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Abstract:  In this paper we study the initial boundary value problem for logarithmic Higher Order Wave equation. Introducing the Logarithmic Sobolev inequality and using the combination of Galerkin method, we consider the theorem of existence of a global weak solution to problem for the 
initial boundary value problem of the logarithmic wave equation. By constructing an appropriate Lyapunov function, we obtain the decay estimates of energy for logarithmic Higher Order Wave equation. The proof of the main theorem is given.   
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1. Introduction In this paper, we consider the initial boundary value problem of the logarithmic wave equation   ݑ௧௧  + ݑ + ܣ + ݑଶ|ݑ|  ௧ݑ = ,ݔ)      ,  ௞|ݑ|݈݊ݑ ,Ω × [0 ߳ (ݐ T),                     (1.1)   ݔ)ݑ, (ݐ = Ω,  t߲ ߳ݔ                                                          , 0 > ,ݔ)ݑ  (1.2)                             0 0) = ,ݔ)௧ݑ  and (ݔ)଴ݑ 0) = Ω ,                                           (1.3)  where    Ω ߳ݔ      , (ݔ)ଵݑ ⊂ ܴ௡,  n ≥ 1,  is a bounded domain with smooth boundary ߲Ω,  k ≥ 1 and ܣ = ௠ ,    m(ߘ−)  ≥ 1 is a natural number and 0 <  ݇ <  1  is a small parameter.  We deal with decay estimates of energy for (1.1) − (1.3). Hiramatsu [4] also introduced the following equation: ݑ௧௧  − ݑ∆ + ݑ  + ݑ2|ݑ| = ,ݔ)   ,  ௞|ݑ|݈݊ݑ ,Ω ܺ(0 ߳(ݐ ܶ),   t > 0                 (1.4) 
when studying the dynamics of Q-balls in theoretical physics. There is extensive literature on logarithmic equation used by Enzo Vitillaro [2] and Gorka P. [3], nonlinearity of waves used by Bialynicki-Birula, I., Mycielski, J. [6] , existence of solution used by Han X. S [7], the question of existence (see [8]),  and asymptotic behavior of solution (see [13]) for the following initial boundary value problem  ݑ௧௧  + ݑ + ܣ + ℎ(ݑ௧  ) = Ω,   t ߳ݔ                                      ,  (ݑ)݂ > ,ݔ)ݑ   (1.5)           0 (ݐ = Ω,  t߲ ߳ݔ                                                                         , 0 > ,ݔ)ݑ  (1.6)           0 0) = ,ݔ)௧ݑ  and (ݔ)଴ݑ 0) =   Ω ,                        (1.7) ߳ݔ                      , (ݔ)ଵݑ
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By constructing an appropriate Lyapunov function, we obtain the decay estimates of energy for logarithmic Higher Order Wave equation. So, the purpose of this paper is to obtain a decay estimate of solutions to the problem (1.1)-(1.3) in the stable set for which the solution of problem (1.1)-(1.3) decays exponentially. The key tool in the proof is an idea of Harux and Zuazua [11] and [12] and it has been recently used by Benaissa [9] and Gerbi [10]. This method is based on the construction of a suitable Lypanov function and this kind of Lypanov function is a small perturbation of the energy. By using method Gorka [3] obtained the global existence of weak solutions for all ݑ଴  ∈ ܪ଴௠,  ݑଵ  ∈ ܮଶ to the initial boundary value problem.   
2. Preliminaries and some Lemmas  

 We denote by ||. ||௣ the L୮(Ω) norm, and ||ߘ. || the Dirichlet norm in  ܪ଴௠. In particular, we denote ||.|| =||. ||ଶ. We also use C  to denote a universal positive constant that may have different.   By a weak solution u(x, t) of problem (1.1) − (1.3) on Ω × [0, T), we mean                ݑ ∈ ,0])ܥ  ∩ (଴௠ (Ω)ܪ  ,[ܶ ,0])ܥ ܶ],  Lଶ(Ω),  ݑ௧௧ ∈ ,0])ܥ ܶ],  H୫(Ω) such that ݔ)ݑ, 0)  = ,ݔ)௧ݑ  , ଴௠ܪ in (ݔ) ଴ݑ  0)  =   in  Lଶ  and  (ݔ)ଵݑ 
, ௧௧ݑ)  (ݓ + ,ݑଵଶܣ) ܣ ଵଶ  ݓ) + ,ݑ) (ݓ + , ௧ݑ) (ݓ + (|u|ଶu, (ݓ = , ௞|ݑ| ݈݊ ݑ) ݓ for any (2.1)    ,(ݓ ∈ (ݐ)ܧ                          :଴௠ (Ω) ,  (a.e. t ∈ [0, T )) and the following energy inequality of the weak solutions ࢛ holdsܪ  ≤ ∋ ݐ    for all       ,(0)ܧ   [0, ܶ ),                                                           (2.2) 

Denote: 

(ݐ)ܧ = (ݑ)ܧ  = 12 ௧‖ଶݑ‖ ) + ฯܣଵଶݑฯଶ + ଶ‖ݑ‖  − න uଶln|u|୩Ω ( ݔ݀ + 4݇  ଶ‖ݑ‖
(0)ܧ  = ଵଶ ଵ‖ଶݑ‖ ) + ቛܣభమݑ଴ቛଶ + ଴‖ଶݑ‖  − ׬ ଴|୩ݑ|଴ଶlnݑ

Ω ( ݔ݀ + ௞ସ  ଴‖ଶ                      (2.3)ݑ‖
Lemma 2.1: (Logarithmic Sobolev inequality ) Let ࢛ be any function in  ܪ଴௠(Ω)  and ܽ >  0 be any number.  Then  (see [1,3, 5]) 

2 ׬ |u|ଶ ln |୳|‖௨‖Ω ݔ݀ + ݊(1 + ଶ‖ݑ‖(݈ܽ݊ ≤  ௔మగ ׬  ቚଵଶ ቚଶݑ
Ω  (2.4)                                    ݔ݀

Theorem 2.2: Suppose that ݑ଴ ∈ ܪ଴௠ (Ω)  and ݑଵ ∈ Lଶ (Ω), then there exists a global weak solution to problem (1.1) − (1.3). 
Proof:  We introduce two functional  (ݑ)ܬ and  (ݑ) ܫ: 

(ݑ)ܬ = ((ݐ)ݑ)ܬ = (ݐ)ܬ = ଵଶ (ቛܣభమݑቛଶ + ଶ‖ݑ‖  − ׬ uଶln|u|୩
Ω ( ݔ݀ + ଵସ ସସ‖ݑ‖ + ௞ସ  ଶ‖ݑ‖
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(ݑ)ܫ = ൯(ݐ)ݑ൫ܫ = (ݐ)ܫ = ቛܣభమݑቛଶ + ଶ‖ݑ‖  − ׬ uଶln|u|୩
Ω ݔ݀ + ଵଶ (ݑ)ܬ   ସସ                                  (2.5) We can simple see that‖ݑ‖ = ((ݐ)ݑ)ܬ = ଵଶ + (ݑ)ܫ ௞ସ ((ݐ)ܧ    ଶ‖ݑ‖ = ଵଶ ௧‖ଶݑ‖ + ௞൯ݑ ݈݊ ݑ௧ in equation 2.1 and using that                                                    ൫ݑ = ݓ We can simple see that  by using this Lemma (2.1) and with the combination of Galerkin method with it, we can see the proof of the theorem. Note (2.6)                                                                           (ݑ)ܬ = ௗௗ௧   ଵଶ ௞|ݑ| ଶ݈݊ݑ − ௞ସ      , ଶݑ

we get                                                     ௗௗ௧ (ݐ)ܧ = ࢊ ௧‖ଶ                                                                                    (2.7) Now, we define the potential depth asݑ‖− = ݑ    ,(ݑߣ)ܬ ݌ݑݏ} ݂݊݅ ∈ ߣ        {଴ (Ω)  0ܪ ≥ 0                                          (2.8) 
Lemma 2.3  Let  ݑ ∈ ܰ   ଴௠ (Ω) \{0}.  Define the well-known Nehari manifold as followܪ = ݑ/ݑ} ∈ (ݑ)ܫ  .଴௠ (Ω) \{0}ܪ = 0}                                                          (2.9) then 
 (i) (ݑߣ)ܫ  = ௗௗఒ ߣ  and  limఒ→଴  (ݑߣ)ܬ    (ݑߣ)ܬ =  0 ,   limఒ→ା∞ (ݑߣ)ܬ = −∞  (ii) There exists a unique ߣ∗  = such that ௗௗఒ  (ݑ)ߣ  ߣ|(ݑߣ)ܬ    = ∗ߣ  =  0, > is increasing on 0 (ݑߣ)ܬ ݀݊ܽ ≥ ߣ  ∗ߣ decreasing on  ,∗ߣ  ≤ > ߣ   +∞, and reaches a maximum at  λ = ߣ∗.  In other words, there exists a unique (∞+ ,0) ∋∗ߣ such that  (ݑ∗ߣ) ܫ  =  0 and  (ݑߣ)ܫ  = ௗௗఒ ߣ  (ݑߣ)ܬ    >  0  for all    0 < ≥ ߣ  (ݑߣ)ܫ  ,∗ߣ   < ߣ  , 0 >  (2.10)              ∗ߣ 

 where                                 ߣ∗  = ׬ቛభమ௨ቛమା ‖௨‖మି ݌ݔ݁ ୳మ୪୬|୳|ౡ
Ω ௗ௫ାభమ‖௨‖రర ௞‖௨‖మ        Then, it is readily seen that the potential depth ݀ is also characterized by ࢊ = inf ݑ       (ݑ)ܬ ∈ ܰ                                                                             (2.11)    Related to the problem (1.1) − (1.3) we define the following subset:  ܹ = ݑ} ∈ (ݑ)ܬ|଴௠ (Ω)ܪ < (ݑ) ܫ   ,݀  >  0}  is the stable set and ܷ = ݑ} ∈ (ݑ)ܬ |଴௠ (Ω)ܪ < (ݑ) ܫ   ,݀  <  0}  is the unstable set                        (2.12)   

 
Lemma 2.4     Let  ݑ ∈ ݈ ଴௠ (Ω) andܪ = (ଶగ௞ )ഏమ  ݁௡. If  0 < ଶ‖ݑ‖  ≤  ݈, then  (ݑ) ܫ  ≥  0 .  If  (ݑ) ܫ = 0 and ห|ݑ|ห ≠  0, ∋ ݑ)  ܰ) than ‖ݑ‖ଶ ≥  ݈.  If  (ݑ) ܫ  <  0, than  ‖ݑ‖ଶ ≥  ݈. 
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Lemma 2.5     ݀ ≥ ௞ସ (ଶగ௞ )ഏమ  ݁௡ =  ௞ସ ݈  , where ݈ = (ଶగ௞ )ഏమ  ݁௡ 
 
Proof:             If we take (ݑ) ܫ  =  0 and ||ݑ||  =  0, then by Lemma 2.3 we have ‖ݑ‖ଶ ≥  ݈. Together with Lemma 2.4 we get (ݑ)ܬ = ((ݐ)ݑ)ܬ = ଵଶ + (ݑ)ܫ ௞ସ ଶ‖ݑ‖ ≥ ௞ସ (ଶగ௞ )ഏమ  ݁௡                                      (2.13)   Than we have ݀ ≥ ௞ସ ݈. 
 
Lemma 2.6     If  ݑ଴ ∈ > ଵ ∈ Lଶ, 0ݑ ଴௠ (Ω)   andܪ (0)ܧ   <  ݀  and ࢛ is a weak solution of problem (1.1) − (1.3) on [0, T), where ܶ is the maximal existence time of weak solution, then ݑ ∈ ܹ if  ܫ (ݑ଴)  <  0.  
Proof:            By the following energy inequality of the weak solutions ࢛ holds in in-equation (2.2)                           E(t) ≤ E(0),       for all t ∈ [0, T ),                                                             
where we have denoted: 

(ݐ)ܧ                                 = (ݑ)ܧ  = ଵଶ ௧‖ଶݑ‖ ) + ቛܣభమݑቛଶ + ଶ‖ݑ‖  − ׬ uଶln|u|୩Ω ( ݔ݀ + ௞ସ  ଶ‖ݑ‖
(0)ܧ                                 = ଵଶ ଵ‖ଶݑ‖ ) + ቛܣభమݑ଴ቛଶ + ଴‖ଶݑ‖  − ׬ ଴|୩ݑ|଴ଶlnݑ

Ω ( ݔ݀ + ௞ସ    ଴‖ଶ            (2.14)ݑ‖
we have                 (ݐ)ܧ) = ଵଶ ௧‖ଶݑ‖ + (ݑ)ܬ ≤ ଵଶ ଵ‖ଶݑ‖ + >   (଴ݑ)ܬ ݀ 

3.    Decay estimates of the solution 
 In this section we prove that the solution will grow as an exponential function in the  ܪ଴ ୫ (Ω)  norm as time goes to infinity for small positive initial energy or (0)ܧ  <  0.   
Theorem 3.1  Let  u଴ ∈ ܹ , uଵ ∈ Lଶ (Ω) and 0 < (0)ܧ   <  ௞ସ 4 ݈ <  ݀, then the solution of (1.1) −(1.3)  grows as an exponential function in the ܪ଴ ୫ (Ω) norm. 
Theorem 3.2 Let u଴ ∈ ܹ(Ω), uଵ  ∈ Lଶ (Ω). Let 0 < > (0)ܧ    ୡ୩ସ  <  d where ࢉ is a constant such that  0 <  ݇ర౤ܿర౤ ଶπ୩ ݁ଶ <  1. Then, there exist two positive constants ߛ ݀݊ܽ ܭ independent of t, such that: 0 < (t)ܧ  <  K ݁ିఊ௧ <  d ,      t ≥ 0 
Proof:  Let we note  (ݐ)ܪ  = ,ݐ)ݑ  Let .(ݐ)ܧ−  be a weak solution of problem (1.1) (ݔ − (1.3) .  Since  u଴ ∈  , uଵ ∈ Lଶ (Ω) as we have explained in section 2, we have  u ∈ ܹ for all t ∈ (0, +∞) and 0 < (t)ܧ  < d and  (ݑ)ܫ  >  0 Now, we construct the Lyapunov functional by performing a suitable modification of the energy    (ݐ)ܮ = (ݐ)ܧ  + ε (ݑ, ௧)         (where εݑ >  0) .                                                    (3.1)  
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By the definition of (ݐ)ܧ and since   |(u, |(௧ݑ ≤ ଵଶ ଶ‖ݑ‖) (ݐ)ܧଵߚ   ଶ depending on ε such thatߚ ଵ andߚ are equivalent in the sense that there exist two positive constants (ݐ)ܮ and (ݐ)ܧ ௧‖ଶ)  ,  than we know thatݑ‖ + ≤ L(t) ≤ (ݐ)’ܮ  and performing the integration by parts than we get (ݐ)ܮ By taking the time derivative of the function   (3.2)                                                                 (ݐ)ܧଶߚ = (ε − ௧‖ଶݑ‖(1 +  ε ቛܣభమݑቛଶ − ε‖ݑ‖ଶ − ε‖ݑ‖ସସ − ε(u, (௧ݑ + ε ׬ uଶln|u|୩Ω (ݐ)’ܮ                                                                                                                                                          (3.3)        ݔ݀ = ቀ1 +  ε +  ε ୑ଶ ቁ ௧‖ଶݑ‖ +  ε ୑ିଶଶ + ቛܣభమݑቛଶ + ε ୑ିଶଶ + ଶ‖ݑ‖ − ε ୑ିଶଶ ׬ uଶln|u|୩Ω ݔ݀ + ε (ݐ)ܪܯ +௞ସ      ଶ‖ݑ‖
and since (ݐ)ܧ  ≤ (0)ܧ   ≤  0  by the definition of  (ݐ)ܧ,  we know that ׬ uଶln|u|୩Ω ݔ݀ > 0 
Than                                       (ݐ)’ܮ ௧‖ଶݑ‖ ] ߠ ≤ + ቛܣభమݑቛଶ + ଶ‖ݑ‖ +   , [ (ݐ)ܪ

(ݐ)ܪ       = (ݐ)ܧ−  ≤ ׬ uଶln|u|୩Ω ,Now, using known Young inequality we obtain  |(u (3.4)                                                           ݔ݀ |(௧ݑ ≤ ଵସδ ௧‖ଶݑ‖) + δ‖ݑ‖ଶ)    for   δ > 0                                               (3.5) Using the definition and inserting (3.3) and (3.4), we have   (ݐ)’ܮ ≤ εE(t)ܯ− + ൬Mε2 +  ε +  ε4δ − 1൰ ௧‖ଶݑ‖ + εE(t)ܯ + ε ൬M2 − 1൰ ฯܣଵଶฯଶ +   ε ቀ୑ଶ + δ − 1ቁ ଶ‖ݑ‖ + ୑୩ସ ଶ‖ݑ‖ + ε ቀ୑ସ − 1ቁ ସସ‖ݑ‖ + ε ቀ1 − ୑ଶ ቁ ׬ uଶln|u|୩Ω ≥ Recall now the logarithmic Sobolev inequality, for 0  (3.6)                ݔ݀ ≥ ܯ   1   
(ݐ)’ܮ  ≤ (ݐ)ܧ εܯ− + ቀ୑εଶ +  ε +  εସδ − 1ቁ ௧‖ଶݑ‖ + ε ቀ୑ଶ − 1ቁ ቛܣభమቛଶ + ε ቀ1 − ୑ଶ ቁ ୩αమଶπ ቛܣభమቛଶ +  ε ൬M2 + δ − 1൰ ଶ‖ݑ‖ + ൬݇ ε (M4 − ଶ൰‖ݑ‖݈݊(1 ଶ‖ݑ‖ − ε ݊ ݇ ൬1 − M2 ൰ 1 + lna2 = ଶ‖ݑ‖ (ݐ)’ܮ  ≤ εE(t)ܯ− + ൬Mε2 +  ε +  ε4δ − 1൰ ௧‖ଶݑ‖ −  ε ൬1 − M2 ൰ ቆ1 − kαଶ2π ቇ ฯܣଵଶฯଶ +  ε ቀ୑ଶ + δ − 1 + k ቀ1 − ୑ଶ ቁ ଶ‖ݑ‖ ݈݊ − ݊ ݇ ቀ1 − ୑ଶ ቁ ଵା୪୬ୟଶ ቁ ଶ                                           (3.7)  Noting 1‖ݑ‖ − 2/ܯ  > 0 since 0 < > ܯ  1, and  ݈݊ ‖ݑ‖ଶ  < ݈݊ ଶ‖ݑ‖   we get ,((ݑ)ܬ 4)
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(ݐ)’ܮ ≤ εE(t)ܯ− + ൬Mε2 +  ε +  ε4δ − 1൰ ௧‖ଶݑ‖ −  ε ൬1 − M2 ൰ ቆ1 − kαଶ2π ቇ ฯܣଵଶฯଶ
+ ε ൬M2 + δ − 1 + k ൬1 − M2 ൰ ln൫4 (ݑ)ܬ൯ − ݊ ݇ ൬1 − M2 ൰ 1 + lna2 ൰  ଶ‖ݑ‖

= εE(t)ܯ− + ൬Mε2 +  ε +  ε4δ − 1൰ ௧‖ଶݑ‖ −  ε ൬1 − M2 ൰ ቆ1 − kαଶ2π ቇ ฯܣଵଶฯଶ + 
                                  ε ቀ୑ଶ + δ − 1 + k ቀ1 − ୑ଶ ቁ ቀ݈݊ (4 (ݑ)ܬ) − ݊ ଵା୪୬ୟଶ ቁ  ቁ  ଶ                                          (3.8)‖ݑ‖
Since     0 ≤ ≥ ܯ  (ݑ)ܬ , 1   <  0 < ୩α୪ସ    by satisfying   0< ݇ర౤ܿర౤ ଶπ୩ ݁ଶ < ܽଶ <  ଶπ୩  where ܽ can be assured by the assumption about ߙ in Theorem 3.1, and taking ߜ > 0 small sufficiently such that       -1 − ଵି௔మଶπ > 0,      ୑ଶ + δ − 1 + k ቀ1 − ୑ଶ ቁ ቀln (4(ݑ)ܬ − ୬(ଵା୪୬ୟ)ଶ ቁ < 0                              

(ݐ)’ܮ ≤ εE(t)ܯ− + ቀ୑εଶ +  ε +  εସδ − 1ቁ  ௧‖ଶ                                          (3.9)ݑ‖
Let we take  ε > 0 small sufficiently such that       ୑εଶ +  ε + εସδ − 1 <  0 So, the inequality (3.9) become                                  (ݐ)’ܮ ≤ (ݐ)’ܮ       εE(t) Using (3.2), we haveܯ− ≤ ܭ  ଶL(t)                                                     (3.10) Settingߚܯ− = (ݐ)’ܮ gives as follow ݐ and integrating the inequality (3.10) between 0 and (ݐ)ܧ ߝ ܯ ≤  .௄௧                                                         (3.11) This complete the proof of the Theorem 3.2݁ܥ

Conclusion The idea of using damping to positively influence and properties of solutions was introduced more than 20 years ago in the context of control theory for boundary or point controls, which by themselves, without any damping. In contrast to systems on ܴ௡, here where    Ω ⊂ ܴ௡,  n ≥ 1,  is a bounded domain with smooth boundary ߲Ω,  k ≥ 1 and ܣ = , ௠(ߘ−)  (݉ ≥ 1).  By the construction of a apropriate Lypanov function as a small perturbation of the energy and using method Gorka we obtained the global existence of weak solutions for the higher order water wave equations with logarithmic term to the initial boundary value problem. The equations are characterized by the interplay of two competing nonlinearities: (i) nonlinear sources, especially of higher order above the super-critical exponent ; instead such sources build up the energy and drive the solution to a blow up in finite time. (ii) a nonlinear damping on the interior/boundary whose role becomes two-fold: it is intended not only to stabilize the system, as in the classical control theory for  dissipative dynamics, but also to prevent the finite time blow-up of solution and guarantee its existence and uniqueness. 
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The interaction of source and damping can take place in the interior of the physical domain and/or in the boundary conditions.   
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