Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 December 2017 d0i:10.20944/, rints201712.0152.v1

Unified (p, ¢) —analog of Apostol type polynomials of order «
Ugur Duran®, Mehmet Acikgoz’ and Serkan Araci®*

“Department of Mathematics, Faculty of Arts and Science,
University of Gaziantep, TR-27310 Gaziantep, Turkey
E-Mail: mtdrnugur@gmail.com
®Department of Mathematics, Faculty of Arts and Science,
University of Gaziantep, TR-27310 Gaziantep, Turkey
E-Mail: acikgoz@gantep.edu.tr
“Department of Economics, Faculty of Economics,
Administrative and Social Science,

Hasan Kalyoncu University, TR-27410 Gaziantep, Turkey
E-Mail: mtsrkn@hotmail.com
*Corresponding Author

Abstract

Motivated by Kurt’s work [Filomat 30 (4) 921-927, 2016], we first consider a class of a new generating
function for (p, ¢)-analog of Apostol type polynomials of order « including Apostol-Bernoulli, Apostol-Euler
and Apostol-Genocchi polynomials of order c. By making use of their generating function, we derive some
useful identities. We also introduce (p, ¢)-analog of Stirling numbers of second kind of order v by which we
construct a relation including aforementioned polynomials.
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1. Introduction

During the last three decades, applications of quantum calculus based on g-numbers have been studied
and investigated succesfully, densely and considerably (see [4,8,10,15,16,19-21,27,30,31]). In conjunction
with the motivation and inspiration of these applications, with the introduction of the (p, g)-number, many
mathematicians and physicists have extensively developed the theory of post quantum calculus based on
(p, ¢)-numbers along the traditional lines of classical and quantum calculus. Certainly, these (p, ¢)-numbers
cannot be derived only switching ¢ by ¢/p in g-numbers. Conversely, (p,q)-numbers are native general-
izations of g-numbers, since g-numbers may be obtained when p = 1 in the definition of (p,q)-numbers
(see [10]). In recent years, Corcino [5] studied on the (p, ¢)-extension of the binomial coefficients and also
derived some properties parallel to those of the ordinary and g-binomial coefficients, comprised horizontal
generating function, the triangular, vertical, and the horizontal recurrence relations, and the inverse and the
orthogonality relationships. Duran et al.[6] considered (p, ¢)-analogs of Bernoulli polynomials, Euler poly-
nomials and Genocchi polynomials and acquired the (p, ¢)-analogues of known earlier formulae. Duran and
Acikgoz [7] gave (p, q)-analogue of the Apostol-Bernoulli, Euler and Genocchi polynomials and derived their
some properties. Gupta [10] proposed the (p, g)-variant of the Baskakov-Kantorovich operators by means of
(p, q)-integrals and also analyzed some approximation properties of them. Milovanovi¢ et al. [22] introduced
a generalization of Beta functions under the (p, g)-calculus and committed the integral modification of the
generalized Bernstien polynomials. Sadjang [26] satisfied some properties of the (p, g)-derivatives and the
(p, q)-integrations. As an application, he presented two (p, ¢)-Taylor formulas for polynomials and derived
the fundamental theorem of (p, ¢)-calculus.

The (p, g)-number is defined as

n,,=—— ®#9.
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Notice that [n], , := [n], called as g-number in g-calculus.
The (p, q)-derivative operator given as

f (pz) — f (gz)
(p—q)x

is a lineer operator and satisfies the following properties

Dyq (f (2) g (2)) = [ (px) Dp,qg () + g (q2) Dp,qf (z) (1.2)

Dypgaf (%) 7= Dpof (x) = (x #0) with (Dy,qf) (0) = f"(0) (1.1)

and

f (x) g (px) Dp,qf (:C) —f (pm) Dp,qg (:E)
Pra <9(x)> a 9 (pz) g (q) '
The (p, q)-power basis is defined by

n . f (@+a)pz+aq)--- (p" 2+ ag" A (p" e+ ag™ ), if n>1,
(z + a)p,q " 1, if n=0,

(1.3)

or equivalently by
= En: [n] p(g)q(n;k) gjka”_k,
k=0 Lk lpg

)

Here [Z]p , and [n], ! are given by

)

] = hd sy and =l b1, (2], 1], (€ )
klpg ~ =K, K, P P.q P.q pq Hlp,g
with the initial condition [0] » q! =1.
Let
00 n " o) n "
ep.q(x) = p(2)7andE7 (z) = q( )
P nX::O [n]p,q! P nZ::O [n]p,q!

denote two types of exponential functions satisfying relations

ep,q(T)Epq(—2) =1 and -1 41 (z) = Ep ¢(2) (1.4)

and having the following (p, ¢)-derivative representations

Dy qep,q(x) = €p,q(px) and Dy o Ep ¢(x) = Ep 4(qz). (1.5)
The definite (p, ¢)-integral for a function f is defined by
k

‘ - P P
/0 f(a:)dp7q:c:(p—q)a2 Ff (qk+1a> (1.6)
k=0

with , , .
[ 1@ = [ @ da= [ f@dye

For detail studies of (p, ¢)-calculus, one can look at [2,5-8,10, 11,22, 26] and cited references therein.

Throughout the paper, let Ny, N, Z, R and C denote, respectively, the set of all nonnegative integers,
the set of all natural numbers, the set of all integers, the set of all real numbers and the set of all complex
numbers.

Apostol type polynomials and numbers firstly introduced by Apostol [1] and also Srivastava [29]. Moti-
vated by their works, many mathematicians have studied and investigated Apostol-Bernoulli, Apostol-Euler
and Apostol-Genocchi polynomials and numbers, ¢f. [1,7,9,12,14,15,17,18,20,23-25]. Also g-analogs of
Apostol type polynomials and numbers were introduced and discussed by several authors, see [4,16,20].
Moreover, (p, ¢)-analog of Apostol type polynomials and numbers were defined and investigated by Duran
and Acikgoz in [7]. Unification of classical polynomials and Apostol type polynomials were considered in
[13,14,23-25]. Further, unification of ¢-Apostol type polynomials and numbers were studied in [15].
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The Apostol-Bernoulli polynomials B, (z; A), the Apostol-Euler polynomials E,, (z; A) and the Apostol-
Genocchi polynomials G,, (z; A) are defined by means of the following Taylor series expansions about z = 0:

ZB (w;4) n! )\ez—lm’

(2] < 27r when A=1; \z| < |log /\| when A # 1)

El )\ $Z
Z (=; n! /\ez + 1

(Jz| < m when A =1;|z| < [log (=A)| when X # 1)

and

G )\ fL'Z
Z (= n! )\ez r1°
(|2 < when A =151z < log (—\)| when A # 1)
see [1,12,17,18] for further details. In the case when A = 1, aforementioned Apostol polynomials reduce to
the classical forms cf. [3,28,29, 32].

(p, q)-analogs of Apostol-Bernoulli polynomials Bg[l) (z,y; A : p,q) of order «, the Apostol-Euler polyno-

mials £ (z,y; A : p,q) of order o and the Apostol-Genocchi polynomials g (z,y; A : p,q) of order « are,
respectively, defined by Duran and Acikgoz [7], as follows:

S B (2 7 i ’
ZBn (mayaA'p7Q) n |_<)\ep’q(z)_1> epr(IZ)EI%(I(yZ)a

n=0 [ ]p,q'
(|z] < 2m when XA = 1;|z| < |log A\| when X # 1)

o0 N Z7I‘ 2 [e3%
Z E (411 p,q) a1 ()\ep . (2) + 1) €p.q (22) Epq (y2)

n=0 [ ]p,q'

(|z] < m when A =1;|z| < |log (—A)| when X # 1)

and

s z" 2z @
g’,ga) T, YN 1D, q =< ) e zz) E z
Z (z,y ) ol 1 Xepq (2) + 1 pa (22) Ep g (y2)

n=0 [ ]PaQ'
(|z] < 7 when X = 1;|z| < |log (=A)| when X # 1)

where A and « are suitable (real or complex) parameters and p, ¢ € C with the condition 0 < |¢| < |p| < 1.

In the next section, we perform to define the family of unified (p, ¢)-analog of Apostol-Bernoulli, Apostol-
Euler and Apostol-Genocchi polynomials of order «v and to investigate some properties of them. Moreover,
we consider (p, q) analog of a new generalization of Stirling numbers of the second kind of order v by which
we derive a relation including unified (p, ¢)-analog of Apostol type polynomials of order .

2. Unified (p, ¢)-analog of Apostol type polynomials of order «
Inspired by the generating function [23]

ol—ksk \ @
fé?;) (:I}f[:,k,ﬂ) = <ﬁbet_ab) ZP(a) II/' k a b) ol (kGNo,a,bGR\{O},a,ﬂ€C)
n=0 s
under conditions of the convergence
(i) If a® > 0 and k € N, then ‘t—l—blog(%)‘ <2ml®:=1,zeR,BeC

(i) If a® > 0 and k = 0, then0<1m(t+blog(§)) <oml1®:=1,z€R,BeC
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(iii) If a® < 0, then ‘t—i—blog (g)‘ <ml1*:=12eR keNy pBeC
in this paper, we consider the following Definition 1 based on (p, ¢)-numbers.

Definition 1. Unified (p,q)-analog of Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi polynomials
of order a is defined as follows:

(a) 0 (@) o 21 kzk «
TQ €, )Z7k7 D, = PO‘ Z, 7k7a’b: 9 = [ Tz E A
) (@i 2k, B p,q) Z (.Y p.q) i\ T 0w pa (€2) Ep g (y2)

(k€ Np; a,beR/{0}; a,B€C; 1*=1).

Here we investigate some special cases of 73 5 (x Yy, k,a,b:p,q) as follows:

’P(a) (x,y,k,a,b:1,q) = P (x,y,k,a,b) (cf.][15]) lim P(a) (2,0,k,a,b:1,q) = ’Pflaﬁ) (x,k,a,b) (cf[23])

n,6,q g—1-

”P(a) (r,9,1,1,1:p,q) = B (x,y; X p,q) (cf[7]) lim 7?( ) S (z,y,1,1,1:1,9) = B (x +y; \) (cf[18])

q—1

P (2,9,0,~1,1: p,q) = & (2,551 - p,q) (cf[7)) Jim. P ><m y,0,-1,1:1,q) = EY (z +y; A) (cf[18])
P (@9, 1,5 1:p.0) = G (@, 3502 p,9) (7)) i PO (29,1510 1,0) = G (2 + 43 ) (cf[23))

PN (2., 1,1,1:p,q) = By (z,y : p.q) (cf[6]) = Jim. R 0 (2,0,1,1,1:1,q) = B () (cf[28))
Pl (29,0, =1, 1:p,0) = = (g pa) (cf[6) | T P (2,0,0,—1,1:1,0) = B2 (2) (cf[28))
P (29,1 4. 1:p,9) = =G (e, : p,q) (cf[6) qlir{lf Pe) (2,0,1, 4, 1:1,q) = Gi) () (¢f[32)

qlgg_Pnf (£,0,1,1,1: 1,q) = By, (z) (cf[3)) qgr{l_m 1 (2,0,0,-1,1: 1,q) = By (z) (cf[3])

‘We note that
P(IB (z,y,k,a,b:p,q) :=Pns(z,y,k,a,b:p,q)

which are called unified (p, ¢)-analog of Apostol type polynomials.
We give the following four Lemmas 1-4 without proofs, since they can be proved by using Definition 1.

Lemma 1. We have

’PJ(?B) (0’ Y, k,a,b:p, Q) Jin*jp(n;]);

-

P (wy, koabipg) =

=0 L pq
= S "] P (2,0,ka,b:p,q)y" g™,
=0 LI pg
= Y 0| P 0.0kabipg) @+, (2.1)
=0 LI pg
Lemma 2. (Addition property) For a,p € N, "P( )(a; Yy, k,a,b:p,q) satisfies the following relation:
Pﬁag“) (z,9,k,a,b:p,q) = [n} PJ(-QB) (z,0,k,a,b:p,q )737(L“)Jﬁ 0,9,k,a,b:p,q).
, o g 7
It follows from Lemma 2 that
PO @y kyab:p.g) = (x +y)l,. (2.2)
Lemma 3. (Derivative properties) We have
P;qy P( B(x y’k a, b D, q ) = [n]p,qpfzoi)l’ﬁ (px7y7kaa/7b:p7q)7

[n]p’q P(Oi)lﬁ (z,qy,k,a,b:p,q) .

n

Dy,qzy P(ﬁ(m Y, k,a,b:p,q)
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Lemma 4. (Difference equation) We have

2k=1n] |
(a Pyq bp(a) . bp(a
Pnﬁ (O y’kab b,q )_ [’I’L+I€] ' (/6 Pn+k;,ﬂ(1ay7k7a’ab'pa )_a’P+kﬁ(0 y7ka’b D, q ))) (23)
o k—1 [n] N
P D(:z:,—l,k,a,b:p,q):i[ . (ﬁbpfljw(x,o,k,a,b;p, q) — a"P, 5 (x,~ L kab:p.g )).

From Lemma 1 and Lemma 3, we obtain the following Theorem 1.

Theorem 1. We have

[n + K] a— ok n+k ntk—3\ (o
216_171”17?( Y (anak,aabIPJI) :Bbz [ : ] p( 2 )77;75) (0,y,k,a,b:p,q)—a bp! +k5(0 Yy, k,a,b:p,q).
(], 4! ot A P
(2.4)

Corollary 1. Upon setting o = 1 in FEq. (2.4) gives the following relation

Qk—l[ ] n+k n—l— k e

yn = —M bz p( 2 ])P],ﬁ (07y7kaa7b:pa Q) _abP’l’L-‘rk,ﬁ (07y7kaa/7b:p7 Q)
q(®)
[n+ k] P.q

Here is a recurrence relation of unified (p, ¢)-analog of Apostol type polynomials by the following theorem.
Theorem 2. The following relationship holds true for P g (x,y,k,a,b:p,q):

“[n n—j [n} ! _ n—
abP’rL,,@ (x7yak7a7b - D, q) = ﬁbz |: :| q( 2 )Pju,ﬁ (xvyak7a7b P, q) - %21 k (l’ + y)p,qk

p.q

Proof. Since

ab Bb 1
(ﬁ €p,q (2) a)ep,q(z) Bepq(z) —a ep,q (2)’
we have
91— kzkabep q (:rz) Ep q (yz) _ 21*k2kﬂbep7q (xz) Ep,q (yz) 9l—k ,k €pa (mz) Ep,q (yz)
(B0 (2) = a*) €5 (2) Bepa (2) —a” e
21—k 2k 21=kske (22)E, . (yz )
abb—bepvq (x2) Epq(yz) = B° s (22) pf ( )ep,q (2) =217 %2 e, 4 (22) Epq (y2).-
Ferq(e) —a Bepq (2) —a

From here we derive that

o0
ab an,ﬁ (:Cayvkaa,b D, q) #
n=0 b,q
e Zn-i—k
= ") Pus(zyka,b:p,q) m ,Zp PSR
n=0 P4’ n=0 = p.q°
Using Cauchy product and then equating the coefficients of o ] completes the proof. O

We provide now the following explicit formula for unified (p,¢)-analog of Apostol type polynomials of
order «.
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Theorem 3. The unified polynomial ’PT(L(X[; (z,y,k,a,b: p,q) holds the following relation:
n n 2k71 ['ﬂ]

P @y koabipg) = > L]

§j=0 Pyq

j+k
+k jtk—s
<6 Z |:] :| p( 2 ),Psﬁ (x7y7k7avb:p7Q) _aij+k,ﬁ (xayvkaaab:pvq)> .
p.q

Proof. The proof of this theorem is derived from the Eq. (2.1) and Theorem 2. So we omit the proof. [

P,q" p(a)
777 - (0,0,k,a,b:
A, "5(0,0,k,a,b:p,q)

The (p, q)-integral representations of 737(102 (x,y,k,a,b: p,q) are given in the following theorem.

Theorem 4. (Integral representations)We have

7)7(10‘)1 E7yak:7a7b:p7q _P,sa) E,y,k,a,b:p,q
/ P @y kb p ) dye = — (p ) A (p )

[n+ 1]p7q
o Py (2.2 kabip,q) =Py (2.4 k0 p0)
Pois @,y k a,b:p,q) dp gy : : :
/u 7 e [n+1],,
Proof. By using Lemma 3 and Eq. (1.6), the proof can be easily proved. So we omit it. O

The following theorem involves in the recurrence relationship for unified (p, ¢)-analog of Apostol type
polynomials of order a.

Theorem 5. (Recurrence relationship) The following equality is true for n,k € Ny:
n n n—j _ n n n—j )
oY1 I okaipa - 31| oI wipG @ kasing  @5)
=0 LI 1pg =0 LI pg
2l=kipl 1nkr. L n—k—j\ .
= % |:n :| p( 2 )mJJ’_kP](%_l) ($7_1,k7a;b1p7Q)'
[n— ]p,q' §=0 T Ipg
Proof. Based on the proof technique of Mahmudov in [19], we consider

Zp(a 1)( —1,k,a,b:p,q [n 'Zp n]

P4 n=0

_ ( 21—k (mz)]C )a Bbep,q (mz) —a®

ﬂbenq (mz) —ab 21—k (mz)k
k—1 1-k k o
= : k [Bb ( 2 (mz) ) ep,q (M2) €pq (2)

(mz) ey q (mz) — a®

_ab ( 21 (m2)"

,Bbep q (mz) —ab

Paq

ep,q (Mx2) Ep g (—mz) €pq (2)

) ep,q (xmz) By g (—mz) epq (z)]
P
z 5 1

Matching coefficients Wn‘ of both sides gives desired result. (|
P,q°

n

k;f
_ 2 lﬂbZP(a) (2,0,k,a,b: p,q

’I'L

—abzpff —1,k,a,b:p,q
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In the case @ = 1 in Theorem 5, we get the following result

ﬁ"Zm p(”2j)mj7>j,ﬁ<x7o,k,a,b:p,q>—a”2m P i (@~ kabipg)  (26)
=0 P.q =0 P.q

_Q_J)TnJHC (z— 1);0

B 21—k [n]p’q! n—k |:1’L . k‘:|
p,q .

[n - k]p,q! j=0 j

Now we are in a position to state some recurrence relationships for the unified (p, ¢)-analog of Apostol
type polynomials as follows.

Theorem 6. The following recurrence relation holds true for n,k € Ng and x,y € R:

- q_q
Pn-‘rl,ﬂ (xaya k7a’a b D, Q) = qup kpn,ﬁ (pz7 ];y7 ka a7b D, Q> (27)
_r K] _
+pn+1 kﬁpn+1,@ ($7y, k7a, b P, (Z) + mqkpn kpn,ﬁ (xvya k; a, b 2 q)
n n+k k
k16b pq 'Z{nJr ] Pis(@,y,k,a,b:p,q) ¢p" I Ppyr—jz(1,0,k,a,b:p,q),
pq j=0 Pq

Proof. By using the same method of Kurt’s work [15], for & = 1 in Definition 1, applying (p, ¢)-derivative
operator to P, g (x,y,k,a,b: p,q), with respect to z, and using (1.2) and (1.3) yields to

Dp,q;z’r((zl,l); (z,y;2:k,8: p,q)

217kzkr
= Dpge W%,q (x2) Epq (y2)

(8.0 (42) = @*) Dz (Fep (32) By (52)) = (02" €0 (632) Epg (ay2) Dpgiz (Bepa () — a?)
(Bepa (02) = a?) (B'epq (a2) — a?)
g1k q" 2" [wep g (2p2) Epq (Yp2) + yep.q (242) Bp g (y42)] + epq (xpz) By q (yp2) [K], , 2
(ﬂbep,q (pz) — a”)
_21_k(q2)kep,q (972) Bpg (qyz)  Blepq(p2)
(Brepala) —ar)  (Bepq (v2) - o)

In conjunction with some basic mathematical computations, we have

2l—k

k—1

n

z
Z,Pn-l-lﬂ(x:%kabpv)[] = %Z,Pﬁ.’l?y,kdbp,)
p,q'

R .
+y kZP,g( y,kab D,q >p 7] !+ pi’qan,g(x,y,k,a,b:p,q)p
P.q n=0

n

8P —
—28 k Z Z j Pjs (way,kaa’b °Ds q) q’p" kpn*jﬁ (mvgbk,avb 2 q)
p,q

= | 2o
Checking against the coefficients of w1 } T We obtain the desired result. O

We now give the following Theorem 7.
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Theorem 7. Forn € Ny and z,y € R, the following formulas are valid:

251 [n] 1L [n Tk

(@) . —
Pn,ﬁ (xayykaaab'paq) - [n+k]

| :| P’n-}—k—s,ﬁ (Oamyvkaa/7b D, Q) m*"
4" s=0 5 P,q

5b§jﬂ p@m=ip (2,0,k,0,b: p,g) — P (3,0, k,a,b : p, )

j=0

and

2k=1[n] ! R 4k
’P(O‘)(ﬂcykab:pq) = MZ[ ] Prik—s.p (mz,0,k,a,b:p,q)m°™"

n, sy Yy vy Uy ) n+k—s,B s Uy vy Uy D, q
[+ k], ! s=0 5 lpg
" [s j
8> [J] P 5 (0,9, k,a.b:p,q) pEIm 7 — aPPL%Y) (0,4, k,a,b: p, q)
j=0 p.q

Proof. This proof can be made by using the same method of Mahmudov [19]. So we omit it. O

Combining Theorem 5 with Theorem 7 gives the following theorem.

Theorem 8. We have

o 2k71 [n] ! n+k n+ k
Pr(hﬁ) (‘T7y7k7aab - D, q) = ﬁk]nq' Z |: s :| P’rrHCfS,,B <0amy7kaa7b D, q) ms_n
T s=0 P,
21k [ _k s—k—j\ .
P pq |Z [s } P( 2 )mHkPJ(-%_l) (z,-1,k,a,b:p,q)
m* [s — p,q =0 p,q

“ s s—=J (o N
+a’ ) [ } (2 miPs) (@, 1 kb p.g) — a"PLY 2,0,k a,b: p.g)

p.q

In the case when o = 1 in Theorem 8, we have the following corollary.

Corollary 2. We have

25, N Ttk
,Pn76 (Jj,y,k,G,,b *Ds q) = [n_'_ik]p’q' |: s :| P’n-‘rk—syﬂ (O,myvk,a,b D, q) ms_"
P4 s=0 2}
21 k s—k k s—k—j . ‘
s ] mels—k| | [s } o )mHk(x—l)i»q
m* s — k. ¢! j=0 .

a s=j) .
+abz |:8:| p( ’ )mJPj’ﬁ (iC, _l’k’G"b °p q) - a‘b,PSﬁ (iU,O, kvaab 2 q)

D.q
Let us define (p, ¢)-analog of Stirling numbers of the second kind of order v as follows.

Definition 2. (p,q)-analog of Stirling numbers S, 4 (n,v;a,b, 8) of the second kind of order v is defined by
means of the following generating function:

0 n B, 4 (2) — a® :
ZSp,q(n,v;a,b,ﬁ) [n? ':( X ) )

P,q° [U]qu!

A correlation between the family of unified polynomials ’P( B (z,y,k,a,b: p,q) and the generalized (p, q)-
Stirling numbers S, 4 (n, v;a,b, B) of the second kind of order v is presented in following Theorem 9.
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Theorem 9. The following relationship
(a) (k—1)v [U]p,q! - [j}p’q (a+v) .
Pn Ukﬁ(m yvkab b, q ):2 L | n ,Pjﬁ (x,y7k)a)b:p’q)Spyq(n_]’v;avbaﬂ)
[U ]p,q' 7=0 [kv]p,q
18 true.
Proof. 1t follows from Definition 2 that
ST P (@,y,k,a,b: p,q) 7”,
n=0 7 [n]pﬂ'
v
( Es )a (22) Ep 4 (y2) (ﬂbep’q () - ab) (2" M) [0],q!
= b b €p,q \(TZ p,q \YZ 1—Fk k\Y ] v
Blepq(2) —a (217F25) (o], ¢! (Bbep,q (2) — ab)
_ M (a+v) .
= 21 by’ Z’P (x,y,k,a,b:p,q) [n]pq'ZSP’qnvabﬁ)H
4 n=0 P7q
n—vk
= 2k=Drpy] ZZ [ ] P (@b a.b s pg) Spy (n— G.via,b,8) T
n=0 j=0 p:q [n}PaQ'
Equating the coefficients 2"~ % of both sides gives the desired result. |

In the case when a = 0 in Theorem 9, we have the following corollary.
Corollary 3. The following correlation holds true:

n

91— k)v[ k} ! n—vk __ [j}qu (v) k.a.b: S —ivab
($+y)p,q - Z n 7)_7,5 (zay7 y @y iy Q) p,q (n ]’U7a7 7ﬂ)
[’U]pvq 3=0 I:’L)k]p7q

3. Conclusion

In this paper, we have introduced unified (p, ¢)-analog of Apostol type polynomials of order ce. We have also
analyzed some properties of them including addition property, derivative properties, recurrence relationships,
integral representations and so on. By defining the generalized (p, ¢)-Stirling numbers of the second kind of
order v, a correlation between these numbers and unified (p, ¢)-analog of Apostol type polynomials of order
« is obtained. We note that the results obtained here reduce to known results of unified ¢-polynomials when
p = 1. Also, when ¢ — p = 1, our results in this paper turn into the unified Apostol-Bernoulli, Apostol-Euler
and Apostol-Genocchi polynomials.
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