Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 March 2018 d0i:10.20944/preprints201803.0066.v1

Holomorphic Embedding Load Flow Modeling
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Abstract—With large-scale distributed generators (DGs) in an
active distribution network (ADN), conventional load flow
convergence failure is incurred by heavy power transmission. The
Holomorphic Embedding Load Flow Method (HELM) has proven
to be more robust than the Newton-Raphson method under heavy
power transmission. At present, HELM is mainly designed for
balanced transmission networks. In this study, we developed a
three-phase HELM model to accommodate DGs, delta connection
loads, and ZIP loads for ADN. The effectiveness and better
performance of the proposed method under heavy load situations
were validated using modified unbalanced IEEE 13, 34, 37, and
123 test feeders.

Index Terms—Active Distribution Network; delta connection;
Holomorphic Embedding Load Flow; three-phase

I. INTRODUCTION

oBUST distributed load flow is the cornerstone of active

distribution network (ADN) management and control. The
Holomorphic Embedding Load Flow Method (HELM)
provides a solution to power load flow convergence under
heavy power transmission. HELM is non-divergent, which
assures its robustness under heavy load scenarios [1] and it is
also unsensitive to initial points like the Newton—Raphson
method (NR); additionally, in contrast to the NR, it is not
sensitive to the initial point. Large-scale distributed generators
(DGs) in the distribution network push the ADN load flow
close to the divergent region. Hence, a more robust three-phase
HELM for ADNs is proposed to cope with this issue.

A. Related Work

HELM, first introduced by A. Trias [1], uses a holomorphic
power balanced equation (PBE) to transform the complex node
voltage into a function of the node voltage power series with
analytic continuation techniques [2][3]. Subramanian et al. [4]
extended the PBE for PV nodes with active power constraints,
expressed as the summation of two conjugate complex power
and voltage magnitude constraints determined by two
conjugate complex voltage multiplication. Systematic
description and comparisons of HELM and NR are given in [5].
The ZIP load model provides a more accurate feature
description of power networks and is derived in detail in [6][7].
Direct current (DC) devices [8], flexible ac transmission system
(FACT), and transformer taps [9] can also be modeled using
PBEs.

HELM has been implemented in voltage stability analysis
[10][11] and nonlinear network reduction [12]. Compared with
step-by-step NR-based continuation flow methods, HELM is

capable of calculating the load flow under different load scales
simultaneously [13][14], instead of step by step, which speeds
up voltage stability. Moreover, the initial point of HELM is not
necessarily 120, and it is applicable to large-scale transmission
networks [15].

B. Main Contribution

The existing model for HELM is applied mainly to balance
transmission networks. In this study, to assure HELM
application in ADN, three-phase network constraints of the
complex node voltage power series for ADN were developed to
cope with the delta connection load, ZIP load, and DGs.
Phase-to-phase complex voltage variables and additional linear
constraints were added in the proposed three-phase HELM
model to handle delta connection devices. To improve
three-phase  HELM efficiency, conventional nonlinear
zero-power injection-network constraints are converted to a
linear zero-current injection network. Based on this approach,
we implemented numerical simulations on modified
unbalanced IEEE 13, 34, 37, and 123 test feeders to compare
the proposed three-phase  HELM with NR and
Levenberg—Marquardt (LM) methods.

Il. HELM INTRODUCTION

We begin with an introduction of HELM, in which we
assume that the complex node voltage can be expressed as a
power series of complex humber s :

V(s):Zw:V[n]sn : 1)

where V[n] is the Taylor series coefficient and n is the index.
The PBE Taylor series generally has the following form:
F(V(s))=G(V(s))
= f[0]s® +---+ f[n]s" = )
G[0]+s(g[0]+-+g[n-1]s"")

where f[n] and g[n] are Taylor series coefficients and n is

the index.
Given that the coefficients on the left and right sides must be
equal, new equations for PBE are obtained:

t(V[o]v[1],-)= f[0]=g[0]=g(V[0]V[1],--);

@)
f[n]=g[n-1];
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where f(V[0],V[1],--) and g(V[0].V[1],-
functions of V [0],V[1],---V[n].

Therefore, HELM can be used to solve the PBE with
recursive liner equations, as shown in (3), giving
V[0],V[1],---. The load flow solution is obtained at s=1. The
complex node voltage at s=0 is called the ‘white germ

solution,” which is determined by solving the constraint
equations of the linear alternating current (AC) network.

A. Linear Constraints in HELM

Here, we describe the linear constraints of HELM. We
assume that the linear constraints for the complex node voltage
are given by:

-) are linear

A-V =b. (4)
According to (1), the above equation can be described using
a power series:

AY V[nk" =b. ®)
n=0
Then the linear constraints of (5) can be transformed into:
AV [0] =
AV[1]=0

: (6)
AV[n]=0

HELM can easily accommodate the linear constraints. The
slack bus constraints, sequence transform equations, and zero
current injection bus are all described by (6). These models will
be detailed in Section IlI.

Il. THREE-PHASE ACTIVE DISTRIBUTION NETWORK MODEL

A. Definition of Three-phase Bus and Calculation Node

In three-phase network analysis, each bus will have a
one-phase node, two-phase nodes, or three-phase nodes. Herein,
for the sake of clarity, a three-phase Bus (TBus) represents a
collection of nodes and calculation nodes (CNodes) are the
nodes used in three-phase load flow numerical calculations.

B. Y-Connection PQ Load TBus

There are three CNodes for the Y-connection PQ load. It is
not difficult to handle each PQ CNode in three-phase HELM.
The holomorphic embedding formulation for each CNode is as

follows:
ZYI ne tr( n,

= (Spi _JQi)
-(wi* [0]+W;"[1]s +W:"[2]s? +)

0]+V,, [L]s+Vi, [2]s? + )
, )

~SY; 41 (vi [0]+V; [1]s +V; [2]s +)

where i and n, denote the CNode index, P, and Q; represent
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is the CNode admittance

W, (s) is defined

the node injection power, and Y;,

matrix without the shunt at CNode i Y, .
as:

=W, [0]+ W, [1]s +W; [2]s® +---. (8)

Given the germ solution V; [0], the coefficients in (8) can be
calculated by the convolution of W," (s) and V" (s):

Wi*[O]:J/V-* 0] forn=0
W' [n]= ZW [V [n—7]/V[0] forn>1
=0
C. D-Connection PQ Load TBus
Assume that i, j,k is responding to ABC three-phase

CNodes in a D-Connection PQ load. To describe the
D-connection PQ load between CNodes, phase-to-phase
complex voltage is added as an additional variable, with the
following linear constraints:

Vi =V, -V, . (10)
Vki :Vk _Vi

The linear constraints are easily accommodated by HELM,
as discussed in Section I1A.

The D-Connection PQ load branch current will contribute to
CNode injections at both terminals. For instance, at CNode i,
the holomorphic embedding formulation is given by:

ZY.n oVl

__(Spij _jQij) ,
(W [0]+ Wy i [L]5-+ Wy 5 [2]% +--)

[0]+V,, [2]s+Vp, [2]5° +-+)

(11)
~SY; 4n (vi [0]+V; [1]s +V; [2] +)

* 1 * * *
Wor ij (8) = =755 = Wor j [0+ Wor jj [1] 8 +Wor [2]52 o
Vi (s )
At CNode j, the holomorphic embedding formulation is
expressed as:

ZN:YJHC tr (Vnc [0] +Vnc [l]S +Vnc [2]52 + )
=1

:(Spij _jQij)

(Wi [0]+ Wy [L] 545y [2]7 +--

(12)

~SYj (vj [0]+V, [1]s+V; [2]s? +)

D. Distributed Generators Model
Herein, three-phase (i, j,k ) power electronic-interfaced
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photovoltaic generators are mainly considered.
o

Zag ::li

Fig. 1. Simple illustration of distributed generators (DGs).
The power electronic-interfaced generators can be modelled
with a current or voltage source behind impedance Z, , as

shown in Fig. 1. There are mainly two kinds of control modes
for the three-phase converter [16]: balanced internal voltage

V= Vel =v,e " and balanced injection current

| = |jej120° _ Ike’jlzoo
i .
1) Balanced internal voltage without voltage control
For this kind of DG, there are two linear voltage constraints:
V; =Vl
. (13)
V; =V, e 1120

The three-phase total active and reactive powers are known.
Thus, the holomorphic embedding formulation is given by:

N
zYi,nc,tr (Vn [O]
e]120 ZY] ng tr(

gi120 ZYMH (Vo [0]+V,, [2]5+V,, [2]5° +...)

= (Spd;__deg)
-(Wi* [0]+ W, [1]s +W;"[2] s +)

+V,, [1]s+V, [2]s? +---)+

[0]+Vy, [1]s+Vi, [2]52+.--)+
. (14)

-SY, 4y (vi [0]+V; [1]s +V; [2] 2 +...)

—seT2y, (V; [0]+V;[a]s+V; [2]s2+-+)

—se"Y, o (V;[0]+V; [a]s+V, [2]s2 +-+)
where Py,,Qqyq corresponds to the total active and reactive
power.
2) Balanced internal voltage with voltage control

For this kind of DG, apart from the two linear voltage
constraints, there is an additional holomorphic embedding

formulation for voltage magnitude |V,| control:

sp\e _
Vire [n] =0ng + 0y ———— (VI ) ' 2 ZV [T (15)

where subscript re denotes the real part of the complex number,
V;* is the voltage magnitude control targets, and &,; is the
Kronecker delta function:
lifi=n
5ni = . .
0 otherwise
A detailed derivation of (15) can found in [5].

(16)
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The total reactive power for the DGs will be unknown. The
holomorphic embedding formulation is written as:

N
zYi,nc,tr (Vn
gi120° ZYJ N tr(
gi120 ZYk,nC’tr (Ve [0]+Ve, [1]5+V,, [2]5% +-+-)

- (Spdg _j(ng [O]+ng [1] st +Qqq [2]32 +))
'(Wi* [0]+Wi* [1]s + W [2]52 +)

0]+V,, [1]s+V, [2]s? +-..)+

[0]+Vy, [1]s+Vi, [2]52+.--)+
(17)

=Y, g (Vi [0]+ Vi []s +V; [2] 8%+
—seTy, (V; [0]+V;[a]s+V, [2]s2 +-+)
—se"y, (v; [0]+V; [a]s+V;[2]s? +)

Multiplication of two power series can be described with
convolution; as such, the coefficients in the above equations
can be converted to the following:

N N
ZYi,chnc [n]+e 220 ZYJ,chnc [n]+
n.=1 n.=1
N
"y o Vo, [N]
n.=1

* . n-1 .
=Py W, [n—l]—j(ng [n]+C%nv(Qd9 W, )j

=Yi snVi [n—l]—Yj’nflVi [n—l]—Yk’nfle [n—l]

, (18)

n-1 N
where Conv(ng *W, ) denotes the convolution of the two
1

power series.
3) Balanced injection current

For this kind of DG, the injection current power for CNode
ij,k I, Ij , I, are added as unknowns. The power series is
given by:

=> I [n]s" (19)
n=0
The linear constraints for injection current are as follows:
l; = 1,112
o (20)
I, = 1,e7 1%

The total injection power constraints are expressed by:
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Vi(1) V5 (1) Vi (1)
Vi [0]+V; [1]s+V; [2]s% +

12 (v [0]+Vj [1]s+V;[2]s? )+ (1)
+e7 120 (v, [0]+V, [1]s + Vi [2] 2+
=(sPdg Jng) ( D; [0]+D; [1]s+D; [2]52+-~-)
where:
D} () == = I [0+ [t + 1, [2]8% +-. (22)
i(s)
E. ZIP Load

The current component in ZIP load is of utmost important in
the holomorphic embedding formulation. The constant
impedance and constant power parts of the ZIP load are
represented, respectively, as a linear impedance branch and PQ
load with respect to the CNode voltage (for the Y-connection or
with respect to the phase-to-phase voltage for the D-connection
branch).

For the Y-connection current component, the load can be
described as:

Si =a, R M|+ jag, Qo |V (23)
According to the derivation in [6], the coefficient power
series of the injection current is given by:

1, [n]-21 [0] = (ap, By ~ j8q1Qo ) Zn:vi [n—iw[j]

(24)

—HZ:I [n—i]1[i

Slmllarly, a derivation can be
D-connection current component
phase-to-phase branch current 1;;.

implemented for the
with respect to the

F. Zero-injection CNode

Unlike the existing HELM, the zero-injection constraints can
be written in terms of the linear constraints in the proposed

model:
N
D Yin Vo =0. (25)
n.=1

As described in Section 1A, HELM can easily accommodate
linear constraints. With (25), for example, ADNs with a
large-scale zero-injection CNode can be solved more
effectively.

G. Step Voltage Regulator

A step voltage regulator (SVR) is widely applied in ADNs,
as illustrated in Fig. 2. The line voltage drop compensator is
coupled to the distribution line through a voltage transformer
(turns ratio Npp :1) and a current transformer (turns ratio
CTp : CT,). The impedance of the compensator represents the

equivalent impedance from the regulator to the load center. The

d0i:10.20944/preprints201803.0066.v1

relay voltage is given by:
Vrelay :Vreg _Vdrop :Vreg _(Rij,cQ + inj,cQ)Iij , (26)
where  Rjj . +]Xjjcq denotes compensator impedance in

ohms, V

reg 1S the voltage at voltage transformer secondary side,

and Vyyo, is the voltage drop along the equivalent compensator
impedance with line current ;.

Similar to the load flow calculation procedure in [17] and
[18], the tap calculation of the SVR tap =round

(

Herein, round means to round to an integer number.

Virelay —VSP‘/OJS) is updated after obtaining the flow solution.

‘ . il CT,iCTg
<g 'f-,l reaa. I
‘ f& i Lij j
s ~Rijca + Xjjca
Y
-Vdro;

Voltage

E Vreg Vrelayr\ Relay

3
Do g
LQ

Fig. 2. Step voltage regulator (SVR) with line drop compensator.

In conventional ladder iterative load flow, the SVR is
modelled as an ideal transformer. However, in three-phase
HELM, the SVR is modelled as an ideal transformer with a
very small impedance. This has little impact on the three-phase
HELM results, while ensuring that the SVR can be
incorporated easily into the admittance matrix. This approach is
also used in the implicit Z,,, method of OpenDSS [18].

H. Floating point network

Floating point network problem will be posed for active
distribution network of Delta connection with no reference
CNode. To cope with this issue, the zero sequence reference
constraints for three-phase abc CNode (i, j,k) will be added.

(27) is linear constraints and can be handled according to
Section l1A.

IV. FLOWCHART OF THE PROPOSED THREE-PHASE HELM

The steps for the proposed three-phase HELM are given
below.

Step 1: Calculate the complex voltage V, [O] complex
phase-to-phase voltage V; [0] complex injection current
I;[0] (for DGs),
I;[0] (for Delta connection ZIP loads) with only linear
network constraints YV [0]=0 for normal CNodes, (10)(13)

(20).

and complex phase-to-phase current
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Step 2: For the m step, according to proposed power series
expression (7)(11)(14)(15)(17)(21)(24), calculate
Vi [m].V; [m], 1; [m], 1 [m].

Step 3: Compare the power mismatch with the small
convergence criterion; if satisfied, go to Step 4. If oscillation
occurs, then stop (failure). Otherwise, go to Step 2.

Step 4: Check the SVR for a voltage limit violation. If a
violation has occurred, update the SVR tap and return to Step 1
to update the admittance matrix.

Step 5: Calculate all
x = x[0]+x[1]+x[2]+---.

Note that for HELM, oscillation of the solution means that

the load flow cannot be solved.

variables using

V. NUMERICAL TESTS

The proposed three-phase HELM was implemented on
modified IEEE 13, 34, 37, and 123 test feeders with DGs. Table
I lists the arrangement of the DGs for each case. The positive
and negative sequence impedance of each three-phase DG was
0.00254 p.u., and the zero-sequence impedance of each DG was
0.004 p.u. The specified complex power for the three-phase DG
was 0.008 + 1j * 0.008 p.u., and the base power was 1 MVA.
All computations were carried out with MATLAB on an Intel
(R) Core (TM) E5-2630 central processing unit (CPU) with 2.2
GHz and 128 GB RAM.

TABLE |
DG ARRANGEMENT AND PARAMETERS

Case name Bus no. with For voltage control,

three-phase DG specified voltage

magnitude

IEEE 13 634, 675, 670 0.971, 0.962, 0.973

IEEE 34 802, 848, 836 1.049, 1.1, 1.099
IEEE 37 740, 725, 731 0.908, 0.920, 0.915

IEEE 123 89.87, 91 1.020, 1.02, 1.02

A. Threephase HELM in Comparison with Conventional NR
and Levenberg—Marquardt Load Flows

In the proposed three-phase HELM, NR method, and LM
method, N, denotes the number of terms in the power
series utilized in HELM; Nz and N ,, denote the numbers
of iterations taken by the NR and LM methods, respectively.
tuem » Ik o tuw » denote the execution time of three-phase
HELM, NR, and LM. Mg v » Mygm » Mg m denote the

mismatch of three-phase HELM, NR, and LM.
The test case IEEE 13H denotes a heavy load situation with
all loads multiplied by 2.3.

TABLE Il
THREE-PHASE HELM IN COMPARISON TO NR AND LM
N M

Case name HELM Ny NnR HELM | M,y

|IEEE 13 30 13 4 8.5E-6 1.5E-10

|IEEE 34 30 25 3 7.7E-6 1.5E-3

|IEEE 37 30 13 3 1.2E-6 7.1E-10
IEEE 123 30 25 3 2.0E-6 5.8E-3
|IEEE 13H 30 25 - 9.3E-6 4.2E-3

t
Case name MnR HE';M ( tm©) [ thr )
B
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IEEE 13 1.3E-13 0.141 0.087 0.005
IEEE 34 1.8E-11 0.57 0.151 0.008
IEEE 37 4.7E-12 0.483 0.1047 0.0065
IEEE 123 8.2E-10 1.016 0.233 0.076
IEEE 13H - 0.146 0.121 -

As illustrated in Table Il, a comparison of three-phase
HELM with robust LM shows that both can obtain a solution
under a heavy load; however, HELM provided more stable
results than LM, with LM showing a large mismatch.
Comparing three-phase HELM and NR, NR obtained the most
accurate results and was faster than HELM and LM; however,
NR was not robust under a heavy load. We were unable to
determine the execution time of three-phase HELM, as it
requires additional study, e.g., zero-injection CNode modeling.
Figures 3-10 show the load flow results of HELM and NR; the
voltage magnitude and angle calculations were in good
agreement. In summary, three-phase HELM is promising for
ADN analysis.

—OS—HELM

NR

o
®

pu voltage
o = = =
o o o o
oo - N B ()]

o
©
>

o
©
=

o
©
N

20 25 30 35 40 45
node idx

o
(9]
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2

Fig. 3. IEEE 13 voltage magnitude results.
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Fig. 4. IEEE 13 voltage angle results.
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B. Comparison between Linear Current Constraints and
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methods, we let N, denote the zero-injection CNode
percentage in ADNSs, t,, the CPU time of HELM with
nonlinear zero injection power constraints, and t, the CPU

time of HELM with linear zero-injection power constraints. As
shown in Table I, the zero-injection CNode percentages in the
ADNSs were large. We expect HELM performance to improve
significantly with linear zero-injection current constraints.

TABLE Il
THREE-PHASE HELM IN COMPARISON TO NR AND LM
Case name Nzero % t/tae
IEEE 13 58.54 0.34
IEEE 34 64.44 0.36
IEEE 37 73.68 0.42
IEEE 123 66.44 0.38

VI. CONCLUSION

HELM was applied to ADN network load flow analysis.
Coping with the three-phase features of the delta-connection
load, DGs are of fundamental importance for three-phase
network analysis.

The linear zero-injection current holomorphic embedding
formulation proposed in this paper can improve the three-phase
HELM.
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