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Abstract: A quantum time-dependent spectrum analysis, or simply, quantum spectral analysis (QSA) is 8 

presented in this work, and it’s based on Schrödinger’s equation. In the classical world, it is named 9 
frequency in time (FIT), which is used here as a complement of the traditional frequency-dependent 10 
spectral analysis based on Fourier theory. Besides, FIT is a metric which assesses the impact of the 11 
flanks of a signal on its frequency spectrum - not taken into account by Fourier theory and let alone 12 
in real time. Even more, and unlike all derived tools from Fourier Theory (i.e., continuous, discrete, 13 
fast, short-time, fractional and quantum Fourier Transform, as well as, Gabor) FIT has the 14 
following advantages, among others: a) compact support with excellent energy output treatment, 15 
b) low computational cost, O(N) for signals and O(N2) for images, c) it does not have phase 16 
uncertainties (i.e., indeterminate phase for a magnitude = 0) as in the case of Discrete and Fast 17 
Fourier Transform (DFT, FFT, respectively). Finally, we can apply QSA to a quantum signal, that is, 18 
to a qubit stream in order to analyze it spectrally. 19 

Keywords: Fourier Theory; Heisenberg Uncertainty Principle; Quantum Fourier Transform; 20 

Quantum Information Processing; Schrödinger equation; Spectral Analysis. 21 
 22 

1. Introduction 23 

The main concepts related to Quantum Information Processing (QIP) may be grouped in the 24 

next topics: quantum bit (qubit, which is the elemental quantum information unit), Bloch’s Sphere 25 

(geometric environment for qubit representation), Hilbert’s Space (which generalizes the notion of 26 

Euclidean space), Schrödinger’s Equation (which is a partial differential equation that describes 27 

how the quantum state of a physical system changes with time), Unitary Operators, and Quantum 28 

Circuits. In quantum information theory, a quantum circuit is a model for quantum computation in 29 

which a computation is a sequence of quantum gates; which are reversible transformations on a 30 

quantum mechanical analog of an n-bit register (this analogous structure is referred to as an n-qubit 31 

register). Another group is Quantum Gates; a quantum logic gate is a basic quantum circuit 32 

operating on a small number of qubits (in quantum computing and specifically the quantum circuit 33 

model of computation). Finally, Quantum Algorithms - which run on a realistic model of quantum 34 

computing, being the most commonly quantum circuit used for computation [1-4]. 35 

Nowadays, other concepts complement our knowledge about QIP. The most important ones 36 
related to this work are: 37 

1.1. Quantum Signal Processing (QSP) 38 

The main idea is to take a classical signal, sample it, quantify it (for example, between 0 and 39 

28-1), use a classical-to-quantum interface, give an internal representation of that signal, process that 40 

quantum signal (by denoising it, compressing it, etc.), measure the result, use a quantum-to-classical 41 

interface and subsequently detect the classical outcome signal. Interestingly, and as we will see later, 42 
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quantum image processing has aroused more interest than QSP. Quoting its creator: ‚Many new 43 

classes of signal processing algorithms have been developed by emulating the behavior of physical 44 

systems. There are also many examples in the signal processing literature in which new classes of 45 

algorithms have been developed by artificially imposing physical constraints on implementations 46 

that are not inherently subject to these constraints‛ *5+. Therefore, QSP is a signal processing 47 

framework [6] that is aimed at developing new or modifying existing signal processing algorithms 48 

by borrowing from the principles of quantum mechanics and some of its fascinating axioms and 49 

constraints. However, in contrast with such fields as quantum computing and quantum information 50 

theory, it does not inherently depend on the physics associated with quantum mechanics. 51 

Consequently, in developing the QSP framework we are at liberty to impose quantum mechanical 52 

constraints that we find useful and to avoid those that are not. This framework provides a unifying 53 

conceptual structure for a variety of traditional processing techniques and a precise mathematical 54 

setting for developing generalizations and extensions of algorithms; leading to a potentially useful 55 

paradigm for signal processing, with applications in areas including frame theory, quantization and 56 

sampling methods, detection, parameter estimation, covariance shaping, and multiuser wireless 57 

communication systems. The truth is that to date, papers on this discipline are less than half a dozen, 58 

and their practical application is in reality non-existent. Moreover, although what has been 59 

developed so far is an interesting idea, it does not withstand further comments. 60 

1.2. Quantum Fourier Transform (QFT) 61 

In quantum computing, the QFT is a linear transformation on quantum bits and it is the 62 

quantum version of the discrete Fourier transform. The QFT is a part of many quantum algorithms: 63 

especially Shor's algorithm for factoring and computing the discrete logarithm; the quantum phase 64 

estimation algorithm for estimating the eigenvalues of a unitary operator; and algorithms for the 65 

hidden subgroup problem. 66 

The QFT can be performed efficiently on a quantum computer, with a particular decomposition 67 

into a product of simpler unitary matrices. Using a simple decomposition, the discrete Fourier 68 

transform can be implemented as a quantum circuit consisting of only O(n2) Hadamard gates and 69 

controlled phase shift gates, where n is the number of qubits [1]. This can be compared to the 70 

classical discrete Fourier transform which takes O(2n2) gates (where n is the number of bits), which is 71 

exponentially more than O(n2). However, the quantum Fourier transform acts on a quantum state, 72 

whereas, the classical Fourier transform acts on a vector. Therefore not all the tasks that use the 73 

classical Fourier transform can take advantage of this exponential speedup; since, the best QFT 74 

algorithms known today require only O(n log n) gates to achieve an efficient approximation [7]. 75 

Finally, this work is organized as follows: Fourier Theory is outlined in Section 2, where, we 76 
present the following concepts inside Fourier’s Theory: Fourier Transform, Discrete Fourier 77 
Transform, and Fast Fourier Transform. In Section 3, we show the proposed new spectral methods 78 
with its consequences. Section 4 provides conclusions and a proposal for future works. 79 

2. Fourier’s Theory 80 

In this section, we discuss the tools which are needed to understand the full extent QSA. These 81 

tools are: Fourier Transform, Discrete Fourier Transform (DFT), and Fast Fourier Transform (FFT). 82 

They were developed based on a main concept: the uncertainty principle, which is fundamental to 83 

understand the theory behind QSA-FIT. Other transforms, which are members of the Fourier Theory 84 
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too, like Fractional Fourier Transform (FRFT), Short-Time Fourier Transform (STFT), and Gabor 85 

transform (GT); make a poor contribution in pursuit of solving the problems of the Fourier Theory 86 

described in the Abstract. That is to say, the need for a time-dependent spectrum analysis, 87 

undoubtedly including the wavelet transform in general and Haar basis in particular.  88 

What the ubiquity of QSA in the context of a much larger modern and full spectral analysis 89 

should be clear at the end of this section. 90 

On the other hand, this section will allow us to better understand the role of QSA as the origin 91 

of several currently-used-today-tools in Digital Signal Processing (DSP), Digital Image Processing 92 

(DIP), Quantum Signal Processing (QSP) and Quantum Image Processing (QIP). Finally, it will be 93 

clear why we say that QSA crowns a set of tools - insufficient to date. 94 

2.1. Fourier Transform 95 

The Fourier Transform decomposes a function of time (a signal) into the frequencies that make it 96 

up, in the same way as a musical chord can be expressed as the amplitude (or loudness) of its 97 

constituent notes. The Fourier transform of a function of time itself is a complex-valued function of 98 

frequency whose absolute value represents the present amount of that frequency in the original 99 

function, and whose complex argument is the phase offset of the basic sinusoid in that frequency.  100 

The Fourier transform is called the frequency domain representation of the original signal. The 101 

term Fourier transform refers to both the frequency domain representation and the mathematical 102 

operation that associates the frequency domain representation to a function of time. The Fourier 103 

transform is not limited to functions of time, but in order to have a common language, the domain of 104 

the original function is frequently referred to as the time domain. For many functions of practical 105 

interest, we can define an operation that reverses this: the inverse Fourier transformation, also called 106 

Fourier synthesis of a frequency domain representation, which combines the contributions of all the 107 

different frequencies to recover the original function of time [8]. 108 

Linear operations performed in one domain (time or frequency) have corresponding operations 109 

in the other domain, which is sometimes easier to perform. The operation of differentiation in the 110 

time domain corresponds to multiplication by the frequency, so that some differential equations are 111 

easier to analyze in the frequency domain. Also, convolution in the time domain corresponds to an 112 

ordinary multiplication in the frequency domain. Concretely, this means that any linear 113 

time-invariant system, such as a filter applied to a signal, can be expressed in a relatively simple way 114 

as an operation on frequencies. After performing the desired operations, the transformation of the 115 

result can be made backwards, towards the time domain. Harmonic analysis is the systematic study 116 

of the relationship between the frequency and time domains, including the kinds of functions or 117 

operations that are "simpler" in one or the other, and has deep connections to almost all areas of 118 

modern mathematics [8]. 119 

Functions that are localized in the time domain have Fourier transforms that are spread out 120 

across the frequency domain and vice versa, a phenomenon that is known as the Uncertainty 121 

Principle. The critical case for this principle is the Gaussian function, of substantial importance in 122 

probability theory and statistics as well as in the study of physical phenomena exhibiting normal 123 

distribution (e.g., diffusion). The Fourier transform of a Gaussian function is another Gaussian 124 

function. Joseph Fourier introduced the transform in his study of heat transfer where Gaussian 125 

functions appear as solutions of the heat equation [8]. 126 
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2.2. Discrete Fourier Trnasform (DFT) 127 

In mathematics, the DFT converts a finite list of equally spaced samples of a function into the 128 

list of coefficients of a finite combination of complex sinusoids, ordered according to their 129 

frequencies. The frequency domain has the same number of values as the original samples of time 130 

domain. DFT can be said to convert the sampled function from its original domain (often time or 131 

position along a line) to the frequency domain [9]. 132 

Both, the input samples (which are complex numbers and in practice they are usually real ones), 133 

and the output coefficients are complex. The frequencies of the output sinusoids are integer 134 

multiples of a fundamental frequency whose corresponding period is the length of the sampling 135 

interval. The combination of sinusoids obtained through the DFT is therefore periodic with that 136 

same period. The DFT differs from the discrete-time Fourier transform (DTFT) in that their input 137 

and output sequences are both finite; it is therefore said to be the Fourier analysis of finite-domain 138 

(or periodic) discrete-time functions [9]. 139 

Since it deals with a finite mass of data, it can be implemented in computers by numerical 140 

algorithms or even dedicated hardware. These implementations usually employ efficient fast 141 

Fourier transform (FFT) algorithms; so much so that the terms "FFT" and "DFT" are often used 142 

interchangeably. Prior to its current usage, the "FFT" acronym may have also been used for the 143 

ambiguous term "Finite Fourier Transform" [9]. 144 

 145 

2.2.1. No Compact Support  146 

If DFT is the following product X = W x, where X is a complex output vector, W is a matrix of 147 

complex twiddle factors, and x is the real input vector; therefore, we can see that each element kX148 

of output vector results from multiplying the kth row of the matrix by the complete input vector; that 149 

is to say, each element kX of output vector contains every element of the input vector. A direct 150 

consequence of this is that DFT spills the energy to its output, in other words, DFT has a disastrous 151 

treatment of the output energy. Therefore, no compact support is equivalent to: 152 

 DFT has a bad treatment of energy in the output 153 

 DFT is not a time-varying transform, but a frequency-varying transform 154 

 155 

2.2.2. Time-domain vs. frequency-domain measurements 156 

As we can see in Fig. 1, thanks to DFT we have a new perspective regarding the measurement of 157 

signals, i.e., the spectral view [10, 11]. 158 

Both points of view allow us to make an almost complete analysis of the main characteristics of 159 

the signal [8- 13]. As we can see above, DFT consists of a product between a complex matrix by a real 160 

vector (signal). This gives us a vector output which is also complex [10, 11]. Therefore, for practical 161 

reasons, it is more useful to use the Power Spectral Density (PSD) [8-13], and in this way, to work 162 

with all the values involved as real, without loss of generality or power of analysis. 163 

 164 
 165 
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 166 
 167 
Figure 1. Time-domain vs. frequency-domain measurements. 168 
 169 

 170 

2.2.3. Spectral Analysis 171 

When the DFT is used for signal spectral analysis, the  nx  sequence usually represents a 172 

finite set of uniformly spaced time-samples of some signal x(t), where t represents time. The 173 

conversion from continuous time to samples (discrete-time), changes the underlying Fourier 174 

transform of x(t) into a discrete-time Fourier transform (DTFT); which generally entails a type of 175 

distortion called Aliasing. The choice of an appropriate sample-rate (see Nyquist rate) is the key to 176 

minimizing that distortion.  177 

Similarly, the conversion from a very long (or infinite) sequence to a manageable size entails a 178 

type of distortion called Leakage, which is manifested as a loss of detail (also known as Resolution) in 179 

the DTFT. The choice of an appropriate length for the sub-sequence is the primary key to minimize 180 

that effect. When the available data (and the time to process it) is more than the amount needed to 181 

attain the desired frequency resolution, a standard technique is to perform multiple DFTs; for 182 

example, to create a spectrogram. If the desired result is a power spectrum and noise or randomness 183 

is present in the data, calculating the average of the magnitude components of the multiple DFTs is a 184 

useful procedure to reduce the variance of the spectrum; (also called a Periodogram in this context). 185 

Two examples of such techniques are the Welch method, and the Bartlett method, the general subject 186 

of estimating the power spectrum of a noisy signal is called Spectral Estimation. 187 

DFT itself, can also lead to distortion (or perhaps illusion), because it is just a discrete sampling 188 

of the DTFT-which is a function of ax continuous frequency domain. Increasing the resolution of the 189 

DFT can mitigate the problem. That procedure is illustrated by sampling the DTFT [10, 11] 190 

 The procedure is sometimes referred to as zero-padding, which is a particular implementation 191 

used in conjunction with the fast Fourier transform (FFT) algorithm. The inefficiency of 192 

performing multiplications and additions with zero-valued samples is more than offset by the 193 

inherent efficiency of the FFT. 194 

 As already noted, leakage imposes a limit on the inherent resolution of the DTFT. Therefore, 195 

benefits obtained from a fine-grained DFT are limited. 196 

The most important disadvantages of DFT are summarized below. 197 

 198 

2.2.4. Disadvantages 199 
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 DFT fails at the edges. This is the reason why in the JPEG algorithm (used in image compression), 200 

we use the DCT instead of the DFT [14-17]. What’s more, discrete Hartley transform outperforms 201 

DFT in DSP and DIP [14, 15]. 202 

 As there is no compact support, and in order to arrive at the frequency domain, the 203 

corresponding element by element between the two domains (time and frequency) is lost, 204 

resulting in a poor treatment of energy.  205 

 As a consequence of not having compact support, DFT is not time - present. In fact, it moves 206 

away from the time domain. For this reason, in the last decades, the scientific community has 207 

created some palliative measures with better performance in both domains simultaneously; i.e., 208 

time and frequency. Such tools are: STFT, GT, and wavelets. 209 

 DFT has phase uncertainties (indeterminate phase for magnitude = 0) [10, 11]. 210 

 As it arises from the product of a matrix by a vector, its computational cost is O(N2) for signals 211 

(1D), and O(N4) for images (2D). 212 

  All this would seem to indicate that it is an inefficient transform; however, there are several 213 

advantages which justify its use in the last centuries. See [10, 11]. 214 

 215 
2.3. Fast Fourier Transform (FFT) 216 

FFT inherits all the disadvantages of the DFT, except the computational complexity. In fact, and 217 

unlike DFT, the computational cost of FFT is O(N*log2N) for signals (1D), and O((N*log2N)2)  for 218 

images (2D). This is the reason why, it is called fast Fourier transform. 219 

FFT is an algorithm that computes the Discrete Fourier Transform (DFT) of a sequence, or its 220 

inverse. Fourier analysis converts a signal from its original domain (often time or space) to the 221 

frequency domain and vice versa. An FFT rapidly computes such transformations by factorizing the 222 

DFT matrix into a product of sparse (mostly zero) factors [18]. As a result, it succeeds in reducing the 223 

complexity of computing the DFT from O(N2), which arises if we simply apply the definition of DFT 224 

to O(N*log2N), where N is the data size. The computational cost of this technique is never greater 225 

than the conventional approach; in fact, it is usually significantly less. Further, the computational 226 

cost as a function of n is highly continuous, so that linear convolution of sizes somewhat larger than 227 

a power of two. 228 

FFT is widely used for many applications in engineering, science, and mathematics. The basic 229 

ideas were made popular in 1965, however some algorithms were derived as early as 1805 [19]. In 230 

1994 Gilbert Strang described the Fast Fourier Transform as the most important numerical algorithm 231 

of our lifetime [20], and it was included in Top 10 Algorithms of the 20th Century by the IEEE 232 

journal on Computing in Science & Engineering [21].  233 

 234 

2.4. Fourier Uncertainty Principle 235 

In quantum mechanics, the uncertainty principle [1], also known as Heisenberg's uncertainty 236 

principle; is one among a variety of mathematical inequalities which set a fundamental limit to the 237 

precision with which certain pairs of physical properties of a particle, known as complementary 238 

variables, can be known simultaneously, such as energy E and time t, momentum p and position x, 239 

etc. 240 

They cannot be simultaneously and arbitrarily measured with high precision. There is a 241 

minimum for the product of uncertainties of these two measurements. First introduced in 1927 by 242 

the German physicist Werner Heisenberg, the Heisenberg's uncertainty principle states that the 243 
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more precisely the position of a particle is determined, the less precisely its momentum can be 244 

known, and vice versa. The formal inequality relating the uncertainty of energy E  and the 245 

uncertainty of time t  was derived by Earle Hesse Kennard later that year and by Hermann Weyl 246 

in 1928: 247 

 248 

/2E t                                              (1) 249 

 250 

where ħ is the reduced Planck constant, h/2π. The energy associated with such system is 251 

 252 

E                                          (2) 253 

 254 

where  = 2f, being f the frequency, and  the angular frequency. Then, any uncertainty about 255 

is transferred to the energy; that is to say: 256 

 257 

E                                               (3) 258 

 259 

Replacing Eq.(3) into (1), we will have: 260 

 261 

/2t                                             (4) 262 

 263 

Finally, simplifying Eq.(4), we will have: 264 

 265 

1/2t                                              (5) 266 

 267 

Equation (5) tells us that a simultaneous decimation in time and frequency is impossible for 268 

FFT. Therefore, we must make do with decimation in time or frequency, but not both at once. 269 

Linking the last four transforms individually (STFT, GT, FrFT, and WT), each sample in time with its 270 

counterpart in frequency in a biunivocal correspondence represents a futile effort to date. That is to 271 

say, they are transforms without compact support; with the exception of (WT) which sometimes 272 

does [22-24]. 273 

3. A brief on quantum information processing 274 

In this section, we will see the three main players of quantum information processing: the 275 

elemental unit of quantum information or qubit (i.e., a quantum bit), the Schrödinger’s equation, and 276 

the quantum measurement problem. 277 

 278 

3.1. Quantum bit = qubit 279 

Since Quantum Mechanics is formulated in projective Hilbert space, then, we need to appeal to 280 

the Bloch’s sphere, see Fig.2, where we can see three axes (x, y, z), an equator, two poles or qubit 281 

basis states  0 , 1North Pole South Pole  , two angles  ,  , and a generic wave function  . 282 

In this context, the complete wave function will be: 283 

 284 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 28 January 2018                   doi:10.20944/preprints201801.0265.v1

http://dx.doi.org/10.20944/preprints201801.0265.v1


 8 of 28 

 

 0 1 0 1
2 2 2 2

i i ie cos e sin e cos cos i sin sin        
         

   

                (6) 285 

 286 
Figure 2. Bloch sphere. 287 
 288 
 289 

where 0  , 0 2    . We can ignore the factor ie   because it has no observable effects [1-3], 290 

and for that reason, we can effectively write: 291 

 292 

0 1
2 2

icos e sin 
                                            (7) 293 

 294 

The numbers   and   define a point on the unit three-dimensional Bloch sphere, as shown in 295 

Fig.2, with, 
2

cos


  , and 
2

ie sin 
  , then, replacing them into Eq.(7),  296 

10   .                                  (8) 297 

Besides, a column vector   is called a ket vector  
T

  , where (•)T means transpose of (•); 298 

while a row vector   is called a bra vector * *   
. The numbers *  and *  are the complex 299 

conjugate of   and   numbers respectively, although thinking of them as real numbers for many 300 

purposes does not hurt. In other words, the state of a qubit is a vector in a two-dimensional complex 301 

vector space. The special states 0  and 1  have a crucial importance in quantum computing and 302 

they are known as Computational Basis States (CBS) and form an orthonormal basis for this vector 303 

space, being  304 

 305 

Spin down =  = 0 = 1

0

 
 
 

= qubit basis state = North Pole                       (9) 306 

 307 

and 308 

 309 
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Spin up =  = 1 = 0

1

 
 
 

= qubit basis state = South Pole                      (10) 310 

Finally, if the wave function is on the sphere,  will be a pure state, with,  311 

 312 

2 2* * 1


     


 
      

 

                            (11) 313 

 314 
3.1. Schrödinger’s equation 315 

A quantum state can be transformed into another state by a unitary operator, symbolized as U 316 

(U: H → H on a Hilbert space H, being called a unitary operator if it satisfies † †U U UU I  , where 317 

 
†

•  is the adjoin of (•), and I is the identity matrix), which is required to preserve inner products: If 318 

we transform   and   to U   and U  , then †U U     . In particular, unitary 319 

operators preserve lengths: 320 

 321 

1†U U      ,                                    (12) 322 

 323 

That is to say, it is equal to Eq.(11). Besides, the unitary operator satisfies the following 324 

differential equation known as the Schrödinger equation [1-3]: 325 

 326 

   
ˆd i H

U t t ,t U t t ,t
dt


                                       (13) 327 

 328 

where Ĥ  represents the Hamiltonian matrix of the Schrödinger equation, while 2 1i   , and  329 

is the reduced Planck constant; i.e.: 2h / . Multiplying both sides of Eq.(13) by  t  and 330 

setting  331 

 332 

     t t U t t,t t     .                             (14) 333 

 334 

Being      U t t,t U t t t U t       a unitary transform (operator and matrix), yields 335 

 336 

   
ˆd i H

t t
dt


                                  (15) 337 

 338 

The Hamiltonian operator represents the total energy of the system and controls the evolution 339 

process. In the most general case, the Hamiltonian is formed by kinetic and potential energy. 340 

However, if the particle is stationary thus the kinetic energy is canceled, leaving only the potential 341 

energy which will be the only one that will be linked to external forces applied to this particle. Thus 342 
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the control of the external forces is at the same time the control of the evolution of the states of the 343 

system [1-3, 25-28]. For example, in the case of bosons (in particular, photons), they possess integer 344 

spin (i.e., ms =  1), consequently, we would have a momentum, 345 

 346 

z x y

x y z

P P iP
P

P iP P

 
   

  
,                                 (16) 347 

 348 

being  x y z, ,      Pauli’s matrices, that is to say: 349 

 350 

0 1 0 1 0

1 0 0 0 1
x y z

i
, , ,

i

     
          

     
               (17) 351 

 352 

while spin will be, 353 

 354 

 s s x y zS m m , ,        .                     (18) 355 

 356 

Then, the Hamiltonian takes the following form, 357 

 358 

z x ys s
s

x y z

P P iPc m P c mc S P
H m

P iP P

 
     

  
        (19) 359 

 360 

being c the speed of light,   will result in this case: 361 

 362 

z x y

x y z

P P iPc

P iP P

 
   

  
                              (20) 363 

 364 

Now, if we consider a spatially isotropic and homogeneous   and a polarization of spin 365 

regarding the z-axis exclusively, thus,  366 

 367 

0 1 0

0 0 1

z

z z z z

z

Pc c c
P P

P

   
       

   
                             (21) 368 

 369 

with 370 

 371 

s z s z z s z

c
H m m P m                          (22) 372 
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 373 

where   is the angular frequency. 374 

Finally, solving Eq.(15) depending on the Hamiltonian of Eq.(22), we will have the solution to 375 

the Schrödinger equation given by the matrix exponential of the Hamiltonian matrix, that is to say; 376 

 377 

   
ˆi H t

t t e t
 

     (if Hamiltonian is not time-dependent)           (23) 378 

 379 

or  380 

 381 

   
t t

t

i
Ĥ dt

t t e t




          (if Hamiltonian is time-dependent)                (24) 382 

 383 

Discrete versions of Equations (23) and (24) for a time-dependent (or not) Hamiltonian, being k 384 

the discrete time will be: 385 

 386 

s k z

ˆi H k
i m k

k k k ke e
 

   

      (if Hamiltonian is not time-dependent)          (25) 387 

 388 

and 389 

 390 
k k k k

k s z k

k k

i
Ĥ i m

k k k ke e

 


  



 
          (if Hamiltonian is time-dependent)       (26) 391 

 392 
1

1

1 0

k

s z i

i

im

k e





  




        (with 1k  , and starting from initial state 0  [1])          (27) 393 

 394 

On the other hand, replacing Eq.(22) into Eq.(23), we will have another main equation for this 395 

paper, 396 

 397 

     s zi m t t
t t e t

   
    ,                 (28) 398 

 399 

and into Eq.(24) 400 

 401 

 
 

 
t t

s z
t

i m t dt

t t e t



       .              (29) 402 

 403 

Finally, considering an incremental approximation of Eq.(15) as well as in its discrete version, 404 

and considering the proper replacements of Eq.(22), both versions of Schrödinger’s equation will 405 

take the following form respectively, 406 

 407 
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 
   s z

t t
i m t t t

t

 
     


                         (30) 408 

and 409 

 410 

1 1

2

k k k k

k k s k z k ki m
   

 

 
                              (31) 411 

 412 

These last equations will be fundamental in Section 4. 413 

 414 

3.2. The quantum measurement problem 415 

In quantum mechanics, measurement is a non-trivial and highly counter-intuitive process [1]. 416 

In fact, it is a destructive process responsible for the collapse of the wave function. Firstly, because 417 

measurement outcomes are inherently probabilistic, i.e. regardless of how carefully the 418 

measurement procedure has been prepared, the possible outcomes of such measurement will be 419 

distributed according to a certain probability distribution [1]. Secondly, once the measurement has 420 

been performed, a quantum system is unavoidably altered due to the interaction with the 421 

measurement apparatus. Consequently, for an arbitrary quantum system, pre-measurement and 422 

post-measurement quantum states are different in general [1], with one exception, which takes place 423 

when we work with CBS.  424 

Quantum measurements are described by a set of measurement operators  mM̂ , index m 425 

labels the different measurement outcomes, which act on the state space of the system being 426 

measured. That is to say, measurement outcomes correspond to values of observables, such as 427 

position, energy, and momentum, which are Hermitian operators [1] corresponding to physically 428 

measurable quantities. Being   the state of the quantum system immediately before the 429 

measurement.  430 

Then, the probability that result m occurs is given by 431 

 432 

†

m m
ˆ ˆp( m ) M M                                     (32) 433 

 434 

and the post-measurement quantum state is 435 

 436 

m

pm †

m m

M̂

ˆ ˆM M


 

 

                                 (33) 437 

 438 

where subscript pm means post-measurement. Besides, operators 
mM̂  must satisfy the 439 

completeness relation of Eq.(34), because that guarantees that probabilities will sum to one; see 440 

Eq.(35) [1]: 441 

 442 
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†

m mm

ˆ ˆM M I                                 (34) 443 

1†

m mm m

ˆ ˆM M p( m)                                 (35) 444 

Let us illustrate with a simple example. Let’s assume we have a polarized photon with associated 445 

polarization orientations ‘horizontal’ and ‘vertical’. The horizontal polarization direction is denoted 446 

by 0  and the vertical polarization direction is denoted by 1 . Therefore, an arbitrary initial state 447 

for our photon can be described by the quantum state 10    (recalling Subsection 3.1, 448 

Eq.8), where   and   are complex numbers constrained by the very famous normalization 449 

condition 1
22
  , and  0 1,  is the computational basis (or CBS) spanning 2 . Then, 450 

we construct two measurement operators 
0 0 0M̂   and 

1 1 1M̂   with two measurement 451 

outcomes 
0 1,a a . Thus, the full observable used for measurement in this experiment will be the 452 

diagonal matrix 
0 10 0 1 1M̂ a a  , i.e., the complete matrix. According to the postulate, the 453 

probabilities of obtaining outcome 
0a  or outcome 

1a  are given by 2

0p( )a   and 2

1p( )a  . 454 

Corresponding post-measurement quantum states are as follows: if outcome = 
0a , then;           455 

if outcome = 
1a  then 1

pm
  . 456 

 457 

4. Quantum spectral analysis: frequency in time (QSA-FIT) 458 

This tool plays a main role in the study of quantum entanglement [25]; at the same time, it is a 459 

key piece when applied in signal analysis -in a much more elegant way than by the use of The 460 

Fourier theory- in particular for the practical calculation of the bandwidth of any type of signal [9, 461 

12, 13]. In fact, a quantum time-dependent spectrum analysis, or simply, quantum spectral analysis: 462 

frequency in time (QSA-FIT), complements and completes the Fourier theory, especially its 463 

maximum exponent; i.e., the fast Fourier transform (FFT) [10, 11, 18, 19]. For all the above, QSA-FIT 464 

is the first and true temporal-spectral bridge [29, 30]. Finally, QSA-FIT is a metric which assesses 465 

the impact of the flanks of a signal on its frequency spectrum at each instant, something not taken 466 

into account by the Fourier theory and even less in real time. 467 

 468 
4.1. Application to a quantum state 469 

Next, we are going to deduce this operator in its continuous and discrete forms. There are 470 

several versions of QSA-FIT [29, 30]; in this case, we will deduce this operator in its continuous and 471 

discrete versions from Equations (30) and (31), respectively. Therefore, if we multiply both sides of 472 

Eq.(30) by  , we will have: 473 
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 474 

 
 

     s z

t
t i m t t t

t


      



                           (36) 475 

 476 

then,  477 

 478 

   
   

 
 1

s

z

t
t m t i t

tt t


    

  

                       (37) 479 

 480 

Now, if we multiply both sides of Eq.(31) by k , we will have: 481 

 482 

1 1

2

k k k

s k k z ki m
   

                               (38) 483 

 484 

then,  485 

 486 

 1 11 1

2 2

k k k kk k k

k s k

k z k k z k

m i i
  

      
    

     
           (39) 487 

 488 

That is to say, we are going to have  each instant of the signal (continuous or discrete, 489 

classical or quantum). On the other hand, a very interesting attribute of this operator is that it is not 490 

affected by the quantum measurement problem, because its output is a classical scalar, in other 491 

w492 

with quantum and classical parts, as we can see in Fig.3 where a single fine line represents a wire 493 

carrying 1 or N qubits, while a single thick line represents a wire carrying 1 or N classical bits. 494 

Moreover, the quantum part of the operator  the concept of reversibility which is 495 

closely related to energy consumption, and hence to the Landauer’s Principle *1+, for this reason,496 

k  also appears on the way out. Thus, 497 

 498 

Quantum part: 499 

1

1

k k k

k k k

k k z k

a

b

c





  

  

   

                                (40) 500 

Classical part: 501 

 
2

k k

k s k

k

a b
m i

c


                        (41) 502 

 503 
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Finally, for all mentioned cases, that is to say, continuous or discrete, classical or quantum 504 

signals, the bandwidth BW will result from the difference between the maximum and the minimum 505 

frequency of such signal, 506 

 507 

 max min max min

1

2
BW f f     


                 (42) 508 

 509 
 510 

Figure 3. A hybrid algorithm with quantum and classical parts. 511 

 512 

 513 

4.2. Application to classical signals 514 

In no other way is the application of QSA-FIT more conspicuous than in this case. There are 515 

several versions and ways to apply QSA-FIT to a classical signal [29, 30]. However, the direct 516 

classical continuous version of Equations (37) and (39) will be of the form: 517 

 518 

 
 

 ds t
t

s t dt


  ,                              (43) 519 

 520 

where s(t) is the signal, and  is an adjustment factor. While the discrete version will be: 521 

 522 

 1 1

2

k k

k

k

s s

s

 
  .                               (44) 523 

 524 

525 

null at that instant. Then, we will use a modified version of the signal called baseline less (BLL) which 526 

consists of, 527 

 528 

 
 1

BLL

ds t
t

s dt
  ,                              (45) 529 

 530 

with  = 1, where,  531 

 532 

2

max min
BLL

s s
s


 ,                               (46) 533 
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 534 

then, 535 

 536 

 
 1

2
max min

ds t
t

s s dt
 

 
 
 

,                             (47) 537 

with, 538 

 539 

    
 

1 1

2

2

max
max

max min max minmax

ds t / dtds t
f

s s dt s s

 
  

     
 
 

,                        (48) 540 

 541 

and, 542 

 543 

    
 

1 1

2

2

min
min

max min max minmin

ds t / dtds t
f

s s dt s s

 
  

     
 
 

.                        (49) 544 

 545 

Now, if we consider a signal like Fig.4 (in blue), 546 

 547 

   coss t A t B    ,                   (50)  548 

 549 

where A is the amplitude,  is the phase, and B is the baseline, with, 550 

 551 

 552 
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 553 
 554 

Figure 4. Example of signal (in blue), QSA-FIT (in green), and |FFT| (in red) of cosine. 555 

 
 sin ,

ds t
A t

dt
                        (51)  556 

 557 

then, 558 

 559 

max

min

s A B

s A B

 

  
 .                       (52) 560 

 561 

Now, replacing Equations (51) and (52) into (47), we will have: 562 

 563 

 
   

  

 

1

2

t A sin t
A B A B

sin t

     
    

 
 

   

,               (53) 564 

 565 

in green in Fig.4; then, 566 

 567 
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max

min

2

2 2

2

2 2

f
f f

f
f f

 

 

 

 

  

 
   

 .                  (54) 568 

 569 

So, replacing Eq.(54) into (42), we will have: 570 

 571 

 max min 2BW f f f f f      .                (55) 572 

 573 

This result can be seen in the lower part of Fig.4, between QSA-FIT and |FFT|, which is the total 574 

aperture of QSA-FIT (in green) and at the same time, the distance between the peaks of |FFT| (in 575 

red). Now, if we consider a perfect gate signal like Fig.5 (in blue), where perfect gate means a gate 576 

signal with infinite slope in its transitions from one state to another, with 577 

 578 

   s t Agate t B    ,                   (56)  579 

 580 

where A is the amplitude,  is the phase, and B is the baseline; with, 581 

 582 

   
,

ds t dgate t
A

dt dt

 



                    (57)  583 

 584 

where the derivative of the gate can have only 3 possible values, 585 

 
0

A
ds t

dt
A








 
 

                      (58)  586 

 587 

then, if, 588 

 589 

max

min

s A B

s A B

 

  
 .                    (59) 590 

 591 

 592 
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 593 
Figure 5. An example of a signal (in blue), QSA-FIT (in green), and |FFT| (in red) of the perfect gate. 594 

 595 

 596 

So far, we have obtained similar results to the previous case in relation to smax and smin, however, 597 

the true difference is in everything related to the derivative. In this case, the perfect gate takes values 598 

 . Now, replacing Equations (58) and (59) into (47), we will have: 599 

 600 

 
   

1
0 0

2

A

t
A B A B

A

  
 

   
           

 

,                (60) 601 

in green in Fig.5, where, we have represented with a gray thick line an infinite discontinuity in the 602 

graphics of QSA-FIT (in green) and |FFT| (in red). 603 

Therefore, 604 

 605 

max

min

2

2 2

2

2 2

f
f f

f
f f

 

 

 

 

 
     

   
      

 .               61) 606 

 607 

Then, replacing Eq.(61) into (42), we will have: 608 

 609 
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 max min 2BW f f        .               (62) 610 

 611 

4.3 Application to entangled states  612 

Quantum Information Processing has two fundamental tools permanently used in Quantum 613 

Computing and Communications: the Principle of Superposition and Quantum Entanglement [25]. 614 

These tools are based on the work of Erwin Schrödinger [26, 27], who defined the entangled of pure 615 

states as the pure quantum states of composite systems that cannot be represented in the form of 616 

simple tensor products of subsystem state-vectors, i.e.: 617 

 618 

AB A B                           (63) 619 

 620 

where   indicates the Kronecker’s product (also known as a tensor product), while A and 621 

B are vectors providing the states of both subsystems, such as elementary particles [26, 27]. The 622 

product states [25] are those states of composite systems which can be represented as tensor 623 

products of subsystem states that constitute the complement in the set of pure states. In fact, states 624 

of the composite system that can be represented in this form are called separable states. Then, since 625 

not all states are separable states (and thus product states) we will carry out the following analysis. 626 

We will establish a pair of basis:  Au  for HA and  Bv  for HB. In HA ⊗ HB, the most general 627 

state is of the form: 628 

 629 

AB xy A B

x,y

r u v   .                 (64) 630 

 631 

This state is separable if there are vectors 
A

ur   , 
B

vr    so that 
A B

uv u vr r r  yielding 632 

A

A u A

u

r u   and 
B

B v B

v

r v  . It is inseparable if for any pair of vectors 
A

ur   , 
B

vr    at 633 

least for one pair of coordinates 
A

ur , 
B

vr  we have 
A B

uv y vr r r . If a state is inseparable, it is called an 634 

entangled state. 635 

Moreover, in 1935 Albert Einstein, Boris Podolsky and Nathan Rosen (EPR) suggested a 636 

thought experiment by which they tried to demonstrate that the wave function did not provide a 637 

complete description of physical reality (which gives rise to the famous EPR paradox); and hence 638 

that the Copenhagen interpretation is unsatisfactory. Resolutions of the paradox have important 639 

implications for the interpretation of quantum mechanics [31]. The essence of the paradox is that 640 

particles can interact in such a way that it is possible to measure both their position and their 641 

momentum more accurately than Heisenberg's uncertainty principle allows [28], unless measuring 642 

one particle instantaneously affects the other to prevent this accuracy, which would involve 643 
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information being transmitted faster than light [32-34] as forbidden by the theory of relativity 644 

(spooky action at a distance) [28,31,35-39]. These consequence had not been previously noticed and 645 

seemed unreasonable at the time; the phenomenon involved is now known as quantum entanglement 646 

[25, 28]. 647 

On the other hand, in 1964 John S. Bell introduces his famous theorem [35] associated with 4 648 

states, i.e., 2-qubit vectors into a combined space of Hilbert 
2 2

AB A B    , and relative to two 649 

subsystems A and B, 650 

 651 

   
1 1

0 0 1 1 0 1 1 0
2 2

AB A B A B AB A B A B, , , , ,       .                   (65) 652 

 653 

They are called Bell’s states, and also known as EPR pairs. This theorem raises an inequality, 654 

which when violated by quantum mechanics establishes the non-locality present in the 655 

entanglement of two subsystems like A and B. Besides, a posterior redefinition of this inequality due 656 

to Clauser, Horne, Shimony, and Holt (CHSH) leads to a more conducive way to experimental 657 

testing [40]. 658 

As we can see in Eq.(65), Bell basis have two components. In particular, one of the components 659 

of 
AB

 is 0 0 00A B,  , while the other one is 1 1 11A B,  . Applying Eq.(30) to each 660 

component individually, we can calculate the spectral analysis thanks to the operator QSA-FIT 661 

 662 

  00

00
. 00z z

d
i m

dt
     .                         (66) 663 

 664 

We are going to need to use a new operator ‚ .‛ (which is easy to generalize) on the Pauli 665 

matrix z  of Eq.(17), this new operator is the only substantial difference between Equations (30) 666 

and (66); and accounts for the dimensional difference between the two equations. So that, if 667 

 668 

11 12

21 22

a a
A

a a

 
  
 

,   and  
11 12

21 22

b b
B

b b

 
  
 

,   therefore 669 

11 12 11 12

11 12

21 22 21 2211 12 11 12

21 22 21 22 11 12 11 12

21 22

21 22 21 22

11 11 12 11 11 12 12 12

21 11 22 11 21

. .

a a a a
b b

a a a aa a b b
A B

a a b b a a a a
b b

a a a a

a b a b a b a b

a b a b a b

    
     

                      
     
     

    
 

   


11 11 12 11 11 12 12 12

12 22 12 21 11 22 11 21 12 22 12

11 21 12 21 11 22 12 2211 21 12 21 11 22 12 22

21 21 22 21 2121 21 22 21 21 22 22 22

a b a b a b a b

a b a b a b a b a b

a b a b a b a ba b a b a b a b

a b a b aa b a b a b a b

      
  

       
           
                22 22 22b a b

 
 
 
 
 

 

    (67) 670 
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 671 

Now, applying the new operator on the Pauli matrices 672 

 673 

1 0 1 0
1 0

0 1 0 11 0 1 0
. .

0 1 0 1 1 0 1 0
0 1

0 1 0 1

1 1 0 1 1 0 0 0 2 1 1 0

0 1 1 1 0 0 1 0 1 0 0 1

11 0 0 0 1 1 0 1

0 0 1 0 0 1 1 1

z z 

    
     

                         
     

      

        
    

           
       
    

          

0 0 1

0 1 1 2

 
 
 
 
 

   

,                (68) 674 

 675 

Then, if we multiply both sides of the Eq.(66) by 00 , 676 

 677 

 00
0000 00 . 00z z

d i m
dt

     .                               (69) 678 

 679 

Then, if 
00

1m    for photons,  680 

 681 

max 00 00

0000

00 . 00z z

di
dt

m     


   
 

.                                (70) 682 

 683 

That is, Equations (37) and (70) coincide in their form, and independently of the term of the 684 

extreme right of Eq.(70), it is clear that the spectral analysis for its counterpart with 
11

1m    will 685 

be: 686 

 687 

min 11 11
m         .                                     (71) 688 

 689 

Then, the bandwidth of the original entangled spins will be: 690 

 691 

    max min

1 1 2

2 2 2
originalBW        

 
   

   
.                    (72)  692 

 693 

That is to say, the bandwidth of the link between the original spins is finite. 694 

 695 

4.4 Trade-off between and t 696 
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Another important concept regarding QSA-FIT comes up from Eq.(37). That equation shows us 697 

the trade-off between t  and  , through which the change in one produces the change in the 698 

other. That is to say, this attribute of functional dependence is interchangeable. This very strong 699 

dependence from the trade-off with the mentioned characteristics ensures the projection of QSA-FIT 700 

on elements as important to Quantum Physics as is Quantum Entanglement [25, 28, 41], in 701 

particular, its implication in Quantum Communication [42-46]. In other words, everything revolves 702 

around Eq.(37), which allows us a deduction of the trade-off: 703 

 704 

   

   z

t t
t i

t t

 
 

  

.                            (73) 705 

 706 

Now, if we consider the division of the derivative by 2 and take modulus on the right side of the 707 

equality, 708 

 709 

   

   

1

2
z

i t t
t

t t

 
 

  

                            (74) 710 

 711 

Therefore, the trade-off becomes, 712 

 713 

   

   

   

   
        

1 2 1 21 1 1 1 1

2 2 2 2 2

/ /*

z z

i t t t t
t i i i i i

t t t t

   
      

     

               (75) 714 

 715 

Although Eq.(75) is similar to Eq.(5) of the Fourier Uncertainty Principle from Subsection 2.4, 716 

the concept here is completely different; because, while in FFT Eq.(5) tells us that a simultaneous 717 

decimation in time and frequency is impossible; in QSA-FIT this trade-off means that the shorter the 718 

change in time in the state of a signal, the higher the spectral tone that represents that change in time. 719 

 720 

4.5 Application to quantum signals 721 

Let’s see below QSA as a procedure, therefore, given a streaming (or time sequence) of quantum 722 

states  0 1 2 1N, , , ,     , we will do: 723 

 724 

 if the time sequence is cyclic, then, we will use the modified time sequence, 725 

       1 0 1 2 1 0N N, , , , , ,        726 

    else-if, we will use the modified time sequence based on a 0 padding criterion, 727 

       0 1 2 10 0N, , , , , ,     728 

    end-if 729 

 according to Fig.3, and applying Equations (40) and (41), 730 

     0 1 2 1N, , , ,      731 
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 finally. and carrying out classical measurements (with all the required precession), we will  732 

   obtain,  733 

     0 1 2 1N, , , ,     . 734 

 735 

Clearly, the sketch of Fig.3 represents a hybrid algorithm (quantum-classical, with a first 736 

quantum stage, and a second classical part), which at the moment of measurement is not subject to 737 

or affected by the quantum measurement problem [47, 48]. That is, the only limitation to obtain exact 738 

values of   lies in the expertise of the research team, the measurement technique employed and 739 

the quality of the instrumentation. 740 

 741 

5. A pair of practical simulations 742 

In this section, we present a set of two very important simulations, which expose the complete 743 

potential of the new tool. If we wanted to do the same thing through the Quantum Fourier 744 

Transform (QFT), we would have the serious inconvenience that it loses the direct and biunivocal 745 

relationship with the time, since the QFT (as we mentioned above) does not have an important 746 

attribute of functional analysis called compact support. This dysfunctionality is inhereted from its 747 

classical counterpart, i.e., FFT. This has dire consequences when trying to spectrally analyze a signal 748 

formed by quantum states in a quantum streaming way.  749 

 750 

 751 

  

Figure 6. The graph to the left shows α and β for a circular evolution as a function of time. The one on the right 752 

shows the frequency in hertz from QSA. 753 

Therefore, we have prepared two simulations of very different characteristics: the first one has a 754 
circular temporal transition between samples (quantum states), as we can see on the left of Fig.6, 755 

where both components of each wave-function   can be observed, α (in red) and β (in blue). 756 

On the other hand, the right hand side of the same figure shows us the frequency in hertz in a 757 

direct relationship with the time. Besides, this quantum signal will have a bandwidth equal to 758 

3.9751x10-15 hertz, which is absolutely reasonable considering the type of signal. 759 

 760 
 761 
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Figure 7. The graph to the left shows α and β for a random evolution (with a normalized Gaussian distribution, 762 

and null mean value) as a function of time. The one on the right shows the frequency in hertz from QSA. 763 

 764 
 765 

The second simulation consists of a very different type of signal regarding the last one. In this 766 

case, we have chosen a sequence with a completely random temporal transition in the orientation of 767 

the subsequent spins inside Bloch sphere; i.e., each quantum state which is part of the quantum 768 

signal makes a sudden jump in its direction with respect to its predecessor and its successor without 769 

the slightest commitment with a typical functional relation. In fact, both α (in red) and β (in blue) 770 

follow a random sequence of Gaussian distribution with null mean value. See the left hand side of 771 

Fig.7. While the right hand side of that figure shows us the frequency in hertz with a bandwidth 772 

equal to 57.4453 hertz. 773 

 774 

6. Conclusions and future works 775 

This work began with an extensive tour on traditional spectral techniques based on Fourier’s 776 

Theory, without compact support and completely disconnected from the link between time and 777 

frequency (this analysis included wavelet transform which sometimes has compact support), and 778 

the responsibility of each flank with respect to final spectral components of a signal, as we can see in 779 

Section 4.2. Besides, these attributes extend to image and video [29, 30]. For that reason QSA-FIT was 780 

created, i.e., to cover such space and also as a complement to the aforementioned Fourier’s Theory, 781 

in particular, FFT. A simple comparison between QSA-FIT and FFT point to some initial conclusions, 782 

which can be seen synthesized in Table 1. 783 

 784 
 785 

 786 

Table 1. Comparison between FFT and FIT 787 

Characteristics FFT FIT 

Separability Yes Yes 

Compact support No Yes 

Instantaneous spectral attributes No Yes 

1D computational cost O(N*log2(N)) O(N) 

2D computational cost O(N
2
*log2(N)

2
) O(N

2
) 
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Energy treatment Disastrous Excellent 

Decimation In time or frequency Not required 

Parallelization No Yes 

 788 
 789 

Specifically, and as we have seen, FFT doesn’t have compact support, therefore, we say that FFT 790 

is a non-local process, while, FIT has compact support, so that, we say that FIT is a local process, 791 

with all that this implies when we apply this tool to the study of the quantum entanglement. It is 792 

worth mentioning that FIT is an important tool to assess the importance of the flanks (or edges in the 793 

case of images) in a compression process weighting in real time and sample by sample (or pixel by 794 

pixel), the importance of temporal spectral components in the final result [29, 30]. 795 

On the other hand, and considering that when the wave function collapses, we pass from QSA 796 

to FIT, it is critical to mention that the applications of FIT are obvious for a better understanding of 797 

the Information Theory and Quantum Information Theory, in particular, Quantum Signal and Image 798 

Processing, Quantum Communications, and quantum entanglement, fundamentally. In fact, a finite 799 

bandwidth for entanglement is not a trivial or accessory subject at all. If we take into account Eq.(72), 800 

the finite bandwidth takes place from a procedure based on the individual components of the Bell 801 

basis 
AB

 , although this fact is absolutely concomitant with its possible values (and especially its 802 

signs) that can take the spin ms , i.e., positive and negative, for 
00

m  and 
11

m , respectively.  803 

The pending task is to delve deeper into the linkage between this new tool, QSA and the 804 

entanglement. 805 
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