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Abstract

Inverse Sumudu transform multiple shifting properties are used to design methodology for solving ordinary dif-
ferential equations. Then algorithm applied to solve Whittaker and Zettl equations to get their new exact solutions
and profiles which shown through Maple complex graphicals. Table of inverse Sumudu transforms for elementary
functions given for supporting the differential equations solving using inverse Sumudu transform.

Keywords: Discrete inverse Sumudu transform, Whittaker equation, Zettl equation, Gauss hypergeometric series
and modified Struve function.

1 Introduction

Inverse Sumudu transform applied for Bessel’s differential equation of order zero and solved with power series solution
in [5]. New definition for Sumudu transform of trigonometric function by integrating the function followed by Sumudu
inverting the new definition, trigonometric functions are expressed as new infinite series where the series coefficients
are obtained by integrating the function and evaluating at the origin, with examples and table of such series of set of
trigonometric functions given in [6]. Jacobi elliptic functions with two modulus denoting bimodular Jacobi elliptic
functions are Sumudu transformed to expand as associated continued fractions, from which Hankel determinants are
derived from those coefficients, all for higher powers and modular transformation studied by Belgacem and Silam-
abarasan . For more about Sumudu transform and its applications one may be referred to [3,9, 1|2‘, 13]. Integral equation
t

definition of Sumudu transform for the function f(t) in A= {f(t)|3M, 71,7, > 0,|f(t)| < MeT ,ift € (=1)] x [0,0)}
takes,

S[F)](u) = F(u) = /:e—tf(ut)dx: 1/u/0°°e—t/Uf(t)dt Lue (—1w, ). )

While for the Discrete equation definition Sumudu of f(t) in Alis,

SIf)(U) =Fu) =Y, fVou &)

where f(t) =X o f(n)rﬁ,o)tn is the series (Maclaurin) expansion of function. Thus the variable t Sumudu transforms

to variable u. While on the other hand let the variable t inverse Sumudu transform to variable w. Therefore Discrete
inverse Sumudu transform (DIST) of f(t) in Alis,

= f(n)
SHO)W) = Faw) = 3, T

= (nn)?

®)
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Following in the same way inverse Sumudu transform of cos(at) is given by ber (2 \/aw). For the set of functions
taken from [10], table constituting functions and their inverse Sumudu transform given in Table 3 where certain function
definitions given in Table 4.

In this communication DIST is applied to Whittaker equation and Zettl equation to obtain their solution through
known inverse Sumudu transform properties. This work is organised as inverse Sumudu transform properties and DIST
methodology description in Section 2, in Sections 3 and 4 respective DIST application to Whittaker equation and Zettl
equation followed by Conclusion at Section 5.

2 Inverse Sumudu transform properties

Theorem 1. Let F_1(w) be the inverse Sumudu transformof f(t).

_ dnf(t) d"F_1(w)
1 |+n _
s [t dt”]_wn W), @)
_ d™t"f(t)
1 |¢n _
S [t gt :|WnF1(W). (5)
1 W W
)= [ [T FamEn) ©
————r
n— times
4 [f) d"F_1(w)
[ MO dra W)
s [t] W), "
Proof. The proof follows from multiple shifting properties of Sumudu transform [5]. m|

DIST steps to solve ordinary differential equations with polynomial coeffecients is given in Algorithm 1.

Algorithm 1 DIST methodology
Step 1. Apply inverse Sumudu using Theorem 1 to given differential equation.
Step 2. If the result of Step 1 is integro-differential equation with n integrals, then convert to differential equation by
substituting,

_dG4(w)

J (®)

Fo1(w)
Step 3. Find the power series solution of Step 2.
Step 4. Convert G_;(w) back to F_1(w) using Eq (8).
Step 5. Apply Sumudu transform to Step 4 which leads to solution f (t) of given differential equation.

3 DIST application to Whittaker equation

Whittaker equation end point boundary classification in Lebesgue space given in [4, 8] while generalized solutions
in [1]. Whittaker differential equation is given by (pp 299, [4]).

2 _
—f(t)+ [%+kt2 1} f(t):@\ﬂe(o,w). 9)
with
ke[lﬂm)a)ﬂ:n"_ (%) ;n:O71a2a"' (10)
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Inverse Sumudu application of (9) gives following integro-differential equation
W
2 / F_1(n)dn. (11)

w3 | E @+ e

Removing the integrals of Eq (11) gives,
1
~WG (W) +7G-1(w) +

The power series solutions of Eq (12) with k=1 and A = 0 through 6 are given Table 1

(K —1)G%w) =26 (w). (12)

Table 1: Power series of solution of Eq (12) with k=1 and for different valuesof 4

G_1(w)
24nW2n+1

=)

SNo | A4
2°n(2n— 1)nw2n
1o 16 Z 64"T(2n+1)2 Z‘ n(2n+1)r(2n)?’
"(n—2)(n—1)nw"
48 Z 2nr (n+1)2 '

N(n—2)2(n—1)nw"
—48 Z 2nr (n+1)2 '

8 (—1)"(n—=2)(n—=1)n(=2n+4+i+/2)(2n—4+iv/2)W"
2 2'T(n+1)2

16 (=1)"(n—=2)2(n—1)n(—n+2+iv2)(n—2+i vV2)w"
2 2"T(n+1)2

— 28k +15)W"
—104k+75)

1 —(2K* —8K3 +22K2
2(k—2)(k+1)(2Kk* — 16k +-58K2

— 48K+ 45) (k— )W
— 144k +135)

—(2K* —8K® +32Kk?
5 2(k—2)2(k+1)(2k* — 16k3 + 68Kk2

—1(w) and applying Sumudu

Next using Step 4 and Step 5 of Algorithm 1, converting column 3 of Table 1 back to F
transform gives the solution f(t) of Eq (9) which is given in Table 2.

Table 2: Solution f(t) of Eq (9) with k=1 and for different valuesof A

SNo | A f(t)
2cosh (%) +12sinh (%) .

1
6texp (_Et) .

Continued on next page
3
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Table 2 — Continued from previous page

SNo | % O
3 2 =3t(t—2)exp (—%t) .
s 3| -— L {(—2+i V2)(—4+iV2)(t2— 6t +6)texp (—ltﬂ .
6(v2—1) 2
5 |4 fE[t3712t2+36t724] exp [ — 1t
4 2 )
6 |5 L[t4720t3+120t27240t+120] exp [ — 1t
20 2')
1
A - 4 3 _ 2 _ =
7 |6 5 [t 30t4 4+ 300t° — 1200t2 + 1800t 720] exp( ZI).

Graphical behaviour of solutions f(t) of Eq (9) for different values of A shown in Figure 1.

3.1 Interpretation of results
Following observation made from the study of Whittaker equation with DIST.

« All the solution f(t) in Table 2 are new exact solutions which are verified using Maple and appearing for first
time.

 From Table 2 in the solution f(t), for A = 1 order of the polynomial is one, for A = 2 order of the polynomial is
two. Thus for general A polynomial of order A, hence solution f(t) is O(1)exp (—%t).

» For A = 3 gives the exact complex solution.

« For k> 1 in Whittaker equation, DIST gives approximate (or) truncated power series solution.

4 DIST application to Zettl equation

Zettl differential equation is given by [4] which is related to Fourier equation [2,11].

VAo =, (13)
Inverse Sumudu transform of Eq (13) leads to,
—VEVFll(w)—mFFfl(w) :)L/O F_1(n)dn. (14)
Converting Eq (14),
—"EVG'L (W) —w2GE (W) = AG_1 (w). (15)

The power series solution of Eq (15) s,
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Figure 1. 3D complex plots of solution f

column 3 of Table 2.
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©A=3 dAr=4 ©A=5

Figure 2: 3D complex plotsof solution f(t) of Eq (13) for different valuesof 1.

T —2A)"w" 3nw/2 & (—A)"(2n+3)w!
6w =-YIy AW SO (16)

A n—1 nF(n) F(_§+n) 16 nzor(n+ E)F(n+ 1)

Changing back to F_1(w) and Sumudu transform application gives the solution of Eq (13).
f(t) = cos(2 \/7_Lt)+g \/gsin(z VAL). (17)

4.1 Interpretation of results
Following observations made from Zettl equation study through DIST.
» Eq (17) is new exact solution of Zettl equation (13), verified using Maple.

 Asthe A value increase solution f (t) forms the cusp shape as can be seen in Figure 2.
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Table 3: Inverse Sumudu transform of elementary functions

rints201802.0150.v1

S.No

SO =Faw)

10

11

12

13

14

15

ePteos(at)

sinh(at)
o

cosh(at)

eBtsinh(at)
o

e cosh(at)

1
w

Wn—l
((n—1)12
Wn—l
I'(n)(n—1)!

lo(2 v aw)

nC(Mw"1n_1(2 /ow)
n!(n—l)!(aw)%

w1 (2 Vow)
(n—1)1(aw) "z

beig (2 /ow)

o

berg (2 v/ow)

i [, [w@+b?)@ —b)
" 200 (a+ib)2

i w(a2 + b?)
+3l (2 @b )

L, w(a2 + b?)(ai —b)
20 ° (a+ib)2

1 w(a2 + b?)
+3lo (2 (@+b) )

L (102 Vaw) — 3o(2 Vo)

20
5 (1o(2 /@) + Jo(2 v/aow)

% (to(2 /(o + B)w) —Jo(2 v/ (e~ B)w))

N[~

(to(2v/{a+Bw) + (2 /(e ~ Bw))

Continued on next page
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Table 3 — Continued from previous page

S.No f(t) SO =Fa(w)
T
16 e‘;j afﬁ (102 Vaw) ~1o(2 \/Bw) )
17 w afﬁ (alo(Z\/a_W)fﬁlo(Z \//Tw))
sinot — ot cos ot zl (V2aw(bery (2 v/ow) —beiy (2 v/aw))
18 R a— 4oz /W
12 /awbeio (2 /o))
19 tsin(ot) _ L (Vwbery (2 /aw) + beis (2 /aW))
200 4o2
i 2
20 5|nat+22itcosozt F (2;171’;;7(0512/) )
2
21 cosatf%tsinat 1F4 (2;%7%7171;_(051\/(\5/) )
22 tcos(ort) —ﬁ(\/ﬂ/berl(z\/a_w)—beil(z\/a_w))
1
i — lp(2 —Jo(2
23 atcosh;c(txg—smhat 4a%\/\Tv(\/WV( 0(2 vaw) —Jo(2Vaw))
—ow(l1(2 Vow) +31(2 Vaw)))
24 toinh(en) YW (112 /o) — 31 (2 V/erw)
o 402
1
25 sinhat-;atcoshat 103 \/W(\/O!_WUO(Z\/(X_W)—JO(Z\/OC_W))
¢ + ow(11(2 Vow) + 31 (2 Vow)))
1
26 coshoct+%tsinhoct 4\/06_W(2\/WV(|0(2\/WV)+J0(2M))
+ow(l1(2vaw) —31(2 Vow)))
27 tcosh(at) ,/%(ll(zm)ﬂl(zm))
(8 — o?t?)sin ot — 3art cos ot 5w 101 .33 1 1 . (ow)?
28 805 8a42F5(2 R I T S BT
20 tsinat — at? cos ot fs\gg(\/ﬁ(berl@ ow) +beig (2 vow))
8o + abeio(2 v/ow)
3tsinot + at? cos at w? 33, (aw)?
% 8o TR (35522 )
31 (3- a2t2)sin8c: +5atcos at wiFs (3;1’1’ ; g;i (alvg,)z)

Continued on next page
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Table 3 — Continued from previous page

rints201802.0150.v1

S.No

o)

SO =Faw)

32

33

34

35

36

37

38

39

40

41

42

43

44

(8 — o?t?) cos at — Tart sin ot
8

t?sin(at)
200

t2cos at
2

t3 cos(art)
6

t3sin(ort)
2400

(8+ cr2t2)sinh ot — 3ort cosh art

8a®

at?cosh ot —tsinh at
8as

3tsinh ot + at? cosh ot
8a

(3+ o?t?)sinh at + 5art cosh at

8a

(8+ cr?t2) cosh at + 7at sinh ot

8

t2sinh ot
20

t2 cosh ot
2

t3 cosh ot
6

11 (ow)?
lF4<3a§>§>1711_ 16

(Va2 b (2 )
— 2/ awberp(2 v/ow))

B (Va(bers(2 VW) + beia(2 /o)
+2 v/ owbeig (2 v/aw))

120‘:‘2 (2 V2 — v/20w)bery (2 /ow)

—(2V2+ V2ow)beiy (2 vow)
+4+/owberg (2 v/ aw))
4{"‘; ((2vV2+ v2ow)bery (2 /aw)
o2
+(2V2 — V2aw)beir (2 /aw)
+4 /owbeig (2 v/ow))
((8 v/ow+ (aw) 2 )lo(2 v/aw)
— (8 Vow— (aw)?)Jo(2 vorw)
—4ow(11(2 Vow) +J1(2 vaw)) )
L (ao(2 W)~ 12 /)
+2(31(2Vow) —11(2Vaw)))
ﬁ(mwﬂz Vaw) —Jo(2 /aw))
+2(11(2Vaw) —31(2 Vaw)))
((3 vaw+ (aw)? )l (2 /orw)
— (3w~ (ew)?)Jo(2 vorw)
+4ow(11(2 vV ow) +1(2 Vow)))
((8v/ow-+ (ow))lp(2 varw)

+ (8 VoW — (ow) #)Jo(2 v/ow)
+6aw(l1(2 v aw) —J1 (2 ow)))

%

Ny

1607 VW

1
1607 /W

1
16 /ow

ﬁ

406”“ (Vo (10(2 v/oW) +Jo(2 /o)

= ((2Vow) +J1(2 Vaw)))
\/\T:(\/a_W(lo(Z Vaw) —Jo(2 v/ow))
- (112 Vaw) —J1(2vow)))
L (2 a2 V) + (2 w2 V)
—2Vaw(lp(2 vow) +Jo(2 vaw)))

4o

Continued on next page
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Table 3 — Continued from previous page

S.No

o)

SO =Faw)

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

t3sinh ot
240

_3a
€ : {\/§sin \/gat—cos \/gatJres_?t}

% {e"‘t +2e 7 cos YELL }

2

1 . .
i3 [sinat cosh ot — cos atsinh art]

sin ot sinh ot
202

1 .. .
%0 [sin ot cosh ot + cos ot sinh art]
cos(at)cosh(ot)

73 [sinh ot — sin at]

1
202 [cosh at — cos ot]

sinh at 4 sin ot

20 |

1
> [cosh ot +cos at]

YW (24 o) 11(2 /W) — (2— o) (2 /i)

4802

— 2V aw(lp(2 vVow) — (2 Vow)))

200 2
—(V3i+1D)lp(3(1+i v3) Vaw)
+2lg(6 vorw))

420 (3(1+i V3)? \/Wv>
(lo 2

ﬁ((\@i_l)lo<3(1+i\/§)2m>

+1o(3(1+iV3) vaw)+1g(6 vow))
w? = -1§§§§ZZ-,(O‘W)4
36 '\""4°4°2°2°4° 4" 16384
ﬁa -§§1§§§§,(0‘W)4
47"\ 4 422 16384

299

— (lo(8 vVaw) —Jo(8 vaw))

2103

5z (o8 Vaw) +Jo(8 Vaw))
2107

(lo(8 v/aw) —Jo(8 v/ow))

o

21 (19 (8 vow) + Jo (8 vaw))

Continued on next page
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Table 3 — Continued from previous page

S.No f(t) S = F_1(w)
60 erf%@ 2 —Si(2 /o)
61 w 7 Lo(2 Vo)
62 Jo(at) < % )
63 lo(art) (bero(v/aw))? -+ (beio(v/ow))?
tdy (att) w2 3. . (ow)?
o4 laa i <’§’2’2’* 16 >
65 tlo(at) WoFs3 (;1,1, g;, (O‘lvg)2>
66 tly (at) L\zv(bero( v2ow)(bery ( V2ow) + beiq (vV2aw))
o2
“ — beio( v/2ow) (bery ( v/2aw) — beiy (V2ow)))
67 to(at) - \/g(bero(\/Zaw)(berl( V2ow) —beip (vV2aw))
0
+ beig(vV2aw)(bery ( v2ow) + beip (vV2ow)))
cos(2 v/ at) 1 11,
v TR me(33-e)
sin(2 y/at) 4w
69 W 70F2< 2 2 O(W)
70 (é)an(Z Vat);n>—1 %OFZ(;n—i—l,n—i—l;—aw)
71 ﬂ T(fjl — VBu(2 \ﬁ)
7 sinet) [ e 2 V) — (2.
2
73 Si(at) owyFy <§ l,g,g,g;f%>
1 11
y o2V e (i o)
Vrt a 3
2 (5 “;)
75 %e*“ztz %@( %,1 JO‘Z") >

Continued on next page
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Table 3 — Continued from previous page

S.No f(t) STHE(t)] =F_1(w)
2aw 1.33 (aw)?
76 erf(at - -2 2.
(@) R (51555
1 e % w
77 —_— -
n(t+o) \/ﬁ|0<2a)
78 1 Lo
t+o a
1 1 w
79 — il -
t2+ 02 azcos(a)
t 1. /w
% 2+ a2 o (5)
-1 t . w
81 tan (a) Sl(a)
1, [t24a? w WYL
82 E|n( o > 7+In <E) —Ci (&) . y=0.5772156
1, (t?+a? 2 w
83 - Z(1- i
(o) w(tees(3))
Table 4: Special functions definition
S.No Function Definition
st ki i _ 3 VM7
1 First kind Bessel function dn(t) = kzzo K(n-+K)!
e 2k+n
2 Modified first kind Bessel function In(t) = (t/2)7"
" S Ki(n+k)!
3 Kelvin real function bern(t) = Re Jn(i %t)
4 Kelvin imaginary function bein(t) = Im Jn(i%t)
I & (k- (@)k - (@p)ut
5 Guass hypergeometric series Fq((ap); (bg);t) =
yperg p Q(( P) ( Q) ) kz‘(‘)(bl)k(bZ)k (bq)kkl
[N t/2 2k
6 Modified Struve function Ly(t) = (—) 3( /2) 3
2/ & T (k+3)T(k+v+3)
o
7 Sine integral Si(t):/ &Zz)dz
0

Continued on next page
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Table 4 — Continued from previous page

S.No Function Definition

8 Cosine integral Ci(t) = — /w%;)dz

t
. 2 Mt

9 Error function erf(t):—/ e “dz
V7 Jo

10 Complementary error function erfc(t) = 2 /we‘zzdz
P y TV

5 Conclusion

In this work an algorithm designed using inverse Sumudu transform DIST to solve differential equations and applied
for verification of method to Whittaker and Zettl equations to obtain their new exact solutions. Graphical plots shows
the complex plane behaviour of solutions for both equations. Inverse Sumudu transform of certain functions gives
Bessel’s, Kelvin related functions, Gauss hypergeometric series and modified Struve functions. Extensive list table of
inverse Sumudu transform will be useful for further work.
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