualistic structure { gD ,VvP,vb* } naturally decomposes into
the part of mixture coefficients and mixture components. We abbreviate equations (8, 13, 16) to the
following compact notation:

A A A,
{gDKL o @PgP, VP o @ VP, VP o P vDa} . (17)

a=1 a=1 a=1

4.4. Dualistic structure of Ly

To show that Ly is indeed a product Riemannian manifold, we recall some properties of product
Riemannian manifolds[18,19].
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Remark 7. Note that since Ly consists of a finite mixture of probability distributions, to show that Ly =
So x 81 x -+ - Sp, it suffices to consider the dualistic structure of the product of two manifolds.

Given two Riemannian manifolds (M, g1), (N, g2), the product Riemannian metric on M x N is
given by [18]:

(X, Y) = g1(PX,PY) +£2(QX,QY) ,

where P, Q are projections from T(M x N) to TM, TN respectively. Suppose V! and V? are
connections of M, N respectively, then the product connection is given by [19]:

VysnXi+ X = Vi X1+ V1, Xz (18)

where X;,Y; € TM and Xp,Y, € TN. We once again abbreviate the product connection to a more
compact notation for simplicity: V = V! @ V2. Since the Lie bracket of M x N is :

X1+ X0, Y1 + Yo pun = X V1l + [ X2, Yol

and the curvature tensor is given by:

R(X,Y)Z =VxVyZ - VyVxZ —VxyZ

The curvature tensor on the M x N is thus:

R(Xy+ X0, Y1+ Y2, Z1 4+ Zp, Wiy + Wa) = Ry (X1, Y1, Z1, Wi) + Ro(X2, Y2, Zp, Ws) (19)

where Rj, Ry denote the curvature tensor of M, N respectively. Hence if M and N are flat, so is
M x N.

Therefore to show that the Riemannian structure derived from the divergence D in equation (7)
(given by equation (17)) coincides with the product Riemannian structure discussed above, it suffices
to show the following result.

Theorem 2. Let (M, gl,Vl,Vl*), (N, g2, V?, Vz*) be two smooth manifolds with their corresponding
dualistic structure, and consider their product (M x N,g,V) with the product metric g and product
connection V := V' @ V?, then the connection V' @& V?' is g-dual to V. In particular (Ve VZ)* =
VY @© V' Furthermore, if M and N are dully flat, then so is M x N.

Proof. Let (M, gl,Vl,Vl*), (N, g2, V?, VZ*) be two smooth manifolds with their corresponding
dualistic structure. Let V = V! @ V2 denote the product connection on M x N given by equation (18)
in compact notation. 2 Let (-, -) := (-, )¢, where g = g1 & g» denote the product Riemannian metric on
M x N.

Let (x1,x2) € M x N be arbitrary, and let {X,Y,Z} = {X;j+Xo, Y1+ Y2, Z1+ 22} €
E(T (M x N)), then we have:

2 Please refer to comments following equation (18)
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X(Y,Z) = (X1 + Xo)(V1 + Y2, Z1 + Z3) (20)
=X (Y1, 2Z1) + (M1, Z2) + (Yo, Z1) + (Y2, Z2))

+ X2 ((Y1,Z1) + (Y1, Z2) + (Yo, Z1) + (Y2, Z2)) (21)

where X1,Y1,Z1 € E(TM), X5,Y2,Z, € E(ITN) follows from the natural identification
Tl ) (M X N) 2 Ty M x Ty, N.
Let 7y, : T(M x N) = M and 7y, : T(M x N) — N denote the natural projection map, then:

<Y1/ ZZ> = <Yl/ 7T*122>g1 + <7T*2Y1/Z2>g2
=(Y1,0)¢, +(0,Z2)g, =0 , (22)

and similarly (Y, Z;) = 0 as well.
Hence equation (20) equals to:

X1 ((Y1,Z1) + (Yo, Z2)) + X2 ((Y1, Z1) + (Y2, Z3))
= Vi, (M1, Z1) + Vi, (Y2, Z)
+ Vi, (Y1, Z1) + V&, (Ya, Z2)
=V, (V1,Z1) + 0+ 0+ V5%, (Y2, Z2) . (23)

The last equality is due to the fact that (Y7, Z;) is a function on M, hence V%Q (Y1,Z7) =0, and by
symmetry V%(l (Y2, Zp) = 0 as well. By a similar argument, we also have the following:

(VxY,Z) = (V1,21 + Z3) + (V&, Y2, Z1 + Z)
= (Vi Y1, Z1) + (Vx, Y1, Z2)
+(V&, Y2, Z1) + (V%, Y2, Z2)
= (Vi Z1) + (Vi Y2, Z2) - (24)
The first equality is due to equation (18), the assumption that V is a product connection. The
last equality is due to a similar reason as equation (22), where <V%(1 Y1,7Z5) = (V%2 Y>,Z1) = 0, since

i, Zi =0, and n*iV&ij =0fori #j.
Subtracting equation (24) from equation (23), we have the equality:

X(Y,Z) = (VxY,Z) = Vi, (Y1, Z1) + 0+ 0+ V%, (Y2, Zp)
- <<v%(1Y1/Z1> + <v%(2Y2/ ZZ>)
= <V¥121/Yl> + <v%(*121/Y1> ,

where V1", V2" denote the g1, g>-dual connection to V', V2 on M, N respectively. The unique
[12] g-dual connection to V of M x N, denoted by V*, is thus given by the following:

Vi iy, X1+ X2 = V. X1 + Vi X,
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Furthermore, since the curvature of M x N satisfies product curvature tensor described in
equation (19), if (M, gl,Vl,Vl*), (N, g2, V2, VZ*) are both dually flat, then so is their product
(M X N/gl +g21 Vl 5>} v21 vl* D vz*)‘

O

Remark 8. By the theorem above, Ly = So x Sy x --- S is therefore a product manifold with product
dualistic structure:

A A A A A A
{go@@go"vo@@va,vo*@@@a*} — {gDKL@@gDalvDKL@@vDa’vDEL@@VDa} ,

a=1 a=1 a=1 a=1 a=1 a=1

where the equality follows from equation (17) and the discussion towards the end of Section 3.2. 3

Since mixture coefficients Sg correspond to the family of multinomial distributions, which in turn is a
member of the exponential family, it is dually flat. Therefore by the above result, if the mixture component
families S1,...,Sa on orientation-preserving open cover {th}a 1 are all dually flat, then so is S1,...,Sx.
Therefore by applymg induction on the above result, Lyy = So x Sy X - - - S is also dually flat.

Recall from equation (7) that a divergence function D on Ly can be defined by the following:

DtﬁvXﬁvﬁR

A A A

D(p,§) =D (21 PaPas Z (P&%) := Dxr ({@u}, {9 }) Z
A
Bos(z) Lo

Consider (So,go, A\ VO*) , (51,g1, v vl*) e, (§A, an, VA, WA*) as dually flat manifolds
with their corresponding dualistic structures. *

We will show that: if Sy, Sq,...,5 are all dually flat, the divergence function D defined in
equation (7) is in fact the canonical divergence of Ly = Sy x S x - - - S, with respect to product
dualistic structure

A A _ i A .
{go@@gmvo@@v“,vo o P Ve }

a=1 a=1 a=1

Let (6°, 770) denote the local go-dual coordinates of Sy, and let (§*) denote the local V*-affine
coordinates of S, for a € [1,...,A]

By the discussion towards the end of section 3, let i, denote the pulled-back potential function
on S, defined by local coordinates (6*) and pulled-back metric §, on S,. The §,-dual local coordinates
to (%) can be defined via induced potential function §, by: (ﬁfx = %1/3,1).

Since Sy and S, are all dually flat for a € [1,..., A], we can write the divergences Dk and D, of
Sp and S, in the canonical form [5] respectively as follows:

For detailed discussion of the dualistic structures on S, S1,...,54 please refer to the beginning of Section 4.3.
Please refer to the beginning of this section (4.3) for detailed discussion of the induced dualistic structure on S, for
ae(l,... Al
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Di(¢,¢') = yo(p) + pi(¢) — (8°

@),m(e")
Da(Pa,din) := PalPa) + Bs (Ga) — (0* (Pa),

Tu(qa))
The functions ¥} and §} denote the Legendre-Fenchel transformation of ¢ and §,, and given by
the following equations, respectively:

9i(9") == sup {(8°(9), mo(9")) —Yol9)}
PESo

1/3;(%) = ~SUIS? {<§a(ﬁa)/ﬁtx(97a)> - ‘;Elx(ﬁrx)}
PaSon

The divergence D on Ly from equation (7) can then be expressed as:

A A A
D(p,q) =D (;%pm Zjlqv;qa) = Dxr ({@a}, {94}) + ;D
=¢o(¢)+¢8§( ") —(6(9),n(¢")
+ Z Po(Pa) + Fa (Ga) — (0 (Pa), 7 (da))

A
= <1Po((P) +Z¢’a(ﬁa)> + (wa((p’) + ;&lw)

First and second part is convex due to linearity of derivative, the independence of parameters
given by condition C2, and the Hessians of potential functions ¢, {1, . .., o are positive semi-definite.
The third part is a sum of inner products, which is again an inner product on the product parameter
space in &g X Ep X -« Hj.

Recall that the parameters of the mixture distribution p(x,&) € Ly are collected in (Gi)?zl =
(69,6%,...,00) € Bg x By x -+ x Ep, where d := dim (Eg X By X -+ X Ep). "

By linearity of derivative and condition C2, the gP-coordinate dual to (&)%, is given

by (no,71,...,7A) = (a% (1/)0(41) + YA, 1/3,,((;5,,4)) ) Furthermore, the dual potential of
(l[Jo(qo) + Y2 e (ﬁa)) is given by the following Legendre-Fenchel transformation:

5 Recall that coordinates 6° of mixture coefficients are not pulled-back.
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+
(%((P) + 2@&(%)) =

A
sup {<<90(€9)/’70(<P/)> + Z<5”‘(ﬁa),ﬁa(%)>> - (%((P) +Z¢’a(ﬁa)>}

9E€S0,PuESn a=1 a
A

= sup {(<e°<¢>,no<qo'>> —0(9)) + Y ((0*(Pa), a (d0)) —%(m))}

QESY,Pu €S a=1

A

= sup {(©(¢).10(¢") ~ pol0) | + 1 sup {(*(7) 1a(30)) = (P}

PESy x=1pn €Sy

A

= yi(¢) + ;&Z(%)

The third equality follows from the functional independence of ¢ € Sp and f,’s in S,. Hence
the Legendre-Fenchel transform of the first component of D is exactly the second component of D,

therefore D is the canonical divergence of (EV, QODL 15,V B, VEVY oLV ”‘*>.
Finally we discuss generalizations of the constructions discussed in this section.

4.5. Inheriting densities of unbounded support

Whilst the previous discussion allows us to inherit families of distributions supported in open
subsets of Euclidean spaces R", it can be extended to inherit families of distributions with unbounded
support over R".

One way is to inherit family of distributions with unbounded support by applying the
orientation-preserving bundle morphism construction twice.

Let x € M be arbitrary. The first bundle morphism is constructed via a diffeomorphism between
R" (linearly isomorphic to tangent spaces Ty M of M) to star-shaped open neighbourhoods V, about
the origin of tangent spaces TxM of M.

Using the bundle morphism construction discussed in the beginning of this section, this allows us
to construct a family of distributions supported V.

The second bundle morphism is constructed via local diffeomorphism exp, : V, € TyM — M
from a (star-shaped) open subset V, C TyM = R" to exp, (Vx) C M as discussed in the beginning of
this section. We discuss this more formally as follows:

Let M by a Riemannian manifold and let x € M be arbitrary. Consider a metric ball B(x,€x) C M.
6

Metric balls B(x, ey) in M are geodesically convex, hence Vy := exp,!(B(x,¢€y)) is open and
star-shaped in TyM = R" about 7 € Ty M.

By Gonnord and Tosel [20], there exists a diffeomorphism fy : Vx — R”, and by lemma 2, we can
assume fy to be orientation-preserving.

Let S be a family of probability densities supported in R”. We can induce a family of probability
densities S on M by the following composition of orientation-preserving bundle morphisms.

6 One could, for example obtain it via an element of an orientation-preserving open cover of M by metric balls:

{0a (Wx,) = B(xa, €x,) }, e discussed in lemma 1
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* —1*
S C Prob(R") SECEN Prob(Vy) T L 8c Prob(M)

! I |

R" A Ve C Te:M % exp, (Vx) = (B(x,ex)) C M

Alternatively, we may also consider the family of truncated distributions S C Prob(Vy) supported
in V, obtained from S C Prob(R") by:

S:= L|p €S C Prob(Vy)
v, P

4.6. Densities on general M

In the previous discussion, we assumed M to be a smooth Riemannian manifold. In this subsection
we discuss briefly how the approach can be extended easily to the case where M is a smooth topological
manifold with no pre-defined Riemannian structure. Indeed, a Riemannian structure is only required
for lemma 1 to construct an open cover by metric balls of totally bounded set V of M. Since there is no
additional conditions on the Riemannian structure, it can be arbitrarily defined.

Since smooth topological manifolds are paracompact, there always exist a Riemannian metric.
Here we discuss a specific metric inherited via a given orientation-preserving open cover.

Let {(pa, Ux)} denote once again an orientation-preserving open cover of M.

Let h, be a positive definite 2-form on Uy,. Then (p;l*h“) : Ty, M x Ty, M — R is the pulled-back
metric on each tangent space for x, € pu(Uy). A Riemannian metric on M can thus be constructed via
partition of unity subordinate to regular refinement of {U, }.

5. Example

Finally we illustrate our approach with the following example on unit 2-sphere S?.

5.1. Local bivariate Gaussian distribution on S?

Let S" denote the unit n-sphere in R"*1:
St = {x e R ||x]| = 1}

For simplicity, we will let n = 2 for the rest of the discussion. Consider the “northern" hemisphere
denoted by V4 = {(x,y,z) € S?*z > 0}.

In the existing literature, discussed in Example 2, family of probability densities on V; can be
inherited via the following bundle morphism:

1 *
Sy, C Prob(U;) S BN Prob(V7)

L |

Uy © TyS? & V; = expy(Uy) C S2
expy
where N = (0,0,1) € V; denote the north pole on the sphere S?, expy : TnS? — S? the
Riemannian exponential map centred at N, and U; C TyxS? a neighbourhood about T e TnS? locally
diffeomorphic to V; under exp,;. Family of probability volume densities on Vj is thus given by the
following map:

p € Sy, C Prob(U;) — logy p € Prob(V;)
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In practice this approach may be computationally expensive, as finding the inverse of Riemannian
exponential map involves solving a second order differential equation: geodesic equation. In the
2-sphere it is given by the following: Let x € S* and v € TyS? be arbitrary. Geodesic y(t) on S? with
7(0) = x,79'(0) = v is given by:

v :la,b] — S?
. v
t > cos (t||v]]) x + sin (¢||v]|) Toll
In this work, our approach allows us to consider the alternative maps that also preserve the
geometrical structure of Sy,. In particular we may consider any arbitrary diffeomorphism (by lemma

1), and in this case we consider the restricted spherical coordinates on V; from {1} x U;, where
U == (0,%) x (0,2 m), is given by:

p:{l}xU1—>V1CSZCR3
(1,9,0) - (1-singcosf,1-singsinf,1-cos¢) . (25)

This map is the restriction of 3-dimensional spherical coordinate parametrization on the unit ball,
which is an orientation-preserving diffeomorphism on [0,1] x U;:

f:00,1] x Uy — R3
(r,9,0) — (r-singcosf,r-singsinb,r - cos ¢)
Since p is an orientation-preserving on [0,1] x Uy, sois p(1,¢,0) = p (1, ¢,0)|,_; on {1} x Uj [8].

Moreover, p is a bijective immersion” hence a diffeomorphism on {1} x U; with inverse p~(x,y,z) =
o (x,y,2) e — where p~! denote the inverse of /i given by the following:

o LR = [0,1] x Uy
— (/2 t 2422 tan-1 (¥ -1 z
<xf%z)*>(“f"9)< ¥yt 2% tan (z)'cos (m))
The matrix Dg~! is given by:

r x y 2 -

Vet iz SRR

Z
- - st
X2y 422 xZ4y2+22 + xZ4y2+22

2 -1 2 -1
-4 (5 +1) (5 +1) 0

zx 1 zy 1 1 1 . z2 1
x2412472)3/2 2 x2412422)3/2 2 X2 y2 422 1x2412422)3/2 2
y S S | y 2 y

7 Since rank of p, is 2 = dim(U;).
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and the corresponding determinant is given by the following, which is always positive for
x,y,z e R

1 1
x2 4 y2 + z2 X242
Ty

Therefore ! is orientation-preserving, and so is p 1.8 Since 1/x2 + 32 + z2 = 1 is a constant in
S? < R3, the determinant of Dp~! becomes:

1

which is always positive on S2.
In this example we will inherit truncated bivariate Gaussian distributions on the rectangle
Uy =(0,%) x(0,2-m) = {1} x Uy:

p(p,0) := jpclpe((‘Pﬂ)Vul)TZul((%G)llul)
where A, = fUl p(@,0)dedf, and c, is the standard scaling factor of bivariate normal

distributions given by 27, /|Zy,|. Let Sy, := {p(¢,0)} denote the family of truncated Gaussian
distributions supported in Uj.

Induced distributions Sy, on V; C S? via pullback bundle morphism induced by p~! is given by
the following commuting diagram (c.f. Section 4.1):

_ -
Sy, C Prob(U;) — Sy, C Prob(S?)

L !

U ——= Vi =p(th) C &

The induced probability density € Sy, := p~' Sy, on p(U;) C S? is given by (see equation (4)):

pr=p V'p=pop1:8> =R , forpeSy

The close form expression of § € Sy, is thus given by the following expression:

" _ 11
plx,y,z) = A, e

(07 (x.2)—puy) B (0 (x2) ) )det Dy !

Cp

_ 11 o e ) TR (0 vy ) L

Apcp /x2 42

where r := x% + % + z2> = 1 in S%. Notice since z = /1 — x2 — 12 on S?, the change of measure
only depends on x, .

Furthermore, since §u] is an exponential family, which is an a-affine manifold with « = 1 and p is
a (local) diffeomorphism hence a sufficient statistics for Sy,, by example 1, Sy, is an 1-affine manifold

8 By aslight modification to the proof of Lemma 13.20 of [8].
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as well. The canonical divergence on Sy, is given by the Kullback-Leibler divergence Dk, hence the
induced divergence D; on Sy, can thus be computed by:

Di(oe " pp " q) =Dki(p,q) , forpqeSy . (26)

As an illustration of the construction of pulled-back dualistic structure and induced divergence
discussed in Remark 2 Section 3.

Let V, = {(x,y,z) € S?|y > 0} denote another closed subset of S* and let V = V; U V;, denote a
totally bounded subset of S2.

Analogous to the previous construction, we once again consider restricted spherical coordinate
in equation (25): p : {1} x Uy — V, on V; from {1} x U, where U, := (0,77) x (0, 7). p is an
orientation-preserving diffeomorphism on {1} x U,. Let Sy;, denote family of truncated Gaussian
distributions supported in Uy, and let Sy, := p’l*guz.

Let So := {{@1, 92} | 1, 92 € [0,1], 91 + ¢2 = 1} denote the set of mixture coefficients. Consider
the set of mixture densities Ly given by:

Ly :={g1-p1+ g2 P2| {91, 92} € So,P1 € Sv;, P2 € S, }

Since Sy, Sy, are both dually flat, by the previous section, the canonical divergence Dy of dually
flat manifold Ly = Sg X gvl X §V2 can thus be evaluated by equation (7):

2 2
Dy(p,q) = 2 ¢u log (27) + Z Do (Pa,Ga)
a=1 ® a=1

where fi := Y2_| @u - Pa,§ := Y2_q @u - Gu € Ly, and Dy is the induced divergence on Sy, for
« = 1,2 respectively given by equation (26).

-05 05

0.5 05

Figure 1. A sample from a mixture of induced Gaussian distributionon V = V; UV,

1 7 0
¢1=5; Hu = (0,0); Ty = { 0 x }

1 T TN | m/32 0
<P2—§f VUZ_(EIE)f Yy, = [ 0 332 }
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