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Abstract. We study on the sums of powers of consequtive integers and alternating sums of power of
consequtive integers. We derive many identities and correlations including Bernoulli, Euler and Genocchi
polynomials and numbers.

1. Introduction

For a long time, Bernoulli, Euler and Genocchi polynomials and numbers and its generalizations have
been extensively studied and investigated by many mathematicians and physicists (see [1-7]). Acikgoz et
al. [1] considered the evaluation of the sum of more general series by Bernstein polynomials. Araci et al.
[2] gave several novel identities for product of two Genocchi polynomials including Euler polynomials and
Bernoulli polynomials and derived some applications for Genocchi polynomials to study a matrix formulation.
Cheon [3] obtained a simple property of the Bernoulli polynomials and the Euler polynomials and also the
relationship between two polynomials is derived. El-Makkawy et al. [5] provided a new approach in order to
derive relations and identities for Bernoulli, Euler and Genocchi polynomials and numbers by means of the
series manupulation prosedure. Kim [6] developed a formula for alternating sums of powers of consequtive
integers by means of the Euler numbers. Shen [7] gave a formula for the sums of powers of consequtive
integers by means of the Bernoulli numbers.
In the complex plane, the Bernoulli polynomials Bn(x) (n � 0) are de�ned via the following Taylor series

expansion about z = 0:
1X
n=0

Bn (x)
zn

n!
=

z

ez � 1e
xz (jzj < 2�), (1.1)

from which one can obtain the Bernoulli numbers as values Bn (0) := Bn that also can be generated by the
following generating functions

1X
n=0

Bn
zn

n!
=

z

ez � 1 (jzj < 2�) (1.2)

see [1-7] and references cited therein. The well known relation between the Bernoulli numbers and polyno-
mials is obtained directly by (1.1) and (1.2) as

Bn (x) =
nX
k=0

�
n

k

�
Bn�kx

k. (1.3)

The �rst few Bernoulli numbers are 1; � 1
2 ;

1
6 ; 0; �

1
30 ; 0;

1
42 (n � 0) and the �rst few Bernoulli polynomials

are 1; x� 1
2 ; x

2 � x+ 1
6 ; x

3 � 3
2x

2 + 1
2x; x

4 � x3 + x2 � 1
30 ; x

5 � 5
2x

4 + 5
3x

3 � 1
6x; x

6 � 3x5 � 5
2x

4 + 1
2x

2 + 1
42

(n � 0).
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The Euler polynomials En(x) (n � 0) are de�ned via the Appell sequence with g (z) = 1
2 (e

z + 1) with
the corresponding generating function

1X
n=0

En (x)
zn

n!
=

2

ez + 1
exz (jzj < �). (1.4)

Also, the Euler numbers En (0) := En are given by the following Taylor series expansion at z = 0:

1X
n=0

En
zn

n!
=

2

ez + 1
(jzj < �) (1.5)

see [2; 3; 5; 6] and references cited therein. The familiar formula for the Euler numbers and polynomials is
directly attained by (1.4) and (1.5) as

En (x) =
nX
k=0

�
n

k

�
Ekx

n�k. (1.6)

The �rst few Euler numbers are 1; � 1
2 ; 0;

1
4 ; 0; �

1
2 ; 0 (n � 0) and the �rst few Euler polynomials are 1;

x� 1
2 ; x

2 � x; x3 � 3
2x

2 + 1
4 ; x

4 � 2x3 + x; x5 � 5
2x

4 + 5
2x

2 � 1
2 ; x

6 � 3x5 + 5x3 � 3x (n � 0).
The relation between Bernoulli and Euler polynomials is given by the following formula

Bn (x) =
X
k=0
k 6=1

�
n

k

�
BkEn�k (x) see [3].

The Genocchi polynomials Gn(x) (n � 0) are de�ned by the following power series expansion about z = 0:
1X
n=0

Gn (x)
zn

n!
=

2z

ez + 1
exz (jzj < �). (1.7)

Then, one can obtain the Genocchi numbers as values Gn (0) := Gn that also can be generated by the
following generating functions

1X
n=0

Gn
zn

n!
=

2z

ez + 1
(jzj < �) (1.8)

see [2; 5] and references cited therein. The well known relation between the Genocchi numbers and polyno-
mials is readily derived from (1.7) and (1.8) as

Gn (x) =
nX
k=0

�
n

k

�
Gn�kx

k. (1.9)

The �rst few Euler numbers are 0; 1; �1; 0; 1; �3; 0 (n � 0) and the �rst few Euler polynomials are 0; 1;
2x� 1; 3x2 � 3x; 4x3 � 6x2 + 1; 5x4 � 10x3 + 5x; 6x5 � 15x4 + 15x2 � 3 (n � 0).
The relations between the Euler and Genocchi polynomials and numbers are given by

En (x) =
Gn+1 (x)

n+ 1
and En =

Gn+1
n+ 1

(n > 0) . (1.10)

For non-negative integers k > 1, n, let Sn (k) the sums of the n-th powers of positive integers up to k� 1
such that

Sn (k) =
k�1X
l=0

ln = 1n + 2n + � � �+ (k � 1)n .
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Some special cases are given below:

S1 (k) =
1

2
k2 � 1

2
k,

S2 (k) =
1

3
k3 � 1

2
k2 +

1

6
k,

S3 (k) =
1

4
k4 � 1

2
k3 +

1

4
k.

Note that Sn (k) is a polynomial in k of the form

Sn (k) =
1

n+ 1
kn+1 � 1

2
kn + an�1k

n�1 + � � �+ a1k

and satisfy

d

dk
Sn (k) = k

n � n
2
kn�1 + � � � .

Jacques Bernoulli (1654-1705) gave the following result:
There exists a unique monic polynomial of degree n, say Bn (x) (called the Bernoulli polynomials given

in (1.1)), such that

Sn (k) = 1n + 2n + � � �+ (k � 1)n =
Z k

0

Bn (x) dx

=
Bn+1 (k)�Bn+1 (0)

n+ 1
,

which is proved by Shen [7] in 2003.
A relationship between Sn (k) and Bn (x) is given as

Sn (k) =
1

n+ 1

nX
l=0

�
n+ 1

l

�
Blk

n+1�l. (1.11)

Let n; k be positive integers with k > 1. The alternating sums Tn (k) of the n-th powers of positive
integers up to k � 1:

Tn (k) =
k�1X
l=0

(�1)l ln = �1 + 2n � � � �+ (�1)k�1 (k � 1)n .

Kim [6] gave the following relation for Tn (k):

Tn (k) =
(�1)k+1

2

n�1X
l=0

�
n

l

�
Elk

n�l +
En
2

�
1 + (�1)k+1

�
. (1.12)

If k � 0 (mod 2), then it becomes

Tn (k) = �
1

2

n�1X
l=0

�
n

l

�
Elk

n�l. (1.13)

If k � 1 (mod 2), it reduces to following relation

Tn (k) =
1

2

n�1X
l=0

�
n

l

�
Elk

n�l + En. (1.14)
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2. Main Results

In this part, we obtain some correlations including Bernoulli, Euler and Genocchi polynomials and numbers
by using the properties of the Sn (k) and Tn (k).
In view of (1.11) and (1.12), for k > 1, we see that

Sn (k) + Tn (k) =
k�1X
l=0

ln +
k�1X
l=0

(�1)l ln

= 1n + 2n + � � �+ (k � 1)n +�1n + 2n � � � �+ (�1)k�1 (k � 1)n

= 2
�
2n + 4n +

�
�1 + (�1)k�2

�
(k � 2)n +

�
1 + (�1)k�1

�
(k � 1)n

�
=

� 2n+1 �1n + 2n + � � �+ �k�12 �n� if k is an odd integer,

2n+1
�
1n + 2n + � � �+

�
k�2
2

�n�
if k is an even integer.

Hence, we obtain that
Sn (k) + Tn (k)

2n+1
=

�
Sn
�
k+1
2

�
if k is an odd integer,

Sn
�
k
2

�
if k is an even integer.

(2.1)

Let k > 1 be an odd integer. By (1.11), (1.12) and (2.1), we have

Sn (k) + Tn (k)

2n+1
=

1

2n+1

"
1

n+ 1

nX
l=0

�
n+ 1

l

�
Blk

n+1�l +
1

2

n�1X
l=0

�
n

l

�
Elk

n�l + En

#

=
1

2n+1

"
nX
l=0

�
n

l

�
Blk

n+1�l

n+ 1� l +
1

2
(En (k) + En)

#
(2.2)

and

Sn

�
k + 1

2

�
=

nX
l=0

�
n

l

�
Bl

n+ 1� l

�
k + 1

2

�n+1�l
. (2.3)

Thus, from (1.6), (2.2) and (2.3), we state the following theorem.

Theorem 1. The following correlation including Bernoulli numbers and Euler numbers and polynomials

En (k) + En =
nX
l=0

�
n

l

�
2Bl

n+ 1� l

�
2l (k + 1)

n+1�l � kn+1�l
�

(2.4)

holds true for k > 1 being odd integer.

In view of (1.10) and (2.4), the following result holds true for k > 1 being odd integer.

Corollary 1. The relation between Bernoulli and Genocchi numbers and polynomials holds true for k > 1:

Gn+1 (k) +Gn+1 =
nX
l=0

�
n+ 1

l

�
2Bl

�
2l (k + 1)

n+1�l � kn+1�l
�
. (2.5)

Let k > 1 be an even positive integer. In view of (1.11), (1.12) and (2.1), we have

Sn (k) + Tn (k)

2n+1
=

1

2n+1

"
nX
l=0

�
n

l

�
Blk

n+1�l

n+ 1� l �
1

2

n�1X
l=0

�
n

l

�
Elk

n�l

#

=
1

2n+1

"
nX
l=0

�
n

l

�
Blk

n+1�l

n+ 1� l �
1

2

nX
l=0

�
n

l

�
Elk

n�l +
En
2

#

=
1

2n+1

"
nX
l=0

�
n

l

�
Blk

n+1�l

n+ 1� l �
1

2
(En (k)� En)

#
(2.6)

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 19 February 2018                   doi:10.20944/preprints201802.0119.v1

http://dx.doi.org/10.20944/preprints201802.0119.v1


ON SUMS OF POWERS OF CONSECUTIVE INTEGERS 5

and

Sn

�
k

2

�
=

nX
l=0

�
n

l

�
Bl

n+ 1� l

�
k

2

�n+1�l
. (2.7)

Hence, by (2.6) and (2.7), we state the following theorem.

Theorem 2. The following correlation including Bernoulli numbers and Euler numbers and polynomials

En (k)� En =
nX
l=0

�
n

l

�
2kn+1�lBl
n+ 1� l

�
1� 2l

�
(2.8)

holds true for k > 1 being even integer.

In view of (1.10) and (2.8), the following result holds true for k > 1 being even integer.

Corollary 2. The following relation is valid for k > 1 being even integer

Gn+1 (k)�Gn+1 =
nX
l=0

�
n+ 1

l

�
2kn+1�lBl

�
1� 2l

�
. (2.9)

The following correlations holds true (see [5]):

Gn = 2 (1� 2n)Bn n � 0 (2.10)

Gn =

n�1X
l=0

�
n

l

�
2lBl (n � 1) (2.11)

Gn (x) = �2
n�1X
l=1

�
n

l

�
ElBn�l (x) (n � 1) : (2.12)

We now provide some correlations and identities for Bernoulli and Euler polynomials and numbers via
subsequent theorems.

Theorem 3. Let k > 1 be an odd integer and n � 0. We then obtain
nX
l=1

�
n+ 1

l

�
ElBn+1�l (k) +

�
2n+1 � 1

�
Bn+1 =

nX
l=0

�
n+ 1

l

�
Bl

�
kn+1�l � 2l (k + 1)n+1�l

�
: (2.13)

Proof. From (2.5), (2.10) and (2.12), we observe that

Gn+1 (k) +Gn+1 = �2
nX
l=1

�
n+ 1

l

�
ElBn+1�l (k) + 2

�
1� 2n+1

�
Bn+1

=
nX
l=0

�
n+ 1

l

�
2Bl

�
2l (k + 1)

n+1�l � kn+1�l
�
,

which yields to the desired result (2.13). �

Theorem 4. Let k > 1 be an odd integer and n � 1. We then attain
nX
l=1

�
n+ 1

l

�
ElBn+1�l (k)�

nX
l=0

�
n+ 1

l

�
2l�1Bl =

nX
l=0

�
n+ 1

l

�
Bl

�
kn+1�l � 2l (k + 1)n+1�l

�
: (2.14)

Proof. By means of (2.5), (2.10) and (2.12), we see that

Gn+1 (k) +Gn+1 = �2
nX
l=1

�
n+ 1

l

�
ElBn+1�l (k) +

nX
l=0

�
n+ 1

l

�
2lBl

=
nX
l=0

�
n+ 1

l

�
2Bl

�
2l (k + 1)

n+1�l � kn+1�l
�
,
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which gives the asserted result (2.14). �
Theorem 5. Let k > 1 be an even integer and n � 0. We then acquire

nX
l=1

�
n+ 1

l

�
ElBn+1�l (k) +

�
1� 2n+1

�
Bn+1 =

nX
l=0

�
n+ 1

l

�
kn+1�lBl

�
1� 2l

�
. (2.15)

Proof. In view of (2.9), (2.10) and (2.12), we get

Gn+1 (k)�Gn+1 = �2
nX
l=1

�
n+ 1

l

�
ElBn+1�l (k)� 2

�
1� 2n+1

�
Bn+1

=
nX
l=0

�
n+ 1

l

�
2kn+1�lBl

�
1� 2l

�
,

which implies the desired result (2.15). �
Theorem 6. Let k > 1 be an even integer and n � 1. We then get

nX
l=1

�
n+ 1

l

�
ElBn+1�l (k) +

nX
l=0

�
n+ 1

l

�
2l�1Bl =

nX
l=0

�
n+ 1

l

�
kn+1�lBl

�
2l � 1

�
. (2.16)

Proof. The proof of this theorem just follows from (2.9), (2.11) and (2.12).

Gn+1 (k)�Gn+1 = �2
nX
l=1

�
n+ 1

l

�
ElBn+1�l (k)�

nX
l=0

�
n+ 1

l

�
2lBl

=

nX
l=0

�
n+ 1

l

�
2kn+1�lBl

�
1� 2l

�
,

which directly provided the result (2.16). �
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