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S1 - Development and main assumptions in the model

The two-fluid formalism is based on the application of the momentum and the mass balances on the
dispersed phase and on the fluid phase (Jackson, 1997). This formalism allows to account for the different
transport phenomena (and then forces) acting on the “particles” (that can be solute or colloids) and on
the fluid. In a recent paper (Bacchin, 2017), the presence of a membrane has been accounted for in this
model through the solving of these equations on an energy landscape. The parameter describing the
energy landscape is the interfacial pressure, II; (x, y, z) representing the colloid/membrane interactions.
If neglecting the gravity forces and if considering isotropic pressures, the momentum and the mass
balances for the dispersed phase (dispersed colloids or solubilized molecules), the fluid phase (water
molecules) and by addition for the mixture are:

Momentum balance
On the dispersed phase

+ anrag —Vlgern —Veeme — ¢|7Hi =0 (51-1)
On the fluid

—% — NFgrag — VP + 0V + Vi =0 (51-2)

On the mixture

—"’;ﬂ —Vp +n,Vu, — Ve — $VI, = 0 (51-3)
p

Mass balance
On the dispersed phase

¢
Bt = -V (puc) (51-4)

On the fluid
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2D = —v- (- o) (51-5)

On the mixture

0 = V- up (51-6)

The different contributions in these equations can be dissipative or elastic in nature (Bacchin, 2017) :

The dissipative contributions are :

_ Un—Uc
N
velocity between the phases (colloid/fluid friction)

e the viscous dissipation, —7,,V?u,,, due to the viscosity mixture in the Egs. 2 and 3 (fluid/fluid
friction induced by the shear)
e the viscous dissipation in the fluid due to the interface that can be link to a porous media

permeability, — l—mum in the Egs. 2 and 3 (fluid/membrane friction)
P

e the drag force, Fypqq represents the forces due to the friction induced by the relative

The elastic storage (non dissipative contributions) are :

o the thermodynamic (reversible) colloid pressure gradient , VI, , that corresponds to the water
activity difference (colloid/colloid interaction)

o the mechanical (non-reversible) colloid pressure, VII.. ... , due the shear and the associated shear
induced diffusion (colloid/shear interaction) or due the compressibility of an arrested deposit if any
(aggregated colloid/fluid interaction)

e the interfacial pressure, ¢V1II, , in the Eq. 1 and 3 (colloid/membrane interaction)
o the pressure drop, —Vp, representing the energy dissipated in the system (fluid/fluid interaction)

If considering a process where only the reversible part of the osmotic pressure is present, VIl ., = 0,
(i.e. no effect of shear induced diffusion and no consolidated deposit on the membrane), the momentum
balance can be written :

¢ um—uc
ET@ - Vncc - qSVHi = 0 (51-7)
Z—mum + Up + ¢V, =0 (51-8)
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The first equation means that the velocity of the colloids (or more exactly the force needed to have a
colloid velocity larger than the mixture velocity) is induced by the gradient of osmotic pressure and is
modified by colloid/membrane interactions. The second equation indicates that the mixture velocity is
induced by the gradient of fluid pressure and is modified by colloid/membrane interactions.



S2 — Energy map model and Boltzmann exclusion

In the absence of advection, uc=um=0, the equation 6 can be simplified:

dlle(¢)  , dily®) _ ]
L _p=lZ=0 (52-1)

If considering the ideal case, where the osmotic pressure for colloids follows the Van’t Hoff law, 1. =

kT I;i, the differential equation can be written :
P

d v,
?"’ = 2.d11(x) (52-2)

When this expression is integrated through the exclusion barrier where the interfacial pressure is varying
from Oto IT the partition coefficient representing the volume fraction on the exclusion boundary

in the membrane side over the volume fraction on the exclusion boundary in the bulk side can be written

ic max’

Vol max

K=e kr =eEx (52-3)

The exclusion number, Ex, is then directly linked to the partition coefficient, K, through the Boltzmann
exclusion induced by the energy map.



S3 — Integration along the membrane composite layers

The concentration profiles can be determined through the integration of the eq. 2. When considering the
continuity of the mass flux through the dimension perpendicular to the membrane, x, a constant mass
flux has to be considered. This mass flux is also the one coming out through the membrane:

U = UnPp (53-1)

The equation 2 can then be written:

ang(¢) alti(x)
Uy = U — Vym() (=L — ¢ L) (53-2)
The gradient in osmotic pressure is related to a diffusive mass flux if defining the diffusion coefficient
with the Stokes-Einstein generalized law:

D = m(¢)kT = d”c (53-3)

If considering that the ideal case where the osmotic pressure follows the Van’t Hoff law, 11, = kT‘;i and
14

leads to a constant diffusion coefficient, the equation S3-2 can be written as a classical convection-
advection balance with an additional mass flux due to the interaction with the membrane.

dnl(x)

um¢p - umd’ D (¢) ¢ (53'4)

The mass flux due to the interaction with the membrane (already introduced in model accounting for
membrane-colloid interaction, (Bacchin et al., 2011, 1995)) can be written as an advective flow with a
velocity, u;., due to the interface/colloid interaction :

= lpm($) > (53-2)

This last velocity is constant is considering the specific case where the interfacial pressure is varying linearly
with x (Fig. 2). In these conditions, the equation 6 can be simplified to:

(Um — i) — D22 = upp, (53-6)

This equation can be integrated through all the layers representing the membrane in order to determine
the volume fraction profile (subscript are defined in Fig.1) :

Polarisation layer

. . : d : .
The integration of the transport equation, u,,¢ — Dd—f = Uy Py, can link the volume fractions at the

UmbpL

extremities of the polarization layer to the Peclet number defined for the polarization layer, Pep; = 5



¢mi_¢p Pe

Zm P _ pPepy S3-7
¢b‘¢p ( )
This equation can also be rewritten to express the ratio of the volume fraction at the boundary to the

.. ()
transmission, =%
b0

% = Tr + (1 — Tr)ePece (S3-8)
b

Inlet Exclusion layer
The integration of the transport equation, (u,, — u;;)¢ — D % = Uy Py, can link the volume fractions at

the extremities of the inlet exclusion layer to the Peclet number defined for the exclusion layer, Peg,; =
UmOExi |
D

Pepxi
¢ml PeExi—Ex¢p

Pepxi
¢€l PeEXi—Ex¢p

= ePerxi—Ex (S3-9)

Membrane

. . : d : .
The integration of the transport equation, u,,¢ — Dd—i’ = Um ¢y, can link the volume fractions at the

. . 5
extremities of the membrane to the Peclet number defined for the membrane, Peyz = u"‘.fm :

Pmo—Pp — ,Peyp _
Paw—— e (S3-10)

Outlet exclusion layer

. . . d . .
The integration of the transport equation, (u,, — u;-)¢p — D ﬁ = Um ¢y, can link the volume fractions at
the extremities of the outlet exclusion layer to the Peclet number defined for the exclusion layer, Peg,q =
UmSExo |
o

¢eO_PeE—X0¢p

Pe +Ex

EXo — ePeEX0+Ex (83-11)
Brmo— Pepxo b

mo Pegpxo+Ex p

where ¢,,is equal to the volume fraction of the permeate ¢,,.



S4 - Expression of the transmission

The equations given in S3 can be combined in order to determine the solute transmission :

Py _ 1

bo (e~ (PeExo+EX)_y),~Peyp-Pe cp—Pegx;+Ex . (1—e_PeEXi+Ex)e—PeCP>

(54-1)

1+Ex<

Pepxo+Ex Pepx;—Ex

In the case of Péclet exclusion tending to 0 (for an infinitively thin membrane defined with a partition
coefficient), the equation can be simplified:

bp _ 1

bo - 1+(e~(Ex)—1)e~PemB—Pecp+EX_(1_g+Ex)g—Pecp (S4-2)

bp _ 1

b0 . 1-Ki-e PeMB (S4-3)
1+—E——;ﬁair—

This last equation is the one given in (Bacchin et al., 1996; Opong and Zydney, 1991) for convective and
diffusive transfer through membrane or for electrokinetic salt rejection (Jacazio et al., 1972).
If the polarization effect are negligible, Pecp — 0 :

b _ 1

bo (e=(Pe exo+EX) _1yo~Pem—Pe oy +Ex (1_e—Pe exi"'Ex) (S4 4)
1+Ex< Pe oxoTEX } Pe gpiEx )

If the exclusion layers are infinitively thin Peg,;and Peg,, = 0:

[0) KePem

T (s4-5)

¢ ePem—(1-K)
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Fig. S1-1 : Variation of the transmission as a function of the Peclet number. The full line is the results of
the full calculation with the following conditions Pegy, = Pegx; = 0.1Peyg = 0.1Pecp . The hyphen
dashed line represent the calculation for the simplifying conditions of Pegy,, Pegx; = 0. The dotted

dashed line is the calculation when considering Pecp — 0. For all calculations, the value of the partition

coefficient is e E¥* = K = 0.1.



S5 — Relationships for the counter pressure

From the model presented in the paper, the counter pressure can be expressed from different set of
parameters. This section inventories the main relationships and gives the limits of these relationship for
the conditions of thin exclusion layers.

Eqg. 5 allows to determine the permeability of the membrane. When integrated along the layers of the
membrane (Fig. 1), the counter pressure is expressed through the integration of the interfacial pressure,
[ ¢dIl;.. The gradient is only existing inside the exclusion layers. The integral can then be defined as

fExHExo ¢dlIl;.. The integral can be linked to the osmotic pressure difference and the drag force acting on

the exclusion layer:

foi e = = [y AT + [y Fapagdx (55-1)

The filtration law can then be expressed as a function of the osmotic pressure difference and the drag
forces inside the exclusion layers:

L
=2 (Apy = Allpys = Allpy

¢
fExi+Exo EFdragdx> (55
-2)
The drag force can be expressed as a function of the volume fraction inside the layers:
ium—up _ up _ 3
fEXi Vp m dz = mon fEXi(d) ¢p)dz (55 3)

The out-of-equilibrium counter pressure is then be expressed as the product of the drag force on immobile
particles :;—m and the excess number of arrested colloids in the membrane (¢ — ¢,,)/V}, .
0

The concentration profile being determined (S3-9), this term can be defined for each layers according:

(U — Ui )P = D22 = unop, (55-4)
(U — i) (@ — §p) — UiePp — D22 =0 (55-5)
(U = ic) [y, (& — $p)dz = D [ dp + wichp0 (55-6)
i@ — )z = Lot ct? (55-7)
Jei(® = $)d2 = 5—— ($mi—bei + $pEx) (55-8)



The counter pressure can then be expressed as a function of the osmotic pressure at the boundary of the
exclusion layers, I1,;, [;;, H oo, o

CP = Mg — Moo + Mo =My + —ZX ([T, gy + MyEX) + —EX0 ([, [T, —

Pepxi—Ex PegpxotEx

IT,Ex) (55-9)

Ex?(Pegyi+Pecxo)
eo (Peexi—Ex)(Peexo+Ex)

CP = —— (Mgy—Mypy) + ——

- Ex—Pegyi Ex+Pecyxo

(o — ) + 11 (55-10)

The counter pressure can also be expressed as a function of the osmotic pressure at the
extremities of the system membrane+ exclusion layers II,;, 1, I,,, IT,,, by considering the
expression for the osmotic pressure at the vicinities of the membrane from concentration profile
(53-9 and S3-11) :

Pe gxi ) Pe ,,i—EXx Pe gxi
= (o — ——E_¢p, ) ePeexi=Ex 4 Tlexi S5-11
i = (Pei — 5oy Pt ) ($5-11)
Peexo —Peexo—Ex Peexo
= (Pop — 2220 ¢ Yo ~PeeroBx 4 FPlexo S5-12
Do = (Deo — g2 ) e g, (s5-12)
Then
Ex . Ex . Ex Pe i
CP = X [1,,(1 - ePerxibry 4 _BX 1 (ePesnEx 1)1,
Ex—PeEXl- Ex+Peex0 Ex—PeEXi Pe EXL-—Ex
2
Pepxi—Ex Ex Pe Exo _ ,—Pegxo—Ex Ex*(PegxitPeExo) 3
e 11 1—e 0 11 $5-13
) + €o Ex+Pegxo PegxotEX ( ) + eo (Pegxi—Ex)(Pegxo+Ex) ( )
Or
_ _ M,i(Exe E¥(1-eP¢EXi)+Pe gx;(1—e %)
CP =1,;(1—e )+ M, (e7F¥ — 1) + = P E—
EXi
Ex Pe EXi Pe —Ex Ex PeEXO —Pe —Ex
€0 Ex—Pegy; Pe gxi—Ex (1= ™m0 + 11, Ex+Pegx, Pe gxo+EX (1-e e )+
EXi EXi EXo EXo
Ex?(Pegxi+Pegxo) (55-14)

€0 (Pegxi—Ex)(Pegxo+EX)

Similarly, the osmotic pressures Il,; and [l,,can be written as a function of the bulk osmotic
pressure and the the permeate osmotic pressure by considering the concentration profile (53-8
and S3-12)

cP_ _  (eTPeEXi*FX_1)(e~PeExo~EX_1)e~Pemp ( 1 )2 (e~PerxitEx _ 1) 4
M,Ex? (Pegxi—Ex)(Pegxo+Ex) Pepxi—Ex
2 ,
(;) (e—PeEXO—Ex _ 1) + (PeEXl+PeEX0) (55_15)
Pegxo+Ex (Pegxi—Ex)(Pegxo+Ex)



(0

HbEXZ
Pegyo + Ex , _ , Pegyi —Ex , _ _ - . -
~ —Pei);’ —p (e PeexitEx _ 1) 4 —Peg:; T Ex (e PeExo=EX — 1) 4 Pegy; + Pegy, — (e PeExitEX — 1) (e~PeEx
(PeExi - EX) (PeEXO + EX) + b‘x((PeEXi - EX)(e T T (PeEXO + Ex) (1 - ["‘X"“)e’"“)
(S5-16)

This last equation (that can also be written in a slightly different way accounting for the
transmission as given in Eq. 6) allows to link the counter pressure to the operating conditions that
are the different Péclet numbers and the exclusion number.

Counter pressure limit for an infinitively thin membrane
If considering an infinitively thin exclusion layer, Pegy — 0, these equation are tending toward :

CP=I,1-e ) +M,,(eE*-1) (55-17)
CP - (Hei_neo)(l - K) (55'18}

The counter pressure relationship can also be simplified when considering, Pegy — 0

cP _ —(eEx—1)—(e_Ex—1)—(e+Ex—1)(e_Ex—1)e_PeMB
MpEx? —Ex2+ExZe_PeCP((1—eEx)—(e_(Ex)—1)e_PeMB+E") (55-19)
_ . /K-D+EK-1)+(1/K-1)(K-1e"PemMB ]
CP =-II, (L-1/K)(1_e-PemB)e—Pecr 1 (55-20)
(1-K)ePecp
CP =1I, - —Pecr = II,(1 — K)ePecr(1 —Tr) (55-21)
" (1-K)(1-e~PeMB)
If considering an ideal case for the osmotic pressure, Tr = % = %, the counter pressure can be
b b
expressed as a function of the transmembrane osmotic pressure :
CP = MM, (1 — K) (et — 12y (55-22)
Iy I

It can be noted that this last writing is equivalent to the relationship including a Staverman
coefficient equal to (1-K). The model is then coherent with the model classically used. It allows to
give a new explanation for the counter osmotic pressure and a new framework for the dynamic
description of the osmosis flow.
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