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Abstract

This article puts forward the bi-matrix games with crisp parametric payoffs
based on interval value function approach. We conclude that the equilibrium so-
lution of the game model can converted into optimal solutions of the pair of the
non-linear optimization problem. Finally, experiment results show the efficiency of
the model.
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1 Introduction

Generally speaking, the bi-matrix game model is accurate, when the bet is a small
amount of money. In real-life, the relations between the interests of people are more
complex. Particularly, in some areas of the economy, the interests of the two players is
precisely the opposite. It is well known that these games are two person non-zero-sum
game, which are called bi-matrix games for short. Therefore, much research in recent
years has focus on bi-matrix game problems.

Mangasarian et al.[21] showed that the equilibrium solution of bi-matrix game is
equivalent to the optimization problem about linear constraints and a quadratic ob-
jective function. Chakeri et al. [8] used fuzzy logic to determine the priority of the
payoff based on the linguistic preference relation and proposed the notion of linguistic
Nash equilibriums. Fuzzy preference relation has been widely used in the fuzzy game
theory [5, 6, 7, 9]. At the same time, they [9] utilize the same method [8] to determine
the priority of the payoff based on fuzzy preference relation. In order to deal with this
game model, a new approach was put forward. Moreover, Sharifian et al. [27] also
applied fuzzy linguistic preference relation to the the fuzzy game theory. Hladik [15]
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introduced interval bi-matrix games and obtained the conclusion that the equilibrium
solution of interval bi-matrix game can be changed into the linear mixed integer opti-
mization problem. The methods of solving the interval bi-matrix games by a pair of
auxiliary bilinear programming models is discussed by Fei and Li [16].

There have been a great number of studies in single objective fuzzy bi-matrix games
[2, 17, 20, 31, 32, 33] and intuitionistic fuzzy bi-matrix games [18, 22, 23]. Maeda
[20] discussed a bi-matrix game with fuzzy payoffs and proved the existence of Nash
equilibrium in a fuzzy bi-matrix game. Vidyottama et al. [31] confirmed that a bi-
matrix game with fuzzy goal and a crisp non-linear programming problem are of equal
value. Vijay et al.[32] presented a bi-matrix game with fuzzy payoffs and fuzzy goals
through a fuzzy relation method, and they showed that the solution is equal to two
semi-infinite optimization problems. Li [17] proposed the concept of crisp parametric
bi-matrix games and discussed the existence of equilibrium solutions of fuzzy bi-matrix
games. Recently, Nayak and Pal [23] studied a bi-matrix game with intutionistic fuzzy
goals. Subsequently, Li [18] discussed the way to deal with the bi- matrix games with
payoffs of intuitionistic fuzzy sets via bilinear programming method and defuzzification
ranking approach.

Although the research of bi-matrix game problems have been extensively studied
in recent years, it needs to be further conducted from the perspective of the non-linear
optimization approach. Taking elicitation from [2, 16, 18], we can take inspiration
and put forward a non-linear optimization method for the bi-matrix games with crisp
parametric payoffs based on interval value function in this paper.

The outline of this article is as follows: Section 2 describes the basic definitions
and recalls some results concerning fuzzy numbers and the crisp single-objective bi-
matrix game. In section 3, the bi-matrix games with crisp parametric payoffs based
on interval value function approach is presented. We conclude that the equilibrium
solution of the game model can converted into the pair of optimal solutions of the
non-linear optimization problem. In section 4, an example is provided to illustrate the
efficiency of the model in this paper. Conclusions and suggestions for future research
are given in the last section.

2 Preliminaries

The following notations, definitions and results will be needed in the sequel.
We denote K¢ as the family of all bounded closed intervals in R [13], that is,

Kc ={lar,ar]lar,ar € R and ar, < agr}.

A fuzzy set T of R is characterized by a membership function pz : R — [0,1]. For
each such fuzzy set Z, we denote by [Z]* = {z € R : uz(z) > a} for any a € (0, 1], its
a-level set. Define the set [#]° by [#]° = U 0€(0,1] [7]¥, where A denotes the closure of a
crisp set A. A fuzzy number 7 is a fuzzy set with non-empty bounded closed level sets
[Z]* = [T1(a), Tr()] for all a € [0,1], where [Z(«),Zr(a)] denotes a closed interval
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with the left end point Z7(«) and the right end point Zg(a) [14]. We denote the class
of fuzzy numbers by %#.

Definition 1 [30] Suppose that T and y are two fuzzy numbers. Then T precedes y
(x 2 y) if and only if [u]* = [ur(a), ur(a)] < [v]* = [ur(a),ur(a)] for each a € [0, 1],
where [u]® < [v]* if and only if ur(a) < vp(a) and up(a) < vr(a).

Note that the order relation < is reflexive and transitive. Moreover, any two ele-
ments of .# are comparable under the ordering <. For more details see [28, 29].

Definition 2 [34] Let = be fuzzy numbers, If the membership function uz(z) of the
fuzzy number T is denoted by

)

, x < da,r > a,
uz(z) = — a<z<a,
, a<z<a.
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Then, I is called a triangular fuzzy number. And the triangular fuzzy number T is
presented by T = (4, a,a).

Furthermore, the a-level set of the triangular fuzzy number & = (d,a,a) is the
closed interval [34]
[Z]* = [zr(a),Zr(a)] = [(a — d)a+ 4, —(a — a)a + a], « € (0,1]. (1)

Definition 3 [19] Let a; be fuzzy numbers and z; > 0(i = 1,2,---,n) be an real
n

numbers. Then, > a;x; is a fuzzy numbers.
i=1

In the following, we shall describe a crisp bi-matrix game model in [1, 2].

Definition 4 [2] The set of mized strategies for player 1 is denoted by

m
S™ = {x = (21,22, - ,xm)] E]R"”Zm =1,2,>0,i=1,2,--- ,;m.} (2)
=1

Similarly, The set of mized strategies for player 11 is denoted by

j=1

where zT

spaces.

is the transposition of x, R™ and R™ are m- and n-dimensional Euclidean
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A payoff matrix of the Player I and Player II in bi-matrix game are denoted by
[1, 2]

ail e Aln
A= oo ()
Gml **° QGmn
and
bir - b
B = P (5)
bml te bmn

respectively. Assume that the player I and player II both are maximized players. A
bi-matrix game (BG) model in [2] is taken as

BG = (S™, 5", A, B).

Definition 5 [1, 2/ Let A be a payoff matriz of the Player 1. When Player 1 and
Player 11 choose mized strategies x € S™ and y € S™, respectively. An expected payoff
of Player 1 is denoted by

m n
E(l‘, Y, A) = xTAy = Zl Zl AijTiYj (6)
1=1)=
Similarly, let B be a payoff matrix of the Player 11, an expected payoff of Player 11 is
denoted by

i=1j=
Definition 6 [2, 16] (z*,y*) € S™ x S™ is called the pair of equilibrium solution of the
game (BG) model if
2T Ay < (a*)T Ay* Vo € S™,

(¢)" By < ()" By*, vy € S™.
Theorem 1 [2, 16] For any a given game (BG) model, (z*,y*) is an equilibrium solu-

tion of game (BG) model if and only if it is an optimal solution the following problem
(NLP1) model.

d0i:10.20944/preprints201802.0041.v1
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(NLP1) maz {zT Ay + 27 By — u — v}

n
subject to aijy; <u (i=1,2,---,m),
j=1

J

m

ZijxZ S v, (] == 1727"' 7n)7
i=1

m
i=1
n
>y =1,
7=1

u, v unrestricted in sign.

3 A Bi-matrix Game Model based on Interval Value Func-
tion

In this section, we will establish a bi-matrix game model through a interval value

function. Let S™ and S™ be introduced in section 2. Suppose that the elements of A

and B be fuzzy numbers. Therefore, the bi-matrix game with fuzzy payoffs [2], denoted
by BGF P, can be presented as

BGFP = (S™, 8", A, B).

Definition 7 Let A be fuzzy payoff matrixz of the Player 1. When Player 1 and Player
IT choose mixed strategies x € S™ and y € S™, respectively. A fuzzy expected payoff of
Player 1 is denoted by

- m

E (l‘, Y, Z) =T Ay = g:l J;l QijTiY; 9)

Similarly, let B be fuzzy payoff matriz of the Player 11, a fuzzy expected payoff of Player
IT is denoted by

E <x, v, E) =2TBy = Zl Zlgijxiyj (10)
1=1j=

Definition 8 Let (z,y) € S™ x S™. Ifx € S™ and y € S™ satisfy the following

conditions: N B
2T Ay < (a*)T Ay* Vo € S™,

(z*)' By < (z*)" By*, vy € S™.
Then (x*,y*) € S™ x S™ is called the equilibrium solution of (BGF'P).
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In order to get the equilibrium solution of (BGF P), next, we construct crisp para-
metric payoff matrixes based on interval value function of Player I and Player 1I as

follows:
[(a1)r(a), (a)r(@)] -+ [(a1n) (@), (@1n) ()]
I(A) = : - : (11)
[(@m1) (@), (@m1)r()] -+ [(Gmn)L(@), (@mn) R(@)]
and " . - -
[(b11) (), (b11)r(a)] - [(b1n) (), (b1n)r(V)]
I(B) = : - : (12)
[(gml)L(a)a (gml)R(O‘)] e [(gmn)L(a)7 (Zmn)R(O‘)]

Thus, we obtain that the bi-matrix game based on interval value function, denoted
by BGIV FP, can be presented as

BGIVFP = (5™, 8", I(A),1(B)).
Next, we give an equivalent definition of equilibrium solution of (BGF'P).

Definition 9 Let a € [0,1], (z,y) € S™ x S™. If x € S™ and y € S™ satisfy following
the conditions:

2TI(A)yy* < (a9 1(A)y*, Vo € 5™,
()" I(B)y = ()" I(B)y", ¥y € S™.
Then, (z*,y*) € 8™ x S™ is called the equilibrium solution of (BGIV FP).

Theorem 2 The point (z*,y*) € S™ x S™ is the equilibrium solution of (BGFP) if
and only if it is the equilibrium solution of (BGIV F'P).

Proof. Since the elements of A and~§ be fuzzy numbers, by Definition 2, we obtain
that the elements of 27 Ay*, (z*)T Ay*, (#*)' By and (2*)" By* are fuzzy numbers.
Using Definition 1, we have

2T Ayt = (2T Ay = T I(A)y* < (29T I(A)y* Vo € 8™,

(«")"By = («")"By* & («*)"I(B)y = («*) I(B)y",Vy € ™.
Thus, The point (z*,y*) € S™ x S™ is the equilibrium solution of (BGF P) if and only
if it is the equilibrium solution of (BGIV F'P).
Therefore, we convert the equilibrium solution of (BGF P) to the equilibrium solu-
tion of (BGIV FP). Now, we consider the game (BGIV FP) model. By Definition 9,
we conclude the following the theorem.
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Theorem 3 (z*,y*) € S™ x S™ is the equilibrium solution of (BGIV FP) if only and
if it is the optimal solution of the following problems (P1).

(P1) ) .
max ol I(A)y* + max ()T I(B)y

such that Vx € S™,Vy e S™.

Proof. By Definition 9, we can obtain that the equilibrium solution of (BGIV FP) is
equal to the following two problems (P2) and (P3).

(P2)

max ! I(A)y*

xT

such that Yz € S™.

(P3) )
max ()T I(B)y

such that Yy e S".

In terms of Vax € S™ and Vy € S™, the constraints of (P2) and (P3) are separable.
Then, the problems (P2) and (P3) can be rewritten as (P1).

(P1) B N
max el T(A)y* + max ()T I(B)y

such that Yz € 8™ Vye S™.

Thus, the proof of this theorem is completed.

Based on the above discusses, taking (Ziij,gij) € gij X Eij (i=1,2,---,m;yj =
1,2,---,n), we consider a fuzzy bi-matrix game (BGFP). In terms of fuzzy bi-matrix
game (BGFP), by Definition 8, it is obvious that the values of Players I and Players 11
are functions of a;; and b;;, respectively. That is, the value u of Players I is a function
of values a;;, denoted by u = u(a;;). At the same time, 2* € S of Players I is also a
function of values a;;, denoted by «* = 2*(a;;). Similarly, the value v of Players I1 is a
function of values Eij, denoted by v = U(EZ]) At the same time, y* € S™ of Players I is
also a function of values gij, denoted by y* = y* (g”) we can get the following theorem.
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Theorem 4 For any a given game (BGFP) model, if (Eij,~ij) € Zij X Eij (1 =
1,2,---,m;j = 1,2,--- ,n), then v = u(a;;) and v = v( ;) of Players I and Play-
ers I1 are monotonic nondecreasing functions.

Proof. For any a given game (BGFP) model, (a”,bl]) € AZJ X Bl] and (a ”,bm) €
AU X BU In terms of mixed strategies, we assume that (z*,y*) and ((z*), (y*)/) are
respectlve equlhbrlum solutions of fuzzy bi-matrix ‘games based on fuzzy payoffs Aw X

B and A X B,LJ, where AU = (@ij)mxn, BZJ = (b”)mm, AZ] = (a ZJ)an and B

(bw)mxn If (a”,b”) = ('d”,b”) by Definition 1, we have that [a;;]* < [aw]o‘ and
[b ] < [b *. That is,

/ /

(@ij)(@) < (@;)e(a), (@g)r(a) < (@5)r(a), (13)
and
(bij) (@) < (byy)(@), (bij)r(c) < (by)r(a). (14)
Thus, we have
SO (@) @) o)) <303 (@) (@) nla) (y))", (15)
i=1j=1 i=1 j=1
DD @) @) r() ()" <> 0> (@) @) rla) ()" (16)
i=1 j=1 i=1 j=1
DO (@) (big)o(@) ()" <D0 (i) (byy) (@) ()" (17)
i=1 j=1 i=1 j=1
and m n m n
SO (@) (i) r(@) ()" < D0 (@) (biy) rla) ()" (18)
i=1 j=1 =1 j=1
That is,
SN @) aly) 2 D0 (@) Ay )" (19)
i=1 j=1 i=1 j=1
and m n m n
SO (@) bisy)T =D 0D (@) by ()" (20)
i=1 j=1 i=1 j=1

Since in terms of mixed strategies, ( L:L'*)/, (y*)l) is an equilibrium solution of fuzzy

bi-matrix game based on fuzzy payoffs A X Bzy’ we get
m n m n
oD (@) ag )t =20 ((@)) ay(w)") s (21)
=1 j=1 =1 j=1

8
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and
o> (@) by =YY (@a)) by () (22)
i=1 j=1 i=1 j=1
Therefore, combining with (19), (20), (21) and (22), we get
ZZ ) ()" =YY (@)) @ (()) (23)
=1 j=1 =1 j=1
o> (@) by =YY (@a)) by () (24)
i=1 j=1 i=1 j=1
That is, B . /
(@) Ay < ((«))TA(y") (25)
and
(@) By* = ((z*))"B (y*) . (26)

Then u = u(a;;) and v = v(gij) of Players I and Players I] are monotonic nondecreas-
ing functions.

Inspired by [10, 16], the values of two Players in terms of game BGIV F' P model are
closed interval, denoted by [u(«), u(c)] = [u((aij) (@), u((@ij)r())] and [v(a),T(a)] =
[v((biz) (@), v((bij) r(e))], respectively. Where u(e) = u((ai;) (@), u(e) = u((ai)r(a))
v(a)(a) = v((bij) (), 0(ax) = v((bw) (a)) By the proof of Theorem 4, u(«) and v(«)
are the lower bounds values of Players I and Players I1. Correspondingly, z(a) =
(z((aij)r () and y(a) = y((gZ])L(a))) are equilibrium solutions of Players I and Play-
ers I1.

By Theorem 1, we have that z(c«) and y(«) are equilibrium solutions of Players I
and Players 11 if and only if, (z(),y(c)) is an optimal solution the following problem
(NLP2) model.

(NLP2) maz {32 3 2,(0) (@) 1(0)y, () + 32 3 2:(0) (i) p(a)y. () — ula) — v(a)}

i=14=1 J i=1j=

—_
\
<

subject to i (aij)r(@)y (a) <ula) (i=1,2,---,m),
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Similarly, by the proof of Theorem 4, u(«) and T(a) are the upper bounds val-
ues of Players I and Players 1. Correspondingly, Z(«) = (z((ai;)r(«)) and y(o) =
y((bij)r())) are equilibrium solutions of Players I and Players I1.

By Theorem 1, we have that Z(«) and 7(«) are equilibrium solutions of Players
and Players I7 if and only if, (Z(«),7(«)) is an optimal solution the following problem
(NLP3) model.

(NLP3) maz {3 32(0) @) n(e)0; (0) + 3= 300 (s () () — () = ()

i=1j=1

subject to 3 (y)(@)7;(0) < (o) (i =

4 Example
In order to illustrate the effectiveness and correctness of the obtained model. We
now consider the following fuzzy bi-matrix game (BGF P) model.

Example 1 For any a given game (BGFP) model, the fuzzy payoff matrizes of the
Player I and Player II are taken as

i (11.75,12.00,12.60) (16.80,17.00,18.00)
(12.50,13.00,13.25) (15.75,16.00,16.25)
and
5 _ ( (10.80,11.00,11.70) (14.75,15.00, 15.45)
~\ (9.50,10.00,10.80) (13.50,14.00, 14.55)
respectively.

Now, we solve this problem with the above model. By using (1), (11) and (12), we
obtain the following payoff matrixes based on interval value function of Player I and
Player 1T

I(A) = ( [0.25¢ + 11.75, —0.60cx + 12.60]

[0.500r 4 12.50, —0.25¢x + 13.25]

[0.20cx + 16.80, —1.00c + 18.00]
[0.2500 4+ 15.75, —0.2500 + 16.25]

10


http://dx.doi.org/10.20944/preprints201802.0041.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 February 2018

1(B) = ( 10:200+10.80,-0.700 + 11.70] - [0.25a + 14.75, ~0.45a + 15.43)
~ \ [0.50a + 9.50, —0.80r + 10.80]  [0.50cx + 13.50, —0.550x + 14.55]

respectively. Thus now utilizing (27) and (28), we obtain the following problems
(NLP4) and (NLP5).

(NLP4) maz  {(0.45a +22.55)z,y, + (a + 22)25y, + (0.45a + 31.55)z,y,
+(0.75cr + 29.25) 25y, — u(a) — v(@)}

subject to (0.25a +11.75)y, + (0.20c + 16.80)y,, < u(a),

_|_
(0.50c + 12.50)y, + (0.250 + 15.75)y, < u(a),
(0.20c + 10.80):c1 + (0.50c0 + 9.50) 5 < v(v),
(0.2500 + 14.75)z; 4 (0.50cr + 13.50)zy < v(e),
T+ 2y = 1,g1 +y2 =1,

zy >0,29 >20,y, 20,9, >0,

a € [0,1].

and

d0i:10.20944/preprints201802.0041.v1

(NLP5) mazr  {(—1.30a + 24.3)717; + (—1.05a + 24.05)T2y; + (—1.45c + 33.45)7 17,

+(—0.8a + 30.8)T2yy — u(a) — T(a) }

subject to

(—0.60c 4 12.60)y; + (—1.00x + 18.00)y, < u(wv),
(—0.25a + 13.25)y; + (—0.25 + 16.25)y, < u(a),
(—=0.70c + 11.70)71 + (—0.80c + 10.80)T2 < v(a),
(—0.45a + 15.45)71 + (—0.55a + 14.55)T2 < (),

T1+T2 =1y +Y =1,

1 20,72 > 0,97 20,9, >0,

a € [0,1].
Utilizing the Lingo software, particularly, let o* = 0.2, we can get that (z*, y*, u*, v*)
and (Z*,y*,u*,v") are optimal solutions of problems (NLP4) and (N LP5) respective-
ly. Where 2* = (27 = 0.32,25 = 0.68),y* = (y7 1 = 0.24 y2 = 0.76),u* = u(a*) =
15.63,v* = v(a*) = 11.26, T°¢ = (7} = 0.37,75 = 0.63),y* = (y7 = 0.30,7%
0.70),u* = u(a*) = 16.20,7* = v(a*) = 14.78.

Thus, we obtain that u* = 15.63 and v* = 11.26 are the lower bounds values of
Players I and Players I1. Correspondingly, ¥ = (z} = 0.32,25 = 0.68) and y* = (g{ =
0.24, y; = 0.76) are equilibrium solutions of Players I and Players I1.

Similarly, w* = 16.20 and v* = 14.78 are the upper bounds values of Players I and
Players I1. Correspondingly, z* = (z] = 0.37,75 = 0.63) and ¥* = (y} = 0.30,75 =
0.70) are equilibrium solutions of Players I and Players I1.

11
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5 Conclusion

This article has presented the bi-matrix games with crisp parametric payoffs based
on interval value function approach. It is shown that the equilibrium solution of the
game model can be changed into the pair of optimal solutions of the non-linear opti-
mization problem. In recent years, more and more researchers have extensively studied
the bi-matrix game model under the environment of intuitionistic fuzzy and entropy
[11, 12, 18, 22, 23, 25, 26]. Further studies involving the game model of intuitionistic
fuzzy entropy environment are expected to be discussed. And we will use other more
effective ways to study the bi-matrix game problem in the future.
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