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Abstract

In this paper, we study the fractional pseudo-parabolic equations us + (=A)° u+ (=A)" uy =
ulog |u|. Firstly, we recall the relationship between the fractional Laplace operator (—A)® and
the fractional Sobolev space H® and discuss the invariant sets and the vacuum isolating behavior
of solutions with the help of a family of potential wells. Then, we derive a threshold result of
existence of global weak solution: for the low initial energy J(up) < d, the solution is global
in time with I(ug) > 0 or [[ugl|x,() = 0 and blows up +oo with I(ug) < 0; for the critical
initial energy J(ug) = d, the solution is global in time with I(ug) > 0 and blows up at +oo with
I(ug) < 0. The decay estimate of the energy functional for the global solution is also given.
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1 Introduction

In this paper, we consider the following initial-boundary value problem for a class of fractional

pseudo-parabolic equation with logarithmic nonlinearity

up + (=N’ u+ (=A) up = uloglu|, x € Q, t >0,
u(z,0) = up(z), x €, (1.1)
u(z,t) =0, r€eR"\Q,t>0,

where  C R" (n > 1) is a bounded domain with smooth boundary 99 and the operator (—A)*

with 0 < s < 1 is the fractional Laplacian defined by

(—A) u(z) = _C(Z, s) /n u(z +y) +|Z|(:+;5y) — 2u(z) dy.

The equation in (1.1) is an important physical model, appears in many applications to nat-
ural sciences, such as the unidirectional propagation of nonlinear, dispersive, long waves [1], the

aggregation of population [20] and the nonstationary processes in crystalline semiconductors [9].
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In the classical case, we have

— Auy — Au=ulog |u|, z € Q,t >0,
u(z,0) = up(z), x € ), (1.2)
u(z,t) =0, x € 00Q,t>0,

where A is the standard Laplace operator. It’s well known that problem (1.2) has been studied
by many authors. A powerful technique for treating problem (1.2) is the so called “potential well
method”, which was established by Sattinger [22], Payne and Sattinger [21], and then improved by
Liu and Zhao [17] by introducing a family of potential wells. Recently, there are some interesting
results about the global existence and blow-up of solutions for problem (1.2) in [3], in which Chen
and Tian proved global existence, blow-up at 400, the behavior of vacuum isolation and asymptotic
behavior of solutions with initial energy J(up) < d. For other related works, we refer the readers
to [2, 11, 6, 15] and the references therein.

In the fractional case, Nezza et al. [19] established the corresponding Sobolev inequality and
Poincaré inequality on the cone Sobolev spaces. Then in [5], Fu and Pucci proved the existence
theorem of global solutions with exponential decay and showed the blow-up in finite time of solutions

to the space-fractional diffusion problem

w4 (A= |ufPtu, 2 eQ, t >0,

u(z,0) = ug(x), x € Q, (1.3)
u(z,t) =0, x e R™"\Q, t >0,
2
where Q@ C R™ is a smooth bounded domain, n > 2s, and p satisfies 1 < p < 27 —1 = nt 25.
n—2s

In [4], Cotsiolis and Tavoularis proved the existence of sharp logarithmic Sobolev inequalities with
higher fractional derivatives. More works on fractional equations can be found in [7, 18, 23] and
the references therein.

In this paper, we aim to use the logarithmic Sobolev inequalities with higher fractional deriva-
tives and the improved potential well theory to prove the invariant sets, the vacuum isolating be-
havior, the global existence, decay and blow-up at +oo of solutions for problem (1.1) in fractional
Sobolev space. For our purpose, we introduce a family of potential wells and its corresponding
sets, and construct the relation between the existence of solution and the initial data ug(z) via
the method of the potential wells. Then, by the usage of Faedo-Galerkin method and properties
of a family of potential wells, we derive a threshold result of existence and nonexistence of global
weak solution: for the low initial energy case (i.e., J(up) < d), the solution is global in time with
I(ug) > 0 or |lug|| x,() = 0 and blows up at +oo with I(ug) < 0; for the critical initial energy case
(i.e., J(up) = d), the solution is global in time with I(ug) > 0 and blows up at +o0o0 with I(ug) < 0.
The decay estimate of the energy functional for the global solution is given by making use of a
differential inequality technique.

The outline of this paper is as follows. In Section 2, we recall the fractional Laplace operator
(—A)?, the fractional Sobolev space H*® and the corresponding properties. In Section 3, we give
some preliminaries about the family of potential wells, after which we discuss the invariant sets
and the vacuum isolating behavior of solutions for problem (1.1). In Section 4, we show the global

existence, decay and blow-up at 400 for problem (1.1) with low initial energy J(up) < d. In Section


http://dx.doi.org/10.20944/preprints201801.0191.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 January 2018 d0i:10.20944/preprints201801.0191.v1

5, we obtain the global existence, decay and blow-up at +oo for problem (1.1) with critical initial

energy J(ug) = d.

2 Preliminaries

In this section, we recall some preliminary results which are introduced in [5, 19] and will be useful
in this paper.

We start by fixing the fractional exponent s in (0,1) and give the definition of the fractional
Sobolev spaces and the fractional Laplace operator. For any p € [1,400), we define WSP(R") as

follows

WoP(R™) = {u € IP(R") : |7( z) ’“(i)’ € L7 (R" x R”)};
z—yl

i.e., an intermediary Banach space between LP(R") and WP(R"), endowed with the natural norm

1
|u —u@)l’ N\
T —— (Huumw // [ue) = 4L 4y ) (2.1)
R xR — 9

= (], B2 )

is the so-called Gagliardo (semi)norm of u.

where the term

We focus on the case p = 2. This is quite an important case since the fractional Sobolev spaces
We2(R") and W] 2(R™) turn out to be Hilbert spaces. They are usually denoted by H*(R") and
H§(R™), respectively.

Before giving the definition of the fractional Laplace operator, we consider the Schwartz space .

of rapidly decaying C'*° functions in R™. The topology of this space is generated by the seminorms

pn(e) = sup (14 [z)V >~ |D%(x)|,N =0,1,2,-
r€ER™
la|<N

where ¢ € # (R™). Let .#/(R"™) be the set of all tempered distributions, that is the topological
dual of .# (R™). As usual, for any ¢ € .# (R"), we denote by

_ 1 e 8T (1) da
PO = g [ et

the Fourier transform of ¢ and we recall that one can extend F from .# (R") to .# (R™).
For any u € .# and s € (0, 1), the fractional Laplacian operator (—A)® is defined as

(=A)*u(x) = C(n,s)P.V. /]R" Wdy
u(z) — u(y)

=C(n,s) lim ez

e=0% JuB.(2) | —y
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Here, P.V. is a commonly used abbreviation for “in the principal value sense” and C(n,s) is a

dimensional constant that depends on n and s, precisely given by

B -1
C(n,s) = </n 1|€|522§1d§> .

The following proposition shows that one may write the singular integral in (2.2) as a weighted

second order differential quotient.

Proposition 2.1 [19, Lemma 3.2] Let s € (0,1), for any u € L,

for all x € R™.

Now, we will show that H*(R™) is strictly related to the fractional Laplacian (—A)®. For this
purpose, we take into account an alternative definition of the space H*(R") = W*2(R") via the

Fourier transform. Precisely, for s € (0,1), we may define

A~

H3(R"™) = {u € L*(R") : /Rn(l +€%%) | Fu(€)? de < +oo} . (2.4)

The following proposition shows that the fractional Laplacian (—A)® can be viewed as a pseudo-

differential operator of symbol |¢£|**.

Proposition 2.2 [19, Proposition 3.3] Let s € (0,1) and let (—A)® : L — L*(R™) be the fractional
Laplacian operator defined by (2.3). Then, for any u € L,

(—A) u=F1 (|g|25 (fu)) . VEeR™

The following proposition gives the equivalence of the space H? (R™) and H*(R™).

Proposition 2.3 [19, Proposition 3.4] Let s € (0,1). Then the fractional Sobolev space H*(R")
coincides with H*(R™). In particular, for any u € H3(R™),

[0l gny = 2C(1,5) 71 / €2 | Fu(©)]? de.

n

Then, following from Proposition 2.2 and 2.3, we get the relationship between the fractional

Laplacian (—A)® and the fractional Sobolev space H®.
Proposition 2.4 [19, Proposition 3.6] Let s € (0,1) and let w € H*(R™). Then,
[ Fs gy = 2C (0, 8) "M I(=A) 2ull72 -

To handle logarithmic nonlinear term ulog |u|, we need the following logarithmic Sobolev in-

equality.
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Proposition 2.5 [4, Theorem 2.1] Let s be a positive real number. Any function f € H*(R")

satisfies

210y (1@ n SL(3) CHTINY
[ 15 1og< T )dw (10 2o+ 1og F@) 1718 < SIC-2)E18 (25)

where o > 0 be any number.

For the reader’s convenience, we review the main embedding result for this class of fractional

Sobolev spaces.

Proposition 2.6 [19, Theorem 6.5] Let s € (0,1) and p € [1,4+00) such that sp < n. Then there
exists a positive constant C = C(n,p,s) such that, for any measurable and compactly supported
function f:R™ — R, we have

p
1A (g < C//ann nisy dady (2.6)

where p* = p*(n, s) is the so-called “fractional critical exponent” and it is equal to .
n — sp

By [23], we have that [u]gsgn) is also a norm equivalent to the usual one defined in (2.1). In
this paper, we consider (1.1) in Xo(Q2) = {u € H*(R") : u =0 a.e. in R™\ Q}. We know

%
ju(z) — u(y)?
U dxdy
“ HXO( <//§;><Q CL‘ n+2s

is a norm on Xo(02) and Xo(2) = (Xo(),] - ||X0(Q)) is a Hilbert space with inner product

o,

Since u € Xo(12), we know that the norm and inner product can be extended to all R™ x R"™.

Proposition 2.7 [24, Proposition 9] Denote by
D<M <A< <A < e

the distinct eigenvalues and ey the eigenfunction corresponding to A of the elliptic eigenvalue
problem:

{ (=AY u=Mu, r €, @27)

u(z) = uo, x e R™\ Q.
Then for k € n,

u
A= C(n,s) min | HXO )
2 ueg\{0} HUHLz

where
$1 = Xo(Q)
and for all k > 2,

Fe = {ueXoQ): (u,e)xy) =0 forallj=1,2,....k—1}.
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Finally, we introduce the following functionals on fractional Sobolev space H*(R"):

1 2 1 1
J(u)_z/g‘(—A) u‘ dw—2/(2u210g]u\dm+/gu2dw,

SIS

4

I(u):/ﬂ‘(A)gu‘zd:p/Qu2log|u|d:v.

Since by Proposition 2.4, we have

]2

Then J(u) and I(u) can be written as

N

2 1
u‘ dx = 5C(n, s)[[ull Xy ()-

1 1 1
J(u):4C(n,s)\|u||§(0(m—z/gzuglog\u|dx+4/ﬂu2dw, (2.8)

I(u) = %C(n, ) llull, @) — /Qu2 log [u] da. (2.9)
We introduce the potential well
W ={ue Xo()|I(u) >0,J(u) <d}U{0}
and the outside sets of the corresponding potential well
V={ue Xo(Q)|I(u) <0,J(u) <d}.

We define the potential well depth d as

d = inf {sup T (), u € Xo() \ {0}, [ul xy(e) # o} ,

A>0
and the Nehari manifold
N = {u e Xo()|I(u) =0, [Jul| x, @) # 0} -

Similar to the results in [25], one has 0 < d = inj{[ J(u).
UE,

3 Invariant sets and vacuum isolating

In this section, we shall introduce a family of Nehari functionals I5(u) in fractional Sobolev spaces,
the family of potential wells sets and give the corresponding lemmas, which will help us to demon-

strate the invariant sets and the vacuum isolating behavior of solutions for problem (1.1).
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3.1 Properties of potential wells

In this subsection, we shall introduce a family of potential wells Wj, its corresponding sets Vs and

give a series of their properties which are useful in the proof of our main results.

Lemma 3.1 Let u € Xo(2) \ {0}. Then:

(1) )l\li)l%) J(Au) =0, )\hm J(Au) = —o0.

—+o0
d
(2) On the interval 0 < X < oo, there exists a unique \* = X\*(u), such that aJ(Au)b\:)\* = 0.

(3) J(Au) is increasing on 0 < A < X*, decreasing on \* < X\ < oo and takes the mazximum at
A= A\"

(4) I(Au) >0 for 0 < A < A", I(Au) <0 for \* < X < oo, and I(A*u) =0

Proof. (1) From the definition of J(u), we know

A2 9 A2 9 A2 9
J(Au) = ZC(n, s)ull o) — 2/Qu log | Au| dz + 4/Qu dz,

which gives
lim J(Au) =0
A—=0

and

lim J(Au) = —o0.

A——+o00

(2) An easy calculation shows that
d A 2 2 2 )‘/ 2 /\/ 2
el -2 _ _ 1 _2 2
d)\J(/\u) QC(n,s)HuHXO(Q) )\/Qu log |u| dx )\/Qu og Adx 5 Qu dx + 5 Qu dx

A

= —C(n,s)HuH?XO(Q) —)\/ u210g\u|dx—)\log)\/ u?dz. (3.1)
2 Q Q
G Nl — Jou*logul da
d
Let \* = exp 2 XO|(|(;)H2 Jo , then Jéi\u) =0.
L2(Q) A=A+
(3) From
P?J(\u) _ C(n,s), 9 2 2 2
= : — 1 dxr — log A dx — d
O)\2 9 HUHXO(Q) /QU og |u| dz — log /Qu x /Qu x,
we have
02 J(Au) / 9
— — [ udx <0, as u # 0.
8)\2 A=)\* 0

So, the conclusion of (3) holds.
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(4) The conclusion follows from

2
I(Au) = %C(n,s)HuH%(O(Q) - )\2/Qu2 log A |u| dz

)\2
—C(n S)HUHXO )\2/ u210g\u|d:1:—/\210g)\/ u?dx
Q Q

d
)\d)\J()\u)
Hence, when 0 < A < A*, I(Au) > 0; when \* < A < oo, I(Au) < 0; when A = X*, [(Au) =0. O

For 9 > 0, we define a set of Nehari functionals in fractional Sobolev spaces.
1) = 50 5)ulBe o — | o loglul do.
Lemma 3.2 Let u € Xo(Q):
(1) If 0 < lull xo () < (9), then Is(u) > 0.
(2) If I5(u) <0, then [lu] x, (@) > 7(0).

(3) If Is(u) = 0, then |[u]xo@) = ¥(9) or [lullxy@) = 0-

3 S\ 75 sT' (ﬂ) 5 2 :
Here v(0) = A\{ (27°6) T (Zé) e <C(n, s)) .

Proof. (1) Using the logarithmic Sobolev inequality (2.5), for any a > 0, we have

)
Ts(w) = 5C(0.8)lulfeyey — | w*logfuldo

27r5/ [yl w50 sT(3)
log dr+ — | n+— 10ga + log
o me@> o7 < r(g) ) e

- /Q lul? log |u| d. (3.2)

Taking o = v/27%0 in (3.2), we obtain that

L;(u) Z

I (35)

1 n sT'(%)
5 (n—i— glog V27s§ + log 2 ) — IOgHuHLQ(Q)] HuH%Q(Q). (3.3)

From 0 < [lu| x,(q) < 7(d), we have

. [sT (2
ull 2 < (27%6) 1 sT' (3)

By (3.3) and (3.4), we have

L;(u) > 0.
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(2) Notice that I5(u) < 0, then from (3.3), we have

1 T(z
l%wm@>20+zm@ﬂ%&§>7

which gives

1

1 2 2
lullxoor =3 (g ) Tollzzen > 2(6)

(3) If lufl x, (@ = 0. then

If [|lull xo(0) # 0 and Is(u) = 0, then

N

n sI'(%
log 2y > G+;%MMg(”)

T (35)

which gives

N|=

12
lullxoer =3 (g ) Tullzen = 2(6)

This completes the proof. Il
Now, for § > 0, we define the depth of a family of potential wells as follows

d(6) = inf
(9) UIE%J(U),

where

N = {u € Xo(Q)|I5(u) = 0, [|u]l x, () # 0} - (3.5)

Then, the depth d(d) and its expression can be estimated. Additionally, we show that how d(¢)

behaves with respect to ¢ in the following lemma.

Lemma 3.3 d(9) satisfies the following properties:

n re
(1) d(6) > Lo C(n, s)y*(8) + E (2m°6)2s e’ (3) for 0 <6 < 1. In particular,
44 4 T(Z)
1 n SF(E)
d> = (27%)2s " nz = M;

1
(2) There exists a unique b, b € (1, 1+ 2)\] such that d(b) =0, and d(6) > 0 for 1 <6 <b;
1

(3) d(0) s increasing on 0 < § < 1, decreasing on 1 < 6 < b and takes the mazimum d = d(1) at
J=1.
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Proof. (1) Let u € N, then I5(u) = 0. By Lemma 3.2 (3), we have [lu| x,q) > 7(0). Hence from

1 1 [, 1 [,
== - 1 -
J(u) = 40( )Hu||X0 ~5 /Qu og |ul dx + 1 /Qu dz,
1 1,
= (4 ) n, s)||uHX0(Q) + - /Qu dx
1 1 n SF(E)
> (= 2 - s s o \N27/
> (5-7) coty+ femnE e Tl
we have
= > _ — = _ S s ol 2
d(9) }féfs‘](u)— <4 4> C(n,s)y ((5)—1—4(277 d)2se ()
for0<d<1.
(2) For any u € Xo(Q2), [[ullp2q) # 0, and for any § > 0, we can define a unique
PG ully ) — S w?log fuld
2 Xo() ~ Jo glul dx
A = A(d) = exp ( OII(UTIQ (3.6)
L*(Q)

such that I5(Au) = 0. Then \u € N, and

d(0) < JOw) = A2 [(i _ i) O, ) ullZ ) + i/ﬂqux] .

(27°) 25 "

1
Therefore d (1 + ) < 0. On the other hand, d(1) =d > , d(9) is continuous

2M\

] =

I'(3;)
1
with d, so there exists a unique b € (1 1+ )\] such that d(b) = 0, and d(§) > 0 for 1 < ¢ < b.
1

(3) Tt is enough to prove that for any 0 < &' < ¢’ <1lor1l < ¢” < < band u € Ny, there
exist v € Ny and a constant € (6’,0”) such that J(v) < J(u) — e (¢,6"”). In fact, for above u we
also define \(9), then I3 (A(6)u) = 0 and X (6”) = 1. Let g(\) = J(A\u), we get

—~

d 1 C(n,s) 9
7590 = 5 0= Ll + 0)
C(n,s
210 CB g g

Take v = A(¢), then v € Ny. For 0 < § < §” < 1, we have

J(u) — J(v) = g(1) — g(A (0")) = g(A(8")) — g(A")

M8) C(n,s
-/ <Lﬂ»<2ﬁwg@w

72(8")(A(E") = A(F)A)

10
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For 1 < ¢” < ' < b, then

) s
J(u)—J(v):/A (1—5»0(2)

(")
> (1 . 5//) 0(37 s)

= (¢,8") > 0

[l (A

P2(8")(AE") = MO

Therefore, the conclusion of (3) is proved. O

Lemma 3.4 Let up € Xo(2) and 0 < 6 < 1. Assume that J(u) < d(0):

d(s 1 4

(1) If Is(u) > 0, then \|uH§(O(Q) < (1((5;’ where a(d) = <4 - 4) C(n,s).

d(o
(2) If Hqu(o(Q) > agég’ then Is(u) < 0.

(3) If Is(u) = 0, then HuH%(O(Q) < ZE(S;.

Proof. (1) For 0 < § < 1, we have

1 6 ) |
(1-3) COnDMulBgey + 5 [ e+ 150w = ) < o). (3.7)
d(9)
2
Then a(9) el e < di9). - [l < 3
(2) If Hqu(o(Q) > dEg; then from (3.7), we get I5(u) < 0.
(3) If Is(u) = 0, then from (3.7), we have HuHX ) < dE; O
Now, we can define
do = lim d(9). (3.8)

6—0t

Then by Lemma 3.3, dg > 0.

Lemma 3.5 Assume dy < J(u) < d for some u € Xo(Q2), and §; < 2 are two roots of equation
d(8) = J(u). Then the sign of Is(u) doesn’t change for §; < § < da.

Proof. J(u) > do implies ||ul| x,q) # 0. If the sign of I5(u) is changeable for §; < § < d2, then we
can choose 0 € (d1,02) and I5(u) = 0. Therefore, we can have J(u) > d(J). From Lemma 3.3 (3),
we have J(u) = d(61) = d(&2) < d(6), which is contradict with J(u) > d(6). O
Now, we are in a position to introduce a series of potential wells. For 0 < § < b, we define
Wy = {u € Xo(®) | Is(w) > 0, J(u) < d(8)} U {0},
Vs = {u € Xo(Q) [ I5(u) <0, J(u) <d()}.

From the definition of Wy, V5 and Lemma 3.3, we can obtain the following lemmas:

11
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Lemma 3.6 (1) If0 < ¢’ < 4¢” <1, then Wy C Wyn.
(2) If 1 <" < ' < b, then Vg C Vin.
In addition, we define
Bs = {u € Xo(Q) | [Jullxy@) <7(5)},
B5 = BsU0Bs = {u S Xo(Q) ‘ HUHXO(Q) < ’7(5)} ,
Bf = {u € Xo(Q) | [[ullx,(0) >(9)} -

Lemma 3.7 Let 0 < <b. Then
By (5) € Ws € Byya), Vs © B
where
Bo ) = {u € Xo(@llully, @) < min {y*(9).75(8)} }

d(d
By = {u & Xo(@)l[lull, ) < 8}

where vo(6) is the unique real root of equation

C(Z’ 5)72 + i (2m°6) 25 " =22 = q(6).

1 1 n r
4/Qu2da: <1 (2m%5)2s €"

On the other hand,

1
Clons) ey + 5 [ wido

N

J(u) <

and ||u|]§(O(Q) < ~2(6) yield J(u) < d(5). Hence we have B, (5) C Ws. The remainder of this lemma

follows from Lemma 3.2 and Lemma 3.4. O

3.2 Invariant sets and Vacuum isolating

In this subsection, we prove the invariance of some sets under the flow of (1.1) and the vacuum

isolating behavior of problem (1.1).

Definition 1 (Maximal existence time) Let u(t) be a weak solution of problem (1.1). We de-

fine the mazimal existence time Tpqr of u(t) as follows:
(1) If u(t) exists for 0 <t < oo, then Tpyes = +00.

(2) If there ezists a ty € (0,00) such that u(t) exists for 0 < t < to, but doesn’t exist at t = to,
then Thaz = to.

12
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Definition 2 (Blow-up at +00) Let u(t) be a weak solution of problem (1.1). We say u(x,t)
blows up at 400 if Tipee = +00 and

. C(n,s
lim (||uui2(m 4 Sy, HXO@) - 1o

t——+o0

Definition 3 (Weak solution) Function u = u(x,t) is called a weak solution of problem (1.1) on
Q x [0, Thnaz), with 0 < Tar < +00 being the mazimal existence time, if u € L™ (0, Tinaz; Xo(92))
with uy € L? (0, Trnaz; Xo(2)) and satisfies problem (1.1) in the distribution sense, i.e.,

(1) Vve Xo(), t €0, Tha),

(e, 0) 2 + ((—2)F g, (~2)3 U)LQ(Q o (G SENCNE U)LZ(Q = (ulog |u],v) 2 -
(3.9)
(2) u(z,0) = up(x) in Xo().
(3) For0<t< Thnaz,
[ eyt + [ G B + I u(0) < o), (3.10)

Now, we discuss the invariance of some sets corresponding to problem (1.1) inspired by the
ideas in [16].

Theorem 3.1 Let ug € Xo(2), 0 <e <d, § € (1,b) be the root of equation d(§) = e. Then:

(1) All weak solutions u of problem (1.1) with 0 < J(up) < e belong to Wy for 1 < § < ¢,
0 <t < Thas, provided I(ug) >0 or ||UOHXO(Q) =0.

(2) All weak solutions u of problem (1.1) with 0 < J(ug) < e belong to V5 for 1 < 6 < ¢,
0 <t < Tmaz, provided I(ug) < 0,

where Tyaqy is the mazimal existence time of u(t).

Proof. (1) Let u(t) be any weak solution of problem (1.1) with J(ug) < e, I(ug) > 0 or [Jug||x,) =
0. Tinaz is the existence time of u(t). If [[uol| x, (@) = 0, then uo(x) € Ws. If I(ug) > 0, then from
Lemma 3.5, it follows I5(ug) > 0 and J(ug) < d(). Then ug(z) € Ws for 1 < 4§ < 9.

Next, we should prove u(t) € W for 1 < § < § and 0 < t < Tj,ae. Arguing by contradiction, by
the continuity of I(u) we suppose that there must exist a 6y € (1,8) and tg € (0, Tjnae) such that
u(to) € OWs,, and Iy, (u(to)) = 0, [luolx,() # 0 or J(u(to)) = d(d). From

/ e 22y 7 +/ 5 o 3y + T(u(t))
<J(up) < d(5), 1<5<6,  0<t<Tmas (3.11)

we can see that J(u(to)) # d(do). If I5,(u(to)) = 0, |lu(to)|lx,() # O, then by the definition of d(d),
we have J(u(to)) > d(dp), which contradicts (3.11).

13
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(2) Let u(t) be a weak solution of problem (1.1) with 0 < J(up) < e < d, I(up) < 0. From
J(uo) < e, I(up) < 0 and Lemma 3.5, it follows I5(ug) < 0 and J(up) < d(§). Then ug(x) € V; for
1<4§<4.

We prove u(t) € Vs for 1 < § < 6 and 0 < t < Tjuee. Arguing by contradiction, by time
continuity of I(u) we suppose that there must exist a dp € (1,6) and tg € (0, Tjnaz) such that
u(to) € OVs,, and Is,(u(to)) = 0 or J(u(to)) = d(do). By (3.11) we can see that J(u(to)) # d(dp).
Assume Is,(u(tp)) = 0 and g is the first time such that I, (u(t)) = 0, then Is,(u(t)) < 0 for 0 <
t < to. By Lemma 3.2 (2) we have [[ug||x,q) > 7(do) for 0 <t < to. Hence |[u(to)||x,) = 7(do),
then [Ju(to)|lx, () 7# 0. From u(ty) € N5, and J(u(to)) # d(do), we have J(u(to)) > d(do), which
contradicts to (3.11). O

Corollary 3.1 Let up € Xo(R2), dy < e < d, 01 < d2 be the two roots of equation d(§) = e. Then:

(1) All weak solutions u of problem (1.1) with 0 < J(ug) < e belong to W5 for 61 < § < 02,
0 <t < Tynax, provided I(ug) > 0 or |[uol xo) = 0.

(2) All weak solutions w of problem (1.1) with 0 < J(up) < e belong to Vs for 61 < 6 < 62,
0 <t < Tas, provided I(up) < 0,

where Tae is the mazimal existence time of u(t).
Proof. The proof is similar to Theorem 3.1, then we omit it. U

Remark 3.1 If up € Xo(92), J(up) <0 and I(ug) <0, u(z,t) is a weak solution of problem (1.1),
then I(u(t)) <0 for all0 <t <T. This can be deduced from Theorem 3.3 and (3.10).

To deal with the critical case, we have the following proposition.
Proposition 3.1 If ug € Xo(Q?), J(uo) = d, u(x,t) is a weak solution of problem (1.1). Then
(1) I(u(t)) > 0 for all 0 <t < Typaq, provided I(ug) > 0,
(2) I(u(t)) <0 for all 0 <t < Tnag, provided I(up) < 0.
Here Tyay is the mazimal existence time of u(z,t).
Proof. (1) If the result is false, then there exists t; € (0, Tinae) such that
I(u(t1)) =0, I(u(t))>0, foralO<t<t.

Then combining the fact I(u) = —(u,us) — ((—A)%ut,(—A)%u) # 0, one has |[utl|2(q) > 0 or
l|ut] xo() > 0 for 0 <t < t;. Hence, we have

t t
C(n,
/O T +/0 (Z D ar 3 gy > 0, for all 0 < £ < 1y

and

1) < )~ [ sl — [

5 ) HuTHg(O(Q)dT <d, forall 0 <t <t. (3.12)

14
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Also I(u(t1))) = 0 and I(u(t)) > 0 for all 0 <t < t; imply that [[u(t1)| x,) = 7(1) # 0. Then by
the definition of d, we have J(u(t1)) > d, which is contradictive with (3.12).
(2) If the result is false, then there exists t; € (0, Tinqe) such that

I(u(t1)) =0, I(u(t)) <0, forall0<t<t.

Similar to the proof of (i), we have

! 2 ' C(n,s) 2
J(u(t)) < J(uo) = [ urllzzdr — 5 [ur ([ dm < d, forall 0 <t <t. (3.13)
0 0

Also from Lemma 3.2 and I(u(t)) < 0 for all 0 < ¢ < ty, then [Ju(t1)| x,) > (1) # 0. By the
definition of d, J(u(t1)) > d, which is contradictive with (3.13). O

For the invariant of the solutions with negative level energy, we also have the following results.

Proposition 3.2 All nontrivial solutions of problem (1.1) with J(uy) = 0 belong to

BS, = {u € Xo(@)|[lullxo) =0}

where

1
1 n rs) 2 2
20 = A} (2r) S€£e¥<c( ) (3.14)
Proof. Let u(t) be any solution of problem (1.1) with J(ug) = 0, Tax be the maximal existence
time of u(t). From (3.10), we get J(u) <0 for 0 <t < Tpq,- Hence by
e 2 ot [ wtdr <t [ wrogiuld
10l + 5 [ oide <5 [ w?loglulda

and (2.5), we have

1 5 1 5 a1 5 1 5
16 s)llullxy @) + 4/QU dr < — 2O, s)llully, @) + 5 ~ log [|ullL2(q)dx

2
1 n sI'(%)
—= -1 log =2 2 3.15
1 (n o+ tos T Il (15)
Taking a = v/27% in (3.15), we obtain that
1 n sT'(%)
5 (1 +n+ —logvam® +log 1‘("2)) ullF2 () < llullf2(q) log llull 120, (3.16)
2s
which gives
n SF (E) n+1
[ull 2y = (27%) 3 2ez
T (3:)
Therefore, the Proposition is proved. O

Theorem 3.2 Let ug € Xo(R2). Assume that J(uo) <0 or J(ug) =0 and [lug|| x,) # 0. Then all
solutions of problem (1.1) belong to Vs for 0 < § < b.

15
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Proof. Let u(t) be any solution of problem (1.1) with J(ug) <0 or J(up) =0 and |uol| x,) # 0,

Tnaz be the maximal existence time of u(t). The energy inequality gives

15 N
(4 _ 4) Cn,)[[ul% 0 + 4/9“ do + 5 I5(u) = J() < J(up), 0 <5 <b. (3.17)

From (3.17) it follows that if J(ug) < 0, then Is(u) < 0 and J(u) < 0 < d(0) for 0 < & < b; if
J(ug) = 0 and [Jug||x,() # 0, then by Proposition 3.2 we have [|ug||x,) > 70 for 0 <t < Tinaa-
Again by (3.17) we get Is(u) < 0 and J(u) < 0 < d(6) for 0 < 6 < b. Hence for above two cases we
always have u(t) € Vy for 0 < 0 < b, 0 <t < Trnaz- O

Corollary 3.2 Let ug € Xo(Q2). Assume that J(ug) < 0 or J(uo) = 0 and ||uol|xo) # 0. Then
all weak solutions of problem (1.1) belong to Bf.

Proof. Let u(t) be any weak solution of problem (1.1) with J(ug) < 0 or J(ug) = 0 and [Jug|| x, () #
0, Tinae be the maximal existence time of u(t). Then Theorem 3.2 gives

u(t) e Vs for 0 <0 <b,0 <t < Thaz-

From this and Lemma 3.2 we get [Jug||x,(q) > 7(0) for 0 < <b, 0 <t < Tipae. Letting § — b, we
obtain [[ugl| x,() = 7 (b) for 0 <t < Thnae- O

Now, we discuss the vacuum isolating to problem (1.1) with J(ug) < d.

Theorem 3.3 Let e € (dy,d). Suppose 61,02 are the two roots of d(0) = e. Then for all weak

solutions of problem (1.1) with J(ug) < e, there is a vacuum region
Ue = {u S XO(Q)|L5(’LL) = 0, ||’LL0HX0(Q) 75 0,51 <d< 52}
such that there is no any weak solution of problem (1.1) in U,.

Proof. Let u(t) be any weak solution of problem (1.1) with J(ug) < e, Tar be the maximal
existence time of u(t). We only need to prove that if [[uol|x,) # 0 and J(up) < e, then for all
d € (61,02), u(t) ¢ Ns, ie. Is(u(t)) # 0, for all t € [0, Trnaz)-

At first, it is clear that Is(ug) # 0. Since if Is(ug) = 0, then J(ug) > d(6) > d(61) = d(d2),
which contradicts with J(up) < e.

Suppose there is t; > 0 s.t. u(t;) € Ue. Namely, there must exist a 9 € (d1,d2) such that
u(t1) € Ns,. From (3.10), we get J(ug) > J(u(t1)) > d(d) > J(up), which leads to a contradiction.
(]

Remark 3.2 The vacuum region U, becomes bigger and bigger with decreasing of e. As the limit

case we obtain
Uy = {u € XO(Q)|I5(U) =0, HUOHXO(Q) 75 0,0 < o< 53}

where 63 > 1 and satisfies dg = d(d3).

16
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4 Low initial energy J(ug) < d

In this section, we prove a threshold result of global existence and nonexistence of solutions for
problem (1.1) with the low initial energy J(up) < d.

4.1 Global existence with exponential decay

In this subsection, we establish the global existence of weak solutions for problem (1.1) when
J(up) < dand I(ug) > 0 or |luol|xy0) = 0 by using Galerkin approximation technique and potential
well theory. Meanwhile, we obtain the asymptotic stability of global solutions. The following lemma
will be used to prove the asymptotic stability.

Lemma 4.1 Let y(t) : RT — RT be a nonincreasing function. Assume that there is a constant
A > 0 such that

400
/ y(t)dt < Ay(s), 0<s < 4o0.

Then y(t) < y(O)ek%, for allt > 0.

Theorem 4.1 (Global existence and decay for J(ug) < d) Letug € Xo(2). Assume that J(up) <

d and I(ug) > 0 or |luo|x,) = 0. Then problem (1.1) admits a global weak solution u(t) €
L (0, 00; Xo(2)) with u; € L? (0, 00; Xo(2)). Moreover u(t) € W for 0 <t < oo and

(1) if J(uop) < M, we have

C(n,s) C(n,s) _
JulE o+ 5 Ml < (ol ey + < ol ) 712"
where
1 o® 1 n sT(Z) 1
D = - — - —1 1 20) —Z1
mm{2 47r5’4(n+s oga + ogr(i)> 40g8J(u0)},
8.J (ug)T(2) ]~
for any [(UO)EQS)} <o < V2ms
ensI'(5)

(2) if J(up) = M, we have

C(n,s C(n, s -
Hwbm+<2ﬁwz@s0mﬁmﬁ-g>mma@y;wm
where
1 o 1 n sT(Z) 1
Dy=min{ o~ —. 7 (n+_loga+log =20 ) — ~log8(M —
1 mm{2 4W5a4<n+soga+ogr(;s)> 4og8( ﬁ)},

for any [8(]{7;1:8()5)(;9)] g <o < V27,
2

Proof. We divide the proof into two steps.
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Step 1 Proof of global existence.

Let {w;(z)} be a system of base functions in Xo(€2). Now we construct the following approx-

imate solutions uy, (¢, z) of problem (1.1):
m
um(ta l‘) = Zgjm(t)wj(l‘)v m=1,2,---,
j=1

which satisfies

Nl w

(Ut ws)g + ((—A)%um,(_A)%ws)2+((—A) umt,(—A)%ws)zz(umlogyumy,ws)Z, (4.1)

U (2,0) = Zajmwj(x) — up(x) in Xo(Q). (4.2)
j=1

Multiplying (4.1) by g.,,(t), summing for s, and integrating with respect to ¢ from 0 to ¢, we

have

t tC(n,s
/0 [t |72 (0 d7 +/O (2)Hum7||§(0(md7 +J(um) < J(um(0)),  0<t< oo,

By (4.2) we can get J(um,(0)) — J(up), then for sufficiently large m, we have

t tC(n,s
/O [ |72y A +/0 <2 )||um7||§<0m)d7 +J(um) <d,  0<t< oo (4.3)

From (4.3) and the proof of Theorem 3.1, we can get u, () € W for 0 < ¢ < oo and sufficiently
large m. Hence, by (4.3) and

1 1
J(up,) = 4/Qu$ndx + §I(Um>’

we obtain

t tC(n,s 1
/0 H’U,mTH%Q(Q)dT —i—/o (2 )HumTH%(O(Q)dT + 4/{2u3ndx <d, 0<t<oo, (4.4)

for sufficiently large m, which yields

/ u? dx < 4d, 0<t<oo. (4.5)
Q
Taking o = /7% in (2.5), we have
C(n,s)
%) 0 (4.6)
C(n,s)
= 21 (up,) + 2 /Q u?, log |t | dx — 5 HumH%(O(Q)

< 2I(um)+2/ u%log\um|d1‘—2/ u%log\um\dx+2/u,%llogHumHLz(Q)d:Jc
Q Q Q

sF(Z)) 9
Um,
18
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(%)
= 47(u) + (2108 [l =1 = -+ nlog V7 +log T ) ) e

< Cy. (4.7)

Also, (4.3) implies

¢ tC(n,s)
/0 et 12y 7 +/0 2 e ey <, 0 < oo

On the other hand, by a direct calculation, we have

/ (U 10g |t |)? dz = / (U 10g [tn])* dzz + / (U 10g [tn])? dz
Q

{zeQum(z)<1} {zeQum (z)>1}

_2 2 2n
<e 2|0+ (” S) / wh® dy

2s
{z€Qum (z)>1}
< -2 n n—2s
<ol (U57) el E, m

By (4.8) and Proposition 2.6, we have

_ n—2s\> . *
/Q(um 10g |um|)* dz < e~2|Q| + (23) c? HumH?XO(Q)

<Cy
Therefore, there exist a v and a subsequence {u,} such that

uy — u in L™ (0, 00; Xo(£2)) weakly star and a.e. in © x [0, 00),
Uyt — uz in L2 (0, 00; Xo(Q)) weakly star,

y log |uy| — ulog |ul in L™ (0, 0o; L?(£2)) weakly star and a.e. in  x [0, 00).

In (4.1), we fixed s, letting m = v — oco. Then, we get

(uer09) 30 + (=) (5w, (-a)w,) |, = (uloglul, w1

N|®

w(-8)iw,) o

and

(0) g+ (2030, (-8)30) L+ ((C8) 3, (8)50) |, = (wlogul0) e

L2(9
for all v € X((02),t € (0, Tinae). From (4.2) we obtain u(z,0) = ug(z) in Xo(R2), t € (0, Trmaz)-
By density we obtain u € L% (0, 00; Xo(Q)) with u; € L% (0, 00; Xo(Q2)) is a global weak
solution of problem (1.1). It is obvious that u(t) € W for 0 <t < 0.

Step 2 Proof of decay.
Taking v = u in (3.9), we get

1d 9 C(n,s), .2 C(n,s), .2 9
Sq (HU”L2(Q) + gl | = 5 lullxy@ +/QU log udz = —I(u).
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Then we have

T 1 C(n,s 1 C(n,s
[ 100 = S0l + 0B~ (51D + ST B0
1 C(n,s
< S aey + D ) o (1.9
By the definition of I(u), we have
I(u) = Cln, s )H HX /uQIOgudx
2 o Q
C(n, a2 C
> SO oy o T oy — 2 ey Lot ey
| @)
+ 5 ( lOgOé + lOg F(2S)> ||u||L2(Q)
C(n,s) a? 9 1 sI(5) 9
= ( %S) fulByey + |3 (n+ Zloga + log ) ~tog [l 2(0) | [0,
C(n,s) a? 9 1 n sI(5) 1 9
>~ 7 — —1 1 — —log4 .
> S5 (1 5 Il + [5 (o Zroma+how T ) ) = S1owa )|l
(4.10)
AT (ug)T(2) ]
If J(up) < M, then for LEQ) < a < V2ms, we have
e"sI'(5)
C(n,s
1) > D (Ju®lx + <5 ) e ). (1.11)

where

o? 1

s’ 2

D:min{l—

Then (4.9) and (4.11) imply

T n,s n.s
/t (HU(T)H%?(Q) + 0(2’)HU(7)“§(0(Q)) dx < % (HU(t)H%z(Q) + 0(2’)Hu(t)||§(o(m)
(4.12)

Let T'— +o00 and from Lemma 4.1, one has

C(n,s) C(n,s)
2

) < (ol + 5ol ey ) 422 foralt ¢ > 0,

[u(®)1 72 +

If J(up) = M, then we have

1 n sT(%) 1
- — log V2ms 41 22 ) — ~log4 =0.
2<n+80g 7r+ogr(2ns)) 5 log J(up) =0
From Theorem 3.1 and J(ug) = M, we have

I(u) = —(u, ug) — ((—A)%ut, (—A)%u) > 0.
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This implies that

t C(n,s
[ (herley + S5 By ) o

is strictly positive for 0 < t < oo. On the other hand, for any given sufficiently small positive

number 3, there exists tg > 0 such that

tg C ,
M = 5= gttt = Sw) = [ (ol + S5l ) o

Then by the energy inequality we get
0<J(u) <M—-p<M<dforall tg <t < 4o0.

If we take t = tg as the initial time, then similar to J(ug) < M, we have

C(n,s) C(n,s) _
()220 + 2|sz@s0mﬁmﬁ2,wwa@ =201t for all £ 0.
where
a? 1 n sT'(%) 1
Di =min{1— - -1 1 22 ) — —log4(M —
1 mln{ 27T572<n+8 Oga—i_og]-—\(én:s)) 2Og ( /8)}7

for any [W]n < a < V27,
2

The proof is complete. O

Corollary 4.1 In Theorem 4.1, if the assumptions “J(ug) < d, I(ug) > 07 is replaced by “0 <
J(ug) < d, I, (ug) > 0", where (61, d2) is the mazimal interval including § = 1 such that ds > J(uo)
for & € (01,02), then problem (1.1) admits a global weak solution u(t) € L (0,00; Xo(2)) with
ug € L?(0,00; Xo(Q)) and u(t) € Ws, for 0 <t < oco.

Proof. Making use of Lemma 3.5, we obtain from 0 < J(up) < d, Is,(ug) > 0 that Is(ug) > 0 for
all § € (d1,02). Repeating the arguments of Theorem 4.1 for §; < § < dg, then the conclusion of
Corollary 4.1 holds. O

Corollary 4.2 In Corollary 4.1, if the assumptions “Is,(uo) > 0 or [Jug||x, (@) = 0" is replaced by
|uoll xo(0) < Y(6), then problem (1.1) admits a global weak solution u(t) € L> (0, 00; Xo(2)) with
us € L2 (0,00; Xo(Q)) and satisfies

d(5)

||u0||§(0(9) < a(d)’ for d1 < 0 < min {d2,b}, 0 <t < 0. (4.13)
In particular, we have
d(01)
X < 0<t< 0. 4.14
[uollx, () < a(01) Jor0<t< (4.14)

Proof. |uollx,) < 7(9) gives I5,(ug) > 0 or [lug|x,) = 0. Hence, from Corollary 4.1, it
follows that problem (1.1) admits a global weak solution u(t) € L% (0,00; Xo(£2)) with u; €
L?(0,00; Xo(Q)) and u(t) € Wy, for 0 < t < co. Moreover, from Lemma 3.4, we can deduce
that (4.13) holds. Letting 0 — §;, the conclusion (4.14) is also obtained. O
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4.2 Blow-up at 400 of solution

In this subsection, we establish blow-up at 400 of solution for problem (1.1) when J(ug) < d and
I(up) < 0 by using properties of a family of potential wells.

Theorem 4.2 Let ug € Xo(§2). Suppose that J(ug) < d, I(up) <0, and 0 < s < 1 satisfies

(25)

!

=

Ay S s(2m%)2se”. (4.15)

—~
|3
~—

Then the weak solution of problem (1.1) blows up at +o0, i.e., the mazimal existence time Typap =
+00 and

. C(n,s
lim <||u”%2(m + (2)Hu||§(0(m> = +00. (4.16)

t—-+o0
Proof. We divide the proof into two steps.

Step 1 We prove that the weak solution of problem (1.1) can’t blow up in finite time.
Let u(t) be any weak solution of problem (1.1) with J(up) < d and I(ug) < 0. Assume by

contradiction that T4, < +oo and

. C(n,s
i (o + S5 ful o ) = +o

t—=Tmaxz

Then we can choose a time tg small than but close to T},.: such that

C(n,s
w172 () + (z)llu(t)\|§<0<m z 1,

for any t € [to, Tinaz). We define

t

tC(n,s
20 = [ W Badr+ [ S5 u(r) oy (4.17)
0 0
for t € [to, Trmaz). Furthermore, for ¢ € [to, Thnax),
C(n,s
20) = (Ol + 8 o) . (418

And, consequently,
L'(t) =2 / w(t)ug(t)dz + 2 / (=A)2u(t)(—A) 2wy (t)dx,
Q Q
for t € [to, Timaz). Then taking o = /275 in (2.5), for t € [to, Timaz), We have

L'(t)log L'(t) — L"(t)
C(n,s)

C(n,s
— (1o + 5Ol ) o8 (Iaey + <50l

) /Q w(t)ug () — 2 /Q (=AY ut)(—A)S us(t)da
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22 [[[u(t)|22 0 Tog l[u®)l| 2y + I(w)|

n(»
> (n—i—nlog\/%rs—i-log i (73)
§ T (3)

> lu(t)l72(0)- (4.19)

Combining (4.15), we have
L'(t)log L'(t) — L"(t) > 0. (4.20)
Then we have
(log L’(t)), <log L'(t)
and

C(n,s)
2

log L/ (1) < ¢! log I (t0) = ¢ log (uu<to>|r%2<m + ||u<to>u?x0m>) ,

for any t € [to, Tinaz). This implies

t

C(n,s C(n,s €
0120 + <5 0B < o (It By + S5 ey ) (@2
2 C(n,s) 2 e . .
for all ¢ € [to, Tinaz), Where Ao = | [[u(to)||72(q) + THu(tO)HXO(Q) . This contradicts
to
. C(n,s)
2 ) 2
L ([l + S5 e ) = +oc.

Step 2 We prove that the weak solution of problem (1.1) blows up at +oc.
For any T' > 0 and for all t € [0,T], we define

t tC(n,s C(n,s
M) = [ B+ [ o) @t + (7= 0) (ol + <G ol

(4.22)

where b and T are positive constants which will be specified later. Furthermore,

C(n,s)

C(n,s
MH“@)H%@(Q) - <||UOH%2(Q) + 9 ||“0“§(o(9)>

M'(t) = [lu(t)[|72q +
- /O (u(r), e (7)) dr + 2 /0 ((-8)5u(r), (-8)5ur(r)), dr (4.23)
and, consequently,
M (t) = 2 /Q w(t)ug(t)d + 2 /Q (— A u(t)(—A)suy(t)da,
Therefore, we get
M(t)M"(t) — M'(t)?
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—2r(M"(0)+4 [af0) — (40~ (7 = 0) (JuolEe) + <5 ol ) )

x (/Ot lur (7)1 720 +/0t0(7;78)”u7(7)ug(0(9)d7ﬂ

where 7(t) : [0, 7] — R4 is the functional defined by

T
t tC(n,s
0= ([ 1By + [ G B ey

(/ o (ot + [ S22 ()l i)
(f

)y d7+/0 ((—A)Sum,(—A)SUT(T))QdT>2>o.

As a consequence, we read the differential inequality

M (t)M" (t) — M'(t)*

20(0M () = 10100 ([ ) Bayr + [ G uto) By
M), (4.21)

for almost every ¢ € [0, T], where £ : [0,7] — R is the map defined by

N|n

£(t) =2 /Q u(tyus(t)dz + 2 /Q (—A)5u(t) (—A)duy(t)dz — 4 /O Jur (7) 22
tC(n,s
_4/0 (2 uar () 2 ey (4.25)

By (1.1) and (3.10), we have

s =2 [ (woglul - [(-a)tu
22/Q<u210g|u|—‘(—A)§u
>/u2da:—4d.

Q

2
By the definition of d and Lemma 3.1 (3), we have d < % / u?dx, where
Q

C(n,s
(g e 1ogudx)
Ax = €exXp )

[l

2 4 tC(n,s
)i [ eatr 4 [ S5 ety

2
) dx — 4J (ug) + 4J (u(t))

From Theorem 3.1 and Remark 3.1, we have I(u) < 0, for ¢ > 0. This implies Ax < 1, then
1
we can get d < 4/ u?dz. So we have
Q

£(t) >0, t € 0,71,
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which implies
ME)M"(t) — M'(t)> >0,  te€][0,T]. (4.26)

Thus, by directly calculation, we can see that

M'(t) M(t)M"(t) — M'(¢)?
log M (t)) = log M (t))" =
(og M) = it (o M(0) i
Then we have
EM(r)M"(r) — M'(1)°
log M (t)) = (log M(t2)) + dr,
(og M (1) = (g M(12)) + [ SHPEE
and
t /
log M (t) — log M(t9) = / (log M (7)) dr > M(ts) (t —t2),
12 M(tQ)
where 0 <ty < ¢ <T. Then
M/(tQ)(t7t2)
M(t) > M(tg)e M(t2) te [tQ,T]
Then for ¢ € [ta, T], we have
C(n,s
(8 ey + < e e
M'(ts) 2 C(n,s) 2
> M(6) M(t) + | lluollzz) + —5—lluollx, @)
Ml(ty) (4 C(n,s
> (e 5 1 (ol + 2 ol ) (@27
2 C(n,s) 2 :
Then from (4.21) and (4.27), ||lull72q) + THUHX()(Q) will blow up at +oc.
The proof is complete. O

Remark 4.1 If s — 1, (4.15) holds naturally. When n > 2, by the inequality in [8, Theorem 1]

for the gamma function, we can simplify (4.15) as
n%(%_1)@_%(14—%)3_%(1—"_%)2_%(%_1) < 71'%
in which the gamma function is removed.

Remark 4.2 We note from

1 1
1”“0”%2(9) + §I(U0) = J(uo)

and
C(n,s)
5 luoll72(xyy0) = AMlluollZ2(q)
that, if J(up) < 0, then I(ug) > 0 is impossible. If J(up) = 0, then either I(ug) > 0 or I(ug) =0
with ||uol| x, () 7 0 is impossible. If0 < J(ug) < d, it follows from the definition of d that I(ug) = 0
with [Jugllx,(q) # 0 is impossible. Thus, all possible cases have been considered in Theorems 4.1
and 4.2.

25


http://dx.doi.org/10.20944/preprints201801.0191.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 January 2018 d0i:10.20944/preprints201801.0191.v1

From the discussion above, a threshold result of global existence and nonexistence of solutions

for problem (1.1) has been obtained as follows.

Corollary 4.3 Assume that ug € Xo(S2) and J(ug) < d. Then problem (1.1) admits a global weak
solution provided I(ug) > 0 or [lug||x,) = 0; problem (1.1) dose not admit any global solution
provided I(ug) < 0.

5 Critical initial energy J(ug) =d

In this section, we prove the global existence and blow-up at 400 of solutions for problem (1.1)

with the critical initial condition J(ug) = d.

Theorem 5.1 (Global existence for J(ug) =d) Let ug € Xo(Q). Suppose J(ug) = d and
I(up) > 0. Then problem (1.1) has a global weak solution u € L (0,00;Xo(Q)) with uy €
L? (0, 00; X0(R)), and u(t) € W = W UOW for 0 <t < oo.

1
Proof. Let p,, =1 — — and ugm = pmuo, m = 2,3, --. We consider the following problem
m

u + (—A)’up + (—A)°u =uloglul, z € Q, t > 0,
u(z,0) = upm (), x € Q, (5.1)
u(z,t) =0, reN, t>0.

From I(up) > 0 and Lemma 3.1, we have \* = A\*(ug) > 1. Thus, we get I(uom) = I(pmuo) > 0
and J(uom) = J(umuo) < J(up) < d. So it follows from Theorem 4.1 that, for each m, problem
(5.1) admits a global weak solution wu,,(t) € L (0,00; Xo(2)) with u,; € L?(0,00; Xo(92)) and
Ume € W for 0 <t < oo, satisfying

(Ui, 0) + ((—A)%um, (—A)%v) n <(—A)%umt, (—A)%u)2 = (ulogul ,v), for any v € Xo(Q)

2

and
! 2 K C(n,s) 2
i [tmr[|72(q)dT + =3 [t 5 00y @7 + I () < J (uom) < J(ug) = d for ¢ € (0,00).
(5.2)

By similar ways in Theorem 4.1 we can deduce (4.6) and (4.8) for each m. Hence there exists a u

and a subsequence still denoted as {u,,}, such that, as m — oo,
U, — w in L™ (0, 00; Xo(€2)) weakly star and a.e. in 2 x [0, 00),
Ut — ug in L2 (0, 00; Xo(£2)) weakly star,
y log |uy| — ulog |ul in L™ (0, 0o; L?(£2)) weakly star and a.e. in  x [0, 00).

The proof of global existence for the solution is the same as that in the first part of the Theorem
4.1. O
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Theorem 5.2 (Blow-up at +oo for J(up) =d) Let ug € Xo(2). Suppose J(up) = d, I(ug) <0
and 0 < s < 1, where s satisfies (4.15). Then the weak solution of problem (1.1) blows up at +o0,

i.e., the maximal existence time Tyq, = 400 and

. C(n,s

t—-+o0

Proof. Let u(t) be any weak solution of problem (1.1) with J(ug) = d and I(ug) < 0. We define

t tC(n,s
L(t) = | fu(m)|lf2qdr + ( )’|U(7')H§(O(Q)d7- (5.4)
0 o 2
Furthermore,
C(n,s
L(0) = ) 0y + S ) 0 (5.5)

and, consequently,

L) = 2 /Q w(tyug(t)de + 2 /Q (A u(t)(—A)us(t)da.

To complete the proof of Theorem 5.2, by the proof of Theorem 4.2, we only need to prove that
there is a time to > 0 such that J(u(to)) < d. By (3.10), we have

to to C(n,s
b+ [ G oy + It < o) = (5.6

By Proposition 3.1, we have I(u(t)) < 0 for all 0 < ¢ < Tpneq. This implies [[uzllz2q) > 0 or
[ut]| xo() > 0 for 0 <t < Tiaa. So we have

to to C(n,s
| et + [ i > (5.7
By (5.6) and (5.7), we have J(u(tg)) < d, which contradicts to J(u(ty)) > d. O
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