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ABSTRACT. In this paper, we define a (p, v)-extension of Hurwitz-Lerch Zeta function by considering an
extension of beta function defined by Parmar et al. [J. Classical Anal. 11 (2017) 81106]. We obtain its
basic properties which include integral representations, Mellin transformation, derivative formulas and
certain generating relations. Also, we establish the special cases of the main results.
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1. INTRODUCTION

The Hurwitz-Lerch Zeta function and its properties are appear in various recent research papers (see
e.g., [10] pp. 27, [24], pp. 121 and [25], pp. 194 ) The definition and integral representation of

Hurwitz-Lerch Zeta function respectively given by

o0 Zn
o =) 0 1.1
(2.0,a) g(Ha)U, (1.1)
(a € C\Zy, s € C,when|z| <1;R(c) > 1lwhen|z| =1).
1 o0 po—1,—at 1 oo ta—le—(a—l)t
(0] = dt = dt 1.2
(z.0,0) = 7753 /0 1— 2t~ T(o) /0 ot — 2 (1.2)

(R(o) > 0,R(a) > 0,when|z| <1(z # 1);R(c) > 1 whenz = 1).
Many extension and generalizations of (1.1) found in the literature (see .g., [3, 7, 10, 11]). In [13], authors
gave the following generalization and integral representation:

* - (C)n Zn
) = —_— 1.
C(z,a,a) 1;0 n (’I’L—‘y—(J,)U7 ( 3)
((eC,aeC\Zy,seC,when|z| <1,R(c —() > lwhen|z| =1).
1 e taflefat 1 00 tailei(aig)t
138 = dt = dt 1.4
S == L o e 4

(R(o) > 0,R(a) >0,when|z] <1(2#1);R(c) > 1whenz =1).

The extension of (1.3) and its integral representation are given in [12]:

(I)QS;C(Z’ ; CL) - Z (27):(;1)'" (’I’L j‘ a)o ’

n=0
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(0,5,(€C,aeC\Z,,seC,when|z| <1,R(c+{—po—5)>lwhen|z| =1).

1 * ol —a _
ég,c;c(Z,J,a):m/o t" te tQF1(,Q,§;<;Z€ t)dt (1.6)

(R(o) > 0,R(a) >0,when|z|] <1(2#1);R(c) > 1whenz =1).

In [21], more generalization and integral representation are given in the following form,

oo

(Q)nB(§ +n,( — g;p) z
7’; B(§7C—§)n! (n+a>a’

n

Dy gic(2,0,a;p) = (1.7)
where (p > 0,0,¢,(€C,ae C\Z;,s€C when |z <1, R(c+(—0—¢)>1, when |z] =1) and
1 o 1
Pyeic(z,0,0) = m/o [ e_“tFp(g,g;C;ze_t>dt (1.8)
where p > 0,%(0) > 0R(a) > 0,when|z| < 1(z # 1);R(0) > 1 when z = 1, and F}, is the extended
hypergeometric function (see [5]).

Now, we recall the following:
The extended beta function B(d1,da;p) due to [4] is

1
B(01,02;p) = Bp(d1,02) = /t51-1(1 ty2—lemmh dt, (1.9)
0
where R(p) > 0, R(z) > 0,R(y) > 0 respectively. When p = 0, then B(d1,02;0) = B(d1,2).
In [23] Parmar et al. defined extended beta function as:

/2
Bv(61762; )_ 51»52’177 p/ t61_7 2_§Kv+ <t(1p%t))dt7 (110)

where R(z) > 0, R(y) > 0 and K, 1 () is modified Bessel function of order v. Obviously, when v = 0
then Bg(d1,d2;p) = B(d1,02;p) is the extended beta function (see[4]). They also defined the extended
hypergeometric function and its integral representation as

o0

Fy(o1,09;03;2;p) = 2F1 (01702;03;2;29, U) = Z(Ul>n

n=0

n

By(o2 +n,03 — 09;p) 2"
B(O’Q,CTg*CTQ) n!

N B(og +n,03 — 09;p,v) 2"
= E n — 1.11
(1) B(og,03 — 09) n! (1.11)

where p,v > 0, 01,09,03 € C and |z| < 1.
The use of (1.10) found in [8, 9, 16]. Very recently, Gauhar et al. [15], introduced a new extension of
Hurwitz-Lerch Zeta function which is defined by

(DQS;C(Z7O'7 a;p,A) = ‘I’)Q‘ g.C(z o, a;p)

n

<+n C—pA) =z
72 B(s,¢ —<)n! (n+a)’

B BA<+nC—§) 2"
Z B(,(—=<)n!  (n+a)°

(1.12)

p>0,A>0,05,¢€eEC,aeC\Z;,o € Cwhen |2 <1, Rlo+{—po—¢) > 1 when |z| =1 where
B (01,62) is an extended beta function defined in [26] by

1
A = : = 61—-1 _ 4)02—1 _L
BY6.82) = B@baip ) = [ 07 1= i ) (1.13)
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where R(x) > 0, R(y) > 0 and E) () is Mittag-Leffler function defined by

E)\<Z> :;F(A:ﬁl) (1.14)

For various extensions and generalizations of special functions the readers are refer to the recent work
(see e.g., [1, 2, 6, 14, 17, 19, 20, 22]).
2. (p,v)-EXTENSION OF HURWITZ-LERCH ZETA FUNCTION AND ITS PROPERTIES

This section introduce a new extension in terms of extended beta function (1.10) called the (p,v)-

Extension of Hurwitz-Lerch Zeta function and is defined by

(I)U’QS;C(zv o, a;p) = CI)Q,€;C(Z7 0,a;p, U)
— (O)nB(s +n,{ —g;p,v) 2"

n=0 B(§7C_§)n! (n_|_a)o
— - (Q)nBv (c+n,(—¢;p) n
_nz:;) B(,¢ —¢)n! (n+a)” (2.1)

p,v>0, 0,6,(€C,a e C\Z;, se€Cwhen 2| <1, Roc+(—9o—¢)>1when |z| =1
Remark 2.1. The following special cases can be derived from (2.1).

Case 1. If we consider ¢ = 1, then (2.1) will lead to another extension of generalized Hurwitz-Lerch
Zeta function @iii_c(z; o, a;p) introduced earlier in [18] with { = o = 1.

1,1

(I’vzc;c(zva’a'p) =0, 1,6:¢(2,0,a;p)
-y Bt oen) 2 22
B(,(—¢)n!  (n+a)?

p,v>0,6¢€C,acC\Z;,se€Cwhen|z| <1, Rlo+{—p0—¢)>1when |z] =1.
Case 2. If we set p = ¢ = 1 in (2.1), then we get a new extension of Hurwitz-Lerch Zeta function

®; (2,0,a;p) which is the extension defined in [13] as:

‘I’Z,c(%U,a'P) = (I)v,l,g-1(2 o, a'p)

n

o(s+n,1—¢p) =z
_Z Bl o) n' ) (2.3)

p,v>0,¢€C,acC\Zy,seCwhen |z <1, Rlec+(—0—¢5)>1when |z|=1.
Case 3. A limit case of extended Hurwitz-Lerch Zeta function ®, ,..c(2,0,a;p) defined by (2.1) is

given by
* . z
(I)v,g;C(Z70',a;p) = lim {(pv,g,q;(<*,0',a;p)}
|g|—>oo Q
_ Z w(s+mn,( — ) Py o
B(s,( —<)n!  (n+a)”

p,v>0,¢e€C,aeC\Z;,se€Cwhen|z| <1, R(c+{(—0—¢)>1when |z] =1.
Remark 2.2. [t is clear that, if v =0 then (2.1) will reduces (1.7)

q)O’QS;ﬁ(Z’ U,a'p) =, C‘C(Zva a;p)

n

<+nC ip) 2
_Z Blec— ol ) (2.5)
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p,v >0, 0,6, €C,acC\Zy,secC when |z| <1, Rlo+(—o0—5)>1 when |z| = 1. Similarly for
p=0, (2.5) converts to (1.5) and for o= =1 andp =0, (2.5) turns to (1.3).Takingo=c=(=1 and
p =0 in (2.5) results (1.1).

3. INTEGRAL REPRESENTATIONS AND DERIVATIVE FORMULAS

In this section, we define various integral representations and a derivative formula for (2.1).

Theorem 3.1. The following integral representation holds true:

L/Oo to e R, (g, g;C;ze_t;p)dt (3.1)
L(o) Jo

Pp>0,A>0,6€C,acC\Z;,s€C when |z] <1, R(c+{(—po—<)>1 when |z] =1).

(I)U,Q,C;C(zv 0, a; p) =

Proof. Consider the Eulerian integral

1 1o
= 1o (nta)t gy 3.2
nta)y r<o>/o ¢ (8:2)

where min{f(c),R(a)} > 0;n € Ny in (2.1), we have

N - (Q)nBv(§+n7<_g;p) 1 oo o—1_—(n+a)t
i (2,0, ) —nz:% Bt (F(U) [t dt). (3.3)

Interchanging the order of summation and integration under the suitable conditions given in 3.1, we have

L[> =~ (0)nBu(s +n,¢ — ;p)
o ) . _ o—1 (n+a)t
vesic(2:0,45p, A) (o) /0 re (Z B(s, ¢ —)n! )dt’

by using (1.11) we get the desired result. a

n=0

Theorem 3.2. The following formula holds true:

By (0 ap) = — /OO AN ((2+a:+3))<1>*(ﬂ a)de  (3.4)
v,0,6;¢\%,0,Q;P) = B(§,C—§) 0 (1+.’E)C v+3 p z 0 1+.’L"O—’ .

(p=>0,A>0,R() >RN()>0)

and
1 oo po—le—atpe—l 1 zre Tty —e
By peic(z,0,a;p) = B(“_g)/o T Kol (p(2—|—x+ ;)) (1— 1+x> dr (3.5
(p>0,2>0,R() >RN(c) >0, min{R(c),R(a)} > 0),

provided that both the integrals converges.

Proof. Consider the following (see [21])

© T
By(o1,02;p) =/
o (

1+ x)01+02

(71—1

Kooy (p2 4o+ %))daz, R(p) > 0. (3.6)

Substituting o1 = ¢+ n and o3 = { — ¢ in (3.6), we have

Bv(§+m§—§;p)=/0 At a0

x<+n—1

1
Koy (p2+a+ ;))dw, R(p) > 0. (3.7)
Using (3.7) in (2.1), we have

o el > " xz)"
D, pcic(2,0,a;p) = B(§,2—§)/o (1+x)€Kv+% (p(2+z+%))<z (i)' (1+$()n()n+a)”)dx,

i (3.8)

By using (1.3), we get the required result (3.4).
Now from (3.1) and (3.8), we have

@v,g,g;g(z,a,a;p)
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T = (0)nBy(c+n,(—<;p)
[ e <”+a>t( o )dt 3.9
F(a)/o Z B(s,C —o)n! (3.9)
75— 1t0 1 7at 1 oo (Q) ($Z€7t)n

- A 7( 2 = )( n )dtd .

(o) / / T LG ) O D e
(3.10)

By using the binomial expansion

1 e 35

n=0
we get the desired result. O
Theorem 3.3. The following formula holds true:
1 oo
Dy ocic(2,0,a;p) = —/ tg_le_tq):‘g(zt,a, a;p)dt (3.11)
L'(o) Jo '

(p>0,A>0,R(e) >0, R(a) >0, when |z[ < 1(z # 1);R(0) > 1, when z = 1), where @} . (zt,0,a;p)
is the limiting case defined by (2.4).

Proof. Using the integral representation of Pochhammer symbol (g),, given in [25]:

— L - otn—1,-t
(0)n = T(@)/o t dt (3.12)

in (2.1) and interchanging the order of summation and integration under the suitable convergence condi-
tions, we get

o

1 [® 1 ix=Bolc+n,C—gp)  (20)"
Dy ocic(z,0,a;p, ) = —/ te~tet E v dt. 3.13
0,6 C( ) F(Q) 0 — B(§, C _ §) TL'(’H + a)g ( )
Now, by using (2.4), we get the desired proof. a

Next, we derive the derivative formula of (2.1).

Theorem 3.4. The following formula holds true

dar (0)n(S)n
dz n{ vosic(2,0,a;p)} = W‘p

Proof. Differentiation of (2.1) with respect to z yields

vietn,s+nic+n (2,0, a +n:p), (n € No). (3.14)

d e §+TL g ) Zn—l
{ vesic(2,0,a;p)} Z n—l (g,{—g) (n+a)ye (3.15)

Replacing n by n + 1 and applying the identities
B(b,c—b) = gB(b +1,¢—0) and (a)pt1 = ala+ 1),

in the r.h.s of (3.15), we get

d 0S
£{@v,9,c;§“(2a o,a;p)} = ?@v,g+1,<+1;<+1(270, a+1;p). (3.16)

Again, differentiating (3.16) with respect to z, we obtain

d? oo+ 1)s(s+1
@{‘I’v,g,c;c(za 0,a;p)} = (C(C)m)q’v,wz,cﬁ;cw(zv 0,0+ 2;p). (3.17)

Continuing up to n-times gives the required proof. O


http://dx.doi.org/10.20944/preprints201803.0008.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 March 2018 d0i:10.20944/preprints201803.0008.v1

6 GAUHAR RAHMAN!, KOTTAKKARAN SOOPPY NISAR?** AND SHAHID MUBEEN?

4. MELLIN TRANSFORMATION AND GENERATING RELATIONS

In this section, we define Mellin transformation and some generating relations for (2.1). Here, we recall
the following:

M{f(t);t —r} = /Ooo t"Lf(t)dt. (4.1)

Theorem 4.1. The Mellin transform of (2.1) is given by

2t r—v r+v+1 Bl+r,(—c+7)
R R )

(R(r) > 0 and R(s+r) > 0).

im{q)v,g,c;((»za o,a;p);p =T} =

®97<+T;C+2r(zv o,a) (4.2)

Proof. The Mellin Transformation of (2.1) is given by:

MY Dy g6¢(2,0,a;p);p = 7} = / P 0y pcc(z,0,a;p)dp
0
&= (0)n Bu(s 1, —gp) 2" )
= d
/0 b (nz_:o n! B(s,(—5s) (n+a)° P

_ 1 = (0)n 2"
N B(g,(—g)g n! (n+a)°

X / P ' By(s +n,¢ —s;p)dp (4.3)
0

Applying the result (see [23]),
2t r—w prto+l

OOHB“S So:p)dp = r B(6 ) 4.4
| 7B s = N B+ b +), (1.4)
we get
m{q)v,g,q((z’ a, avp)vp — T}
21l v rdvtl o= (0)n 2" B+n+r(+r—g)
= =TI ) - =
NS 2 2 —= nl (n+a) B(s,(—%)
2=t — r+v+1 Ble+n{—c+71) o= (0nls+7)n 2"
= r r 4.5
NZ3 ( 2 ) ( 2 ) B(s,¢ —9) 7;] (C+2r), nlin+a) (45)
which by using (1.5) yields the required proof. O
Remark 4.1. The special case of (2.1) for r =1 gives the following integral representation
> 1 1—v,._v+2 B(c+1,{—¢+1)
P, .. ip, N)dp = —T T (0] . 4.6
/0 Q,§7C(Z70'7a'7p7 ) P ﬁ ( 2 ) ( 2 ) B(%C‘Q Q,€+1,C+2(Z7a'7a’) ( )

Corollary 4.1. The following Mellin transform of the extended Hurwitz-Lerch Zeta function is given in

( see e.g., [21]) by

I(r)B(c+r¢—s+r)
B(s,¢ —¢)

(R(r) > 0 and R(s +r) > 0).

9)?{@97§;<(z707 a;p)ip =1} =

Dy ctrict2r(2,0,0) (4.7)

Theorem 4.2. The following generating function for (2.1) holds true:

oo n

t _ z
Z(Q)nq)v,ﬁn,c;{(zaUv“ﬂ”)ﬁ =(1-1) Q(I)v,g+n,c;4(17_t’ 0,a;p) (4.8)
n=0 :

(p,v>00,¢,( € Candlt| < 1).
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Proof. Let the left hand side of (4.8) be denoted by S, the from (2.1), we have

> > B,(s+k, ¢ —¢s;p) 2" "
S, — v ’ ) r 4.9
=30 Yot (49)
Interchanging the order of summations and using the identity (0)n(0 +n)ir = (0)x(0 + k), in (4.9), we
have
9] <§+I€ C o0 Zk
S = —_ 4.10
) kzzom oy {nzo }k,(kﬂ) (4.10)
Now, using the following binomial expansion
(1—t)e* Z(Q+k) p ([t <1),
n=0

and interpreting in term of (2.1) as a function of the form ®, ;1 .c(7%5,0,a;p), which completes the
proof of Theorem (4.2). O

Theorem 4.3. The following generating function for (2.1) holds true:

[ee]

g n
Z (n)yn Dy g6¢(2,0 +m,a;p)t" = @y pic(2,0,a — t;p) (4.11)
n=0 :

(p,v>0, 0,6, €C and |t| < a; o#1).

Proof. Applying (2.1) to the r.h.s of (4.11), we have

o0
By(s +k,( —<;p) 2
Dy o 0,0 — 1 =
eic(2:0,a = tp) ,;)(9)’“ B(c,C—<) K(k+ta—¢t)e
oy Bols+k(—gp) t N
= 1-— . 4.12
kz:%)(g)k B(s,(—¢) Kkl(k+a) ( k:—l—a) (4.12)
Using the following binomial expansion
(o) tn
(1=t =2 (o+kn— (It <),
n=0
n (4.12), we have
2., . By(s+k(—gp) ZF = (o), "
o, _—
o200 = kzo gC—C) k!(k:+a)0{n§_:0 nl (k+o)m
= By(s+k(—gp) 2 n
t 4.13
; n! {;;) B(s,¢ =) k!(k‘+a)"+"} ( )
By making the use of (2.1), we get the required result. O

5. CONCLUDING REMARK

In this paper, we established an extension of extended Hurwitz-Lerch Zeta function and its various
properties. If we consider v = 0, then the results established here will reduce to the results studied by
Parmar et al. [21]. Silmilarly, if we consider v = 0 and then set p = 0, we then obtained the results of
generalized Hurwitz-Lerch Zeta function defined by Garg et al. [12].
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