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 12 

Abstract: In order to enhance the accuracy of the relative velocity measurement for the Mars 13 
explorer formation flight, we develop a relative velocity measurement method. In this method, the 14 
spectrometers at two Mars explorers are adopted to measure the starlight frequency shift and to 15 
estimate the velocity with respect to the star. Unfortunately, the instantaneous velocity of star can 16 
not be predicted accurately, which results in a large error in the velocity measurement. The 17 
difference of these two velocities, which does not include the proper motion of star, is the relative 18 
velocity between a pair of Mars explorers at the direction of the star. However, this navigation 19 
method can not work alone because of unobservability. To make the navigation system observable 20 
and improve the accuracy of both absolute and relative navigation for the Mars explorer formation 21 
flight, we combine it with X-ray pulsar navigation and the inter-satellite links, and propose an 22 
autonomous integrated navigation method with observability. In this integrated navigation scheme, 23 
the extended Kalman filter is adopted to deal with the relative velocity, the inter-satellite links and 24 
the pulse time-of-arrival, and estimate the absolute and relative navigation information for the Mars 25 
explorer formation flight. The simulation results demonstrate that both absolute and relative 26 
navigation accuracy of the proposed method are higher than that of the pulsar navigation, especially 27 
the relative one. 28 

Keywords: Navigation; Velocity measurement; X-ray pulsar; Mars explorer; Formation flight 29 

 30 

1. Introduction 31 
The formation flight of the deep space explorers is a novel area of aerospace technique [1,2]. The 32 

formation flight can increase redundancy backup, decentralize the risk, and provide a multi-platform 33 
for deep space exploration [3]. In the area of the deep space exploration, the navigation accuracy for 34 
the transfer orbit is very important. Traditional ground station-based navigation method can not 35 
provide high-accuracy and real-time navigation information. Consequently, the autonomous 36 
navigation systems [4,5], which need not communicate with ground stations, are highly attractive. It 37 
is worth emphasizing that both absolute and relative navigation information of the Mars explorer 38 
formation flight are very important, and the relative navigation has a higher accuracy requirement.  39 
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X-ray pulsar navigation [6] is a novel autonomous navigation method for deep space exploration, 40 
which uses the X-ray sensor at spacecraft to observe X-ray pulsar and get the pulse TOA (time-of-41 
arrival) [7,8]. Using the pulse TOA as the measurement, the X-ray pulsar navigation system can 42 
provide absolute position information for Mars explorers. Naturally, it can also estimate the relative 43 
navigation information via calculating the difference of the absolute ones. Emadzadeh has proposed 44 
the relative navigation method between two deep space explorers using X-ray pulsar [9]. In this 45 
method, the pulse TOAs are used as measurements, and based on models of the spacecraft and IMU 46 
dynamics, a Kalman filter is adopted to obtain the relative position and velocity. The inter-satellite 47 
link [10] is a mature measurement for relative navigation, which can provide high-accuracy range 48 
between two spacecrafts. This technique has been applied to some missions. For example, GPS Block 49 
IIR and Block IIF satellites have fixed crosslink transponder. Xiong has proposed the relative 50 
navigation with the inter-satellite links and the time difference of arrival from X-ray pulsar[11]. Its 51 
relative navigation accuracy is enhanced. Combined with the orbit dynamic model, this method can 52 
also provide the absolute navigation information with the low earth orbit. However, it is not suitable 53 
to the transfer orbit, and its relative accuracy is limited. The vision-based relative navigation is a 54 
commonly-used method, which utilizes the star sensor to observe the flying Mars explorer according 55 
to the explorer reflectivity. However, it is subjected to the long distance between a pair of Mars 56 
explorers. Based this method, Xiong has also develop a relative navigation method based on the star 57 
sensors and inter-satellite links, where the star sensors are utilized to observe other satellites [10]. 58 
Thus, this method is still only fit for the short-distance between two spacecrafts.  59 

As we know, currently, the celestial information on the star which can be measured includes the 60 
direction vector and the relative velocity. The traditional celestial navigation method adopts the 61 
direction of star as the measurement. And the relative velocity measurement can not be exploited 62 
now. In fact, the velocity measurement accuracy of the spectrometer is very high, and can reach 63 
0.01m/s. When we utilize the spectrometer to observe the light from the celestial body, the relative 64 
velocity between the celestial body and the spacecraft can be estimated according to the frequency 65 
shift of the light. However, currently, we are not able to high-accurately predict the instantaneous 66 
velocity of the celestial body, especially the star. That is to say, we can not estimate the absolute 67 
velocity of spacecraft with the starlight frequency shift.  68 

In this paper, in order to exploit the starlight and resist the impact of the proper motion of star 69 
on the spacecraft velocity estimation, we develop a novel relative velocity estimation method with 70 
starlight. In this method, the velocity between the spacecraft and the celestial body is measured by 71 
the spectrometer at spacecraft. The difference of these two velocities of two spacecrafts is the relative 72 
velocity between two spacecrafts at the direction of star. However, we find that the relative velocity 73 
navigation system is not observable. In order to make the celestial autonomous navigation system for 74 
formation flight observable, we combine the relative velocity measurement method with the X-ray 75 
pulse TOA and the inter-satellite links, and propose a novel integrated navigation scheme, where the 76 
EKF (extended Kalman filter) is adopted as the navigation filter to provide the absolute and relative 77 
navigation information.  78 

This paper is organized into five sections. After the introduction, the relative velocity 79 
measurement using starlight frequency shift is developed in Section 2. The integrated navigation 80 
filter is described in Section 3. The simulation results in Section 4 demonstrate the robustness and 81 
accuracy of this presented method and conclusions are drawn in Section 5. 82 

2. Relative Velocity Measurement Using Starlight Frequency Shift 83 
In the traditional celestial navigation method, the direction of the star is fully exploited. The star 84 

sensor is employed to measure the direction of star precisely. And the attitude of spacecraft can be 85 
determined accurately with three or more stars. When the spacecraft is near a celestial body such as 86 
the earth, the spacecraft’s position can be also determined via measuring the star-earth angle or the 87 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 11 February 2018                   doi:10.20944/preprints201802.0081.v1

http://dx.doi.org/10.20944/preprints201802.0081.v1


 

elevation angle to star. But in the transfer orbit, the accuracy of this method is very low due to the 88 
long-distance between the spacecraft and the near celestial body.  89 

In fact, both the star direction and the starlight frequency can be measured from the star. 90 
Currently, the relative velocity measurement can be obtained by the spectrometer precisely. In this 91 
section, we develop a novel idea where the navigation measurement is the frequency shift of starlight 92 
but not the direction of star. 93 

2.1. The relative velocity measurement 94 
Before designing the relative velocity measurement method, we introduce and analyse the 95 

absolute velocity measurement based on the starlight frequency shift. The details are as follows: in 96 
general, the frequency spectrum of starlight can be measured by the spectrometer placed at the 97 
spacecraft. Due to the motion of the spacecraft with respect to the light source (star), the spectral lines 98 
of starlight are shifted from the original positions corresponding to their wavelength, which is called 99 
the frequency shift. Conversely, the velocity of spacecraft with respect to the star can be solved from 100 
the starlight frequency shift. The direction vector of star, s , may be considered constant throughout 101 
the solar system since the star is so distant from the Solar system. The velocity of spacecraft with 102 
respect to the star is the velocity at the direction of the star. This velocity measurement is highly 103 
accurate due to the high performance of the spectrometer, and its accuracy is less than 0.01m/s. The 104 
velocity measurement model can be expressed as:  105 

a
s sv = ⋅ − ⋅s v s v  (1)

 where a
sv  is the measured velocity with respect to the star, v  and sv  are the spacecraft and 106 

star velocities with respect to the SSB (solar system barycentre) respectively. From Eq.(1), it can be 107 
seen that when a

sv , s  and sv  are precise, the spacecraft velocity at the direction of star, ⋅s v , can 108 
be estimated accurately. However, subjected to the current measurement technology and celestial 109 
observation data, a large error exists in the instantaneous radial velocity of the star, s⋅s v . Therefore, 110 
the velocity measurement can be represented as: 111 

( )a
s sv v= ⋅ − ⋅ + Δs v s v  (2)

where vΔ  is a large velocity error. From Eq.(2), we can seen that the estimated velocity at the 112 
direction of star is v⋅ + Δs v . Therefore, the velocity measurement method based on starlight 113 
frequency shift can not be applied to the absolute velocity measurement due to the large error in the 114 
radial velocity estimation of the star.  115 

If the velocity measurement model does not include sv , ⋅s v  can be estimated precisely 116 
according to a

sv . Based on this idea, we build the relative velocity measurement model for formation 117 
flight based on the starlight frequency shift, which does not include radial velocity of the star. The 118 
basic principle of this measurement method is presented in Figure 1. In this paper, the formation is 119 
composed by two Mars explorers. 0v  and 1v  are the velocities of Mars explorer 0 and 1 with respect 120 
to SSB, respectively. Correspondingly, ( )0 s⋅ −s v v  and ( )1 s⋅ −s v v  are the velocities of the Mars 121 
explorer 0 and 1 with respect to the star, respectively. These two velocity values are measured by the 122 
spectrometers placed at two Mars explorers respectively. According to Eq.(2), it can be seen that there 123 
is a large predicted error in the predicted radial velocity, s v⋅ + Δs v . Thus, we can not obtain 124 
accurate 0v  and 1v  even if the measured velocities with respect to the star are precise.  125 

Fortunately, we can obtain the relative velocity of two explorers at the direction of the star, r
sv , 126 

as follows:  127 
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( ) ( ) ( )0 1 0 1
r
s s sv = ⋅ − − ⋅ − = ⋅ −s v v s v v s v v  (3)

From equation (3), it can be seen that r
sv  is not subjected to the radial motion of the star. 128 

Namely, r
sv  is not affected by the predicted velocity error of star. Therefore, we can get accurate r

sv  129 
form ( )0 s⋅ −s v v  and ( )1 s⋅ −s v v .  130 

 

 

Figure 1. The basic principle of relative navigation based on starlight frequency shift 131 

Next, we build the relative velocity measurement model. Suppose that 0
l
vω  and 1

l
vω  are the 132 

measurement noises caused by the spectrometers at the explorer 0 and 1 respectively. For the l-th 133 
navigation star, the relative velocity, r

slv , can be represented as:  134 

( ) ( ) ( )0 0 1 1 0 1 0 1
r l l l l l
sl s v s v v vv ω ω ω ω   = ⋅ − + − ⋅ − + = ⋅ − + −   s v v s v v s v v  (4)

where 1,2, ,l L=  . L is the number of adopted navigation stars. 
ls  is the direction of the l-135 

th navigation star.  136 

For the navigation system with multiple navigation stars, the relative velocity measurement 137 

model can be represented as:  138 

where the measurement vector, ( )s tY , the measurement equations ( , )sh tX , and the noises, 139 

0vω , 1vω  can be represented as:  140 

( ) T

1 2, , ,s r r r
s s sLt v v v =  Y   (6)

( ) 0 1( , )s s
v vt h t= + −Y X ω ω  (5)

 

 

 

Star

Mars explorer 0
Mars explorer 1 
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T

1 2( , ) ( , ), ( , ), , ( , )s s s s
Lh t h t h t h t =  X X X X  (7)

( )0 1( , )s l
lh t = ⋅ −X s v v  (8)

T1 2
0 0 0 0, , , L
v v v vω ω ω =  ω   (9)

T1 2
1 1 1 1, , , L
v v v vω ω ω =  ω   (10)

2.2. The navigation performance analysis 141 
In this section, we analyze the performance of the relative navigation based on starlight 142 

frequency shift from the following three aspects: (1) the observability of navigation system; (2) the 143 
measurement noise; (3) the applicable conditions.  144 

(1) The observability of the navigation system. The observability of the navigation system is an 145 
important evaluation index for navigation performance. Next, we construct the observability matrix 146 
and analyze it.          147 

In the transfer orbit for the Mars exploration, the ( )ir  is on the order of 1011 m. ( ) ( )i i∂ ∂v r  is on 148 
the order of 3( )/ i

sμ r , whose value is on the order of 10-13 and can be ignored.  149 

The state transfer matrix kA  can be represented as:  150 

where ( ),f t∂ X  is the orbit dynamic model. 151 

For the frequency shift-based navigation, the relative velocity measurement matrix, kH , can be 152 
represented as follows: 153 

According to Eq.(11) and (12), we can construct the observability matrix, O , which can be 154 
expressed as follows:  155 

The rank of the observability matrix is:  156 

( )
3 3 3 3 3 3 3 3

3 3 3 3 3 3 3 3

3 3 3 3 3 3 3 3ˆ

3 3 3 3 3 3 3 3

, , ,
, , ,,
, , ,
, , ,

k

k

f t
× × × ×

× × × ×

× × × ×=

× × × ×

 
 ∂  ≈
 ∂
 
  

X X

0 I 0 0
0 0 0 0X

A
0 0 0 IX
0 0 0 0

＝  (11)

( ) [ ]3 3 3 3
ˆ

,
, , ,

k

k L L L L

h t
× × × ×

=

∂
= −

∂
X X

X
H 0 S 0 S

X
＝  (12)

( )

3 3 3 3

3 3 3 3

m
3 3 3 3

, , ,
, , ,

, , ,

k L L L L

k k L L L L

L L L Lk k

× × × ×

× × × ×

× × × ×

  − 
   
   = =   
   

     

H 0 S 0 S
H A 0 0 0 0

O

0 0 0 0H A

 
 (13)
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When the observability matrix is a full column rank matrix, the navigation system is observable. 157 
Obviously, the matrix O  is not a full column rank matrix. Thus, the starlight frequency shift-based 158 
navigation system is unobservable. Namely, this navigation method can not work alone, and is only 159 
utilized as an aided navigation method. In this paper, we combine it with the X-ray pulsar navigation 160 
system, which is observable.  161 

(2) The measurement noise. Suppose that the variances of 0
l
vω  and 1

l
vω  are vR , 0

l
vω  and 162 

1
l
vω  are uncorrelated.  163 

As the noise of r
slv  is 0 1

l l
v vω ω－ , the noise variance of r

slv  is  164 

From above equations, we can see that the measurement noise increases. However, the velocity 165 
measurement noise caused by the spectrometer is 1cm/s, while the predicted radial velocity error of 166 
star is on the order of 10m/s. Therefore, it is worthy to eliminate the predicted radial velocity error of 167 
star at the cost of the increase of measurement noise.  168 

(3) The application situations. This relative navigation is fit for the whole space since the starlight 169 
can be observed in the whole space. As we know, in the vision-based relative navigation, the observed 170 
spacecraft may be rarely visible to the observer’s star sensor in the case that the spacecrafts are far 171 
from each other[10]. Unlike the vision-based relative navigation, the starlight frequency shift-based 172 
relative navigation method does not observe the spacecraft reflectivity. As this relative navigation 173 
method observes the starlight, it can work very well even if the distance between two spacecrafts is 174 
very long.  175 

Moreover, like the inter-satellite links, the relative velocity measurement method based on 176 
starlight can be applied to several spacecrafts.  177 

3. Navigation Filter 178 
As the navigation system for the Mars explorer formation flight is nonlinear, we employ the EKF 179 

as the navigation filter due to its good performance in nonlinear estimation. The equations for 180 
extended Kalman filter can be found in Reference[12]. 181 

In order to make the celestial autonomous navigation system observable, we integrate the 182 
relative velocity measurement with the X-ray pulsar navigation[13] and the inter-satellite links, and 183 
propose the velocity measurement/pulsar/inter-satellite links integrated navigation.     184 

( ) , 3
3, 3
L L

rank
L

<
=  ≥

O  (14)

( )2

0
l
v vE Rω  =  

 (15)

( )2

1
l
v vE Rω  =  

 (16)

0 1 0l l
v vE ω ω ⋅ =   (17)

( ) ( ) ( )2 2 2

0 1 0 0 1 12 2l l l l l l
v v v v v v vE E E E Rω ω ω ω ω ω      − = − ⋅ + =           

 (18)
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In the process of the pulsar observation, only the relative velocity measurement and the inter-185 
satellite links can be obtained. The measurement model and measurement value can be expressed as:  186 

Once the pulse TOA is obtained, three measurements can be utilized. The measurement model 187 
and the measurement value can be represented as:  188 

4. Simulation Results 189 
As the relative velocity navigation system based on starlight is unobservable and can only be 190 

utilized as an aided navigation, it is hard to investigate its navigation performance. In order to 191 
demonstrate the feasibility and effectiveness of the relative velocity measurement method, we 192 
combine it with the X-ray pulsar navigation, and propose the integrated navigation system with 193 
observability in this paper. In this section, we compare the integrated navigation with the X-ray 194 
pulsar navigation, and show the simulation results in this section. It is worth to be mentioned that 195 
the pulsar navigation in this paper employs the inter-satellite links besides the pulse TOA. The 196 
simulation conditions are shown as follows.  197 

We refer the orbit of American Mars Pathfinder, and design the simulation orbit for the Mars 198 
explorer formation flight. The initial orbit elements of two Mars explorers in formation flight are 199 
shown in Table 1. The simulation time is from 1 Mar 1997 00:00:00.00 UT to 2 Mar 1997 00:00:00.00 200 
UT. The orbits of Mars explorers are simulated with the Satellite Tool Kit (STK), which takes the 201 
perturbation effects into account.  202 

The creation of a catalog of pulsars is most useful for deep space navigation. The figure of merit 203 
for X-ray pulsar assists in identifying pulsars with the potential to provide good timing and range 204 
accuracy, and its expression can be found in reference[13]. It is assumed that there is no clock error 205 
for the spacecraft. Thus, in order to make the navigation system observable, three X-ray pulsars are 206 
required. In this paper, three commonly used pulsars, whose figures of merit are highest in all pulsars, 207 
are adopted, and the right ascension angles and declination angles of those pulsars are shown as 208 
Table 2. The pulse TOA measurement accuracy can be calculated as reference[13]. The X-ray 209 
background radiation flux is 0.005ph/cm2/s. The area of the X-ray sensor is 1 m2. The X-ray pulsar 210 
observation period is 1000s.  211 

Two brightest stars (Sirius, Canopus) are adopted as the navigation stars. Their parameters are 212 
shown in Table 3. 213 

 214 

( ) ( )
( )

,
,

,

s

I

h t
h t

h t

 
=  
  

X
X

X
 (19)

s

I

 
=  
 

Y
Y

Y
 (20)

( )
( )
( )
( )

,

, ,

,

s

I

X

h t

h t h t

h t

 
 

=  
 
  

X

X X

X

 
(21)

s

I

X

 
 

=  
 
 

Y
Y Y

Y

 (22)
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Table 1. Initial orbital elements of the American Mars Pathfinder 215 

Orbital element Mars explorer 0 Mars explorer 1 

Semimajor Axis 193216365.381km 193216365.381km 

Eccentricity 0.236386 0.236386 

Inclination 23.455° 23.455° 

Right Ascension of Ascending 
Node 

0.258° 0.258° 

Argument of Periapsis 71.347° 71.347° 

True Anomaly 85.152° 85.153° 

Table 2. Parameters of pulsars 216 
Pulsar B0531+21 B1821-24 B1937+21 

Right ascension angle/° 83.63 276.13 294.92 

Declination angle/° 22.01 -24.87 21.58 

Measurement 
accuracy/m 

77.75 202.09 192.04 

Table 3. Parameters of stars 217 
Star Sirius Canopus 

Right ascension angle/° 101.29 95.99 

Declination angle/° -16.72 -52.70 

Table 4. Parameters of navigation filter 218 

Parameter Value 

Number of X-ray sensors 3 

Number of spectrometers 2 

The measurement error of 
spectrometer 

0.01m/s 

The predicted radial velocity 
error of star 

10m/s 

The error of inter-satellite links 1m 

The X-ray pulsar observation 
period 

1000s 

The star observation period 5s 
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(a) absolute position error 

 
(b) absolute velocity error 

 

(c) relative position error 

 

(d) relative velocity error 

Figure.2. The estimation errors for pulsar navigation and integrated navigation 219 

The other parameters of the navigation filter are shown as Table 4. 220 

We investigate the performance of the integrated navigation and the pulsar navigation. Figure 221 
2 shows the performance comparison of these two navigation methods using the same simulation 222 
conditions described above. As the results in Figure 2 demonstrate, the two methods can converge 223 
very well, and the integrated navigation performs considerably better. Table 5 shows the comparison 224 
between the integrated navigation and the X-ray pulsar navigation over 100 Montè-Carlo trials. It can 225 
be seen that compared with the pulsar navigation, the integrated navigation shows 7.4% and 17.0% 226 
improvement for absolute position and velocity, 63.9% and 85.1% for relative position and velocity, 227 
respectively. From these results, we can see that the integrated navigation improves the navigation 228 
performance obviously, especially the relative navigation. The reason is that the starlight frequency 229 
shift-based relative navigation method provides the highly accurate relative velocity information. 230 
From above simulation results, we can see that the relative velocity navigation based on starlight is 231 
an effective aided navigation method.  232 

The inter-satellite links 
observation period 

5s 

Initial state errors 
( ) [ ]0 0 5200 ,5200 ,5200 ,19 / ,19 / ,14 /m m m m s m s m sδ =X  

( ) [ ](1) 0 6000 ,6000 ,6000 ,20 / ,20 / ,15 /m m m m s m s m sδ =X  

Initial estimation error 
covariance 

)0(P is selected at random 

State process noise covariance [ ]2
2

2
2

2
2

2
1

2
1

2
1 ,,,,, qqqqqqdiag=Q , 1 2mq = -3

2 3 10 m/sq = ×  
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Table 5. Comparision of two navigation mehods. 233 

Next, we investigate the impact of the X-ray sensor’s area on both the integrated navigation and 234 
the X-ray pulsar navigation. Figure 3 represents the simulation results with different area of sensor 235 
over 50 Montè-Carlo trials. We can see that the performance of the two methods improves with 236 
enlarging the area of X-ray sensor, and the integrated navigation method outperforms X-ray pulsar 237 
navigation with the same area, especially the relative navigation.  238 

    
(a) absolute position error 

 
(b) absolute velocity error 

 

(c) relative position error 

 

(d) relative velocity error 

Figure.3. The estimation errors with different area of X-ray sensor 239 

Navigation 
method 

Absolute
position 

Absolute 
velocity 

Relative 
position 

Relative 
velocity 

Pulsar navigation 359.85 m 0.0576 m/s 273.81 m 0.0642 m/s 

Integrated 
navigation 

333.23 m 0.0478 m/s 98.74 m 0.0096 m/s 
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(a) absolute position error 

 
(b) absolute velocity error 

 

(c) relative position error 

1 

(d) relative velocity error 

Figure.4. The estimation accuracy with different frequency shift measurement accuracy 240 

Finally, we investigate the impact of the starlight’s frequency shift measurement accuracy on the 241 
integrated navigation. Figure 4 represents the simulation results with different accuracy of the 242 
frequency shift measurement over 50 Montè-Carlo trials. We can see that both absolute and relative 243 
navigation performance improves with the decline of the starlight’s frequency shift measurement 244 
error, especially the relative navigation. From Figure 4 and Table 5, it is interesting to note that the 245 
integrated navigation accuracies with different frequency shift measurement error are higher than 246 
that of X-ray pulsar navigation. 247 

5. Conclusions 248 
In this paper, a novel relative velocity measurement method is developed, which employs the 249 

spectrometers as the sensors and gets the relative velocity between a pair of Mars explorers from the 250 
starlight. It can be only utilized as an aided navigation method due to its unobservability. We 251 
combine it with X-ray pulsar navigation, and propose the starlight Doppler/pulsar integrated 252 
navigation method for formation flight. In the proposed integrated navigation system, the relative 253 
velocity, the pulse TOA and the inter-satellite link are the navigation measurements. The simulation 254 
results demonstrate that both absolute and relative autonomous navigation accuracy of the proposed 255 
integrated navigation method are higher than that of the X-ray pulsar navigation, especially the 256 
relative navigation. And the proposed method improves the velocity estimation accuracy greatly, 257 
especially the relative one.  258 

The relative velocity measurement method for formation flight has the following virtues: (1) it 259 
is completely autonomous; (2) it can work in whole space; (3) it provides highly-accurate relative 260 
velocity; (4) it is not subjected to the distance between a pair of Mars explorers. Therefore, this relative 261 
velocity measurement method is a good aided navigation method for formation flight. Besides the 262 
advantages of the relative velocity measurement method, the proposed integrated navigation can 263 
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also provide position information. Thus, this integrated navigation system is a good choice for the 264 
Mars explorer formation flight. 265 
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