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Construction of maximally multiqubit entangled state by using CNOT gates
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Abstract We propose a novel protocol to build a maximally entangled state based on controlled-not
(CNOT) gates. In particular, we give detailed steps to construct maximally entangled state for 4-, 5-,

and 6-qubit systems. The advantage of our method is the simple algebraic structure which
can be realized via current experimental technology.
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1. Introduction
Entanglement is a key feature of quantum mechanical systems with wide applications to the field of

quantum information theory. Multiqubit entangled states are regarded as a valuable resource for
processing information. The class of quantum processes relying on entangled states include quantum
state teleportation' , quantum error correction” , quantum key distribution (QKD)? .

A state has a large multipartite entanglement if its average bipartite entanglement is large.
Maximally multi-qubit entangled states (MMES)* are states whose entanglement is maximal for every

(balanced) bipartition. It is proposed there that a MMES state in an n-qubit system must reach the
maximal possible mixedness for each of its subsystems with [n/ 2] qubits ([X] takes the integer of
x). Therefore, we can determine whether a state is a MMES by whether a quantity representing the

purity averaged over some [n/ 2] -qubit subsystems of the state, defined as the averaged subsystem

purity of the state, reaches its minimum* . We can obtain the averaged subsystem purity for a state as

4
n
e :(nJ 2.7 (1)

where N, =[n/2] sy :TrApf\ Pa :Trﬂ|y/><w| Tr, denotes the partial trace over

1
. . . — <y <1 .
subsystem X. It isnobvious that for qubit cases N, ME ,where N, = 2™ . A maximally

multi-qubit entangled state is a minimizer of 77, .

For four-qubit systems, the criterion for the identification of maximally entangled four-qubit
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states had been presenteds. It can be show that “me = g for maximally entangled four-qubit state.

The maximally entangled five-qubit state is discovered by D. K. Brown® . Using the numerical search
procedure, Borras et al.” found a kind of six-qubit maximally entangled state.

1 1

For five and six maximally entangled state qubits, it is also obtained #mME = 4 and 7Pme T,

respectively. Recently, Zahra Raissi and Vahid Karimipour introduce a general method of gluing
multi-partite states®. In this paper, we present a method for constructing maximally entangled states,
generated by CNOT gates. The advantage of our approach is the simple algebraic structure which
can be realized via current experimental technology.

2. Construct Maximally Multipartite Entangled State

Generally speaking, for small systems, maximally entangled quantum states are obtained easily. For

example, for two-qubit state, the Bell state |(p>=%(|00>+|11>) is maximally entangled; for

three-qubit state, the GHZ state |(p> = %(|000> +|111>) is also maximally entangled. However,

the construction of maximally multipartite entangled quantum states is not as easy as the small
systems. In this paper, the relation of maximally multipartite entangled quantum state with Bell state
(or GHZ state) is discussed.

2.1 Construct Maximally Entangled Four-qubit State via Cnot Gate

For four-qubit, let us assume that prepared state is two Bell-pair state, that is

), =5 (00) 1)), 75 (100} 1), ®

In order to construct maximally four-qubit entangled state, we need to perform a set of CNOT gate
on the prepared state.
Step 1 : First, we performs a CNOT gate on the two qubit 1and 4 with the qubit 1 as the controlling

qubit. After this operation, the state of the four- qubit system becomes

3

1234

), :%(|0000>+|001 1)+[1101)+]1110))

Step 2 : We performs a CNOT gate on the two qubit 4 and 2 with the qubit 4 as the controlling qubit.
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After this operation, the state of the four- qubit system becomes

1
) = O 91} = (10000) |01 1)+ 1001) ¢ 1110) @

1234

Step 3 : We performs a controlled phase gate on the two qubit land 4 with the qubit 1 as the

controlling qubit. The controlled phase gate is

1 0 0 O
U - 01 0 O 5
10 01 0 ®
0 0 0 -1
Then the state of the four- qubit system becomes
1
V3D iss = Yoty [¥2)ns =5 (10000) + {0111 ~[1001) +[1110)), - (©)

Step 4 :We performs Hadamard gate on the qubit 1, 2,3 the state of the four- qubit system becomes
|W4>1234 - Hl ® H2 ® H3 ®|V/3>1234

1234

:ﬁ(|oooo>—|0011>—|0101>+|0110)+|1001>+|1010>+|1100)+|1111))

(7
This state is just the state of Yeo and Chua’s maximally entangled four-qubit state °.
2.2 Construct Maximally Entangled Five-qubit State via Cnot Gate
For five-qubit, let prepared state is
1 1
V) =5 01 +}10)) =((001) - 110)), ®

Step 1 : First, we performs a Hadamard gate on the qubit 1. After this operation, the state of the five-

qubit system becomes

| ¥ >12345 =H 3 | W>12345

, ©)
Zm(|01>+|10>)12 (|oo1)+|101)—[010)+(110))_
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Step2: We performs a CNOT gate on the two qubit 2 and 3 with the qubit 3 as the controlling qubit.

After this operation, the state of the five- qubit system becomes

|‘//2 >12345 = CN32 |V/1 >12345

= %[(|001)—|010>)345 (Jor)+]10)) +(J101)+[110)) _(]00)+|11)) ]

(10)
Step 3 : We performs a CNOT gate on the two qubit 1 and 5 with the qubit 1 as the controlling qubit.

After this operation, the state of the five- qubit system becomes

|W3 >12345 = CNlS |l//2 >12345
|010) (|01> |10))+|100)

(|01) |1o>)+|111)

=(100)-[11))
> (100) +11))hnss

-

+|001)

-
S~

(1)

This state is just the state of maximally entangled five-qubit Brown state ’.
2.3 Construct maximally entangled six-qubit state via cnot gate

For six-qubit, let prepared state is

)i =75 100) 1), (01 10)), 01+ 1), 12

Step 1 : First, we performs a CNOT gate on the two qubit 5 and 4 with the qubit 5 as the controlling

qubit. After this operation, the state of the six-qubit system becomes

| 4 >123456 = CN54 | l//>123456

=55 (900 +1m). (o1)-J10), o), 03
w5 5100100 +11), (j00)-|11),

Step 2 : We performs a Hadamard gate on the qubit 5. the state of the six-qubit system becomes

d0i:10.20944/preprints201801.0118.v1
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|l//2 >123456 - H5 |l//l >123456
= 11(100)+]11),, (01} [10)),, ([01)+[11)), 14

+(100)+[11)),,(|00)=[11)),,(|00) - 10)),,]

Step 3 : We performs a CNOT gate on the two qubit 4 and 1 with the qubit 4 as the controlling qubit.

After this operation, the state of the six-qubit system becomes

1¥5) 3456 = ON 4y 1¥72) a5
:%[(—|OO>+|1 1), [10),, ([01)+ 1)) +([10)+[01)) ,[01),, (Jo1)+[11))
+(|00)+[11)),,100),, (|00) - [10)), =([10)+|01)),, [11),, (|00} [10))_,]

(15)
Step 4 : We performs CNOT gate on the two qubit 5 and 1 with the qubit 4 as the controlling qubit.

After this operation, the state of the six-qubit system becomes

| W >123456 - CNSI |Vj3 >123456

:%[(|oo>+|1 1))12 (|0000)~[1001)+|0111)+|1110)) (16)

3456

+(|1o)+|01>)12(—|0010)+|0101)—|1011>—|1100)) ]

3456
Step 5 : We performs a controlled phase gate on the two qubit 2 and 3 with the qubit 2 as the

controlling qubit. The controlled phase gate is

oS O O

(17)

S O = O
S = O O

-1

Then the state of the four- qubit system becomes
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| Vs >123456 =U cp(23) | Vs >123456

1
=Z[|00 ,(]0000)~[1001)+]0111)+|1110))
+[11),,(]0000)+[1001)+[0111)~[1110)), (18)
+[10),, (~]0010)+]0101)~[1011)—[1100)) ,
+]01),, (~[0010)+]0101) +[1011) +]1100))_ ]

Step6: We performs CNOT gate on the two qubit 2 and 6 with the qubit 2 as the controlling qubit.

After this operation, the state of the six-qubit system becomes

|l//6 >123456 = CN26 |W5 >123456
=1[(|oo>)12 (0000) —[1001) +[0111)+|1110))

(

3456

)),, (|0001)+[1000)+[0110)—[1111)) (19)

|11)
(/10)) . (~[0010)+|0101)—[1011)~|1100))
+(|01)),, (~|0011)+]0100) +]1010) +|1101))

3456

]

3456
This state is just the state of six-qubit maximally entangled state, which is discovered by Borras et al ®.
3 Conclusions

In summary, we have established maximally multipartite entangled states via Bell pair states, by
using CNOT gate. Moreover, our method can also be extended to higher-dimensional quantum
systems, which is one of the most important and necessary topics in the study of multipartite quantum
entanglement. We hope that the scheme will be experimentally realized in the future.
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