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Abstract: We introduce the Hermite based poly-Bernoulli polynomials with a ¢ parameter and give some
of their basic properties including not only addition property, but also derivative properties and integral
representations. We also define the Hermite based A-Stirling polynomials of the second kind, and then
provide some relations. Moreover, we derive several correlations and identities including the Hermite-Kampé
de Fériet (or Gould-Hopper) family of polynomials, the Hermite based poly-Bernoulli polynomials with a ¢
parameter and the Hermite based A-Stirling polynomials of the second kind.
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1. INTRODUCTION

Special polynomials and numbers possess a lot of importances in many fields of mathematics, physics,
engineering and other related disciplines including the topics such as differential equations, mathematical
analysis, functional analysis, mathematical physics, quantum mechanics and so on. One of the most consid-
erable polynomials in the theory of special polynomials is the Hermite-Kampé de Fériet (or Gould-Hopper)
polynomials (see [1]) and one other is Bernoulli polynomials (see [10], [16]). Nowadays, these type polyno-
mials and their several generalizations have been studied and used by many mathematicians and physicsics,
see [1-17] and references therein. Araci et al. [2] introduced a new concept of the Apostol Hermite-Genocchi
polynomials by using the modified Milne-Thomson’s polynomials and also derived several implicit sum-
mation formulae and general symmetric identities arising from different analytical means and generating
functions method. Bretti et al. [4] defined multidimensional extensions of the Bernoulli and Appell poly-
nomials by using the Hermite-Kampé de Fériet polynomials and gave the differential equations, satisfing
by the corresponding 2D polynomials, derived from exploiting the factorization method. Bayad et al. [3]
considered poly-Bernoulli polynomials and numbers and proved a collection of extremely important and
fundamental identities satisfied by the poly-Bernoulli polynomials and numbers. Cenkei et al. [5] considered
poly-Bernoulli numbers and polynomials with a g parameter and developed some aritmetical and number
theoretical properties. Dattoli et al. [6] applied the method of generating function to introduce new forms of
Bernoulli numbers and polynomials, which were exploited to derive further classes of partial sums involving
generalized many index many variable polynomials. Khan et al. [7] introduce the Hermite poly-Bernoulli
polynomials and numbers of the second kind and examined some of their applications in combinatorics, num-
ber theory and other fields of mathematics. Kurt et al. [8] studied on the Hermite-Kampé de Fériet based
second kind Genocchi polynomials and presented some relatieonships of them. Ozarslan [11] introduced
an unified family of Hermite-based Apostol-Bernoulli, Euler and Genocchi polynomials and then, acquired
some symmetry identities between these polynomials and the generalized sum of integer powers. Ozarslan
also gave explicit closed-form formulae for this unified family and proved a finite series relation between this
unification and 3d-Hermite polynomials. Pathan [12] defined a new class of generalized Hermite-Bernoulli
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polynomials and derived several implicit summation formulae and symmetric identities by using different
analytical means appying generating functions. Pathan et al. [13] introduced a new class of generalized
polynomials associated with the modified Milne-Thomson’s polynomials <I>$La) (z,v) of degree n and order «
and provided some of their properties.

The usual notations C, R, Z, N and Ny are referred to the set of all complex numbers, the set of all
real numbers, the set of all integers, the set of all natural numbers and the set of all nonnegative integers,
respectively, in the content of this paper.

An outline of this paper is as follows. Section 2 contains the definitions of the Hermite based poly-

k,j) (

Bernoulli polynomials HB x,y) with a ¢ parameter and the Hermite based A-Stirling polynomials

S5 (X.9) (n,m;x,y) of the second kind, and then provides some properties and relationships for HB( 7) (x,y)
and S( 9) (n,m;x,y). Section 3 examines several correlations including the Hermite-Kampé de Fériet poly-

nomials, the Hermite based poly-Bernoulli polynomials with a ¢ parameter and the Hermite based A-Stirling
polynomials of the second kind.

2. PRELIMINARY RESULTS

The exponential generating function for the Hermite-Kampé de Fériet (or Gould-Hopper) family of poly-
nomials is

S HY (2,y) % — "+t (se0 [4]), (2.1)

where 7 € N with j > 2. In the case 7 = 1, the corresponding 2D polynomials are simply expressed by the
Newton binomial formula. Upon setting j = 2 in (2.1) gives the two variable Hermite polynomials aP (z,9)
and the mentioned polynomials have been used to define 2D extensions of some special polynomails, such
as Bernoulli and Euler polynomials (see [6]).

Recalling that the polynomials HT(LJ ) (z,y) are the native solution of the generalized heat equation:

9 g )—‘ljF( ) with F (z,0) =
ot z,y _ax] T,y) w €T, -

and satisfies the following formula

LEJ n—jr,r

93 y

where |-| is Gauss’ notation, and represents the maximum integer which does not exceed a number in the
square brackets.
For k € Z with k > 1, the k-th polylogarithm function is defined by

o0 tm
Lig (t) = — (teCwith [t <1). (2.2)
m
m=1
We always assume [¢t| < 1 along this paper. When k =1, Li; (t) = —log (1 —t). In the case k < 0, Liy (t)
are the rational functions:

t t t+t £+ 4t 4t
Ligt)=—,Lt1(t) =——, Li o(t) = —=, Lis(t) = ————,--- .
() 1—¢ 1() (1—t)2 () (1—t)3 () (1—t)4
2.1. The Hermite based poly-Bernoulli polynomials with a ¢ parameter. Let n,k € Z in conjunc-
tion with n > 0 and k£ > 0 and let ¢ € R — {0}. We introduce the Hermite based poly-Bernoulli polynomials
with a ¢ parameter via the following exponential generating function to be

- 1—e— 9t
o0 ] mo qLig ( ) )
(K, _ 4q t+yt?
E Bn’qj) (x,y) P T errTvt, (2.3)

n=0H
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k,7) (0,

Upon setting x = y = 0, we then get HB 0) =: HBSZ?;Z ) which is called the poly-Bernoulli numbers

with a ¢ parameter (see [5]).
Some special cases of HBgf[f ) (x,y) are listed by the following consecutive remarks.

Remark 1. Letting y = 0, we have HBq(jfZ]j) (2,0) :=x Bfﬁt)] () called poly-Bernoulli polynomials with a q
parameter (see [5]).

Remark 2. In the case ¢ = 1, HB( J) (z,y) reduces to the the Hermite based poly-Bernoulli polynomials
(k.7)
By (x,y) (see [11]).

Remark 3. When ¢ =1 and y = 0, we obtain the poly-Bernoulli polynomials By, (x) (see [10] [15], [16]).

Remark 4. When ¢ = k =1 and y = 0, we obtain the usual Bernoulli polynomials By, (z) (see [10] [15],
[16]).

The addition formula for HB,gf{]j ) (z,y) is provided in the following proposition.

Proposition 1. (Addition Property) We have

n
. n k,j .
HB,(L’ZJ) (T1+ 22,51 +y2) = Z ( ) Bg Jm .q (z1,91) nyf) (2, 92) - (24)
m=0 m
Proof. In view of (2.3), with the series manipulation procedure, we see
e . tn qLiy, (1—3{‘“) j
Z HBSL]f’qJ) (@1 + 32,01 +12) 7 = ﬁe(mlﬂz)tﬂyﬁym
= n! —e
Li (1 < Qt> v )
— q k emlterlt] emgt+y2t7

1—eat

(5 o) (G een)

> (Z (m) B o) B (xg,y2)> .

n=0 \m=0

which implies the asserted result (2.4). O

An immediate output of Proposition 1 is stated in the following corallary.
Corollary 1. The following holds true:
k7
B (wy) = ( ) wBLEDLHD ). (25)
The derivative properties of HB( ) (z,y) are stated in the following proposition.

Proposition 2. (Derivative Properties) Each of the following formulas holds true:

ouBY (x, ouBY (x,
OB D) ), (o) and P (B, (o),

where (n); =n(n—1)(n—2)---(n—j+1) called the falling factorial function (see [16]).
Proof. The proof follows from (2.3). So we omit them. O
k,j) (

The integral represenations of HB,(W x,y) are stated in the following proposition.
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Proposition 3. (Integral Representations) The following equalities hold true:

() (k.5)
n,q )

n+1
and 5k9) 5k9)
¢ i n ¥ ( C) n ’j’ (-’IJ,’)/)
/ uBED (w,y) dy = =1 S onhie o L

where (n)(j) =n(n+1)(n+2)---(n+j—1) called the rising factorial function (see [16]).

Proof. Using the derivative properties of HB( 9 (z,y) given in Proposition 2, we easily get the asserted
results. So, we omit them. |

We have the following proposition.

Proposition 4. The following formula is valid:

j k) (n),, y™
Proof. By (2.3), we have
1—e” 9
© (=)
(k.5) e TN 4 ) at oyt
Z By (z,9) 7= ———¢€"e
n=0 n: I—e
0o m 0o tjn
= Z HBnlf; (x)g T
n=0 n=0 ’
tnfjm $m
— B(k) R
nZO'rnZO HPn—jm.q )(n—jm)!y m!
IR [ R (), y™ | t"
- Z mz:OHBn ]mq(x)m ol
which implies the desired result (2.6). O

2.2. The Hermite based )-Stirling polynomials of the second kind. We introduce the Hermite based
A-Stirling polynomials of the second kind is defined by

tm Aet — )™ p
Z S(A’j (n,m;z,y) i 7( o ) ettt (2.7)

Several specific circumstances of HBﬁL,t’] (z,y) are listed via the following consecutive remarks.

Remark 5. Upon setting A = 1, we have Sél’j) (n,m;z,y) = Séj) (n,m;xz,y) called the Hermite based
Stirling polynomials of the second kind.

Remark 6. Lettingy = 0, Sé)"j) (n,m; z,y) reduces to the Sy (n,m;x) called the weighted \-Stirling numbers
of the second kind (see [5]).

Remark 7. When A =1 and y = 0, Séj) (n,m;x,y) reduces to the So (n,m;x) called the weighted Stirling
numbers of the second kind (see [5]).

Remark 8. Setting x = y = 0, we have Sg)"j) (n,m;0,0) := S2 (n,m) called the familiar \-Stirling numbers
of the second kind (see [5]).
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Remark 9. In the case A = 1 and © = y = 0, we have Sél’j) (n,m;0,0) := Sy (n,m) called the familiar
Stirling numbers of the second kind (see [7], [16]).

We give some relations and properties belonging to the Hermite based A-Stirling polynomials of the second
kind by the following consecutive propositions.

Proposition 5. We have

n

, n j

Sé)\g,]) (n’m;x7y) = (l)sg\ (l7m> H,,(LJJZ ($7y)
1=0

SO (nomszy) =Y <7> Sy (1,;m; 0,y) "
1=0

(A4) s A ),y

Sy (n,msxy) = S5 (s @,0) Lo,

s (n — 4!

where (n), equals ton(n—1)(n—2)---(n—1+1) called the falling factorial function.
Proposition 6. We have
() 1o (1) g
SQ (n+17m+17xay):62 1 SQ (l,m,x,y)
1=0
Proposition 7. (Derivative Properties) Each of the following formulas holds true:

9 . , o . .
%Sé’\’]) (n,m;x,y) =n Sé)"j) (n—1,m;z,y) and a—ySg)"J) (n,m;z,y) = (n); Sé’\’]) (n—j,m;z,y),

where (n); equals ton (n—1)(n—2)---(n—j+1) called the falling factorial function.
Proposition 8. (Integral Representations) The following equalities hold true:

w ) S()\J) 1. m: _ S()\J) 1. m:
[ 89 (nmiz ) de = =2 o+ Lomign) = 8577 (n+ Lmiviy)
n

and

¢ ) (Ad) N _ o) SN
/ Sé)\’j) (n,m,x,y)dy: SQ (n—l—j,m,x,() SQ) (n+]7m7w77)
(n+ 1)(J
where (n)(j) =nn+1)(n+2)---(n+j—1) called the rising factorial function.

7

3. MAIN RESULTS

This part includes our maln results. .
A correlation including HB k-g) (z,y) and gy (z,y) is given by the following theorem.

Theorem 1. The polynomials HB F9) (z,y) and Hf,j) (z,y) satisfies the following relation:

" /n .
Z( ) uBY) () g™ — wBED (2,y) (3.1)
m=0 m
e} m+1
m+1 ” .
= S S () ey Y e,
m
Proof. By (2.3), we write
1—e" 1
s 4 o qLig (7) .
(k.3) T TN 1T (z+q)ttyt?
Z HBn,qj (x,y) n' cat 1 e g L

n=0
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Then, we consider that

oo

. tn 1 —eat j
(e =) 3wt () 5 = L (L) v (3.2)

n=0

LHS of (3.2):
LHS = an 'Z B ( —Z uBD (2,) =
n! | !

s (s () gt m_ gl "
- ZO (Z (m> Bn mq( )y)q HBn,qj (‘T7y>) n!' (3'3)

m=0

By (2.1), RHS of (3.2):

1—e” 9t

m4+1
) (z+q)t+ytj

RHS = qi (;)m oottt :qi (

m=1 m=0 m+1
o) _ m—+1
" m+1 T (z4+g—rq)t+yt’
= Sy (M) e
m:O
o) m—+1 [e’e)
= S (M) ey e

o) ) —m m—+1 m ) n
= Z(Zq kZ( :1)(1)T Hﬁf)(x+qrq,y)>;,

n=0 \m=0 (m + 1) r=0

LHS and RHS yield to the desired result (3.1). O

A correlation between HBS?JI]') (z,y) and Séj) (n,m; x,y) is stated in the following theorem.

Theorem 2. The following correlation holds true:

> ( ) HB @) a™ = mBED (@) (3.4)
m=0
o] n+m+1 ) )
Z g™ (m+ 1)1 Y <n,m;—x—17(—1)J y.).
= (m+1)" q ¢’
Proof. By (2.3), we write
(oo} . tn 1 _ efqt X

t k, T T+q)t+yt)

05 B e =ty (L0 g

Using the series manipulation procedure, LHS of (2.7):

. m . tm

m=0
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By (3.2), RHS of (2.7):

o (1 c qt)m - (1 f«t)m“ |
RHS = ¢ plrta)t+yt! _ q A9 T (etgttyt!
T DD T
e} m—+1 )
= Z (=1) ~ g™ (e—qt _ 1)m+1 elzta)t+yt’
m=0 (m )k
o (=)™ > o0) z v (=at)"
= Z q m(m+1)|z S2 ’I’L,m;———l,(—l)J—. |
m=0 (m + 1) n=0 q q] n
0 o0 n+m+1 n
_ Z Z (—1) ¢ ™ (m+ 1) S(j) T T 1 (—l)j l t_
k 2 ) ’ ’ J |
n=0 \m=0 (m + 1) q q n
LHS and RHS gives the desired result (3.3). O

From (2.2), we readily derive that

(7 0) =20

o Lig—1(f (1)) (3.5)

An relation for the Hermite based poly-Bernoulli polynomials with a ¢ parameter is given by the following
theorem.

Theorem 3. We have

- n k.j k,
S (1) B g o) a” = B, o) (36)
m=0
—1.4 - n .
= qgBY (wy)+a <m> aBlD (2,9 ¢ — (x+q) 5B (2,y)
m=0

n!
m=0

) —j+1 .
(n—j7+ 1) "L n—j+1 k.5) m k,
PR ST (MTIED) B~ wBE )

Proof. In the light of (3.5), we get

d 1—e ¢ q 1—e @
—Li = Lip 1| ——— ).
5 L < . ) car L1 ( . >

Differentiate both sides of (3.2) with respect to ¢, we derive

d > , A— . " > . "

o (eqt Z) wBL (@) = - z% uBl (a,y) E) =qe™ Y uBl (x.y)
[e%e} k) m 00 7 "

+6qtz B1(1+]1q($7y)ﬁ - Z HBn+J1)q( y)m

n=0 n=0
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and
d 1—e ¢ j
_ Li - - (z+q)t+yt
i (o1 ()
2 —qt
_ q : l1—e™? (z+q)t+yt!
- w5
t
+qLiy, ( —et ) {(x +q) eleta)ttyt + yjt! 1e(w+q)t+yt7}
2 —qt )
_ 4 : l—e (z+q)t+yt?
= eqt—lleil ( p )6
—qt —qt
qu’k(l e ") ,. qu’k(l e ) .
qt a (z4q)t+yt? _ a (z+q)t+yt?
tet (@t q) ——— " (@+aq) ————"e¢
- qLiy, (1_67‘#) A - qLiyg (1 < qt) .
qtyapi=1__ "\ 4 ) (etq)tyt! _  aai— a (z+q)t+yt?
+etygt T e yjt cat — 1 e
oo
= qz HBngq L) (xay) ol
n=0
o0 ntn o] (o]
@)Y a5 Y mB () = (@t a) Y B (@)
n=0 n=0 n=0
WIE LA 1N (k) (3, 4) &
it Y a" =Y wB (wy——yjt ZHB P (@y)
n=0 n=0
. (k—1,5) & (S (m Bk m Bk.5) &
= q Z HBn,q (-T,y) m + (.'L' + q) Z Z m HPp—m,q (Z‘, y) q — HPpgq (xuy> m
n=0 : n=0 \m=0 :
(oo} n .
) n ) tnti—1
o3 (35 (1) B )
n=0 \m=0
which gives the desired result (3.6). O
Here, we give the following theorem.
Theorem 4. Letn € Ng and k € N. We then have
‘ min(n,k) . y .
WBD ) = > 89 (nom Z 1 ) a5y (homi).

Proof. By inspiring the proof given by Cenkci and Komatsu [5], by (2.3), we write

o0

[e%s} t\ m+1 )
Z B(—kd) (z,9) ﬂ Z —_— 1 1—e? -4 cotut?
H n,q ?y n' qt ‘

n=0 : =0 q
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Then, using (2.7), for |z| < 1, we obtain

S B e 2

k=0n=0

L—eat\" gk
_ ~ rt+ty
- LY S ey () 2

k=0m=0

1—eat\" j
— q - Z ( ) e(m+1)zezt+yt7
1—e4 e q
[e'e] _ m—+1
_ q (ez (1—e qt)) pot+ut?

_ p—qt
1 e 4 = q
= qez+qt xt+yt’
q— (et —1)(e* —q)
= Z elata)t+yt’ (e —1)" e (g'e” — 1)
m=0
S ST (XS Pt By ) e T
T2 ’ 7q 7qj n! ° 2 ) ) L
m=0 Ln=0 =0
oo oo 0 "2 G) T Y n og ! tn zk
= 3 (S s (mmst o1 ) sy ) ) 1
k=0n=0 \m=0
which finalize this theorem. -

A correlation including Sy ) (n,m;x,y) and HB k) (z,y) is given by the following theorem.

Theorem 5. The following holds true:

HB;’fmx,y)—q;()Z Z m“ S (n=wm+ 1= 07 L) (g @)

Proof. From (2.3) and utilizing (2.7), with the series manipulation procedure, we acquire

el tn —m—1 )
Bk.J) R et _ 1 m+1  pttyt!
”goH n,q (xy) n! 1—€qtzz:om+1 ) e
sqt =8 o t mA1 gy
= q (e 4 —1) e*t Y
Zozo Zo (m+1)*
2 (=) " (m+ 1)
= q —_—
Sy

Y sy (n,m+ -2, 17 ) o o

¢ n!

n=0
00 00 00 m—1
(—9) (m+ 1D "
= g (=sq)"
£ (iZ e &)
5 89 (nm+ 1219 L) (o
n=0 ¢ n!
which implies the desired result (3.7). O

We give the following theorem.
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Theorem 6. The following relation is valid:

wBED (o Z Z Z <m + 1) (1) ' HD (z — g — sq,y) . (3.8)

«=0m=o ( m+1 =0
Proof. By means of (2.1), (2.3) and (2.7), we derive
H z, - _ -
n=0 n! 1—ema m=0 (m + l)k

oo o0 _ m—+1
m m+1 | (r—lo—s j
= 23 S (7)) e

s=0m O
') 7m m+1 n

s=0

> m + ; t
St (M) et )
m=
3.8).

Thus, we arrive at the desired 1dent1ty
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