
Article

QUANTIFYING MODEL RISK IN CREDIT
DERIVATIVES PRICING 
Colin Turfus 1

1 Deutsche Bank; c.turfus.80@cantab.net

Abstract: We propose a methodology for the quantification of model risk in the context of credit1

derivatives pricing and CVA, where the uncertain or unmodelled parameter is often the correlation2

between rates and credit. We take the rates model to be Hull-White (normal) and the credit model to3

be Black-Karasinski (lognormal). We show how highly accurate analytic pricing formulae, hitherto4

unpublished, can be derived for CDS and extended to address instruments with defaultable Libor5

flows which may in addition be capped and/or floored. We also consider the pricing of a contingent6

CDS with an interest rate swap underlying. We derive explicit expressions showing how to good7

accuracy the dependence of model prices on the uncertain parameter(s) can be captured in analytic8

formulae which are readily amenable to computation without recourse to Monte Carlo or lattice-based9

computation. In so doing, we take into account the impact on model calibration of the uncertain (or10

unmodelled) parameter.11

Keywords: perturbation expansion; Green’s function; model risk; model uncertainty; credit12

derivatives; CVA; correlation risk13

1. Introduction14

1.1. Model risk management15

Much effort is currently being invested into managing the risk faced by financial institutions as a16

consequence of model uncertainty. One strand to this effort is an increased level of regulatory scrutiny17

of the performance of the model validation function, both in terms of ensuring that adequate testing is18

performed of all models used for pricing and risk management purposes and of enforcing a governance19

policy that only models so tested are so used. As is stated in the Supervision and Regulation Letter of20

US Federal Reserve (2011):21

An integral part of model development is testing, in which the various components of a model and22

its overall functioning are evaluated to show the model is performing as intended; to demonstrate23

that it is accurate, robust, and stable; and to evaluate its limitations and assumptions.24

Another concern is model risk monitoring and management. Here the idea is that, having25

validated models and examined the associated uncertainty, the risk department should monitor and26

report on the risk faced by a financial institution, ideally so that senior management can, based on27

“risk appetite”, make informed decisions about model usage policy. According to US Federal Reserve28

(2011):29
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Validation activities should continue on an ongoing basis after a model goes into use to track known30

model limitations and to identify any new ones. Validation is an important check during periods31

of benign economic and financial conditions, when estimates of risk and potential loss can become32

overly optimistic and the data at hand may not fully reflect more stressed conditions. . . Generally,33

senior management should ensure that appropriate mitigating steps are taken in light of identified34

model limitations, which can include adjustments to model output, restrictions on model use, reliance35

on other models or approaches, or other compensating controls.36

Here the notion of best practice is less well established, in particular because different institutions37

adopt different approaches to measuring and reporting model risk. It is not therefore possible to38

enforce specific regulatory standards in this area, although regulators do take an interest in how banks39

perform the model risk governance function.40

Central to the task of monitoring and managing model risk or uncertainty is the challenge of how41

to measure it. Current practice tends to be a mix of qualitative and quantitative metrics. While the42

former are easier to implement the latter are preferable in terms of the level of control which can be43

exercised, particularly if the model risk can be quantified in monetary terms. However, the fact that no44

commonly agreed approach exists means that it is not easy to make progress in this area.45

The present paper represents some of the authors thoughts on this topic based on ten years of46

experience examining and quantifying model risk in relation to credit derivatives pricing. We include47

within this scope credit hybrid derivatives pricing and the calculation of the cost of counterparty risk48

protection on other types of derivative.49

1.2. Layout of the paper50

We begin in section 2 by reviewing previous methodologies which have been proposed for the51

quantification of model risk, before formally outlining our own proposed methodology. We go on in52

section 3 to describe our modelling approach for pricing credit derivatives in the context of stochastic53

interest rates and credit intensity. Under the assumption that both of these rates are small, we construct54

perturbation expansions representing solutions to the assumed governing equations, expressed in55

practice as a partial differential equation (PDE). Rather than looking to obtain particular solutions56

directly, a Green’s function for the full homogeneous PDE is sought as a perturbation expansion up to57

second order in the small parameters. It is shown in section 4 how this Green’s function can be used to58

calculate CDS prices or, conversely, to facilitate calibration of the model to market-observed CDS prices.59

In the process, explicit analytic expressions are obtained for the PV of both the protection leg and the60

coupon leg of the CDS (under an assumed rates-credit correlation). Our Green’s function is then used61

in section 5 to derive expressions for the PV of other credit derivatives, specifically credit-contingent62

interest rate swaps (including with capped or floored Libor) and contingent CDS with an interest rate63

swap underlying. These formulae can then be used in conjunction with those developed in section 264

to assess the level of model risk associated with the uncertain parameter(s). Finally in section 6, we65

present some concluding remarks and a number of directions for possible future work.66

2. Model Risk Methodology67

2.1. Previous work68

A number of authors have previously visited the question of how to define a methodology for69

the quantification of model risk. In his pioneering work on the subject, Cont (2004) proposes two70

approaches. In the first, a family of plausible models is envisaged, each calibrated to all relevant71

market instruments then used to price a given portfolio of exotic derivatives. The degree of variation72

in the prices which are observed provides a measure of the intrinsic uncertainty associated with73

modelling the price of the portfolio. A second approach, taking account of the fact that not all models74

are amenable to calibration to market instruments, compares the models by penalising them for the75
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pricing error associated with calibration instruments. The pricing errors for multiple instruments can76

be combined using various choices of norm, giving rise to a number of possible measures of model77

risk.78

While intuitively attractive, neither of these approaches appears to have been adopted by79

practitioners. This is likely a consequence of the cost of implementing multiple models and re-pricing80

under them. Financial institutions usually have only a very few models implemented, often just one,81

capable of pricing a given exotic option. Furthermore, regulatory pressure is towards standardising82

pricing on as small a set as possible of models, which fact mitigates against the adoption of the kind of83

approach envisaged by Cont (2004).84

More recently Glasserman and Xu (2014) have proposed an alternative approach based on85

maximising the model error subject to a constraint on the level of plausibility. The approach starts from86

a baseline model and finds the worst-case error that would be incurred through a deviation from the87

baseline model, given a precise constraint on the plausibility of the deviation. Using relative entropy88

to constrain model distance leads to an explicit characterization of worst-case model errors. In this89

way they are able to calculate upper bounds on model error. They show how their approach can be90

applied to the problems of portfolio risk measurement, credit risk, delta hedging and counterparty risk91

measured through credit valuation adjustment (CVA).92

Although this approach has the attraction of a rigorous definition and, according to the authors,93

is amenable to convenient Monte Carlo implementation, it has the disadvantage that an entropy94

constraint specified a priori is not the sort of concept which risk managers are likely to be comfortable95

with in defining or expressing risk appetite. Yet it is central to the whole approach. Furthermore, the96

approach has the disadvantage that it probably offers too much laxity in allowing the joint probability97

distribution function governing risk factors to vary freely subject only to the entropy constraint.98

Many of the perturbed distributions, including those giving rise to worst-case errors, would likely be99

deemed “unrealistic” by practitioners for reasons which cannot easily be encoded through entropy100

considerations. An approach which allows the user to be more specific about what is believed to be101

“known” and with what degree of certainty using a parametrisation more closely related to market102

variables would probably be preferred.103

For example, the consensus among practitioners might be that the “best” interest rate model would104

be somewhere between a normal and a lognormal process. But under the proposal of Glasserman and105

Xu (2014), if a Hull-White (normal) model were chosen as the baseline, deviations towards lognormal106

and away from it would be penalised equally. Yet, we are really only interested in assessing the impact107

of the former.108

We look to build to some extent on the basic philosophy of Cont (2004) but simplifying the109

methodology so as to avoid the cost of implementing multiple models at prohibitive cost. As we shall110

see, key to making progress is the ability to assess, at least to a good approximation, the impact of111

more advanced model features without implementing them explicitly in a fully working model. To112

this end, asymptotic analysis which has in the author’s view been under-used in risk management113

turns out to offer a fruitful way forward, certainly in the context of credit derivatives pricing with114

which we shall mainly be concerned here.115

2.2. Proposed framework116

We formally state the problem we are looking to address as follows. Consider a modelM(s; ρ)117

which we wish to use as the basis for pricing a portfolio Φ containing derivatives Dk, k = 1, 2, . . . , m.118

Here s = (s1, s2, . . . , sn), with si the values of a market data-determined model parameter, typically119

nodes on a curve associated with maturities T1, T2, . . . , Tn, and ρ an additional model parameter, the120

appropriate value of which is unknown and furthermore not readily ascertainable from market data;121

or alternatively a parameter representing a risk factor which is not in practice modelled. We wish to122

consider and indeed quantify the dependence of the portfolio price on the model parameter.123
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To this end we consider the calibration of the model to a vector of market prices1 p =124

(p1, p2, . . . , pn) for calibration instruments {I1, I2, . . . , In}. Here we suppose the pi are in general125

dependent on the set {sj | j = 1, 2, . . . , i}, with the dependence very weak for j < i, so it is a reasonable126

approximation to suppose dependence only on si. We further suppose that the pricing of these market127

instruments underM(s; ρ) is sensitive to the chosen value of ρ. There may be other market instruments128

to which the model is calibrated but, if the generated prices of these are not sensitive to ρ, we do not129

need to consider them explicitly in our analysis here.130

Let us denote the price calculated for derivative Dk using modelM(s; ρ), calibrated to market131

prices p, in self-evident shorthand notation by132

Vk(ρ) = V(Dk;M(s; ρ), p). (1)

We propose that, ρ being an uncertain parameter, the model will in general be only weakly dependent133

thereon. (It would otherwise not be particularly usable.) An appropriate measure of the model134

risk associated with pricing the derivative portfolio is on this basis obtained by use of the linear135

approximation:136

R(Φ) = ∆ρ
m

∑
k=0

∂Vk(ρ)

∂ρ
(2)

with ∆ρ an estimate of the level of uncertainty or inaccuracy associated with the representation of137

the parameter ρ. However, we need to be clear just what we mean by the partial derivative since the138

choice of s may depend on the value of ρ used. Let us suppose that the model is initially calibrated139

with a value of ρ = ρ0, with the result s0 = f (ρ0), say. Then the impact of recalibration requires that140

we capture the ρ-dependence through141

∂Vk(ρ)

∂ρ
=

(
n

∑
i=0

∂V(Dk;M(s; ρ), p)
∂si

f ′i (ρ) +
∂V(Dk;M(s; ρ), p)

∂ρ

)∣∣∣∣∣
ρ=ρ0

(3)

We require a means of determining f ′i (ρ). We note that the ith calibration condition can be expressed as142

V(Ii;M(s; ρ), p) = pi, (4)

leading under our previous assumptions to143

∂V(Ii;M(s; ρ), p)
∂si

f ′i (ρ) +
∂V(Ii;M(s; ρ), p)

∂ρ
≈ 0. (5)

Substituting in (3) for f ′i (ρ) from (5) and further substituting into (2) gives our representation of the144

model risk, contingent on our being able to compute satisfactorily the requisite partial derivatives145

w.r.t. si and ρ. We note in this regard that, while the partial derivatives in (3) all need to be calculated146

for each instrument in the portfolio, (5) needs to be solved only once for each calibration instrument.147

Clearly the usefulness of the above formulae will depend on the degree of convenience with148

which the relevant partial derivatives can be computed. We are helped here by the fact that, given our149

intrinsic uncertainty about the magnitude of ∆ρ, we are necessarily looking to provide an estimate150

rather than an exact computation of the model risk. Further, we have already made the assumption151

that the dependence of prices on ρ will be weak. So an estimate of the partial derivatives should be152

good enough for our purposes if this can be provided. In the case that our modelM is specified (with153

or without ρ-dependence) in a form requiring solution by Monte Carlo simulation or finite difference154

1 We use the word ‘price’ loosely here to encompass other quoted rates or indices from which market prices can be implied,
such as CDS fair spreads or implied volatilities.
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solution of a PDE, even the ability to do approximate calculations still leaves a lengthy and tedious155

calculation to perform. This will be compounded if we are concerned to understand how the level of156

model risk might change under different, perhaps more stressed, market environments, as is usually157

the case in a risk management context.158

Our suggestion here is that, if we can derive analytic approximations to instrument prices taking159

into account the uncertain model parameters, this opens the way to obtaining analytic representations160

of the partial derivatives in (3) and so to obtaining an estimate of the model risk more conveniently161

than otherwise. We will illustrate our approach with some examples from the credit derivatives area,162

with which the author is most familiar.163

3. Two-Factor Asymptotic Model164

3.1. Underlying Processes165

Our modelling approach will be to represent the interest rate rt and the credit default intensity166

λt (of a named debt issuer) as correlated mean-reverting short rate processes. In this respect our167

approach is similar to that pioneered by Schönbucher (1999) who took both processes to be normal168

mean-reverting diffusions, in other words governed by the gaussian short rate model of Hull and White169

(1990). Solutions were in his case found by constructing a two-dimensional tree. As was pointed out170

by Schönbucher (1999), it is a straightforward matter to extend his model to non-gaussian processes.171

A number of authors have followed this suggestion taking the credit process to be lognormal,172

governed by a Black and Karasinski (1991) short rate model which, although less tractable than a173

gaussian model, ensures that credit spreads stay positive (and thus that survival probabilities are174

decreasing functions of time). Jobst and Zenios (2001) sought to price portfolios of bonds, modelling175

the credit spread for securities in a given rating class in this way, coupled with a Hull-White interest176

rate model, but also allowing rating class migrations to take place. A similar approach with only177

rates and credit default risk was used by Cortina (2007) to provide analytic solutions for the prices178

of defaultable bonds in the assumed absence of correlation, and by Pan and Singleton (2007) who179

considered the joint distribution of credit spreads and default loss rates implied by CDS market data.180

We will follow the latter authors in taking the interest rate process to be normal, as proposed by181

Hull and White (1990), and the credit intensity process to be lognormal, so ensuring positive intensities,182

following Black and Karasinski (1991). The correlation ρrλ between these two processes will often be183

the uncertain model parameter of interest, although we could equally within our framework consider184

the credit mean reversion rate, or even its volatility as uncertain model parameters. We shall find it185

convenient to work with auxiliary variables xt and yt satisfying the following Ornstein-Uhlenbeck186

processes:187

dxt = −αrxtdt + σr(t) dW1
t , (6)

dyt = −αλytdt + σλ(t) dW2
t , (7)

where dW1
t and dW2

t are correlated Brownian motions under the risk-neutral measure with188

corr(W1
t , W2

t ) = ρrλ.

These auxiliary variables are related to the interest short rate rt and the credit default intensity λt,189

respectively, by190

rt = r(t) + r∗(t) + xt, (8)

λt = (λ(t) + λ∗(t))E(yt). (9)
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Here r(t) is the instantaneous forward rate, λ(t) the associated credit spread (see (13) below) and191

E(Xt) := exp
(

Xt − 1
2 [X]t

)
is a stochastic exponential with [X]t the quadratic variation of a process192

Xt. The required form of the configurable functions r∗(t) and λ∗(t) is determined by calibration of193

the model to satisfy the no-arbitrage conditions set out below, so rendering our model risk-neutral.194

The interest rate model obtained in this way is of Hull-White type and the credit intensity model195

Black-Karasinski.196

3.2. The no-arbitrage condition197

The formal no-arbitrage constraints which determine the functions r∗(t) and λ∗(t) are as follows:198

E
[
e−
∫ t

0 rs ds
]
= D(0, t), (10)

E
[
e−
∫ t

0 (rs+λs) ds
]
= B(0, t) (11)

under the martingale measure for 0 < t ≤ Tm, where Tm is the longest maturity date for which the199

model is calibrated,200

D(t1, t2) = e−
∫ t2

t1
r(s) ds (12)

is the t1-forward price of the t2-maturity zero coupon bond and201

B(t1, t2) = e−
∫ t2

t1
(r(s)+λ(s)) ds (13)

the corresponding risky bond price. We shall assume the bond prices can be ascertained at the initial202

time t = 0 from the market, whence we can view (12) and (13) as defining the forward rate r(t) and203

associated credit spread λ(t), respectively.204

3.3. Derivation of governing PDE205

We consider the general problem of pricing a cash security with maturity T whose payoff depends206

on xT . We will also look below at protection instruments whose payoff may depend on τ and xτ ,207

where τ is a stopping time in (0, T]. We introduce the convenient shorthand notation that, for a process208

Xt and real-valued function f (·),209

Ex( f (t)Xt) := E( f (t)Xt))|Xt=x,

in terms of which we can re-write (8) and (9) as rt = r(xt, t) and λt = λ(yt, t), where210

r(x, t) := r(t) + r∗(t) + x, (14)

λ(y, t) := (λ(t) + λ∗(t))Ey(yt), (15)

Writing the price of the security at time t ∈ [0, T] as f T
t = f (xt, yt, t), we can infer by application of the211

Feynman-Kac theorem to (6) and (7) in the standard manner that the function f (x, y, t) satisfies the212

following backward diffusion equation:213 (
∂

∂t
+ L− r(x, t)− λ(y, t)

)
f (x, y, t) = 0, (16)

where214

L := −αrx
∂

∂x
− αλy

∂

∂y
+

1
2

(
σ2

r (t)
∂2

∂x2 + 2ρrλσr(t)σλ(t)
∂2

∂x∂y
+ σ2

λ(t)
∂2

∂y2

)
(17)
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with in general lim
t→T−

f T
t = P(xT) for some payoff function P(x). In the absence of closed form solutions215

to (16) and guided by the work of Hagan et al. (2005), Pagliarani and Pascucci (2011) and Horvath et al.216

(2017), we propose a perturbation expansion approach as follows.217

For both short rate models we apply a ‘low rates’ assumption. To this end we define, taking Tm to218

be the longest time to maturity for which the model is calibrated, small parameters219

εr :=
1

αrTm

∫ Tm

0
r(t) dt, (18)

ελ :=
1

αλTm

∫ Tm

0
λ(t) dt. (19)

We assume that rt, r(t) and σr(t) are O(εr), while λt and λ(t) are O(ελ). The scaling of r∗(t) and λ∗(t)220

is inferred as part of the calculation. We presage our conclusions by writing221

r∗(t) ∼ γ∗2,0(t), (20)

λ∗(t) ∼ γ∗1,1(t) + γ∗0,2(t), (21)

with γ∗i,j(t) = O(εi
rε

j
λ). We rewrite (16) as222 (

∂

∂t
+ L− r(t)− λ(t)− φε(x, y, t)

)
f (x, y, t) = 0 (22)

where223

φε(x, y, t) := h(x, t) + g(y, t), (23)

h(x, t) := r(x, t)− r(t), (24)

g(y, t) := λ(y, t)− λ(t). (25)

We take advantage of the assumed smallness of φε(.) to seek a Green’s function solution for (22) as a224

joint power series in εr and ελ, asymptotically valid in the limit as these two parameters tend to zero.225

3.4. Green’s function expansion226

From the analysis of Turfus (2017a), we infer that the Green’s function solution of (22) can be227

expanded as228

G(x, y, t; ξ, η, v) =
∞

∑
i=0

∞

∑
j=0

Gi,j(x, y, t; ξ, η, v), (26)

with Gi,j(·) = O(εi
rε

j
λ). We will for the present purposes be interested only in terms up to second order,229

with consequent O(ε3
r + ε3

λ) errors in G(·). We will in all cases be interested in ‘free-boundary’ Green’s230

function solutions which tend to zero as x, y → ±∞. The leading order Green’s function solution231

subject to these conditions is straightforwardly deduced. It is given by:232

G0,0(x, y, t; ξ, η, v) = B(t, v)
∂2

∂ξ∂η
N2(ξ − xe−αr(v−t), η − ye−αλ(v−t); R(t, v)), t ≤ v (27)

where N2(x, y; R(t, v)) is a bivariate Gaussian probability distribution function with mean 0 and233

covariance matrix234
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R(t, v) :=

(
Ir(t, v) Irλ(t, v)
Irλ(t, v) Iλ(t, v)

)
(28)

with235

Ir(t1, t2) :=
∫ t2

t1

e−2αr(t2−u)σ2
r (u) du, (29)

Iλ(t1, t2) :=
∫ t2

t1

e−2αλ(t2−u)σ2
λ(u) du, (30)

Irλ(t1, t2) := ρrλ

∫ t2

t1

e−(αr+αλ)(t2−u)σr(u)σλ(u) du. (31)

For future notational convenience we also define236

Ir(t) := Ir(0, t) (32)

Iλ(t) := Iλ(0, t) (33)

Irλ(t) := Irλ(0, t). (34)

Following Turfus (2017a), we deduce at first order:237

G1,0(x, y, t; ξ, η, v) = −
(

xB∗(v− t) +
I∗(t, v)

e−αr(v−t)
∂

∂x

)
G0,0(x, y, t; ξ, η, v) (35)

and238

G0,1(x, y, t; ξ, η, v) = −
∫ v

t
λ(t1)

(
Ey(e−αλt1 yt)Mt,t1 − 1

)
G0,0(x, y, t; ξ, η, v) dt1, (36)

where we have defined239

B∗(τ) :=
1− e−αrτ

αr
, (37)

I∗(t, v) :=
∫ v

t
e−αr(v−u) Ir(t, u) du, (38)

Mt1,t2 G0,0(x, y, t; ξ, η, v) := G0,0

(
x, y, t; ξ, η − e−αλ(v−t2) Iλ(t1, t2), v

)
. (39)

The extension to second order terms is similar. The details are presented in Appendix A. There it is240

also shown how our model can be calibrated consistent with the no-arbitrage conditions (10) and (11);241

in the process expressions are obtained for the unknown γ∗i,j(·) in (20) and (21).242

Use of the first order expressions will prove adequate in the most part for present purposes.243

Equations (27), (35) and (36) can therefore be taken as the key results used in deriving the results below.244

4. CDS Pricing245

We next consider how we can use our Green’s function to price a credit default swap (CDS)246

analytically under an assumed rates-credit correlation. Although this is a vanilla instrument, its use in247

calibration means that it is nonetheless important to have analytic formulae.248

4.1. Fixed coupon leg249

If, as proposed, the risky discount factors B(t1, t2) are assumed known, a coupon payment made250

for a payment period [ti−1, ti] with coupon c and ti > 0 can be straightforwardly priced as251
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Figure 1. Impact of correlation on PV for a 3 = 5y maturity CDS

PV(i)
Coupon = cB(0, ti)∆i, (40)

with ∆i the relevant year fraction.252

4.2. Protection leg253

Turfus (2017a) shows how we can derive the price of a protection leg by solving a254

nonhomegeneous version of (22) with the forcing function −(1− R)λ(y, t) on the r.h.s., where R255

is the assumed recovery level of the referenced debt. The result obtained is256

PVProt ∼ (1− R)
∫ T

0

∫ ∞

−∞

∫ ∞

−∞
λ(η, v)G(0, 0, 0; ξ, η, v) dξ dη dv

∼ (1− R)
∫ T

0
B(0, v)

(
λ(v) + ∆λ(v)

)
dv (41)

per unit notional with O(ε2
r ελ) error, where257

∆λ(v) := γ∗1,1(v)− λ(v)
∫ v

0
e−αr(v−u) Irλ(u) du, (42)

with γ∗1,1(·) given by (A9) provides an O(εrελ) to the leading order result. Here, the first term in the258

expression for ∆λ(·) comes from the application of G0,0 to λ∗(·) and the second from the application of259

G1,0 to λ(·). Note that, in the absence of correlation, ∆λ(·) = 0 and the value of protection is as given260

under the assumption of deterministic rates.261

A comparison of CDS prices based on the above against the results of a finite difference solution262

of the underlying PDE is reproduced from Turfus (2017a) in Fig. 1 to illustrate a typical parameter263

dependence structure and to indicate the level of accuracy which is furnished by our asymptotic264

method. The CDS had a 5y maturity and quarterly coupon payments. The CDS rate was taken to be265

400bp with an assumed recovery of 40%, with a local vol of 60% and a mean reversion rate of 0.25. The266

5y swap rate was taken to be 300 bp with a short rate local volatility of 50 bp and a mean reversion rate267

of 0.25. The notional is taken here and in subsequent numerical comparisons to be 100. As can be seen,268

the agreement is excellent, with the discrepancy between the two modelling approaches considerably269

less than 1 bp of notional.270
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4.3. Calibration to CDS market271

If we consider our model to be calibrated to risky bond prices, the calibration is at this stage272

completely specified, at least to second order accuracy. In particular, taking the uncertain model273

parameter to be ρ = ρrλ, we see that f ′i (ρ) = 0 in (3), simplifying our task.274

Alternatively if, as is often the case, the calibration is to a term structure of CDS rates, we can take275

the market prices pi to be CDS fair premia associated with maturities Ti. Let us further suppose that276

the function λ(t) can be taken as piecewise constant between the Ti, given say by277

λ(t) = λi, t ∈ (Ti−1, Ti].

with T0 ≡ 0. We can the take the si introduced in section 2.2 above to be given by these λi, which278

can be inferred successively from the pi by a standard bootstrapping process. Precise inference of the279

f ′i (ρ) is then a somewhat intricate process, but our task is simplified if we are willing to consider only280

the leading order impact of calibration, whence we can neglect the O(ελ) indirect impact of the λi281

on (risky) discount factors in favour of their direct impact in the context of default-driven payoffs. A282

straightforward calculation gives rise to the conclusion that283

f ′i (ρrλ) ≈ −

∫ Ti
Ti−1

B(0, u)∆λ(u)du

ρrλ

∫ Ti
Ti−1

B(0, u)du
(43)

with expected O(ελ) relative errors.2 Equipped with this additional information we are in a position284

to assess the model uncertainty associated with other derivative types priceable by our model.285

5. Calculating Correlation Risk286

5.1. Interest rate swap extinguisher287

An interest rate swap extinguisher is an interest rate swap where the cash flows are contingent on288

survival of a named debt issuer. We have already considered fixed flows in section 4.1 above. We now289

look to price credit-contingent Libor flows. The payoff at time ti for a payment period [ti−1, ti] is given290

in previously defined notation by291

Payoff = Xti (xt−1, ti−1)
−1 − 1

∼ D(ti−1, ti)
−1(1 + xt−1B∗(ti − ti−1))− 1, (44)

with errors = O(ε2
r ). The calculation for the PV of this Libor flow contingent on no default was292

performed by Turfus (2017a). This was found to be given by293

PV(i)
Libor ∼ B(0, ti)

(
1− ∆L(i)

D(ti−1, ti)
− 1

)
, (45)

with O(εr(ε2
r + ε2

λ)) error, where294

2 The errors can in addition be expected to approximate to near zero since the calibration swaps are assumed to be at the
money, whence the (risky) discounting affects both legs almost equally.
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Figure 2. Impact of correlation on PV for a 5y maturity interest rate swap extinguisher

∆L(i) :=
∫ ti

0
λ(v)φ(i)

A (v) dv, (46)

φ
(i)
A (v) :=

∫ ti

ti−1

γ(u, v)Irλ(u ∧ v) du, (47)

γ(u, v) :=

{
e−αλ(v−u), u ≤ v,

e−αr(u−v), u > v.
(48)

We here use the binary operators ∧ and ∨ to represent min and max respectively. In conclusion, the295

fair price of a payer extinguisher will be296

PVExtinguisher =
N

∑
i=1

(
PV(i)

Libor − PV(i)
Coupon

)
(49)

assuming the payments are synchronised. (The extension of the calculation if payments are not297

synchronised is trivial.)298

A comparison of analytic calculations based on (49) against the results of a finite difference299

solution of the underlying PDE is reproduced from Turfus (2017a) in Fig. 2 to illustrate a typical300

parameter dependence structure and to indicate the level of accuracy which is furnished by our301

asymptotic method. The swap extinguisher paid quarterly Libor + 100 bp spread and received a302

quarterly 400 bp fixed coupon against a swap notional of 100. The credit default intensity was taken to303

be 770 bp, with a local vol of 60% and a mean reversion rate of 0.3. The 10y swap rate was taken to be304

80 bp with a short rate local volatility increasing from 20 bp to 70 bp and a mean reversion rate of 0.25.305

As can be seen from the graph, the use of our linear approximation approach to the model risk is a306

good one, with the discrepancy between the two modelling approaches in all cases less than 0.1 bp of307

notional.308

It is from here a straightforward matter of differentiation to quantify the model uncertainty309

associated with the parameter ρrλ. For the coupon flows there is no such dependency to leading order.310

For the Libor flows, we have311

∂PV(i)
Libor

∂ρrλ
∼ − B(0, ti)∆L(i)

ρrλD(ti−1, ti)
. (50)

and, again ignoring indirect impact of the λj on (risky) discount factors, we obtain312
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∂PV(i)
Libor

∂λj
≈ − B(0, ti)

D(ti−1, ti)

∫ (ti∨Tj−1)∧Tj

Tj−1

φ
(i)
A (v) dv. (51)

From (3), we infer that, if the uncertainty associated with ρrλ is ∆ρrλ, the model uncertainty associated313

with an interest rate swap extinguisher calibrated to risky bond prices is314

Uncertainty ≈ ∆ρrλ

∣∣∣∣∣ N

∑
i=1

∂PV(i)
Libor

∂ρrλ

∣∣∣∣∣ (52)

and, if calibration is to CDS rates:315

Uncertainty ≈ ∆ρrλ

∣∣∣∣∣ N

∑
i=1

(
n

∑
j=1

∂PV(i)
Libor

∂λj
f ′j (ρrλ) +

∂PV(i)
Libor

∂ρrλ

)∣∣∣∣∣ , (53)

with f ′j (ρrλ) given by (43). Notice that in the latter case, the impact of calibration adjustment is such as316

to reduce the overall uncertainty (for either a payer or a receiver swap), so ignoring it would be to take317

a conservative approach.318

5.2. Contingent CDS319

We consider a contingent CDS on an interest swap with 10y to maturity, paying semi-annual Libor320

+ 40 bp and receiving a quarterly fixed coupon of 250 bp. We look to calculate the cost of providing321

protection against default of the counterparty, in other words the counterparty value adjustment322

(CVA) associated with the payer swap position. The value of protection up to some horizon T will be323

governed by the nonhomogeneous version of the governing PDE:324 (
∂

∂t
+ L− r(t)− λ(t)− φε(x, y, t)

)
f (x, y, t) = −λ(y, t)Pde f (x, t), (54)

with Pde f (x, τ) the protection payoff in the event of default at time τ, subject to the final condition325

f (x, y, T) = 0. For the swap defined above we can write326

Pde f (x, τ) = max

{
(1− R)

N

∑
i=1

(
V(i)

L (x, τ)− c∆iV
ti
F (x, τ)

)
, 0

}
, (55)

with R the counterparty recovery rate, where the V(i)
L represent the PVs of the Libor flows and the327

Vti
F those of the fixed coupon payments associated with the respective payment periods. Using a first328

order approximation based on (A4), we have329

Vti
F (x, t) = Xti (x, t) (56)

∼ D(t, ti) (1− xB∗(ti − t)) , (57)

with errors = O(ε2
r ). Likewise we have to the same level of accuracy330

V(i)
L (x, t) =

Xti−1(x, t)− Xti (x, t), t ≤ ti−1
Xti (x,t)

Xti (x,ti−1)
− Xti (x, t), ti−1 < t < ti.

∼

D(t, ti−1) (1− xB∗(ti−1 − t))− D(t, ti) (1− xB∗(ti − t)) , t ≤ ti−1

D(ti−1, t)−1 1−xB∗(ti−t)
1−xti−1 B∗(ti−ti−1)

− D(t, ti) (1− xB∗(ti − t)) , ti−1 < t < ti.
(58)
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Solution of (54) is by standard application of the Green’s function expansion: only the leading order331

term G0,0(·) is needed for our purposes. We conclude following Turfus (2017b) that, with relative error332

= O(εr + ελ), the cost of protection purchased at t = 0 on a payer swap is given by333

Vprotection ∼ (1− R)
N

∑
i=1

(
f (i)L − c∆i f ti

F

)
, (59)

where334

f w
F :=

∫ w∧T

0
λ(v)B(0, v)D(v, w)N(−d1(ξ

∗(v), v)) dv, (60)

f (i)L :=
(

D(ti−1, ti)
−1 − 1

)
f ti
F + B∗(ti − ti−1)

∫ ti∧T

0
λ(v)B(0, v)D(v, ti)(

γ(ti−1, v)Irλ(v ∧ ti−1)N(−d1(ξ
∗(v), v)) + e−αr |v−ti−1| Ir(v ∧ ti−1)

N′(−d1(ξ
∗(v), v))√

Ir(v)

)
dv,(61)

with335

d1(x, v) :=
x− Irλ(v)√

Ir(v)
, (62)

ξ∗(v) := inf{x | Pde f (x, v) > 0}, (63)

where the latter expression need only be calculated to leading order, to which end xti−1 can be replaced336

by x in (58).337

A comparison of (59) against the results of a Monte Carlo simulation is reproduced from Turfus338

(2017b) in Fig. 3 to illustrate a typical parameter dependence structure and to indicate the level of339

accuracy which is furnished by our asymptotic method. The credit intensity in this case is 640 bp so340

not particularly ‘small’; the local volatility was taken to be 70% with a mean reversion rate of 0.3. The341

interest rate market was as in section 5.1. The contract provided protection on the full value of the342

swap (assuming no recovery) for 6 years in return for semi-annual coupon payments of 400 bp. The343

notional was again taken to be 100. As can be seen, the use of our linear approximation approach to344

the model risk remains good, with the discrepancy between the two modelling approaches unlikely to345

exceed a few basis points of notional.346
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Figure 3. PV dependence of interest rate swap protection on rates-credit correlation level.

347

It is again a matter of straightforward differentiation to derive an expression for the correlation348

risk associated with this modelling approach. To that end we note that the impact of correlation349

on discount factors is again weak and likely to cancel between legs. The impact through d1(·) will350

likewise be weak and again will cancel between legs. So we ignore these two effect to leading order351

and focus on the direct impact on f (i)L through the term explicitly containing Irλ(·). We obtain352

Uncertainty ≈ ∆ρrλ

∣∣∣∣∣ N

∑
i=1

∫ ti∧T

0
λ(v)B(0, v)D(v, ti)γ(ti−1, v)

∂Irλ(v ∧ ti−1)

∂ρrλ
N(−d1(ξ

∗(v), v)) dv

∣∣∣∣∣ . (64)

Again the impact of correlation on calibration can be taken into account, but this will invariably be353

small compared to the above so we propose that (64) will capture the uncertainty well. It may be354

suggested that the computational effort required here could become burdensome if N were large.355

However, the greatest computational effort will be involved in computing ξ∗(v) and the associated356

cumulative normal. The values of the latter can be tabulated in advance for a range of v ∈ [0, T] then357

interpolation used in the integration. Further, for T ≡ tk, we can re-express358

∫ ti∧T

0
≡

i∧k

∑
j=1

∫ tj

tj−1

and factor the integrand into the product of a v-dependent term and an i-dependent term, the latter of359

which can be taken outside the integral. This means we must integrate numerically from 0 to T only360

once, which is comparatively little effort. This approach was used to good effect by the author in the361

computations described in Turfus (2017b).362

5.3. Capped Libor flows363

We consider the impact of capping a Libor flow such as was considered in section 5.1 above at364

some level K > 0. The payoff at time ti for a payment period [ti−1, ti] is given in previously defined365

notation by366
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Payoff = min{Xti (xt−1, ti−1)
−1 − 1, K∆i}

∼ min{D(ti−1, ti)
−1(1 + xt−1B∗(ti − ti−1))− 1, K∆i} (65)

with errors = O(ε2
r ). Because of the appearance of xt−1 in the above expression, we must first compute367

the PV as of ti−1. We obtain by straightforward application of our leading order Green’s function G0,0:368

f (xt−1, ti−1) ∼ B(ti−1, ti)min{D(ti−1, ti)
−1(1 + xt−1B∗(ti − ti−1))− 1, K∆i} (66)

To proceed we define the value369

x∗ :=
D(ti−1, ti)(1 + K∆i)− 1

B∗(ti − ti−1))
(67)

as the (asymptotic) representation of the value of xt−1 at which the cap K is hit. Applying our (leading370

order) Green’s function again to the payoff at ti−1 to obtain the PV at t = 0, we obtain371

f (0, 0, 0) ∼
∫ ∞

−∞

∫ ∞

−∞
G0,0(0, 0, 0; ξ, η, ti−1) f (ξ, ti−1) dξ dη

∼ B(0, ti)(D(ti−1, ti)
−1 − 1)−

∫ ∞

−∞

∫ ∞

x∗
G0,0(0, 0, 0; ξ, η, ti−1)(

D(ti−1, ti)
−1(1 + ξB∗(ti − ti−1))− 1− K∆i

)
dξ dη (68)

Carrying out the required integrations, we conclude372

PV(i)
CappedLibor ∼ B(0, ti)

( (
D(ti−1, ti)

−1 − 1
)

N(d1(x∗, ti−1)) + K∆i N(−d1(x∗, ti−1))

− D(ti−1, ti)
−1B∗(ti − ti−1)

√
Ir(ti−1)N′(−d1(x∗, ti−1))

)
(69)

with errors = O(εr(εr + ελ)). In a similar vein, for a Libor flow floored at K, we have373

PV(i)
FlooredLibor ∼ B(0, ti)

(
K∆i N(d1(x∗, ti−1)) +

(
D(ti−1, ti)

−1 − 1
)

N(−d1(x∗, ti−1))

+ D(ti−1, ti)
−1B∗(ti − ti−1)

√
Ir(ti−1)N′(−d1(x∗, ti−1))

)
. (70)

On this occasion the terms involving d1(·) should not be neglected since they constitute the leading374

order impact of correlation. They furthermore impact only one leg, not both, so there will be no375

cancellation between legs as in the previous case. Differentiating, we obtain376

∂PV(i)
CappedLibor

∂ρrλ
∼ −B(0, ti)

∂Irλ(ti−1)

∂ρrλ
N′(−d1(x∗, ti−1))

(
D(ti−1, ti)

−1 − 1− K∆i√
Ir(ti−1)

− D(ti−1, ti)
−1B∗(ti − ti−1)d1(x∗, ti−1)

)
. (71)

Taking the absolute magnitude of this and multiplying by the uncertainty in ρrλ gives us the model377

uncertainty, assuming the calibration impact can again be ignored. We suggest it can be, provided the378

embedded caps are not too far in or out of the money, in which case the capped flow can be viewed379

as a fixed flow or a Libor flow, respectively, both of which cases we have already considered above.380
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In particular in the latter case, we may wish to separate the capped flow into a Libor flow and a cap,381

modifying the former in accordance with (45) to take account of the O(εrελ) contribution from ∆L(i).382

An identical result pertains for the floored case.383

6. Conclusions384

We have proposed a framework for the quantification of model risk in circumstances where a385

parameter of the model is either uncertain in its value or not included in a calculation. We have detailed386

how our proposed approach would work when the model parameter is the correlation between interest387

rates and credit default intensity in pricing credit derivatives. We considered in particular the cases of388

a) an interest rate swap extinguisher, b) a contingent CDS on an interest rate swap underlying, and c)389

an extinguisher with capped or floored Libor flows. We derived explicit analytic expressions which390

we propose are very accurate assessments of the model risk as a function of the degree of uncertainty391

associated with the correlation, under an asymptotic assumption of the interest rate and the credit392

default intensity being small.393

Although the cases considered here involve rather simple modelling considerations, we propose394

that the technique has much wider application. In particular it is possible to look at modelling395

involving also the price of a spot underlying such as an equity, an FX rate or an inflation rate. These396

quantities can further be assumed to jump in value contingent on default. Modelling then requires a397

three-dimensional diffusion process (possibly four, since two interest rates may appear, either or both398

of which may be assumed stochastic). Pricing of defaultable FX swaps or contingent CDS on FX or399

equity options can be handled and analytic expressions for model uncertainty obtained in the manner400

specified above. For some examples, see Turfus (2017c) and Turfus (2017d). In cases where a possible401

jump at default is assumed, the model uncertainty due to uncertainty in the expected jump size can402

also easily be obtained as an analytic expression.403

Much work has also been done using perturbation approaches to obtain analytic approximations404

for prices of numerous option types under local-stochastic volatility modelling assumptions. See for405

example Pagliarani and Pascucci (2011), who considered equity option pricing under a local volatility406

assumption, obtaining a perturbation expansion for the relevant Green’s function much as we did407

here, and using it to derive asymptotic expressions for option prices. Their approach was applied also408

to Asian option pricing in Foschi et al. (2013) and extended, with the use of some Fourier analysis,409

to incorporate Lévy jumps in the dynamics of the spot underlying in Pagliarani and Pascucci (2013).410

A review of a number of other papers which have presented asymptotic pricing formulae in recent411

years has been given by Turfus and Schubert (2017). Our model uncertainty methodology is equally412

applicable to the results of such work. An interesting prospect for future work would be to combine413

asymptotic modelling of stochastic rates and local-stochastic volatility, as was done by Funahashi414

(2015), and look at the resultant model uncertainty in option pricing.415

Conflicts of Interest: The author declares no conflict of interest.416

Appendix Second Order Green’s Function417

For completeness, we compute the second order extension to the first order Green’s function418

derived in section 3.4 above. Proceeding as previously following Turfus (2017a), we obtain419

G2,0(x, y, t; ξ, η, v) =
∫ v

t

(
xe−αr(t1−t) +

Ir(t, t1)

e−αr(t1−t)
∂

∂x

) ∫ v

t1

(
xe−αr(t2−t) +

Ir(t1, t2)

e−αr(t2−t)
∂

∂x

)
G0,0(x, y, t; ξ, η, v) dt2dt1

+

(∫ v

t
B∗(v− t1)Ir(t1)− γ∗2,0(t1) dt1

)
G0,0 (x, y, t; ξ, η, v) , (A1)
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G0,2(x, y, t; ξ, η, v) =
∫ v

t
λ(t1)

(
Ey

(
e−αλ(t1−t)yt

)
Mt,t1 − 1

) ∫ v

t1

λ(t2)
(
Ey

(
e−αλ(t2−t)yt

)
Mt1,t2 − 1

)
G0,0(x, y, t; ξ, η, v) dt2dt1

+
∫ v

t
λ(t1)Ey

(
e−αλ(t1−t)yt

) ∫ v

t1

λ(t2)Ey

(
e−αλ(t2−t)yt

)
(

exp
(

e−αλ(t2−t1) Iλ(0, t1)
)
− 1
)
Mt,t1Mt1,t2 G0,0(x, y, t; ξ, η, v) dt2dt1

−
∫ v

t
γ∗0,2(t1)Ey

(
e−αλ(t1−t)yt

)
Mt,t1 G0,0(x, y, t; ξ, η, v) dt1

(A2)

and420

G1,1(x, y, t; ξ, η, v) =
∫ v

t

(
xe−αr(t1−t) +

Ir(t, t1)

e−αr(t1−t)
∂

∂x

) ∫ v

t1

λ(t2)
(
Ey

(
e−αλ(t2−t)yt

)
Mt1,t2 − 1

)
G0,0(x, y, t; ξ, η, v) dt2dt1

+
∫ v

t
λ(t1)

(
Ey

(
e−αλ(t1−t)yt

)
Mt,t1 − 1

) ∫ v

t1

(
xe−αr(t2−t) +

Ir(t1, t2)

e−αr(t2−t)
∂

∂x

)
G0,0(x, y, t; ξ, η, v) dt2dt1

+
∫ v

t

∫ v

t1

λ(t2)Ey

(
e−αλ(t2−t)yt

)
e−αλ(t2−t1) Irλ(t1)Mt1,t2 G0,0(x, y, t; ξ, η, v) dt2dt1

+
∫ v

t
λ(t1)Ey

(
e−αλ(t1−t)yt

)
B∗(v− t1)Irλ(t1)Mt,t1 G0,0(x, y, t; ξ, η, v) dt1

−
∫ v

t
γ∗1,1(t1)Ey

(
e−αλ(t1−t)yt

)
Mt,t1 G0,0(x, y, t; ξ, η, v) dt1. (A3)

Note that the order of integration between t1 and t2 has been reversed compared to Turfus (2017a). It is421

a straightforward application of Fubini’s theorem to derive the alternative expressions from the above.422

Finally, determination of the unknown γ∗i,j(·) functions is achieved by calibration of our model423

consistent with the no-arbitrage conditions (10) and (11). We must consider the consistent pricing in424

the former case of a risk-free cash flow, and in the latter case of a risky cash flow, as we now show.425

Pricing of risk-free cash flow426

The calculation for a risk-free cash flow in our model is very similar to that performed by Horvath427

et al. (2017) and essentially corresponds to taking the distinguished limit as ελ → 0 then εr → 0.428

The same result is naturally obtained, namely that f T
t = XT(x, t) where, with the convention that429

Fi,j(x, t) = O(εi
rε

j
λ),430

XT(x, t) ∼ D(t, T) (1− F1,0(x, t) + F2,0(x, t)) (A4)

with O(ε3
r ) errors, and our Green’s function gives rise to431

F1,0(x, t) = xB∗(T − t)

F2,0(x, t) = 1
2 x2B∗(T − t)2 −

∫ T

t
γ∗2,0(v) dv +

∫ T

t

∫ v

t
e−αr(v−u) Ir(u) du dv.
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Of interest to us here is the conclusion that, setting x = y = t = 0 in (A4), satisfying (10) above to432

second order accuracy requires us to choose433

γ∗2,0(t) ∼
∫ t

0
e−αr(t−u) Ir(u) du, (A5)

which is O(ε2
r ), whence, on carrying out the required integration, we can re-express434

F2,0(x, t) = 1
2 x2B∗(T − t)2 − γ∗2,0(t)B∗(T − t). (A6)

The second term here is the convexity correction associated with the chosen money market numéraire,435

which term noticeably vanishes both at t = 0 and at t = T when the PV is known deterministically.436

Pricing of risky cash flow437

We continue by writing the price at time t of a risky (zero recovery) cash flow at time T as438

f T
t = YT(xt, yt, t), noting that, in this case, P(x) = 1 and f T

0 = YT(0, 0, 0) = B(0, T). We look to439

derive the general functional form of YT(.) implied by our model, and in the process to determine the440

conditions on λ∗(t) necessary to satisfy (11) above. Applying our second order Green’s function to441

this problem we conclude442

YT(x, y, t) ∼ B(t, T) (1− F1,0(x, t)− F0,1(y, t) + F2,0(x, t) + F1,1(x, y, t) + F0,2(y, t)) (A7)

with O(ε3
r + ε3

λ) error, where the Fi,0(x, t) are as defined above for i = 1, 2 and443

F0,1(y, t) :=
∫ T

t
λ(v)

(
Ey

(
e−αλ(v−t)yt

)
− 1
)

dv,

F0,2(y, t) := 1
2 F2

0,1(y, t)−
∫ T

t
γ∗0,2(v)Ey

(
e−αλ(v−t)yt

)
dv

+
∫ T

t
λ(v)Ey

(
e−αλ(v−t)yt

) ∫ v

t
λ(u)Ey

(
e−αλ(u−t)yt

) (
exp

(
e−αλ(v−u) Iλ(u)

)
− 1
)

du dv,

F1,1(x, y, t) := xB∗(T − t)F0,1(y, t)−
∫ T

t
γ∗1,1(v)Ey

(
e−αλ(v−t)yt

)
dv

+
∫ T

t
λ(v)Ey

(
e−αλ(v−t)yt

) ∫ v

t
e−αλ(v−u) Irλ(u) du dv

+
∫ T

t

∫ v

t
λ(u)Ey

(
e−αλ(u−t)yt

)
e−αr(v−u) Irλ(u) du dv.

Setting x = y = t = 0, we find that the no-arbitrage condition YT(0, 0, 0) = B(0, T) is satisfied by the444

expression in (A7) to second order accuracy iff we choose445

γ∗0,2(t) = λ(t)
∫ t

0
λ(u)

(
exp

(
e−αλ(t−u) Iλ(u)

)
− 1
)

du, (A8)

γ∗1,1(t) =
∫ t

0

(
λ(t)e−αλ(t−u) + λ(u)e−αr(t−u)

)
Irλ(u) du, (A9)

which are O(ε2
λ) and O(εrελ), respectively. This completes the calibration of our model to second446

order.447
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