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There is only one Fourier Transform
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Abstract

Four Fourier transforms are usually defined, the Integral Fourier transform, the Discrete-Time Fourier transform
(DTFT), the Discrete Fourier transform (DFT) and the Integral Fourier transform for periodic functions.
However, starting from their definitions, we show that all four Fourier transforms can be reduced to actually only
one Fourier transform, the Fourier transform in the distributional sense.
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Introduction

The fact that “there is only one Fourier transform” actually
needs no proof. It is commonly known and often discussed in
the literature, for example in [1-2].

However frequently asked questions are: (1) What is the
difference between calculating the Fourier series and the
Fourier transform of a continuous function? (2) What is the
difference between Discrete-Time Fourier Transform (DTFT)
and Discrete Fourier Transform (DFT)? (3) When do we need
which Fourier transform? and many others. The default answer
today to all these questions is to invite the reader to have a look
at the so-called Fourier-Poisson cube, e.g. in [2]. However, this
advice may not be very helpful.

In this paper, in contrast to what has been done so far, we
introduce two novel symbols, one L1 for discretization, i.e., to

sample functions, and one aaa for periodization, i.e., to create
periodic functions from non-periodic ones. They will help us
understanding the role of Poisson’s Summation Formula in
describing transitions from one Fourier transform variant to
another. The overall intention of this study is to provide simple
means to get all these things sorted and to help the reader to
gain more confidence in dealing with finite and infinite Fourier
series as well as with different Fourier transform variants. To
keep things simple, we only treat the one-dimensional case

(t € R). For n-dimensional cases (¢t € ]Rn, N > 1) one may refer
to [3-5].

Two Important Operations

There are two operations which are being strongly related to
four different variants of the Fourier transform, i.e.,
discretization and periodization. For any real-valued T > 0 and
3(t) being the Dirac impulse, let

(L f)(t) == > fOKT)o(t—kT) Q)
k=—oc
be the function that results from a discretization of f{#) and let
(aarf)(t) = Y f(t—KT) @
k=—o0c

be the function that results from a periodization of f{#), both
defined as in [6-7]. Let us furthermore use four different
Fourier transform definitions (see e.g. [2]), given in the
Appendix. We then claim that starting from these definitions
we are able to show that they reduce to

Fper' Floo f0)) = 5wy FUID} 0)
- 7 Flu, [0} = aar F{FD} @
and

b Flramf(t)) = 5 e, FLAB)) 6)

o1 %f{wm%j'(t)} Ll ooy FLf(E) ) (6)

with F, the Fourier transform in the distributional sense [8].
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Figure 1: Four Fourier transforms: J, JF per, DTFT and DFT, linked via

operations of discretization LLL and periodization A2A. All four transforms
coincide with F in the generalized functions sense. The diagram itself forms
a Mébius strip.

These formulas are moreover rigorously based on generalized
functions theory and part of a wider symbolic calculation
scheme [3-4], mainly summarized in Table 1 and Table 2 and
their relationship to four different Fourier transform variants,
i.e., to F, Fper, DTFT and DFT, is summarized in Table 3 and
Table 4. As a rule of thumb for their validity it is very useful to
know that
o functions being discretized should not grow faster than
polynomials and
o functions being periodized should decay to zero faster
than polynomials,
otherwise they will cease to converge. These requirements are
furthermore dual to each other in the sense that if a function
fulfills one requirement then its Fourier transform fulfills the
other [3-4].

Derivations

We will see in the following that defining the Integral Fourier
Transform for periodic functions via (9) and (10) leads to (3),
defining the Discrete-Time Fourier Transform (DTFT) via (11)
and (12) leads to (4) and defining the Discrete Fourier
Transform (DFT) via (13) and (14) leads to (5) and (6).

Most interesting is the fact that there has obviously been no
other choice than defining all four Fourier transforms (see
Appendix) exactly in this way. All their transitions reduce to
Poisson’s Summation Formula (Rule1 and Rule2 in Table 1)
which obviously is the “glue” in-between these transforms.
There is no scope whatsoever for possibly deviating definitions,
ie., all four transform definitions as summarized in the
Appendix already follow from the definitions of F as well as
(1) and (2).

The reason why equations (3)-(6) could not be found with
conventional means (without generalized functions) is twofold.
It results from the two (dual) facts that Lebesgue’s integral is
inadequate today, in the sense that

» ityields zero if discrete functions are integrated and

* ityields infinity if periodic functions are integrated.
These disadvantages have been overcome in generalized
functions theory because it allows measuring discrete and
periodic functions in the sense of Horvath’s integral [9].
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Figure 2: Four important domains: non-discrete non-periodic functions,
periodic functions, discrete functions and discrete periodic functions; linked via

discretization LLL and periodization AAA.

Fourier Transform for Periodic Functions Fper

In this subsection we will see that if a periodic function is
Fourier transformed via the Fourier transform for periodic
functions (9) then the result is a discrete function. Indeed,
inserting some p(t) = (aoa, f)(t) into (9) yields

1 o
plm) = T f aong f(t) e 2Tt
l 5 Jn
— T '/;OO f(f) e —2mi Ttdf
1 m
=7 (ff)( )

where we used the popular periodization trick [10-17] and
Fourier transform definition (7). Inserting these coefficients into
(10) we obtain

oo

oy (I p2mit 3
> FNEG)

m=-—oo

f—i{ > (ffn_%w(a—%f}}

m=—0oo

(2onq f)(t) =

S| =

FH{(wy (FH@)}
(Flu  F()
T

(Flocar f))o) =

SE=S =S S

(e (F))(o)
T

Therefore, (9) inserted into (10) reduces to

1

Floodrf) = 7 ey (FI)

as a function of ¢ € R. This is formula (3).
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Table 1: Discrete Functions vs. Periodic Functions.
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Table 2: Discrete Periodic Functions.
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No Rule Remark No Rule Remark
1 Flury f) = T v (Ff) Poisson Sum Formula i Flur g g f) = F o, (FF) Rule 1 +2
T T P
2 F(on, f) = % g (F Poisson Sum Formula ii F(ovsp g f) = F g M0 (FF) Rule 2 + 1
T T T

3 F(LLf) = MA(FT) abbreviated for T' = 1 iii AN f = AN LLLS identity
4 F(oonf) = LL(FS) abbreviated for 7' =1 v F(LUL MM f) = % MJJ_L%(.’Ff) Rule 3 +2
5 F(LLL1) = AMN(F1) where F1 =4 vi F(rotin | f) = N 1L A (Ff) Rule 4 + 1
6 F(L0068) = LLL(FE) where Fd =1 - —L - -

where 1 any f is the discrete periodic function corresponding to N-tuple [f(0),...,f(N-1)]
7 F(ll) = 1111 Dirac comb invariance
8 F(AMNG) = ANG Dirac comb invariance
9 Uil = 20,0 Dirac comb identity Inserting now its coefficients aaa v f(k) with k € Z into (13)

10 MG = 1] Dirac comb identity
11 Flur 1) = T a6 Dirac comb reciprocity
T
12 F(Hn,6) = % gl Dirac comb reciprocity
T

13 F(f-9) = Ff=Fg multiplication

14 F(fxg) = Ff-Fg convolution

15 lllg - f=1ll(g-f) discretization

16 Mg x [ = 20N (g* f) periodization

17 L1 f=Ul(1-fy=111f discretization of f
18 MNG * f = AN (G* f) = AN f periodization of f

where 1Lf is a discrete function sampled at integers and af is a one-periodic function

Fourier Transform for Discrete Functions (DTFT)

We show that if a discrete function is Fourier transformed
via the DTFT then the result is a periodic function. As (11)
is a Fourier series, it is periodic. The ansatz is therefore to

let d(o) = (208, f)(0) = (400(F [))()in (12). It yields

d(k) = | ooa, fo) ™ Fdo
0

= f flo) ™ 17 dg
k k
— —1 My = o
= (FHEM(G) = HG):
Inserting these coefficients into (11) we obtain

mia i

ke
TJ

(2ear(Ff))o) =

I
Sl S
H,,] .
;—"—\lM*
Mz =
| ==
T

F{e, N}
(Flassy D)),

Nl =N =

Thus, (12) inserted into (11) reduces to

Fluy [) =T a0, (Ff)

as a function of ¢ € R. This is formula (4).

Fourier Transform for Discrete Periodic Functions
(DFT)

We show that if a discrete periodic function is Fourier
transformed via the DFT, then the result is again a discrete
periodic function. First, a simple reasoning tells us that after
discretizing a periodic function asa . f(t) it can be denoted
as y(t) =111 A v f(t) where N is an integer corresponding
to its period 7.

yields .
(Fleoo )(m) = 5 3 (cny [)(k) 2" E
S k=0
=% 2 ek
k=—oc
1 m
:Y (Fl ()
~ (2a(FN)(F)

using, again, the periodization trick (applied to a discrete
function this time), definition (1) and a previous result. Inserting
these coefficients into (14) we obtain

4 N—-1
(aeanf) k) = 5= 3 aon (FN)(R) 7145
m=0
1 ik
v X (FHC) e

= 5 F ol (FIM).

4

Thus, (13) inserted into (14) reduces to

(xS = (F s (FO), keZ
(1 a0, /Y1) = (1 F i (F)D), € R

and with Rule 4 and Fourier transforming both sides it yields

= = o (Ff)

Flumoyf) =+

as a function of o € R.

Derivation of the Inverse DFT

As (13) is a Fourier series, it is periodic. Evaluating (14) for
g(m) = (Am\j)(m) wheref Ff yields

N-1
k) = Y (a0 (Ff))(m)
m=0
- Z (Ff)(m) > x
k= oo
k
= (FwENR)
= (F )
= (e f)(3p)

and inserting
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Table 3: Comparison of F, Fper, DTFT and DFT

| Transform H Input Function ” Output Function || Rel. to F ‘

F I f identity
-E:m' ﬁMf J_U_f RUIC 2
DTFT LLLF MAF Rule 1
DFT LLLAMN AL Rule iv
F-1l f f inverse
Fper ! L f N Rule 1
DTFT! AN LLf Rule 2
DFT-! NN LA Rule v

where arguments T and N have been omitted for clarity reasons

Table 4: Relations among F, Fper, DTFT and DFT

Transform H Expressed in terms of F, 111, AW
Fper = DIFT! Fomn=1lloF
DTFT = Fper Folll =/MAoF

DFT Folll oA = Mo 1l oF
DFT—! FoMAolll =1l oMo F

where o is the concatenation of operations, e.g. (Foan)(f) = F{ama{ f(t) }} = w{F {f©) }

this result into (13) we obtain
N-—-1

(2ony (Ff))(m) = %Z (m&f)(%) g 2mimd

k=0

1 — k —rimL
= Z f(V)e mimy
Ny 1

X =—o00
=N (}"(m%f))(m).

Thus, (14) inserted into (13) reduces to

(F( L N(m) = N (aean(Ff))(m),
(Ll Fuw g f))(o) = N (Ll aoay (F f)) (o).

me Z
ceR

and with Rule 4 on the left-hand side it yields
J:(&MJ_LL%f) =N 1L aay(Ff)

as a function of o € R.

Altogether, we proved that the Discrete Fourier Transform
(DFT) together with its inverse follow these two rules

F(uLaay f) = % o001y (Ff) and

5 Flomw )= wany(Ff)

as functions of o € R, which are (5) and (6), respectively.

Tricks

We basically used two tricks in the above derivations. One is
well-known. It is the so-called periodization trick, explicitly
mentioned e.g. in [10-14] and in greater detail described in [15],
p.61 and in [16] p.149. It is a standard technique occurring in
lecture notes on signal processing (e.g. [17]), also celebrated as
the link between Fourier series and Fourier transform. We also
applied this trick to discrete functions when establishing the link
between DTFT and DFT.

The second trick we used can be called interpolation trick.
It requires generalized functions theory. We compose a loose
infinite sequence of sampled values [.. f(-2), f(-1), f(0), f(1), f(2)..]
to (LLL f)(t), i.e., to something that looks like a smooth function
depending on variable t € R.

not periodie periodic
z JA'A'AN
; —
5 F Fper
2 DIFT DFT
= 20N

Figure 3: Three domains of the Fourier transform. 1: F maps non-discrete
non-periodic functions onto each other, 2: DTFT and Fper map between discrete
functions (Fourier series coefficients) and periodic functions (Fourier series), 3:
The DFT, finally, maps discrete periodic functions onto discrete periodic
functions. But all three transforms coincide with . They only differ in the kind
of functions they are applied to.
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Figure 4: Three domains of the Fourier transform. 1: Fully analog domain, 2:
Half discrete domain, 3: Fully discrete domain. The Fourier transform remains
“captured” (is an automorphism) in each of these three domains. A duality
between “fully analog” functions f(t) and “fully discrete” functions
[f(0),f(1),....f(N-1)] allows us to use the DFT as if it were JF provided the sampling
theorem is respected twice while discretizing and periodizing f.

In fact, (LLLf)(¢t) is a smooth (infinitely differentiable)
function in the generalized functions sense. The same trick is
furthermore applied to finite sequences [f(0),f(1),...,f(N-1)],
N-tuples in other words, resulting in discrete periodic functions

(Lt aan i f)(2).

The fundamental idea behind these two tricks which can be
considered dual of each other is that periodicity replaces
finiteness and discreteness replaces smoothness. Note that the
dual of discreteness (discrete functions) is not continuity
(continuous functions) as usually taught but smoothness
(smooth functions). Further details on these principles can be
found in [4]. It remains to mention that both 111 and asa
perform sampling, one in “time domain” and the other in
”frequency domain” (Figure 4) which means that the classical
sampling theorem must be respected twice (in time and
frequency domain) otherwise aliasing effects occur; hence f(t)
and (LLL aAA i f)(t) would not represent the same function any
more.
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Diagrams

Formulas (3)-(6) derived in this paper can moreover be
depicted in diagrams such as the one in Figure 1. Additionally,
both left-hand side and right-hand side in this diagram are
cyclic, see Figure 2. Another most interesting aspect is that
Figure 1 forms a Mobius strip if the upper left knot is identified
with the lower right and lower left with the upper right. This
circumstance can be interpreted in a way that tells us that it
actually remains unclear whether the left-hand side is time
domain” or the right-hand side because there is no left-hand side
and no right-hand side, just opposite sides.

Having a look at Figure 3 and Figure 4 one may observe
furthermore that despite the fact of having only one Fourier
transform F, it is actually “captured” either on “fully analog”
functions (“analog” in both time and frequency domain), on
”fully discrete” functions (”discrete” in both time and frequency
domain) or on "half discrete” functions, i.e., functions which are
only discrete in either time or frequency domain.

Naming Conventions

The naming of F, Fper, DTFT and DFT in the literature is
often not very appropriate and sometimes confusing. By looking
at Table 3 and Table 4, they could be called ”Fourier transform”,
”Fourier transform for periodic functions”, ”Fourier transform
for discrete functions” and “Fourier transform for discrete
periodic functions”. However, they are all the same Fourier

transform F but differ in the kind of functions (f, LLLf, aaaf,
111 A f) they are applied to.

An introduction of two transforms Fper and DTFT is also not
advisable because they are, apart from having an inverse sign
(which indicates that they are inverse to each other), the same
transform (Figure 3). Most appropriately, it could be called the
”Fourier Series Transform” as it switches between two Fourier
series representations, i.e., between discrete functions (Fourier
series coefficients) and periodic functions (Fourier series). Its
two formulas should be called ”Fourier Series Analysis” and
”Fourier Series Synthesis” formula, as already done in many
textbooks.

Applications

A main application of the above derivations lies of course in
the fact that they can well be used for educational purposes, i.e.,
for teaching the interrelationships between Fourier series and
Fourier transform and between different Fourier transform
variants. Furthermore, the rules above can be fed into symbolic
calculation environments such as Wolfram Mathematica [18]
and/or Python SymPy [19] and by that become an indispensable
toolbox for algorithm design. Recall that Poisson’s summation
formula allows switching from badly converging algorithms to
rapidly converging ones [6].

Conclusions

It is shown that instead of four Fourier transforms, we only
have one Fourier transform, the Fourier transform in the
distributional sense. We found that Poisson’s Summation
Formula is the actual link in-between these four transform
definitions and, in contrast to the Fourier-Poisson cube, we were
able to explicitly write down these links in connecting formulas
which do moreover rigorously hold in the tempered distributions
sense.

APPENDIX - Fourier Transforms

There are mainly three ways of how to deal with the factor
2rt in Fourier transform definitions. Here, we use the so-called
“unitary, ordinary frequency” Fourier transform [20] as it can
be found for example in [2]. It uses 1-periodic exponential
functions €2 rather than 2rm-periodic ones e’ and thereby
yields the most symmetric results in Fourier transform pairs,
e.g. F6 =1 and F1 = 6. As a result of this, “time domain”
and "frequency domain” become fully equivalent.

Now, let f(¢) be a suitable function such that it can be Fourier
transformed and let (o) be its Fourier transform. Then the
following four Fourier transform variants are usually defined.

Fourier Transform

The Integral Fourier Transform (for non-discrete non-periodic
functions) is defined by

f(a) = / f(t) e 2ot gt Analysis 7

o0

f(t) = / flo) ™ do Synthesis ()

o —00

for suitable f(t).

Fourier Transform (for periodic functions)

The Integral Fourier Transform for (non-discrete) periodic
functions, used for Fourier series analysis, is defined by

. 1 [T o m .
flm) = T f(t) e™?™Ftqr  Analysis )
0
flt)y = Z F(m) e*™ Tm Synthesis (10)
m=-—oc

where (10) is the Fourier series of f(t) and (9) determines its
coefficients. The coefficients are discrete.

Fourier Transform (for discrete functions)

The Fourier Transform for discrete (non-periodic) functions,
also called Discrete-Time Fourier Transform (DTFT), used for
Fourier series synthesis, is defined by

flo) =2 S (k) R
k=—c

f(k) = /I f(rf) p2mi Ko g Synthesis (12)
Jo

where (11) is a Fourier series. Hence, it is periodic but f(t)
itself is discrete, its samples are determined by (12).

Analysis (11)

Fourier Transform (for discrete periodic functions)

The Fourier Transform for discrete periodic functions, called
Discrete Fourier Transform (DFT) is defined by

N-1

P 1 i m
flm) =5 > Jk) e 1
k=0

N-1

Z f(m) E27r1‘ £m
m=0

where both, (13) and (14), are (finite-sum) Fourier series. Thus,
they are periodic and discrete, simultaneously.

Analysis  (13)

Fk) = Synthesis  (14)
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