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Abstract: Studies performed at single-cell resolution have demonstrated the physiological 9 
significance of cell-to-cell variability. Various types of mathematical models and systems analyses 10 
of biological networks have further been used to gain a better understanding of the sources and 11 
regulatory mechanisms of such variability. In this work, we present a novel sensitivity analysis 12 
method, called molecular density function perturbation (MDFP), for the dynamical analysis of 13 
cellular heterogeneity. The proposed analysis is based on introducing perturbations to the density 14 
or distribution function of the cellular state variables at specific time points, and quantifying how 15 
such perturbations affect the state distribution at later time points. We applied the MDFP analysis 16 
to a model of signal transduction pathway involved in TRAIL (tumor necrosis factor-related 17 
apoptosis-inducing ligand)-induced apoptosis in HeLa cells. The MDFP analysis showed that 18 
caspase-8 activation regulates the timing of the switch-like increase of cPARP (cleaved 19 
poly(ADP-ribose) polymerase), an indicator of apoptosis. Meanwhile, the cell-to-cell variability in 20 
the commitment to apoptosis depended on mitochondrial outer membrane permeabilization 21 
(MOMP) and events following MOMP, including the release of Smac (second 22 
mitochondria-derived activator of caspases) and cytochrome-C from mitochondria, the inhibition 23 
of XIAP (X-linked inhibitor of apoptosis) by Smac and the formation of apoptosome.   24 

Keywords: mathematical modeling; biological networks; sensitivity analysis; programmed cell 25 
death; single cell dynamics; cell population  26 

 27 

1. Introduction 28 
Advances in single-cell profiling technology and the application of this technology to study 29 

biology at single-cell resolution have demonstrated the ubiquity and functional role of cell-to-cell 30 
variability in physiological processes, such as programmed cell death (apoptosis) and stem cell 31 
differentiation [1–3]. Besides genetic, epigenetic and environmental factors, the cellular 32 
heterogeneity observed in a given cell population has also been attributed to the inherent stochastic 33 
dynamics of cellular processes. For example, gene transcriptional processes have been shown to 34 
occur in stochastic (random) bursts [4–6]. Many modeling frameworks have been used to capture 35 
cellular heterogeneity, for example by using ensemble models (EM) of ordinary differential 36 
equations (ODEs) [7,8], population balance models (PBMs) [9], stochastic ordinary differential 37 
equations (SDEs) [10,11], and chemical master equations (CMEs) [12–14]. In these models, the 38 
cell-to-cell variability is described by a probability density or distribution function of cell state 39 
variables. Systems analyses have also been developed and applied to gain insights into the dynamics 40 
of cell state distribution. For example, several types of parameter sensitivity analysis, including 41 
SOBOL sensitivity [15], DGSM [16], Glocal analysis [17], extended Fourier Amplitude Sensitivity 42 
Test (eFAST) [18], and stochastic sensitivity analysis [19–25], have been used to identify the 43 
rate-controlling or bottlenecking processes based on dynamic models of cell distribution.  44 
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Parameter sensitivity analysis (PSA) is a common systems analysis that is used to elucidate the 45 
dependence of systems behavior on system parameters [26,27]. In the PSA, we compute sensitivity 46 
coefficients whose magnitude describes how much system states vary with changes in one or a 47 
combination of system parameters. A large sensitivity magnitude means that the system behavior 48 
strongly depends on changes in the corresponding parameter(s), an indication of a rate-limiting 49 
process. In several publications [28–30], we have shown that the traditional PSA, derived using static 50 
perturbations to system parameters, may lead to incorrect conclusions when the rate-limiting 51 
process changes with time. For this reason, we have created a new class of sensitivity analysis based 52 
on impulse perturbations on parameters and states, called impulse parameter sensitivity analysis 53 
(iPSA) and Green’s function matrix (GFM) analysis, respectively [28–30]. By introducing impulse 54 
perturbations at different times, the new sensitivity analyses are able to reveal not only which 55 
processes are rate-limiting, but also when they become rate-limiting.  56 

In this work, we adapted the concept of impulse perturbation based PSA for the dynamical 57 
analysis of cell-to-cell variability. The new sensitivity analysis, called molecular density function 58 
perturbation (MDFP), is based on time-varying perturbations to the probability density or 59 
distribution function of the cell state variables.  The MDFP sensitivity coefficients are defined using 60 
distribution distances in order to account for changes in the cell state distribution beyond the 61 
first-order moment (i.e., population mean). We applied the MDFP analysis to a model of 62 
programmed cell death in HeLa cell population [31] and identified key regulators of apoptotic 63 
decision making.  64 

2. Material and Methods  65 
Sensitivity analysis of dynamic models of cell distribution has received much interest in recent 66 

times along with the rise of systems biology and the increasing attention to single-cell analysis. 67 
Novel PSA methods have been developed for the CME models of biological networks [19–25]. Here, 68 
the sensitivity coefficients describe changes in the mean of cell state distribution caused by 69 
infinitesimal (local) perturbations to the parameter values. Methods for global sensitivity analysis 70 
have also been adapted for analyzing cell distribution sensitivities, such as sampling-based Partial 71 
Rank Correlation Coefficient (PRCC) and variance-based eFAST [18]. Despite their differences, the 72 
aforementioned sensitivity analyses and the corresponding sensitivity coefficients are based on 73 
static or persistent parameter perturbations. As we have demonstrated previously, such analysis is 74 
incapable of elucidating any dynamic transitions of the bottlenecking process [28–30]. 75 

3.1. Molecular Density Function Perturbation (MDFP) analysis 76 
In the following, we formulate the molecular density function perturbation (MDFP) analysis. In 77 

MDFP, we describe the cell distribution using a probability density function (PDF), denoted by 78 ݂ܠ)܆, ܠ where ,(ݐ ∈ ℝ௡ denotes the cell state vector and t denotes the time variable. This description 79 
of cell distribution is flexible enough to accommodate mathematical modelling frameworks that are 80 
commonly used to simulate cell-to-cell variability, including EMs, PBMs, SDEs and CMEs. In 81 
biological network models, the cell state is typically defined by the concentrations of biomolecules. 82 
By definition, the (n-tuple) integral of the PDF ׬ ,ܠ)܆݂ ࢇ࢈ܠ݀(ݐ  gives the fraction of cell population at 83 
time t whose states (concentrations) satisfy ܉ ≤ ܠ ≤  The basic premise of the MDFP analysis is the 84 .܊
same as that of impulse perturbation based sensitivity analysis, specifically the GFM analysis [28], 85 
which is to introduce a perturbation to the cell state at time ߬ and quantify the effect of this 86 
perturbation at a later time t (ݐ ≥ ߬). But, the MDFP analysis uses perturbations to the PDF of the cell 87 
state.   88 

In deriving the MDP sensitivity coefficients, we start with following relationship:  89 

,ܠ)܆݂ (ݐ = ,ܠ)܆|܆݂ ,ఛܠ|ݐ ߬) ,ఛܠ)܆݂ ߬). (1)

The PDF ݂ܠ)܆|܆, ,ఛܠ|ݐ ߬), also known as the transitional probability or the propensity function, gives 90 
the conditional PDF of x at time t given that the cell state is ܠఛ at time ߬ (ݐ ≥ ߬). In the following, we 91 
consider introducing a mean-shift perturbation to the PDF at time ߬ to give: 92 
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,ఛܠු)୼శೕ܆݂ ߬) = ఛܠ൫ු܆݂ − ,୨܍ߜ ߬൯, (2)

where ුܠఛ denotes the perturbed state variables and ܍୨ denote the j-th column of the identity matrix. 93 
Note that the PDF ݂܆୼శೕ(ුܠఛ, ߬) corresponds to the PDF ݂ܠ)܆ఛ, ߬) with a positive mean-shift of ܍ߜ୨, i.e. 94 ුܠఛ = ఛܠ + ୨܍ߜ . Given the perturbed PDF ݂܆୼శೕ(ුܠఛ, ߬)  at time ߬  and the propensity function 95 ݂ܠ)܆|܆, ,ఛܠ|ݐ ߬), we can define the perturbed PDF of the cell state at time t, denoted by ݂܆୼శೕ,ഓ(ܠ,  as 96 ,(ݐ
follows:  97 

,ܠු)୼శೕ,ഓ܆݂ (ݐ = ,ܠු)܆|܆݂ ,ఛܠු|ݐ ߬) ,ఛܠු)୼శೕ܆݂ ߬). (3)

Note that the following equality applies 98 

,ܠු)୼శೕ,ഓ܆݂ ߬) = ,ఛܠු)୼శೕ܆݂ ߬). (4)

In the MDFP analysis, we employ a distribution distance metric to quantify the magnitude of 99 
PDF changes caused by the perturbations. Several metrics of distribution distance are available, such 100 
as the Kullback-Leibler distance (Δ௄௅ ), Jeffrey distance (Δ௃ ), Jennson-Shanon divergence (Δ௃ௌ ), 101 
engineering metric (Δா), Kolmogorov-Smirnov distance (Δ௄ௌ) and Cramer-von Mise distance (Δ஼௏ெ). 102 
The first four of the aforementioned distribution distances are based on the difference between two 103 
PDFs, while the remaining two are based on the difference between the cumulative density 104 
functions (CDFs). For the analysis of programmed cell death model below, we used the Cramer von 105 
Mise distance: (see Supplementary Material S1 for the mathematical definitions of the other 106 
distribution distances)   107 Δ஼௏ெ ቀ݂஺(ݖ)||݂஻(ݖ)ቁ = ׬ ቀܨ஺(ݖ) − ቁଶ(ݖ)஻ܨ ஶିஶݖ݀ , (5)

which in our experience, gives more reliable sensitivity coefficient calculations. The variable 108 (ݖ)ܨ 
denotes the CDF of the PDF ݂(ݖ), i.e. (ݖ)ܨ = ׬ ௭ିஶݕ݀(ݕ)݂ .  109 

Following the common definition of sensitivity coefficients [32], we computed the MDFP 110 
sensitivity coefficients as the ratio of the changes in the PDF of the cell state at time t and the 111 
perturbation introduced at time ߬. The sensitivity coefficients are evaluated for a particular cell state 112 
variable of interest ݔ௜ (the i-th element of x) with respect to a perturbation to ܍ߜ୨ on the state 113 
variable ݔ௝, as follows: 114 

௜ܵ,௝ெ஽ி௉(ݐ, ߬) = ݊݃݅ݏ ቆ୼ఓ೉೔(௧)୼ఓೣೕ(ఛ)ቇ ୼಴ೇಾቆ௙೉೔౴శೕ,ഓ(௫ු೔,௧)||௙೉೔౴షೕ,ഓ(௫ු೔,௧)ቇ
୼಴ೇಾ൭௙೉ೕ౴శೕ൫௫ුೕ,ఛ൯||௙೉ೕ౴షೕ൫௫ුೕ,ఛ൯൱ , (6)

where ݊݃݅ݏ(∙) gives the sign of the argument variable and Δߤ௑೔(ݐ) denotes the change in the mean 115 
of the state variable ݔ௜ at time t. The function ௑݂೔୼శೕ,ഓ(ුݔ௜, ,ܠු)୼శೕ,ഓ܆݂ denotes the marginal PDF of (ݐ  116 (ݐ
with the following definition:  117 

௑݂೔୼శೕ,ഓ(ුݔ௜, (ݐ = ׬ ,ܠු)୼శೕ,ഓ܆݂ (ݐ ௜. (7)~ܠු݀

The integration in Eq. (7) is performed over all state variable ුܠ’s except for ුݔ௜ . Note that the 118 
sensitivity coefficient in Eq. (6) above is motivated by the centered difference approximation [32], 119 
where the sensitivity coefficients are computed using positive and negative perturbations to the 120 
system.  121 

The definition of the MDFP sensitivity coefficients is analogous to the Green’s function matrix 122 
(GFM) sensitivity [28,32]. We can visualize ௜ܵ,௝ெ஽ி௉(ݐ, ߬) using a heatmap as shown in Figure 1. The 123 
magnitudes of the sensitivities represent the degree of importance, while the signs of the sensitivity 124 
coefficients reflect the direction of the mean change. A positive sensitivity coefficient indicates that 125 
the mean change of ݔ௜ at time t is in the same direction as the mean-shift perturbation to ݔ௝ at time 126 ߬. One can further use the magnitudes of the sensitivity coefficients to rank state variables (at time ߬) 127 
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according to the degree of influence on a particular state variable (at time t), where larger sensitivity 128 
magnitudes indicate a higher importance. 129 

In the case study, we considered an ensemble of ODE models, where each model represents one 130 
cell in a cell population. The models in the ensemble share the same ODEs and parameters, but have 131 
different initial states. The ODE model follows the general formula: 132 ௗܠ(௧,ܘ)ௗ௧ = ,ܠ)݃ (8) ,(ܘ

where ܘ denotes the vector of model parameters and ݃(ܠ,  is a vector-valued nonlinear function. 133 (ܘ
The distribution of the initial conditions is given by the PDF ݂܆൫ܠ௧బ,  ଴൯. The sensitivity coefficients 134ݐ
were computed using a Monte Carlo approach, where we simulated an ensemble of ODE models 135 
with a random sample generated from ݂܆൫ܠ௧బ,  ଴൯ as initial conditions. The model simulation of each 136ݐ
randomly sampled initial condition represented the state trajectory of one cell in the cell population. 137 
For the computation of ௜ܵ,௝ெ஽ி௉(ݐ, ߬), we introduced a perturbation ߜ to the state variable ݔ௝ for each 138 
of the cells in the ensemble at selected time points ߬, and simulated the perturbed state trajectory of 139 ݔ௜ until the desired time ݐ) ݐ ≥ ߬). We constructed the marginal PDFs or CDFs of the state variables 140 
using a kernel density estimator with leave-one-out cross validation [33].  141 
 142 

Figure 1. A heatmap of MDFP sensitivity coefficient. The x-axis represents the time ߬ at which 143 
perturbation is introduced, while the y-axis represents the observation time t. The MDFP coefficient 144 
in the heatmap is scaled such that the magnitude falls within ±1, and the scaling factor is reported in 145 
the lower right corner of the plot. The sensitivity values for ݐ ൏ ߬ are set to zero for causal systems.  146 

3.2. Green Function Matrix analysis 147 
We compared the MDFP analysis to a related sensitivity analysis based on the GFM. Like the 148 

MDFP analysis, the GFM analysis introduces time-dependent perturbations to the state variables. 149 
The GFM sensitivity coefficients are calculated by directly differentiating the ODE model in Eq. (8) 150 
as follows: [28]  151 ݀݀ݐ ൬߲ܠ߲(ݐ)ܠ(߬)൰ = ݐ݀݀ ,ݐ)ிெீ܁ ߬) = ,ܠ)߲݃ ܠ߲(ܘ ;ிெீ܁ ,߬)ிெீ܁ ߬) = ۷௡ (10)

where ݐ)ࡹࡲࡳ܁, ߬) is the ݊ ൈ ݊ sensitivity matrix and ۷௡ is the ݊ ൈ ݊ identity matrix. The (݅, ݆)-th 152 
element of ீ܁ிெ(ݐ, ߬), i.e. ௜ܵ,௝ீிெ(ݐ, ߬) = (ݐ)௜ݔ݀ ⁄(߬)௝ݔ , gives the sensitivity of the state ݔ௜(ݐ) with 153 
respect to perturbations to the state ݔ௝(߬) (ݐ ≥ ߬). In the case study below, we normalized the 154 
sensitivity coefficients as follows:  155 መܵ௜,௝ீிெ(ݐ, ߬) = ௜ܵ,௝ீிெ(ݐ, ߬) (11) (ݐ)௜ݔ(߬)௝ݔ

We computed the GFM sensitivity coefficients following the procedure described in the original 156 
publication [28]. 157 
 158 
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3. Results 159 

3.1. TRAIL-induced cell death model of HeLa cells 160 
Figure 2 depicts the signaling network associated with extrinsically-induced apoptosis by 161 

tumor necrosis factor related apoptosis-inducing ligand (TRAIL). The ODE model comprises 58 162 
species, 28 reactions and 70 kinetic parameters [34] (see Supplementary Material S2 for details on the 163 
initial conditions, parameter values and rate equations). The model parameters and initial conditions 164 
were determined by parameter fitting to experimental data of single-cells and cell populations from 165 
cell imaging, flow cytometry, and immunoblotting experiments [31,35,36]. The model describes the 166 
key mechanisms for the activation of endogenous executioner caspase-3 (C3*) and the subsequent 167 
cleavage of poly(ADP-ribose) polymerase (PARP) [35]. Specifically the model includes four major 168 
pathways: (i) the upstream pathway, representing TRAIL-induced cleavage of pro-caspase-8 (C8) to 169 
caspase-8 (C8*), (ii) the mitochondrial independent type-I pathway, including the cleavage of 170 
pro-caspase-3 (C3) to caspase-3 (C3*) by C8* and the inhibition of C3 by XIAP, (iii) the mitochondrial 171 
dependent type-II pathway, including the formation of mitochondrial pores promoted by C8*, the 172 
consequent release of cytochrome-C (Cyc) into the cytosol, the formation of apoptosome (Apop) 173 
induced by cytosolic Cyc, and the activation of C3 by apoptosome, and (iv) the pro-caspase-6 (C6) 174 
positive feedback-loop where active C3* could promote the activation of C8. In the following, we 175 
applied the GFM and MDFP sensitivity analysis to elucidate the key processes in the cell death 176 
decision making. More specifically, we computed the GFM and MDFP sensitivity coefficients of the 177 
cleaved PARP (cPARP) concentration, an indicator of apoptosis, with respect to perturbations to the 178 
concentration of molecules involved in the regulation of PARP cleavage, except the intermediate 179 
complexes, in the model.  180 

3.1. GFM analysis of TRAIL-induced cell death 181 
We applied the GFM analysis to the ODE model and model parameters in the original report 182 

and using the median initial concentration (see Supplementary Material S.2) [36]. The analysis was 183 
performed for a constant TRAIL stimulation over a time range of 0 to 5.3 hours, in which the 184 
concentrations reached steady state levels (see Figure 2(b)). Here, the ODE model simulated an 185 
apoptotic cell, in which the cleavage of PARP in response to TRAIL follows a delayed switch-like 186 
profile, as shown in Figure 3(a). To study the activation dynamics of cPARP in greater detail, the 187 
analysis of the GFM sensitivity coefficients was split into two phases: before and after mitochondrial 188 
outer membrane permeabilization (pre- and post-MOMP). Following a previous study [31], we 189 
defined MOMP to occur when 10% of the total PARP has been cleaved into cPARP, which in this 190 
analysis, occurred at 2.36 hours (see Figure 2(b)). Figure 3(b) and (c) portray the ten largest GFM 191 
sensitivity coefficients of the cPARP concentration መܵ௖௉஺ோ௉,௝ீிெ ,ݐ) ߬) in the pre- and post-MOMP phases, 192 
respectively (see Supplementary Figure S1 and S2 for the complete GFM sensitivity coefficients). In 193 
the pre-MOMP phase, the largest GFM sensitivity coefficients were associated with the upstream 194 
and type-I pathways, indicating that the early dynamics of cPARP response to TRAIL stimulus 195 
depends on these two pathways. In the post-MOMP phase, the top sensitivity coefficients 196 
corresponded to the type-II pathway, specifically the regulators of MOMP, i.e. signaling molecules 197 
upstream of M* in the network in Figure 2. Thus, the GFM analysis indicated that the switch-like 198 
dynamics in the cPARP concentration relies on the mitochondrial-dependent pathway. 199 
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Figure 2. Signal transduction pathway and model simulation of TRAIL-induced apoptosis in Hela 200 
cells. (a) Signal transduction pathway of apoptosis. Type-I pathway involves a direct cleavage of 201 
pro-caspase-3 by caspase-8 to form an active caspase-3 which cleaves the substrate PARP to cPARP, 202 
while the type-II pathway describes a mitochondria-dependent activation of caspase-3 in turn 203 
activating the substrate. (b) Model simulation of signal transduction pathway in response to TRAIL.  204 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 December 2017                   doi:10.20944/preprints201712.0159.v1

Peer-reviewed version available at Processes 2018, 6, 9; doi:10.3390/pr6020009

http://dx.doi.org/10.20944/preprints201712.0159.v1
http://dx.doi.org/10.3390/pr6020009


 

 

 
Figure 3. GFM analysis of cPARP activation by a constant TRAIL stimulus in a single cell. (a) cPARP 205 
activation follows a delayed switch-like trajectory in response to a constant TRAIL stimulus. (b-c) 206 
Ten largest GFM sensitivities coefficients of cPARP concentration (in magnitude) with respect to 207 
perturbations to the state variables in the network, as shown on the label of each subfigure. The 208 
x-axis gives the time of perturbation ߬, while the y-axis represents the time of observation ݐ. Each 209 
heatmap is scaled to have values between ±1, using the scaling factor reported in the lower right 210 
corner of the plot. Panel (b) shows the GFM sensitivity coefficients in the pre-MOMP phase (before 211 
2.36 hours). Panel (c) shows the GFM sensitivity coefficients in the post-MOMP phase (after 2.36 212 
hours).  213 

3.2. MDFP analysis of TRAIL-induced cell death 214 
The MDFP analysis was carried out for the same TRAIL stimulation as the GFM. For the 215 

calculation of the cell distribution, we generated 5 ensembles of 1000 initial concentrations from a 216 
log-normal distribution using the Latin Hypercube Sampling (LHS) algorithm based on the reported 217 
mean values and coefficient of variations in the original publication [36] (see Supplementary 218 
Material S2). Figure 4(a) gives the time evolution of the distribution of cPARP concentration based 219 
on the simulations of the ODE model using the ensemble of initial concentrations. Following the 220 
original study, we defined cells to be apoptotic when 50% of the total PARP at the final time exist in 221 
its cleaved form [36]. The ensemble model simulations showed that on average, roughly 95% of the 222 
cells in the simulated cell population undergo apoptosis, similar to what was reported in the original 223 
modeling study [36].  224 
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Figure 4. MDFP analysis of cPARP in response to a constant TRAIL stimulus. (a) Time evolution of 225 
the distribution of cPARP concentration shows a switch-like behaviour. (b-c) Ten largest MDFP 226 
coefficients of cPARP concentration (in magnitude) with respect to the perturbations to different 227 
state variables in the network. The x-axis gives the time of perturbation ߬ , while the y-axis 228 
the time of observation ݐ. Each heatmap is scaled to have values between ±1, using the scaling factor 229 
reported in the lower right corner of the plot. Panel (b) shows the MDFP sensitivity coefficients 230 
pre-MOMP (until 1.76 hours). Panel (c) shows the MDFP sensitivity coefficients post-MOMP. 231 

As in the GFM analysis above, we computed the MDFP sensitivities of cPARP with respect to 232 
perturbations to the concentrations of other molecules in the network. Following Eq. (2), we 233 
introduced a mean shift perturbation to the distribution of each state variable at various 234 
perturbation times ߬, specifically by adding +10% or –10% of the mean concentration to the state 235 
variable ݔ௝(߬) (i.e., ܍ߜ୨ = 0.1ߤ௝(߬)܍୨, where ߤ௝(߬) is the mean of the state ݔ௝ at time ߬). Starting 236 
from the perturbed concentrations, we simulated the time-evolution of cPARP for time ݐ ≥ ߬. Based 237 
on these simulations, we reconstructed the marginal PDFs and CDFs of the cPARP using the kernel 238 
density function approximation, which were then used in the calculation of the sensitivity 239 
coefficients as prescribed in Eq. (6).  240 

Figure 4 (b-c) shows the heatmaps of the ten largest (in magnitude) MDFP sensitivity 241 
coefficients, averaged over the five ensembles (see Supplementary Figure S3 and S4 for the complete 242 
MDFP sensitivity coefficients). We again split the analysis into two phases: pre- and post-MOMP at 243 
1.76 hours, the time when the median of cPARP concentration reached 10% of the median of total 244 
PARP concentration. The MDFP analysis showed that again, the early response of cPARP to 245 
TRAIL-induced apoptosis depends on the upstream and type-I pathway molecules. Meanwhile, the 246 
cleavage of PARP in the post-MOMP phase is sensitive to mitochondrial dependent pathway 247 
molecules, confirming the general finding of the GFM analysis above. In contrast to the GFM 248 
analysis, the MDFP sensitivity coefficients pointed to events during and after MOMP, such as the 249 
release of cytochrome C from mitochondria, the binding of XIAP by Smac and the formation of 250 
apoptosome, as the key regulators of cPARP concentrations.  251 
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3.4. MDFP analysis of apoptotic and non-apoptotic HeLA cells 252 

We repeated the MDFP analysis focusing on the subpopulations of apoptotic and non-apoptotic 253 
cells separately. Here, the final cPARP concentration (at time 5.3 hours) was taken to be the indicator 254 
of apoptosis, where an apoptotic cell have at least 50% of the total PARP cleaved (see Figure 5 (a-b)) 255 
[36]. Since only 5% of the population was non-apoptotic, a resampling of the initial conditions were 256 
performed to simulate 104 cells, from which a population of 103 apoptotic and 103 non-apoptotic cells 257 
were chosen for the following analysis. In the following, we compared the infinite norm of the 258 
MDFP sensitivity coefficients of the final cPARP level with respect to each state variable over all 259 
perturbation times, i.e. ฮܵ௖௉஺ோ௉,௝ெ஽ி௉ ฮஶ = maxఛ ܵ௖௉஺ோ௉,௝ெ஽ி௉ (5.3 hour, ߬). Figure 5 (c-d) shows the ranking of 260 

the ten molecules according to the magnitude of ฮܵ௖௉஺ோ௉,௝ெ஽ி௉ ฮஶ (see Supplementary Figures S5 for the 261 
complete MDFP sensitivity coefficients of non-apoptotic cells). The MDFP ranking of the apoptotic 262 
subpopulation was in agreement with the GFM analysis, in which the final cPARP level depended 263 
on the molecules that regulate MOMP. The similarity between the GFM and MDFP analysis of 264 
apoptotic subpopulation is perhaps not surprising considering that the GFM analysis was applied to 265 
the model of a cell undergoing apoptosis. Meanwhile, the analysis of the non-apoptotic 266 
subpopulation produced a ranking that resembled the outcome of the MDFP analysis of the cell 267 
population above. Comparing the analysis of the apoptotic and non-apoptotic cells showed the 268 
importance of MOMP, XIAP and its inhibitor Smac, and Apaf-1, in regulating the final cPARP in the 269 
non-apoptotic cells. Interestingly, among the apoptotic cells, XIAP was not among the 10 largest 270 
sensitivity coefficients.    271 

 
 

Figure 5. MDFP analysis of the final cleaved PARP levels in (a,c) apoptotic and (b,d) non-apoptotic 272 
cell subpopulations . (a-b) The level of cPARP normalized with respect to the total PARP level. The 273 
dashed lines (--) indicate the 1 and 99 percentiles of the cPARP levels, while the solid line (-) 274 
represents the median level. (c-d) Ten largest sensitivity coefficients in magnitude in the apoptotic 275 
and non-apoptotic cells, respectively.  276 

4. Discussion  277 
Cell-to-cell variability has important functional roles in physiological processes, such as cell 278 

decision making in stem cell differentiation and cell death. In this study, we developed a sensitivity 279 
analysis method called molecular density function perturbation (MDFP) based on introducing 280 
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time-varying mean-shift perturbations to the distribution of molecular concentrations and 281 
quantifying the effects of such perturbations on the distribution of the concentration of molecules of 282 
interest. The magnitude of the MDFP sensitivity coefficients indicates how much a perturbation to 283 
the concentration PDF of one molecule introduced at a particular time ߬ affects the concentration 284 
PDF of a molecule of interest at some time ݐ) ݐ ≥ ߬). We applied the MDFP analysis to a model of 285 
programmed cell death signalling network in HeLa cell population, to elucidate the apoptosis 286 
decision making. We used the magnitude of the sensitivity coefficients to rank the importance of 287 
each molecule in determining the concentration of cleaved PARP, an indicator of apoptosis. 288 

In the application of the MDFP analysis, we employed the Cramer von Mise distribution 289 
distance Δ஼௏ெ  in the calculation of the sensitivity coefficients. As mentioned in Material and 290 
Methods, there also exist several alternative distribution distance metrics for the sensitivity 291 
coefficients. The rankings of molecules based on the cPARP sensitivity coefficients using different 292 
distribution distances were strongly correlated with the Cramer von Mise and with each other (see 293 
Supplementary Figure S6(a)). Furthermore, the ranking of molecules using different perturbation 294 
magnitudes (1%, 10% and 100% of the mean) were in agreement with each other (see Supplementary 295 
Figure S6(b)). Thus, the conclusion of the MDFP analysis did not depend strongly on the choice of 296 
distribution distance and perturbation sizes.  297 

The MDFP analysis provides dynamic information on the bottlenecking process by revealing 298 
the molecular concentrations to which perturbations introduced at time ߬  would elicit a large 299 
change in a particular state variable of interest at ݐ. For example, referring to Fig. 4 (c), the heatmap 300 
of the MDFP sensitivity coefficient of cPARP with respect to pro-caspase-8 (C8) indicated that 301 
perturbing the distribution of pro-caspase-8 at the beginning of the experiment ߬ = 0 (hour) would 302 
cause a much higher impact on cPARP compared to perturbation delivered after ~2 hours. Fig. 6 303 
shows the effect of a positive mean-shift perturbation to C8 (ߜ =  ஼଼) at two different perturbation 304ߤ+
times, either ߬ = 0 hour or ߬ = 2.14 hours, on the mean, median and standard deviation of cPARP 305 
distribution, confirming the MDFP sensitivity analysis.  306 

 
 

Figure 6. Validation of the MDFP sensitivity analysis of cPARP. A positive mean-shift perturbation 307 
to pro-caspase-8 was given either at at ߬ = 0 hour (+) or at ߬ = 2.14 hours (ൈ). Panel (a) shows the 308 
mean, panel (b) gives the median, and panel (c) gives the standard deviation of the cPARP 309 
concentration. The unperturbed simulation is shown as solid lines (−). 310 

The MDFP analysis of the cell distribution and the GFM analysis of the nominal ODE model 311 
provided somewhat different conclusions with respect to the regulation of PARP cleavage. 312 
According to the GFM analysis, the switching dynamics of cPARP depended on the molecules 313 
upstream of MOMP, particularly the initial level of procaspase-8 (C8). On the other hand, the MDFP 314 
analysis suggested that PARP cleavage was strongly sensitive to the MOMP and the subsequent 315 
release of cytochrome C into the cytosolic compartment. As done in Figure 6, we compared 316 
perturbing the mean initial concentration of pro-caspase 8 (C8) at the initial time ߬ = 0  with 317 
perturbing the mean number of mitochondrial open pores (M*) at time ߬ = 2.14 hour, when M* 318 
levels reached steady state for more than 99% of the cells. Both perturbations were implemented 319 
using 100% positive mean-shifts. Figure 7 shows the effects of the perturbations above on the mean, 320 
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median and standard deviation of cPARP concentration. As illustrated in Figure 7, both 321 
perturbations led to similar shifts in the mean and median of cPARP, where the switch-like dynamic 322 
of PARP cleavage occurred earlier and more swiftly. Meanwhile, the perturbation to M* led to a 323 
larger drop in the standard deviation of cPARP than the perturbation to C8, i.e. cells became more 324 
alike when we increased the number of mitochondrial open pores. More importantly, while the 325 
positive mean-shift perturbation to pro-caspase-8 led to a faster cleavage of PARP, this perturbation 326 
did not affect the fraction of apoptotic versus non-apoptotic cells. Meanwhile, when we increased 327 
the number of mitochondrial open pores, the fraction of non-apoptotic cells dropped from 5.6% to 328 
3.2%. 329 

 
 

Figure 7. Comparison of GFM and MDFP analyses. A positive mean-shift perturbation was given 330 
either to pro-caspase-8 a ߬ = 0t hour (+) or to mitochondrial open pores M* at ߬ = 2.14 hours (ൈ). 331 
Panel (a) shows the mean of the cPARP concentration distribution, panel (b) gives the median, and 332 
panel (c) gives the standard deviation. The unperturbed simulation is shown as solid lines (−). 333 

Both the GFM and MDFP analysis of the cell death signalling network implicated the 334 
mitochondrial-dependent type II pathway to be the responsible mechanism of switch-like activation 335 
of PARP in HeLa cells, placing caspase-8 activation (cleavage) as the most important steps in the 336 
apoptosis decision making during pre-MOMP. This finding agreed with a previous experimental 337 
study on fractional killing by TRAIL [31,37], reporting that the activation of C8 controls the 338 
switching time of cPARP. In post-MOMP, the GFM analysis indicated that perturbations to the 339 
regulators of MOMP (upstream of M* in Figure 2) would strongly affect the PARP cleavage 340 
dynamics. On the other hand, the MDFP analysis pointed to MOMP and events post-MOMP 341 
(downstream of M* in Figure 2), including cytochrome C and Smac release from mitochondria, XIAP 342 
binding by Smac, and apoptosome formation, to be the key determinants of the cell-to-cell 343 
variability in cPARP level. The finding from the MDFP analysis is in agreement with a previous 344 
study that found XIAP to be the determining factor for the rate and extent of type-II cell death [38]. 345 
Furthermore, the results of the MDFP analysis of apoptotic and non-apoptotic subpopulations 346 
showed that perturbations to molecules executing the cell death signal after MOMP (i.e., Smac, 347 
cytochrome C, Apaf-1) had a stronger effect on the cPARP activation in the non-apoptotic cells than 348 
in the apoptotic cells. Consistent with this insight, the depletion of Apaf-1 or Apaf-1/Smac together 349 
by siRNA significantly reduced the activation of PARP in HeLa cells (see Supplementary Figure S7 350 
in [36]).  351 

As the functional significance of cell-to-cell variability is increasingly recognized and 352 
mathematical models that are able to describe cell distribution become more and more common, the 353 
MDFP analysis proposed here would provide an analytical tool to use such models for elucidating 354 
the key molecules and processes that govern the dynamics of cellular heterogeneity.  355 

Supplementary Materials: The following are available online at www.mdpi.com/link, Material S1: Probability 356 
distance metrics, Material S2: TRAIL induced programmed cell death model of Hela cells, Figure S1: GFM 357 
analysis of TRAIL induced apoptosis model during pre-MOMP (before 2.36 hours), Figure S2: GFM analysis of 358 
TRAIL induced apoptosis model during post-MOMP (after 2.36 hours), Figure S3: MDFP analysis of TRAIL 359 
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induced apoptosis model during pre-MOMP (before 1.76 hours), Figure S4: MDFP analysis of TRAIL induced 360 
apoptosis model during post-MOMP (after 1.76 hours), Figure S5: MDFP analysis of non-apoptotic Hela 361 
subpopulation, Figure S6: Spearman correlations of MDFP sensitivity coefficients using different distribution 362 
distances and perturbation sizes.  363 
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