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Abstract: In this paper we present an application of the dynamic tracking games framework to1

a monetary union. We use a small stylized nonlinear three-country macroeconomic model of a2

monetary union to analyse the interactions between fiscal (governments) and monetary (common3

central bank) policy makers, assuming different objective functions of these decision makers. Using4

the OPTGAME algorithm we calculate solutions for several games: a noncooperative solution5

where each government and the central bank play against each other (a feedback Nash equilibrium6

solution), a fully cooperative solution with all players following a joint course of action (a Pareto7

optimal solution), and three solutions where various coalitions (subsets of the players) play against8

coalitions of the other players in a noncooperative way. It turns out that the fully cooperative9

solution yields the best results, the noncooperative solution fares worst, and the coalition games10

lie in between, with a broad coalition of the fiscally more responsible countries and the central bank11

against the less thrifty country coming closest to the Pareto optimum.12

Keywords: Dynamic game; feedback Nash equilibrium; Pareto solution; monetary union;13

macroeconomics; public debt; coalitions14

1. Introduction15

The Great Recession, the financial and economic crisis of 2007–2010, was the most severe16

contraction of advanced economies since the Great Depression of the 1930s. Fiscal policy makers17

reacted to this event with expansionary policies, both through discretionary measures and automatic18

stabilizers, even though many countries already entered the crisis with high public debt and deficits.19

This policy contributed to diminishing the negative effects of the crisis on output and employment but20

exacerbated the already tense situation in public finances for many countries. Monetary policy mostly21

accommodated the expansionary course of action by governments, leading to unprecedentedly low22

levels of interest rates in the developed economies. It is now widely agreed that this accommodating23

monetary policy, together with fiscal expansion during the early phase of the Great Recession,24

prevented it from developing into a disaster like the Great Depression. In the meantime, economic25

growth after the crisis returned to previous rates in most industrialized countries and their economies26

are seen to be on a path towards firm growth by now.27

However, some special problems are present in the European Union and the Euro Area28

in particular. Especially in the southern countries, policy makers are still struggling with29

high unemployment, low or negative growth, and a lack of economic dynamics similar to the30

“eurosclerosis” of the 1970s and 1980s. One reason for this adverse development can be seen in31

the heterogeneity of the Euro Area’s state of economic development, combined with unfavourable32

effects of the “one size fits all” monetary union. Monetary policy, and exchange rate policy in33
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particular, is no longer available as an instrument to national policy makers in the Euro Area, and34

internal depreciation in an economically weak country like Greece does not seem to be a viable option.35

This leads to pressure on the European Central Bank from different forces, with some governments36

asking for a more relaxed monetary policy to accommodate their expansionary budgetary policies37

and others pressing for more austerity in terms of sovereign debt and monetary policy directed at38

price stability. Thus, the European Central Bank is a decision maker in a strategic interaction with39

different governments which are competing to exert influence on their common monetary policy.40

The macroeconomic policy literature so far has treated problems of fiscal and monetary policy41

in a currency union mostly using DSGE (dynamic stochastic general equilibrium) or New Keynesian42

macroeconomic models, either theoretical or numerical. For example, in a recent theoretical model43

of the New Keynesian type, [1] investigate the use of fiscal instruments as substitutes for exchange44

rate policies in a monetary union. Optimal policies in a currency union are studied by [2] and [3]45

for monetary policy and by [4] and [5] for the fiscal-monetary policy mix using models of this type.46

While the latter authors find that fiscal policy coordination is required to maximize social welfare in47

a monetary union, [6] claims that fiscal policy cooperation is irrelevant in a monetary union. In the48

context of a debt crisis such as occurred in the Euro Area, free riding on government debt may turn49

out to be beneficial for the highly indebted country as shown in [7]. Given these conflicting results,50

there is a need to investigate the effects of non-coordinated versus coordinated fiscal and monetary51

policy in a monetary union like the Euro Area under alternative assumptions.52

Determining optimal policies in a model with more than one decision maker amounts to53

determining Pareto optimal policies. If we are concerned about divergent interests in such a context,54

this approach should be complemented by an examination of the strategic interactions of these policy55

makers, taking into account the possibilities of noncooperative and cooperative behavior over time.56

Only a few authors so far have used such a game-theoretic approach to macroeconomic policy design,57

and because of analytical difficulties mostly very simple models were used (e.g. [8]). In previous58

papers, we developed a small macroeconomic model for a monetary union with some features of59

the Euro Area and investigated the interaction between monetary and fiscal policy using dynamic60

game theory ([9,10]). Using the macroeconomic model MUMOD1 for a monetary union with a joint61

central bank and two governments (one with high and one with low preferences for balanced budgets62

versus output, called core and periphery), we determined cooperative and noncooperative fiscal and63

monetary policies and showed that cooperative policies outperform noncooperative ones.64

In the present paper, we extend this analysis to the case of three governments. This may at65

first sight seem to be a routine task, but it is not. As [11] has shown, the number of players may be66

of crucial importance in a game theoretic context, especially when the question is about cooperative67

versus noncooperative behaviour. In addition, the presence of three governments allows for the study68

of coalitions among governments, and coalitions of some government(s) with the central bank are69

possible in such a framework. The possibility of a coalition of some government(s) with the central70

bank is especially plausible given the discussion, both in academia and in politics, about the internal71

weight of Euro Area member states’ (or national central banks’) representatives in the Governing72

Council of the ECB (e.g. [12]). Although the ECB is formally independent, the possibility that national73

central bank governors pursue national interests when voting on ECB measures cannot be excluded74

as their governments appoint them. Especially in the context of conflicts between countries with75

low and those with high sovereign debt investigated here, a scenario where some countries attempt76

to obtain support from the ECB’s monetary policy for their fiscal policies is often considered a real77

possibility.78

In this paper, we examine some key aspects of such interactions between several governments,79

with different preferences in the output-public debt trade-off, and a common central bank, which80

is formally independent but accountable to the public in the area of the monetary union. Dynamic81

game theory methods are used for this analysis, which explores in particular the effects of a central82

bank being linked to some member countries of the union. In order to keep the level of analysis83
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relatively simple, we concentrate on a hypothetical monetary union with three member countries84

(or homogeneous blocs of countries) and a common central bank. The alignment of the central85

bank with one or more of these countries is modelled as a coalition of the bank with that country,86

while the rest of the union is regarded as one player (or a coalition) as well. Cooperation within87

the coalitions is assumed to be credible and sustainable, while the coalitions play against each other88

in a noncooperative game. The three countries (or blocs of countries) forming the union are called89

the core, thrifty periphery and thriftless periphery. The distinction between a core of countries with90

relatively sound public finances and a periphery with high public debt and deficits is often invoked91

when analysing the tensions in the Euro Area and has also been used in previous work by us [9,10].92

What is new here is the splitting of the periphery into a country (or a bloc of countries) which aims93

at reducing its public debt more quickly, even at the price of slower recovery from the slump, and a94

country (or a bloc of countries) with a dominant preference for curbing growth and employment in95

the short run, even at the expense of still higher public debt. We investigate what the accommodating96

monetary policy would look like if the common central bank is dominated by (i.e., is in a coalition97

with) any one particular country or bloc of countries.98

Given the complexity of a dynamic game with a nonlinear dynamic system, one cannot hope for99

general analytical solutions but must resort to numerical ones. This limits the possibility of drawing100

general conclusions, especially when a great number of parameters may affect the results. Here we101

ask a counterfactual question, which allows us to concentrate on a particular (and significant) episode102

in global and European macroeconomics. Our research question is: could the Great Recession and103

the following sovereign debt crisis have been overcome with lower losses under more cooperation104

or otherwise different interactions among fiscal and monetary policy makers in the Euro Area? To105

do so, we replicate the macroeconomic development in the Euro Area within a simple model and106

then investigate several scenarios of strategic interactions among the common central bank and the107

governments or coalitions between governments or between governments and the central bank. In108

all scenarios, we assume strict coalitions discipline, i.e. full commitment of all coalitions members,109

who then act together like a single player but interact with other players according to a Markov110

perfect noncooperative Nash equilibrium. In addition, we also look at the collusive solution, i.e.111

the Pareto-optimal solution with equal weights for each player. This allows us to compare results112

of noncooperative policy making (each country for itself), various forms of partial cooperation and113

full cooperation as in a full fiscal and monetary union. We concentrate on demand shocks because114

they dominated the development of the years since 2008 and are better able to replicate it in the115

model. Results for the effects of a supply shock on the MUMOD1 model (with two governments)116

are presented in [13]; similar results are shown to hold for the advantages of cooperation but fiscal117

policies have to be designed in a completely different way.118

The remainder of the paper is organized as follows: Section 2 presents the dynamic game119

approach and briefly characterizes the OPTGAME algorithm used. Section 3 describes the120

macroeconomic model used, MUMOD2, and details the parameters of the model and the objective121

functions and the other elements of the dynamic games. The results are displayed in Section 4. Section122

5 discusses some alternative simulations and shows that the qualitative results are robust with respect123

to variations in the weights in the objective function, which are the most arbitrary elements of the124

game approach. Section 6 concludes.125

2. Description of the Dynamic Game Problem126

We consider nonlinear dynamic games in discrete time given in tracking form. The players aim
at minimizing quadratic deviations of the equilibrium values from given desired values. Each player
minimizes an objective function (loss function) Ji:

min
ui

1,...,ui
T

Ji = min
ui

1,...,ui
T

T

∑
t=1

Li
t(xt, u1

t , ..., uN
t ), i = 1, ..., N, (1)
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with

Li
t(xt, u1

t , ..., uN
t ) =

1
2
[Xt − X̃i

t]
′Ωi

t[Xt − X̃i
t]. (2)

The parameter N denotes the number of players (decision makers). T is the terminal period of
the planning horizon. Xt is an aggregated vector

Xt = [xt u1
t u2

t . . . uN
t ]′, (3)

consisting of an (nx × 1) vector of state variables xt and N (ni × 1) vectors of control variables u1
t , ..., uN

t .
The desired levels of the state and the control variables enter (1)–(2) via the terms

X̃i
t = [x̃i

t ũi1
t ũi2

t . . . ũiN
t ]′. (4)

Finally, (2) contains a penalty matrix Ωi
t weighting the deviations of states and controls from their127

desired levels at any period t.128

The dynamic system constraining the choices of the decision makers is given in state-space form
by a first-order system of nonlinear difference equations:

xt = f (xt−1, xt, u1
t , . . . , uN

t , zt), x0 = x̄0. (5)

x̄0 contains the initial values of the states, zt contains non-controlled exogenous variables. Equations129

(1), (2) and (5) define a nonlinear dynamic tracking game problem, which can be solved for different130

solution concepts. In order to solve this game we use the OPTGAME algorithm as described in [14].131

The OPTGAME3 algorithm allows us to find approximate solutions for nonlinear-quadratic132

dynamic tracking games. The algorithm was programmed in MATLAB and includes (among133

others not considered here) the cooperative Pareto-optimal solution and the noncooperative Nash134

equilibrium solution (Markov perfect equilibrium solution). Basically, open-loop solutions of135

affine-quadratic games are determined using Pontryagin’s maximum principle, while feedback136

equilibrium solutions of affine-quadratic games are calculated using the dynamic programming137

(Hamilton–Jacobi–Bellman) technique. The algorithm starts with the input of all required data. In138

particular, initial tentative paths of the control variables of all decision makers are given as inputs.139

In order to find an initial tentative path for the state variables, the user has to apply an appropriate140

system solver like Newton–Raphson, Gauss–Seidel, Levenberg–Marquardt or Trust region. After that,141

a nonlinearity loop is started where we iteratively approximate the final solution of the nonlinear142

dynamic tracking game. To this end, the nonlinear system is linearized along the tentative path143

determined in the previous iteration steps. We do not linearize the system only once prior to144

launching the optimization procedure but repeatedly linearize the entire system during the iterative145

optimization process along the current tentative paths for both controls and states. This allows for146

replacing the autonomous nonlinear system by a non-autonomous linear system evaluated along a147

tentative path that changes with each iteration step. Accordingly, for each time period we compute148

the reduced form of the linearized system and approximate the nonlinear system by a linear system149

with time-dependent parameters. The dynamic tracking game can then be solved for the linearized150

system using known optimization techniques.151

3. The MUMOD2 Model152

In this paper we extend previous research in [9] and [10] by analysing a three-country monetary153

union. In contrast to the MUMOD1 model, MUMOD2 consists of a joint central bank and three154

countries (or blocs of countries): a “core” (country 1) and two periphery countries: a “thrifty” country155

(2) with high preference for sustainable debt policy and a “thriftless” country (3) with low preference156

for the sovereign debt target. Both periphery countries start from a high public debt-to-output ratio.157
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The governments of the three countries and the central bank are the players in the dynamic games to158

be analysed.159

The model is a dynamic version of a textbook open-economy macroeconomic model. It can be160

interpreted as a (log-) linear AS-AD or IS-LM model in growth rates. It is formulated in terms of161

deviations from a long-run growth path and includes three decision makers. The common central162

bank decides on the prime rate REt, a nominal rate of interest under its direct control. The national163

governments decide on fiscal policy. git denotes country i’s (i = 1, 2, 3) real fiscal surplus (or, if164

negative, its fiscal deficit), measured in relation to real GDP.165

The model consists of the following equations:

yit = δi(
πjt + πkt

2
− πit)− γi(rit − θ) + ρijyjt + ρikykt − βiπit + κiyi,t−1 − ηigit + zdit, (6)

rit = Iit − πe
it, (7)

Iit = REt − λigit + χiDit, (8)

πit = πe
it + ξiyit, (9)

πe
it = εiπi,t−1 + (1 − εi)π

e
i,t−1, ε ∈ [0, 1], (10)

yEt =
3

∑
i=1

ωiyit,
3

∑
i=1

ωi = 1, (11)

πEt =
3

∑
i=1

ωiπit,
3

∑
i=1

ωi = 1, (12)

Dit = (1 + BIi,t−1 − πe
i,t−1)Di,t−1 − git, (13)

BIit =
1
6

t

∑
τ=t−5

Iit. (14)

The goods markets are modelled for each country i by the short-run income-expenditure166

equilibrium relation (IS curve) (6) for real output yit at time t (t = 1, ..., T). The natural real rate167

of output growth, θ ∈ [0, 1], is assumed to be equal to the natural real rate of interest. Excess demand168

for goods and services (or income from the demand side relative to potential output; the Okun gap)169

depends on the domestic inflation rate relative to those in the other two countries, on the real rate of170

interest (relative to the natural rate), on demand in the other countries (through exports into them), on171

the domestic inflation rate (a Pigou-Haberler effect), on the domestic budget surplus/deficit (through172

a Keynesian multiplier) and on a demand-shock term; past excess demand is included to express173

lagged adjustment.174

The current real rate of interest rit is given by the Fisher equation (7). The nominal rate of interest175

Iit is given by equation (8), where −λi and χi (assumed to be positive) are risk premiums for country176

i’s fiscal deficit and public debt level. This allows for different nominal rates of interest in the union177

in spite of a common monetary policy.178

The inflation rates for each country πit are determined in equation (9) according to an179

expectations-augmented Phillips curve. πe
it denotes the rate of inflation expected to prevail during180

time period t, which is formed according to the hypothesis of adaptive expectations at (the end181
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of) time period t − 1 (equation (10)). εi ∈ [0, 1] are positive parameters determining the speed of182

adjustment of expected to actual inflation.183

The average values of output and inflation in the monetary union are given by equations (11)184

and (12), where parameter ωi expresses the weight of country i in the economy of the whole monetary185

union as defined by its output level. The same weight ωi is used for calculating union-wide inflation.186

The government budget constraint is given as an equation for real government debt Dit187

(measured in relation to GDP) and is defined in equation (13). The interest rate on public debt (on188

bonds) is denoted by BIit, which assumes an average government bond maturity of six years, as189

estimated in [15].190

Table 1. Parameter values for an asymmetric monetary union, i = 1, 2, 3

T θ ω1 ω2, ω3 δi, ηi, εi ρ21, ρ31 ρ23, ρ32, βi, γi, κi, λi ρ12, ρ13 ξi χi

30 3 0.6 0.2 0.5 0.375 0.25 0.125 0.1 0.0125

The parameters of the model are specified for an asymmetric monetary union. Here an attempt191

has been made to calibrate the model parameters so as to fit the Euro Area. The data used for192

calibration include average economic indicators for the 17 Euro Area countries from EUROSTAT up193

to the year 2007 (pre-crisis state). Mainly based on the public finance situation, the Euro Area is194

divided into three blocs: a “core” (country or bloc 1) and a “periphery” bloc which is itself divided195

into two subblocs (or countries 2 and 3). The first bloc includes twelve Euro Area countries (Austria,196

Belgium, Estonia, Finland, France, Germany, Latvia, Lithuania, Luxembourg, Malta, the Netherlands,197

and Slovakia) with a more solid fiscal situation and inflation performance. This bloc has a weight198

of 60% in the entire economy of the monetary union.1 The second bloc has a weight of 40% in the199

economy of the union; in the Euro Area, it consists of seven countries with higher public debt and/or200

deficits and higher interest and inflation rates on average (Cyprus, Greece, Ireland, Italy, Portugal,201

Slovenia, and Spain). This periphery bloc is separated into two halves assuming different preferences202

for their fiscal stability targets. Country 2 attaches the same importance to the public debt target as203

country 1. In contrast, country 3 attaches much less importance to the public debt target, as can be204

seen in Table 3, and can be considered a less fiscal-stability oriented country or even as more thriftless.205

For the other parameters of the model, we use values in accordance with econometric studies and206

plausibility considerations (see Table 1).207

We assume that the monetary union starts from a situation where most variables are in208

equilibrium except for relatively high public debt, especially in the periphery countries. Inflation rates209

are slightly higher than those intended by the central bank and the governments. One asymmetry210

between core and periphery is the latter’s higher pubic debt, combined with higher budget deficit;211

both are above the target values of the Stability and Growth Pact (Table 2).212

Table 2. Initial values of the three-country monetary union

yi πi πe
i Ii D1 D2, D3 RE g1 g2, g3

0 2.5 2.5 3 60 80 3 -2 -4

Using the MUMOD2 model we consider an intertemporal nonlinear dynamic game which is
given in tracking form. The players aim at minimizing quadratic deviations of the objective (state)

1 The weights correspond to the respective shares in Euro Area real GDP (in 2007).
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variables from given “ideal” (desired) values. The individual objective functions of the national
governments (i = 1, 2, 3) and of the common central bank (E) are given by

Ji =
1
2

T

∑
t=1

(
1

1 + θ
100

)t{απi(πit − π̃it)
2 + αyi(yit − ỹit)

2 + αDi(Dit − D̃it)
2 + αgig

2
it} (15)

JE =
1
2

T

∑
t=1

(
1

1 + θ
100

)t{απE(πEt − π̃Et)
2 + αyE(yEt − ỹEt)

2 + αE(REt − R̃Et)
2} (16)

where all α are weights of state variables representing their relative importance to the respective policy213

maker (see Table 3). A tilde denotes the desired (“ideal”) values of the variable concerned (Table 4).214

The choice of the weights for the objective variables (Table 2) introduces the main asymmetries in215

the model: each country cares about its national variables only while the central bank has preferences216

for the entire union (in Europe: the Euro Area). Apart from this nearly self-evident assumption,217

we also assume that the governments put higher emphasis on output, which they want to be at the218

natural level, while the central bank gives a higher weight to inflation, which they want to steer219

towards a level of (just under) 2 percent per year. While the objective variables output (also as220

proxy for unemployment) and inflation are probably uncontroversial, the inclusion of the budget221

surplus (ideally at zero) and public debt (at 60 percent or on a path towards this goal) does not222

have an obvious interpretation in terms of social welfare. Instead, they are justified through the223

Maastricht criteria or the Stability and Growth Pact of the EU; hence, also the numerical values of the224

objectives. The weights given to the policy instruments of each player partly reflect the desire to avoid225

too excessive fluctuations of these variables, which are not possible in the real world due to path226

dependence of policies. It would be preferable to include inequality constraints on these variables,227

but the OPTGAME algorithm does not allow for their inclusion. The thriftless country gives a much228

lower weight to the debt variable than the other two, and it contents itself with a movement towards229

the lower debt level of 60 percent of output (Table 3).230

Table 3. Weights of the variables in the objective functions

αyi, αgi απE αyE, απi αD1, αD2 αD3 αRE µi, µE

1 2 0.5 0.01 0.0002 8 0.25

Table 4. Target values for the asymmetric monetary union

D̃1t D̃2t, D̃3t π̃it π̃Et ỹit ỹEt g̃it R̃Et

60 80ց60 2 2 0 0 0 3

The joint objective function for calculating the cooperative Pareto-optimal solution is given by
the weighted sum of the three objective functions:

J = µ1 J1 + µ2 J2 + µ3 J3 + µE JE, (µ1 + µ2 + µ3 = 1). (17)

This implies that in the Pareto-optimal solution and in the measure of overall performance,231

variables that are arguments in both the central bank’s and a country’s objective function are counted232

twice. However, this is as it must be when interpreting the objective functions as expressing subjective233

preferences of the respective decision maker and subscribing to the principle of (relative) majority,234

because in the case mentioned, there are two (instead of only one) decision makers weighting these235

variables.236

The dynamic system, which constrains the choices of the decision makers, is given in state-space237

form by the MUMOD2 model as presented in equations (6) to (14). Equations (15), (16) and the238
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dynamic system (6)–(14) define a nonlinear dynamic tracking game problem which can be solved239

for different solution concepts. Using the OPTGAME3 algorithm (see [14]) we are able to solve this240

dynamic tracking game and to analyze the effects of different shocks acting on the system. In this241

study we consider demand-side shocks in the goods markets as represented by the variables zdit.242

These demand shocks represent both the negative effects of the economic crisis 2007–2010 acting in243

a similar way on the whole monetary union and the European Sovereign Debt crisis acting on the244

second bloc only.245

The numerical values of the shock are chosen to emulate the time path of (an average of) growth246

rates first in the Great Recession, the financial and economic crisis from 2007 to 2010, and then (only247

in the periphery) the ensuing sovereign debt crisis (which actually had other causes in addition,248

but we cannot include them in our framework). The shock is a pure demand shock, which is249

also a simplification as it neglects supply-side rigidities and divergence in competitiveness, which250

contributed also to these crises but are absent from a macroeconomic model like ours.251

Table 5. Negative demand shocks in the asymmetric monetary union

t 1 2 3 4 5 6 7 8 9 ...
zd1t -1 -6 -1 0 0 0 0 0 0 0
zd2t -1 -6 -1 -3 -4 -3 -1 0 0 0
zd3t -1 -6 -1 -3 -4 -3 -1 0 0 0

4. Results252

In this study we investigate the effects of various forms of coordinated fiscal policies, which253

corresponds to the creation of different coalitions. By a coalition, we mean (in accordance with254

cooperative game theory) a strictly binding agreement between two or more players to act always255

jointly. We consider both coalitions between governments of countries (or blocs) fixing joint fiscal256

policy actions and coalitions of governments with the central bank against other governments. The257

first case refers to situations where governments (countries) have different preferences or interests258

that they pursue by joint actions, with the central bank being a neutral institution following an259

independent monetary policy as prescribed by its mandate. The latter case models situations where260

governments place their confidants into the governing council of the central bank to support their261

political preferences. Although the legal framework of the Euro Area, strictly speaking, forbids such262

a behaviour, this does not mean that it cannot occur. In both cases, we consider borderline cases263

because especially in a field as dynamic as the international architecture of a monetary union, the264

requirement of strict coalition discipline is an extreme one: governments change, there are various265

ways (including logrolling and bribery) to change a government’s mind against its current partner,266

etc. When interpreting the results, this must be kept in mind, and the outcomes of the coalitions267

shown in the simulations are certainly the optimum (in terms of their own evaluations) they can268

obtain.269

Here we compare the performance of the players based on five scenarios (as summarized in270

Table 6):271

– sc1: the non-cooperative Nash game with four independent players,272

– sc2: a coalition of core and central bank versus a coalition of periphery countries which results273

in a Nash game with two players: (1) central bank and core, (2) periphery,274

– sc3: a coalition of fiscal stability oriented countries (country 1 and 2) with central bank, which275

results in a Nash game with two players: (1) central bank + core + country 2, (2) country 3,276

– sc4: a coalition of country 3 with central bank versus a coalition of countries 1 and 2, which277

results in a Nash game with two players: (1) central bank and country 3, (2) countries 1 + 2, and278

– sc5: the cooperative Pareto solution where all players act in coordination as one player.279
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Table 6. Different coalition strategies

scenario game strategy
1 everyone for themselves Nash FB with 4 players: CE / C1 / C2 / C3
2 core + CB vs. periphery: Nash FB with 2 players: CE + C1 / C2 + C3
3 thrifty + CB vs. thriftless: Nash FB with 2 players: CE + C1 + C2 / C3
4 thriftless + CB vs. thrifty: Nash FB with 2 players: CE + C3 / C1 + C2
5 fiscal and monetary union Pareto solution

Figure 1 shows the results of the control variables in this experiment while Figures 2–4 show the280

results for the state variables. A first look at the graphs shows that the qualitative behaviour of all281

policy makers is the same in each scenario: fiscal and monetary policies act in a countercyclical way,282

producing budget deficits and a low prime rate during the crisis but returning to budget surpluses or283

at least smaller budget deficits and to the desired (long-run) prime rate after the shock is over, with284

fiscal policy switching back quickly and monetary policy reacting in a gradual way. The reaction to285

the first (global) shock is stronger than to the second (asymmetric) shock. The results for the target286

variables are also similar across scenarios: output remains mostly under its natural level (the zero287

line), rates of inflation decrease continuously (even into deflation in some scenarios), and public288

debt increases over the entire time horizon, especially in the thriftless country, where it reaches289

unsustainable levels in some scenarios.290
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Figure 1. Control variables (prime rate (REt) and fiscal surplus (git))
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Figure 2. State variable, output (yit)
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Figure 3. State variable, inflation (πit)
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Figure 4. State variable, public debt (Dit)

The last column of Table 7 presents the overall losses of all decision makers and can be291

interpreted in a normative way. Accordingly, the fully cooperative (Pareto optimal) solution of292

scenario 5 (the fiscal and monetary union) turns out to deliver the lowest losses, while the purely293

noncooperative scenario 1 (everyone for themselves) results in the highest losses. The three coalition294

scenarios fare in between, with scenario 3 coming closest to (but still differing from) the cooperative295

outcome, and scenario 2 coming closest to the fully noncooperative solution. This can be interpreted296

to mean that, from the point of view of the policy makers involved, the best way to deal with the297

assumed demand shocks would be a full fiscal and monetary union, with the “throne” of the central298

bank shared by the bank itself and all the governments in the union. The worst solution is a policy299

war of everybody against everybody else. If the “throne” of the central bank has to be shared with300

some government(s) only, it would be better if the core and the thrifty periphery joined but worse301

if only the core joined. If we compare this (admittedly extremely simplified) model of a monetary302

union with the Euro Area and its conflicts over macroeconomic outcomes, we may regard this result303

as a contribution towards explaining the position of, say, Italy (a “thrifty periphery” country with304

high debt but which did not increase its debt much during the crisis) vis-à-vis Germany (the centre305

of the core) on the one hand and Greece on the other. It also makes clear that the resistance against306

a leadership role for Germany in the Euro Area is not only due to historical and political reasons but307

has a macroeconomic rationale behind it, too.308

Looking at the time paths of the target variables shows that the different scenarios imply some309

differences of outcomes that need to be explained. For output, the situation is clear: under full310

cooperation, output comes closest to its natural level while under full non-cooperation, it remains311

lowest over the entire time horizon. Equally the inflation rate is highest under cooperation and312

lowest (tending towards deflation) in the noncooperative equilibrium. For public debt, the effects313

are more complicated: the core and the thrifty periphery enjoy the lowest increase in the debt-to-GDP314

ratio over rather a long period, with an increase happening only during the last few years, while for315

the thriftless periphery, a strategy of free riding on the thrifty bloc’s coalition with the central bank316

allows it the smallest increase in its government debt. On the other hand, a coalition of the thriftless317

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 26 December 2017                   doi:10.20944/preprints201712.0181.v1

http://dx.doi.org/10.20944/preprints201712.0181.v1


periphery with the central bank results in the strongest increase in its public debt. Therefore, it seems318

as though it would be best for the thriftless periphery not to occupy the “throne”of the central bank319

but to rely on the fiscally more prudent players to do the job of implementing austerity for it. From320

Table 7 it is also clear that this strategy by far outperforms all the other ones, including the full fiscal321

and monetary union cooperation. In relation to current political discussions, the pressure placed by322

some highly indebted periphery countries on the core to execute a more expansionary fiscal policy323

comes to mind when interpreting this result.324

Table 7. Objective function values

sc CB C1 C2 C3 CB+C1+C2+C3
sc1 183.42 113.20 319.46 233.02 849.10
sc2 140.21 81.93 216.86 184.28 623.28
sc3 228.26 77.98 140.55 94.88 541.67
sc4 150.34 85.26 192.03 161.43 589.06
sc5 203.03 66.96 102.64 120.17 492.81

It is also of interest how the overall losses and the losses of the single players depend on the325

deviation of particular objective variables. Table 8 provides details on this question. It shows that the326

central bank in all scenarios where it acts together with some other policy maker(s) has the greatest327

loss from using its own instrument; only in sc1 its losses are more evenly distributed among the three328

variables it is assumed to care about. This concurs with the intuition that the use of an instrument is329

not something that causes a welfare loss to the policy maker; instead, it is a substitute for an inequality330

constraint, especially in the case of a central bank that in itself cannot really be regarded as a bearer331

of welfare or welfare losses. On the other hand, in the scenarios with less than full cooperation, the332

governments nearly always get the highest welfare losses from missing natural output (which always333

means that they get underutilization of capacities and unemployment). Notice that there is no strong334

trade-off between output and public debt or budget balance: governments mostly fare better under335

some cooperation (especially under the overall cooperation, the full monetary and fiscal union) with336

respect to both variables than if they act on their own or in a partial coalition. This reinforces the337

argument for closer cooperation in both policy fields and for strict compliance with the rules and338

regulations of the policy framework by all participants.339

Table 8. Detailed objective function values

CB C1 C2 C3
sc yE πE REE y1 π1 D1 g1 y2 π2 D2 g2 y3 π3 D3 g3
sc1 83 54 47 78 14 13 8 199 42 36 42 140 25 31 37
sc2 30 35 75 43 6 25 9 124 22 37 33 76 10 29 69
sc3 18 13 197 22 1 33 22 79 10 31 20 65 6 6 18
sc4 27 30 93 38 5 28 15 116 20 30 26 72 9 24 56
sc5 4 10 190 13 0.4 27 27 51 5 26 20 28 1 14 77

5. Sensitivity Analysis340

In this section we present a sensitivity analysis regarding the choice of the weights. The Phillips341

curve trade-off between inflation and output gap in macroeconomic policy making is frequently342

analyzed in the literature. Thus, we consider different weights for these two objective variables in343

order to derive the resulting behaviour of the model. The weights of the targets inflation and output344

gap are increased (decreased) by a factor of 2 (0.5) as compared to the baseline weights in Table 3.345

In addition, we consider an experiment where the government concentrates on inflation and output346
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targets and drops the public debt target. This results in five different experiments as summarized in347

Table 9.348

Table 9. Robustness check experiments

experiment factor changed weights
‘exp1’ π - 0.5 π̃it = 0.25, π̃Et = 1,
‘exp2’ π - 2 π̃it = 1, π̃Et = 4
‘exp3’ y - 0.5 ỹit = 0.5, ỹEt = 0.25
‘exp4’ y - 2 ỹit = 2, ỹEt = 1
‘exp5’ D - 0 D̃it = 0

In the following the results of the five different experiments are presented. The detailed objective349

function values are given for each experiment and can be compared to the ones presented in Tables 7350

and 8.351

Table 10. Detailed objective function values, robustness experiment ‘exp1’

CB C1 C2 C3 ∑

sc yE πE REE y1 π1 D1 g1 y2 π2 D2 g2 y3 π3 D3 g3
sc1 65 55 27 94 9 15 10 234 27 36 51 166 17 38 34 878
sc2 35 23 59 52 4 20 9 141 14 39 38 86 6 35 71 632
sc3 20 9 181 25 1 30 21 89 6 29 22 71 4 7 18 534
sc4 32 20 79 44 3 31 16 131 12 32 30 85 6 24 47 592
sc5 11 3 183 15 0.3 26 26 55 3 25 21 31 1 15 73 487

Table 11. Detailed objective function values, robustness experiment ‘exp2’

CB C1 C2 C3 ∑

sc yE πE REE y1 π1 D1 g1 y2 π2 D2 g2 y3 π3 D3 g3
sc1 42 108 79 60 18 12 6 160 59 36 32 112 33 24 40 821
sc2 25 44 99 34 6 31 9 105 32 36 28 64 13 24 67 616
sc3 15 15 219 17 1 37 24 68 14 34 18 57 8 5 19 553
sc4 22 38 112 30 6 25 14 98 28 29 22 58 10 24 69 588
sc5 9 4 199 12 1 28 27 47 7 28 19 25 1 14 81 501

Table 12. Detailed objective function values, robustness experiment ‘exp3’

CB C1 C2 C3 ∑

sc yE πE REE y1 π1 D1 g1 y2 π2 D2 g2 y3 π3 D3 g3
sc1 35 107 49 49 18 9 7 125 52 26 42 95 35 25 15 688
sc2 22 55 71 31 9 22 5 86 31 27 31 60 17 25 36 528
sc3 14 26 172 18 3 28 12 60 17 27 17 51 11 6 8 471
sc4 20 48 85 28 8 18 8 80 28 23 27 55 14 24 38 502
sc5 9 9 167 11 1 24 16 41 9 23 16 26 3 15 57 426

Tables 10 to 14 present the results of these alternative simulations in terms of the welfare losses.352

By and large, they confirm the results from Section 4: the noncooperative scenario in general fares353

worst and the full-cooperation scenario is the winner; an active monetary policy can ease pressure354

on fiscal policy from demands for expansionary action; player 1 (the core country) on the whole has355
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the lowest losses; and output losses cause more headache than the inflation rate. If these outcomes356

can be confirmed for more elaborate models, for example by including more players (governments357

or countries), then strengthening the institutional architecture of the Euro Area and the incentives to358

cooperative behaviour may be a reasonable path towards a brighter future of the European Monetary359

Union.360

Table 13. Detailed objective function values, robustness experiment ‘exp4’

CB C1 C2 C3 ∑

sc yE πE REE y1 π1 D1 g1 y2 π2 D2 g2 y3 π3 D3 g3
sc1 73 53 44 107 9 22 12 282 30 58 46 172 14 40 79 1042
sc2 35 17 80 51 3 28 17 156 13 54 41 76 4 34 120 728
sc3 17 4 229 20 0.4 37 37 90 5 37 28 68 2 6 35 615
sc4 31 15 101 42 2 46 28 146 12 45 30 79 4 24 83 687
sc5 9 1 216 12 0.3 30 40 56 2 31 29 25 0.2 14 99 565

Table 14. Detailed objective function values, robustness experiment ‘exp5’

CB C1 C2 C3 ∑

sc yE πE REE y1 π1 D1 g1 y2 π2 D2 g2 y3 π3 D3 g3
sc1 26 18 4 37 3 - 13 87 9 - 35 87 9 - 35 363
sc2 17 7 6 23 1 - 27 59 4 - 47 59 4 - 47 301
sc3 13 4 18 15 0.3 - 51 52 3 - 41 59 4 - 21 281
sc4 16 7 13 21 1 - 32 63 5 - 32 61 5 - 38 293
sc5 8 1 25 10 0.2 - 59 35 1 - 45 35 1 - 45 265

6. Conclusions and Outlook361

In this paper, we presented an application of the dynamic tracking games framework to a362

monetary union. We used a small stylized nonlinear three-country macroeconomic model of a363

monetary union to analyse the interactions between fiscal (governments) and monetary (common364

central bank) policy makers, assuming different objective functions of these decision makers. Using365

the OPTGAME algorithm, we calculated solutions for several games: a noncooperative solution366

where each government and the central bank play against each other (a feedback Nash equilibrium367

solution), a fully cooperative solution with all players following a joint course of action (a Pareto368

optimal solution), and three solutions where various coalitions (subsets of the players) play against369

coalitions of the other players in a noncooperative way. It turns out that the fully cooperative solution370

yields the best results, the noncooperative solution fares worst, and the coalition games lie in between,371

with a broad coalition of the fiscally more responsible countries and the central bank acting against372

the less thrifty country coming closest to the Pareto optimum. These results have some relevance for373

the current policy conflicts in the Euro Area. In order to relate them more closely to these debates, the374

analysis would have to be augmented by a larger number of players, a more elaborate macroeconomic375

model (of the DSGE type, for example), and a more sophisticated calibration of the model. These are376

topics for further research.377
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