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Higher Order Wave Equation with Logarithmic Source Term
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Abstract: In this paper we study the initial boundary value problem for logarithmic Higher Order
Wave equation. Introducing the Logarithmic Sobolev inequality and using the combination of
Galerkin method, we consider the theorem of existence of a global weak solution to problem for the
initial boundary value problem of the logarithmic wave equation. By constructing an appropriate
Lyapunov function, we obtain the decay estimates of energy for logarithmic Higher Order Wave
equation. The proof of the main theorem is given.
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1. Introduction

In this paper, we consider the initial boundary value problem of the logarithmic wave equation

Uy +A+u+u [uPu=unult, (xt)eQ x [0,T), (1.1)
u(x, t) =0, xedQ, t>0 (1.2)
u(x,0) = up(x) and u,(x,0) =u;(x), xeQ, (1.3)

where Q c R™, n > 1, is abounded domain with smooth boundary dQ0, k> 1and 4 = (-V)™,

m > 1is a natural numberand 0 < k < 1 is a small parameter. We deal with decay estimates of
energy for (1.1) — (1.3). Hiramatsu [4] also introduced the following equation:

Uy —Au+ u+ [ulPu=unul*, (x,t)eQX(0,T), t>0 (1.4)

when studying the dynamics of Q-balls in theoretical physics. There is extensive literature on
logarithmic equation used by Enzo Vitillaro [2] and Gorka P. [3], nonlinearity of waves used
by Bialynicki-Birula, 1., Mycielski, J. [6] , existence of solution used by Han X. S [7], the question
of existence (see [8]), and asymptotic behavior of solution (see [13]) for the following
initial boundary value problem

Uy +A+u+h(u)=[~, x€Q, t>0 (1.5)
u(x,t)=0, xe0dQ, t>0 (1.6)
u(x,0) = uy(x) and u,(x,0) = u,(x), xe Q, (1.7)
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By constructing an appropriate Lyapunov function, we obtain the decay estimates of energy for
logarithmic Higher Order Wave equation. So, the purpose of this paper is to obtain a decay estimate
of solutions to the problem (1.1)-(1.3) in the stable set for which the solution of problem (1.1)-(1.3)
decays exponentially. The key tool in the proof is an idea of Harux and Zuazua [11] and [12] and it
has been recently used by Benaissa [9] and Gerbi [10]. This method is based on the construction of
a suitable Lypanov function and this kind of Lypanov function is a small perturbation of the energy.
By using method Gorka [3] obtained the global existence of weak solutions for all uy € H,™*, u; €
L? to the initial boundary value problem.

2. Preliminaries and some Lemmas

We denote by [|. ||, the LP(Q) norm, and [|V. || the Dirichlet norm in H,™. In particular, we denote
[I-11 =II- ||2- We also use C to denote a universal positive constant that may have different.

By a weak solution u(x, t) of problem (1.1) — (1.3) on Q x [0, T), we mean
u € C([0,T], Hy™ () n C([0,T], L2(Q), u, € C([0,T], HM(Q)

such thatu(x,0) = ug (x) in Hy™, uy(x,0) = u,(x) in L2 and

(uge, w) + (A%u,Aziw) + (w,w) + (e, w) + (JulPu,w) = (uinulk,w), (2.1)

for any w € Hy (), (a.e. t € [0, T )) and the following energy inequality of the weak
solutions u holds:

E(t) < E(0), forall t € [0,T), (2.2)
Denote:

2

1 1 k
E@®) = E@ =5 (lull? + |42 + llull? - f uInful* dx ) + 7 [lull?
Q
1 1 2 k
E(0) =7 Cllunli? + [|Azuo|| + uoll? = f ool dx ) + % Ilo 12 (23)

Lemma 2.1: (Logarithmic Sobolev inequality )

Let u be any function in H,™(Q) and a > 0 be any number. Then (see [1,3,5])

2] |u|21nﬂdx+n(1+lna)||u||2 < a—zf |lu|2 dx (2.4)
Q [lzell B U V) )

Theorem 2.2: Suppose that uy € H,™ () and u; € L? (), then there exists a global weak solution
to problem (1.1) — (1.3).

Proof: We introduce two functional j(u) and I (u):

1 2
2 k
Axu|| -+ Il = [ w?Inful* dx) + 2l + % flull?

J@) =Ju®) =J(&) =1 (|
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1 2
Axu|| + Jull? = [, w?hnjul dx + 5l (2.5)

1) = 1(u(®) = 1(t) = |

We can simple see that
1 k 2
J@) =J@®) =210 + % ull

E(£)) = llucll? +J (w) (2.6)

We can simple see that by using this Lemma (2.1) and with the combination of Galerkin method
with it, we can see the proof of the theorem. Note w = wu; in equation 2.1 and using that

(ulnu®) = % %uzln lulk — Euz,
we get LE() = —llu 2 (2.7)
Now, we define the potential depth as
d=inf{supJ(lu), u€H, () 0} A1=>0 (2.8)

Lemma 2.3 Let u € H,™ (Q) \{0}. Define the well-known Nehari manifold as follow

N = {u/u € H™ () \{0}. I(w) = 0} (2.9)
then
i) I(Aw) = 2 % J(w) and limJ(Au) = 0, lim J(Au) = —co

(ii) There exists a unique A* = A(u) such that % J(Aw)|A = 2* = 0,and J(Au) is increasing on
0 < 4 < A, decreasing on 4* < 1 < 40, and reaches a maximum at A = A*. In other words,
there exists a unique A*€ (0, +0) such that I (A*u) = 0and

I(Au) = 4 % JQu) > 0 forall 0 < A < A, I(Auw) <0, A > X* (2.10)

2
1 1
52|+ etz fy wZimjul®ax+ il

kllull?

where A" =exp

Then, it is readily seen that the potential depth d is also characterized by
d=infJ(u) uUEN (2.11)

Related to the problem (1.1) — (1.3) we define the following subset:

W={ueH™Q|J(w) <d, I() > 0} is the stable set
and
U={ueH,"(Q)|Jw) <d, I(u) < 0} is the unstable set (2.12)

Lemma2.4 Letu€ H," (Q)andl = (27“)? em.

If 0 < |lull?>< I, then I (w) > 0.1f I (u) =0and |[ul| # 0, (w € N)than [lull?> > L
If I (u) < 0,than |lul|? > L
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k 2n X

Lemma25 d >-(>)z e" = K , where [ = (Z—H)E e"
4k 4 k

Proof: Ifwetake I (u) = Oand ||u|| = 0,then by Lemma 2.3 we have ||u||? > L. Together
with Lemma 2.4 we get

JW) = J®) = 2100 +5 Jull? = £ &% en (2.13)

Than we haved > %l.

Lemma 2.6 If uy € H,™ (Q) andu,; €12,0 < E(0) < d and u is a weak solution of problem
(1.1) — (1.3) on [0, T), where T is the maximal existence time of weak solution, thenu € W
if I (up) < 0.

Proof: By the following energy inequality of the weak solutions u holds in in-equation (2.2)
E(t)<E(0), forallte[0,T)

where we have denoted:

1 T k
E() = E@) =5 (lhuell? + ||Azu]| + lull? = f, vInlul<dx) + % flull?

1 1 2 k
E(0) =5 (lhugll? + [|Azuo|| + uoll? = f wo?Inluol*dx) +Zluoll?  (214)

we have E®)) =5 luell? +J ) < Sl ll? +J (o) <d
3. Decay estimates of the solution

In this section we prove that the solution will grow as an exponential function in the Hy™ (Q)
norm as time goes to infinity for small positive initial energy or E(0) < 0.

Theorem 3.1 Let u) € W ,u; € L2 () and 0 < E(0) < 241 < d, then the solution of (1.1) —

(1.3) grows as an exponential function in the Hy, ™ () norm.

Theorem 3.2 Let uy € W(Q),u; €L? (Q).Let0 < E(0) < % < d where c is a constant such that

4 4
22 . g .
0 < kncn f e? < 1.Then, there exist two positive constants K and y independent of t, such that:

0< E()< Ke "< d, t=0

Proof: Let we note H(t) = —E(t). Let u(t,x) be a weak solution of problem (1.1) — (1.3) . Since
Ug € ,u; € L2 (Q) as we have explained in section 2, we have

ueWforallt € (0,4)and 0 < E(t) <dand I(u) > 0
Now, we construct the Lyapunov functional by performing a suitable modification of the energy

L(t) = E(t) +¢(u,u) (wheree > 0). (3.1)
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By the definition of E(t) and since |(u,u;)| < %(llull2 + |lugll?) , than we know that E(t) and L(t)

are equivalent in the sense that there exist two positive constants 5; and 8, depending on € such
that

B1E() < L(D) < BE() (3.2)

By taking the time derivative of the function L(t) and performing the integration by parts
than we get

2
L) = (e = Dllull? + ¢

1
AEul — ellull® — ellull} — e(uu) + ¢ f, WInjuldx  (3.3)

, M M- 12 M- M-
L(t) = (1 + e+ E;) lluell? + ETZ+ |A2u | + sTZ+ [l — stfQ u?ln|ul®dx + € MH(t) +

k 2
“

and since E(t) < E(0) < 0 by the definition of E(t), we know that fﬂ u?lnul®dx > 0

1 2
Than L) 26 [lull? + || Azu| + 1l +H©O],

H(t) = —E(t) < [, u’In|ul*dx (3.4)
Now, using known Young inequality we obtain
|(uun)| < ,,{%(Ilutll2 +8l[ull?) for §>0 (3.5)

Using the definition and inserting (3.3) and (3.4), we have

2

, Me € M 1
L) < —MeE(t) + (7+ e+ - 1) e lI? + MeE(O +s(3— 1) az|| +
M Mk M M
e(T+8— 1) llull? + 5= llull? + s(: = 1) lull§ + s(1 ~2) [, vlnjul*dx (3.6)
Recall now the logarithmic Sobolev inequality, for0 < M < 1
’ Me € 2 M 1 2 M)\ ko? 1 2
L(t) < —Me E(b) +(7+ e+ —— 1) llue | +s(3— 1) ||Az +£(1 —3); A +
M M M\ 1 + Ina
(5 48— 1)l + (ke G = Dl ull? = en ke (1= ) = flull
— L) <-M E(t)+<M£+ b 1) E (1 M) LA Y
= =—He 2 T T 4 el = 8075 2m
M M M 1
e(F+8-1+k(1=)tnlul? = nk(1-5)22) ull? (3.7)

Noting1 — M/2 > 0since0 < M < 1,and In ||ull? < In |ull? (4](w)), we get
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Me M ka? 1112
< — — = 2 _ S - Z
L(t) MsE(t)+(2 + e+ 48 1) [l s(l 2)(1 Zn) A2
M 1+1
e +6—1+k(1——)1n(41(u)) nk(1__> ")
2 2 2
= wep® + (B er o)t - e(1-3) (1-55) |+
= —MeE(t) >t e 48— llull* — € -3 o
e(@ro-1+k(1-Y) (In @) —n ) ) flull? (38)
. kal . . i i2']'[ 2 2 2T
Since 0<M<1,Jlw) < O<T by satisfying O<knCn?e <a*< +

where a can be assured by the assumption about a in Theorem 3.1, and taking § > 0 small

S+8-1+k(1-3) (In(4y - *=2) <0

sufficiently such that
L(t) < —MeE(t) + (% +et - 1) Mk (3.9)
Let we take € > 0 small sufficiently such that % + e+ % -1<0

So, the inequality (3.9) become L(t) < —MsE(t)
Using (3.2), we have
L(t) < —MB,L(t) (3.10)
Setting K = M ¢ E(t) and integrating the inequality (3.10) between 0 and ¢ gives as follow
L(t) < CceXkt (3.11)
This complete the proof of the Theorem 3.2.
Conclusion

The idea of using damping to positively influence and properties of solutions was introduced more
than 20 years ago in the context of control theory for boundary or point controls, which by
themselves, without any damping. In contrast to systems on R", here where QcR", n=>1, isa
bounded domain with smooth boundary 0Q, k> 1and A = (—V)™, (m = 1). By the construction
of a apropriate Lypanov function as a small perturbation of the energy and using method Gorka we
obtained the global existence of weak solutions for the higher order water wave equations with
logarithmic term to the initial boundary value problem. The equations are characterized by the
interplay of two competing nonlinearities:

(i) nonlinear sources, especially of higher order above the super-critical exponent ; instead
such sources build up the energy and drive the solution to a blow up in finite time.

(ii) a nonlinear damping on the interior/boundary whose role becomes two-fold: it is
intended not only to stabilize the system, as in the classical control theory for dissipative dynamics,
but also to prevent the finite time blow-up of solution and guarantee its existence and uniqueness.
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The interaction of source and damping can take place in the interior of the physical domain and/or
in the boundary conditions.
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