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Abstract

In this paper, we develop the theory of the multiple g-analogue of the Heine’s binomial
formula, chain rule and Leibnitz’s rule. We also derive many useful definitions and results
involving multiple g-antiderivative and multiple g-Jackson’s integral. Finally, we list here
multiple g-analogue of some elementary functions including trigonometric functions and hy-
perbolic functions. This may be a good consideration in developing the multiple g-calculus
in combinatorics, number theory and other fields of mathematics.

2010 Mathematics Subject Classification: 05A30, 33A10.
Key Words and Phrases. Quantum calculus; Multiple quantum calculus; Trigonometric
functions; Hyperbolic functions; Jackson’s integral.

1. Introduction

In the year 1910, Jackson [11] first considered the g-difference calculus (or the so-called
quantum calculus), which is an old subject. From Jackson’s time to the present, this the-
ory was widely-investigated in the theory of special functions, differential equations (also
fractional differential equations), and other related theories: that is, quantum calculus (also
known as ¢-calculus) was one of the most active area of research in the physics and mathe-
matics. While one takes care of g-calculus with one base ¢, Nalci [5] concerned with multiple
g-calculus for the functions including independent several variables. Thereby, the necessity
of multiple g-calculus has been emerged in several physical and mathematical problems.

We now review briefly some concepts of the multiple g-calculus taken in [5].

© 2017 by the author(s). Distributed under a Creative Commons CC BY license.
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Throughout the paper, the indexes ¢ and j will be considered as
i=1,2---,Nandj=1,2--- N.

Let ¢ := (q1,¢2, - - ,qn). Then the multiple g-number (a generalization of g-number) is
defined by

4 =4
[n]q"’qj oG- q

It is clear that [n] . These numbers are represented as

9i59; - [n]Qjafh‘

[n] aL,q [n]ql,qz T [n]q1,qw
O I .
[n]qwm [n]qz\r,qz o [n]QN#IN

where ¢ denotes the number of rows and j denotes the number of columns.
One can see that the diagonal terms of the matrix can be considered as the limit ¢; — ¢;:
that is,

n n

lim [n — lim =Y —p n-t 1.2
Jim [l = Jim T g (12)

from which, by the Egs. (1.1) and (1.2), we have

ngy [n]m,qf o [n]ql,qw
([n]q q,> = [n](127q1 gz o [n]qz,qn
1,45 P P e .«
7] AN g1 [n]qw,qz o nq}:fil
In view of multiple ¢-calculus, multiple ¢-derivative is defined by the following linear
operator:
f@ir) — f(g;2)
in,qu(x) = ! ) (13)
4i — qj
representing N x N matrix of multiple g-derivative operators D := (in,qj) which is sym-
metric, Dy, o = Dy, 4
Df]l#]l D‘117q2 DfIl,lIN
(Dq~ q‘) — quh quQQ e qulN
54] “ e PN “ e “ e
DQN7q1 quv,qz DQN7QN

~—

The multiple g-analogue of (z — a)" (also can be called multiple g-binomial formula) is

given by

n—1

@) - g gae) - (2 - qigf a)(z - ¢f ha), ifn > 1
(x—a)! = { 1 J J Fr—0 (1.4)
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so that
norn k(k—1)
n o k ——— ,.n—k_k _
@-a, =X [1]  Dan) T et (wa = ar)
k=0 4,45
where the notations [} ] s (called multiple ¢-Gauss Binomial coefficients) and [n] ! (called
3,45 (2

multiple ¢-factorial) are defined by
|

n [n]q q;°
— 1147 n > k
[k]qi’Qj [TL o k]Qi:qj! [k]q’th! ( B )
[n]lh,q]'! - [n]qz'ﬂj [n B 1]111'7(1]' T [2]%7‘1]' [1]%%‘ (n € N) '

The multiple g-exponential functions are introduced by

o] 1 "

e‘li‘]j (ZE) = Z() [77/] 'ZE (15)
n= Qisdj°
0 1 n(n—1) n

EQin (Jf) = ZO [TL] ] (C_ZZQJ) 2 X (16)
n= Qisg5°

whose multiple g-derivatives, respectively, are as follows:

%, Dy, q,2" = 1 n—1
in7QjeQin (x) = X2 T ) — L = C4iq; (2)
n=0 [n]Qi:le' n=1 [n 1]%%"
and
= nn=1) D, ¢, 2"
DQiﬂ]qu«Lle ($) = 7;0 (qzq]) 2 [n] - |
= qi,q;°

0 (n—1)(n—2) (q-q~)"*1 2"t
= > (@g) > #
n=1 qiq;°

= qu'q]‘ (Qiqjx)'

Under circumstance commutative x and y (xy = yz), we have addition formula

€qi; (T T Y)gia; = €qiq;(T) Egiq; (). (1.7)
The multiple g-integral (a generalization of Jackson’s integral) is given by

[r(E)twr=t-a) 5 25 (qq—> . (1.8

qi 9 k=0 q i

- (2
Let f () = > 7o, axz® be a formal power series. Then it has multiple g-integral represen-

tation as follows:
00 E+1
dnr =S e o
[ 1wy =3 T,

where C' is a constant.
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Taking here ¢; = ¢ and ¢; = 1 for indexes 7 and j in the case N = 1, then all notations
given in this part reduce to the notations of the usual g-calculus (see, for details, [1], [2], [3],
41, (6], [8], [9], [10)).

Recently, Nalci [5] has represented multiple g-calculus and investigated many important
notions and results in the course of developing multiple g-calculus along the traditional lines
of g-calculus. In [7], Acikgoz et al. also considered some new identities involving a new class
of some special polynomials in the light of multiple g-calculus. They also derived a further
investigation of some new identities related to multiple ¢g-Jackson integral.

In this paper, we develop the theory of the multiple g-analogue of the Heine’s binomial
formula, chain rule and Leibnitz’s rule. We also derive many useful definitions and results
involving multiple g-antiderivative and multiple g-Jackson’s integral. Finally, we list here
multiple g-analogue of some elementary functions including trigonometric functions and hy-
perbolic functions. This may be a good consideration in developing the multiple ¢-calculus
in combinatorics, number theory and other fields of mathematics.

2. Generalizations of some elementary functions belonging to g-calculus

As it has been g-calculus, there doesn’t exist a general chain rule for multiple ¢-derivatives.
That is, if we consider the function f(u(z)), where u = u(x) = Ax* with A, u being constants,
we have a chain rule as special cases:

Bty Bt
Dy, q, [ flu(z))] = Dy, q, [f (Aa)] = 1 zZ(C)h —J;E;\x qj)
fQatq) — f(Axtqf) Aatq — Aatq)f
Axtg — Avirg (g — g5)
flug) = flugy) u(giw) — u(g;)
ugl —ugy (g —qj)

which gives

Dyoay J(u(@) = (Dt g ) (w(2)).Dy (). (2.1)

Conversely, if we consider the function u(z) = 2%+ z? or u(x) = cos z, the quantity u(g;x)
and u(g;x) can not be derived in terms of u in a basic way, and thereby it is impossible to
write a general chain rule.

Now let us investigate the derivative of the function W For any integer n, we have

93,95

1 1
Do = D, .. —n
qi,qj ((37 - a)&,q;) e <(.T -4 (q?a))gi7qj>

P n_n —n
- qu',qg‘ (:C - qj q; a)qian
—n—1

—n—1

= - (QJQZ)_n [n]%’,q]' (CU - (q]qz)n a)Qi:qj )
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where
1

('/'U - Qi_na)gi,q]' .

(2 = gja)yy, =

By the similar way, we have for n > 0:

n n M —n n
Dyogy(a =)y = Doy ((-1)"(0:0) ™5 (@ = (i)' "), )
n n.(n—1) _n
= (=1)"(aiq)) (1] 4,0, (& = (@gy) "a)y
- [n]Qi7Qj (Qiqﬂ')ni%qiflqjila - x);jqi

= — [n]qi7qj (a - QzQym)Z;qi

n—1

and

1 —Dy, q;(a—2)7
Dyo | — ) = 00,0~ gy, (2.2)
qi,95 (a _ .T)n

qi,qj (a’ o qix)’gliv(]j (a - qfx)gi#h'
[n]qi,qj (a— qz’qix)gi,_qi'

(a/ - qix)gi,qj (a - qjx)givlb'

n| . ..
= - | ]q”qJ (2.3)
(a—gz)(a—qz)y
(240,
= (2.4)
(a’ - q]x)q:_qu

Taking the value a = 1 in the Eq. (2.2), we derive multiple g-derivative of k-th order as
follows:

Dk 1 _ [n]q'i:‘b‘ [+ 1]%%‘ etk 1]%‘” (2.5)
awar | (1 — x)gijqj (1- fo)ﬁiq’?

In the case z = 0 in the Eq. (2.5), it gives

[n]ql_,qj [n + l]qhqj e n+ k= 1]%% . (2.6)
By the Eq. (2.6), we have, i.e., a Taylor expansion for W about x = 0:
45,45
1 = [n]qi’qj [n + 1]%% e n4k— 1]%%, o
K

o= (1_Q)Q (n—k)k K _ 9

= % 4 x Q==

k=0 (1—Q)g i

which is called Heine’s multiple ¢g-Binomial formula.
We now give the multiple g-analogue of Leibnitz rule as follows.
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Theorem 1. Let f(x) and g(x) be n-times multiple q-differentiable functions. Then (fg) ()
18 also n-times multiple q-differentiable and

Dy (f9) (2) = 3 [Z]qq Dy, (F) (wai™") Dy (9) (245) -

Proof. The theorem is proved by mathematical induction method. Firstly, for n = 1, one
can without difficulty see that Theorem 1 is true. Assume that Theorem 1 is true for n = m.
Then it holds also true for n = m + 1 using the case n = m and the Eq. (2.1), because

Dyt (£9) (@) = Dy, (Dfly, (f9) ()

445 (Z [Z]Mj Dt (f) (xa)™*) DI K (g) (ad ))

k=0
= Sl 5 e ) D ) (e
0 i,d;
+ DL, (F) (g1 F) Dt () (o)) o

g m m+1— m+1—
= 23], P (D (™), DL ) (o) o)

I
S

m+1
+ Z {km ] q;n—i—l—kDéci’qj (f) (xqzm-i-l—k) D;r;;jl—k (9) (wqf)
9isq;
= [ (eg"™") DG} (9) (@)

L[ mti—k | T k m+1—k\ rym+1—k k
* ; {qj [ k ] -4 T [k — 1] qi,Qj} Dy, (f) (qu‘ ) Do (9) (xqj)

+D54 ! (f) (@) g (2g7"™)

i m+1
- Z [ k } D§i7Qj (f) ("Eqrﬂ_k) Dg:;jl_k (9) (qu) .
4,05

k=0
U

Corollary 1. Each multiple q-binomial coefficient is a polynomial including the parameters
¢ and q; of degree k(n — k) whose leading coefficient is 1.

Proof. To prove this, we firstly consider for any nonnegative integer n, as follows:

n n
o), 7 1a],, 7
qi,9; 9i,9;

which is obviously a polynomial. By making use of multiple ¢g-Pascal rules and induction

onn, forany 1 < k < n-—1, Z is the sum of two polynomials, hence is itself a
4i 45
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polynomial. The multiple ¢-binomial coefficient has the following explicit expression:

{ n } _ [n]Qiy‘Ij n - Hqi»qj o=kt 1]qi,qj o (an - Q?) (q{“l — q?fl) e (q{“’”l _ q;L—lHl)
ir5

k [k]qi,qj L 1]%% e [1]‘11‘:‘]]‘ - (qfC - qf) (qfil - Q;'Cil) (g — Qj)
(2.7)

Since both the numerator and denominator of (2.7) are polynomials based on the parame-

ters ¢; and ¢; with leading coefficient 1, so is their quotient. Finally, the degree of { Z }
qi,q5

in ¢; and g; is the difference of the degrees of numerator and denominator: that is,

m+nm—1)+--(n—k+1)]-[k+(k—-1)+---1=(n—k)k.
Therefore, we conclude the proof of the corollary. O

In the other hand, we consider Corollary 1 in the following form:
aoqg'nik)k + aa1g; B Oék(n—k)—l%qz(nik)kil + O‘k(n—k)qz‘(nik)k (2.8)
n n n—1 n—1 n—k+1 n—k+1
(" —qf) (@ =) - (@™ =g ™)
(@ —a) (@ —a7) (0 — )

By changing ¢; by é and g; by qij, also multiply both sides by (qiqj)(”’k)k
observe that the right-hand side will be unchanged, while the left-hand side,

, 1t is easy to

aoqz(nfk)k + Oﬂqffnik)kil%' +ot Oék(n—k)—lQiq](‘nik)kil + Ozk(n_k)qj(»"*k)k, (2.9)

has the sequence of coefficient «,, reversed in order. If we compare the coefficients of the

Egs. (2.8) and (2.9), we acquire the coefficients in the polynomial expression of { Z }

qi,q;
that are symmetric:

Oy = O(n—k)k
a1 = Qn—k)k-1
Qo = O(pn—k)k—2

i'ea Om = C(n—k)k—m-
Note that the multiple ¢g-binomial coefficients also have combinatorial interpretations like
g-binomial coefficients.

3. Multiple ¢- Antiderivative

Some information and useful methods in this section will be utilized from the book [6].
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Definition 1. The function F(x) is a q-antiderivative of f(x) if Dy, o F(v) = f(x). It is

shown by
qi %

Proposition 1. Let 0 < % < 1. Then, any function f(x) has at most one multiple q-
antideriwative which is continuous at x = 0, up to adding a constant.

Proof. Let us consider F; and F, as two multiple g-antiderivatives of f, which are both
continuous at 0. Let @ = F} — F5, which also must be continuous at 0. Moreover

Dy, q;@ (2) = Doy q, (F1 (x) = F3 (2)) = f (2) = f(2) =0
implies that w (¢;x) = w (g;x) for any z. For some U > 0, let

s = inf{w(wﬂﬁUSxSU},

(2

S = sup{w(x)|%U§x§U},

which may be infinity if @ is unbounded above and/or below. It should be clear that because
of s # .S, @ (0) can not be both s and S. Tt is not problem that we select s or S, so we can
suppose @ (0) # s. By the definition of continuous at = = 0, for every € > 0 there exists a
0 > 0 such that

s+e ¢ w(0,0).

N
However there exists for some sufficiently N such that (%) U < 9, which implies that

k3

stee(s,S)Cw {Q—JUU} - [(@)NH U, (@)NU

) q; q;

C w(0,9),

bringing about a contradiction. So, we have s = S, w is a constant in that @ [%U, U },

which shows that F; — F5 is also constant everywhere. O

4. Multiple ¢-Jackson Integral

By the expression of the Eq. (1.8), we develop a more general formula:

T T = qfx Qf CIf
Z\pD. “Vdexr = P——T x| D, ,. T

/f <q2> 4,459 <Qz> 4 (q qJ>kZ; qZ{cﬂf gt 4.0;9 s
g (%) =g (_x)

e () e

e g
g (@i — qj) ql_v+1x


http://dx.doi.org/10.20944/preprints201712.0148.v1
http://www.pmf.ni.ac.rs/pmf/publikacije/filomat/2018/32-1/32-1-1-3562.pdf
http://dx.doi.org/10.20944/preprints201712.0148.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 December 2017 d0i:10.20944/preprints201712.0148.v1

Research on Some New Results Arising from Multiple g-Calculus 9

and also

JrQman (o -53 () o () -+ ()

Theorem 2. Let ¢;,q; € (0,1) with 0 < % < 1 and let |f(x)z"| be bounded on the interval

(0, A] for some 0 < 1 < 1. Then the Jackson integral defined by (1.8) converges to a function
F(z) on (0, A], which is a multiple q-antiderivative of f(x). Moreover, F(x) is continuous
at x = 0 with F(0) = 0.

Proof. Suppose |f(z)z"| < M on (0, A] and fix 0 < x < A. Then for k£ > 0,

Hence, for any 0 < z < A, we get

4 ¢ FAYE A 1 (¢ 7\
flaia)|<m =Mz —— [ 2] . (4.1)
P gt )\ (¢77) \a&

If we write in the following sum including Jackson integral that is majorized by a conver-
gent geometric series. Then, (1.8) converges pointwise to some functions. Namely, one can
see without difficulty that F'(0) = 0. It is the fact that F'(z) is continuous at x = 0, i.e.,
F(z) approaches zero as x — 0 using (4.1), for 0 <z < A as

(Qi - Qj) Z k+1f qk+1 < | - q]| |ZE| Z k+1 kil

= 7 z

00 1 ql._T b
< g — gl x| X2 Ma™——— | 5=
TS (") \ &

i = 4l ey —
7 J (qll_T)l_ (@)17"
qi
[l

We now give the following theorem in order to verify F' (x) being a multiple g-antiderivative

of f(z).

Theorem 3. The definition of q-multiple Jackson integral given in (1.8) presents a q-
antiderivatives of f(x).
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Proof. 1t is sufficient to check that

1 00 qTq; qT oo q7+1 qTJrl
in:qu(x) = m ((QZ - Qj)‘[é:0 ;T (q_im) - (Qi - QJ) Z ;7—4_1 f 1—4_111

T T+1 T+1
4q; x4 4q;
- £4(%e) - 50y (U
T= Oqz qz T= 0q1+1 ql+1
= fla).
This completes the proof of the Theorem. 0

Notice that the multiple ¢-differentiation is valid provided that z € (0, A] and 0 < % <1,
then 7 € (0, AJ.

By Proposition 1, if the hypothesis of Theorem 2 is satisfied, the ¢-multiple Jackson
integral gives the unique multiple g-antiderivative being continuous at = 0, up to adding a
constant. On the other hand, if we know that I’ (z) is a multiple ¢-antiderivative of f () and
F (z) is continuous at x = 0, F'(z) must be given, up to adding a constant. By ¢-multiple
Jackson’s formula (1.8), since a partial sum of the g-multiple Jackson integral is

N T N q;-
G-a)3 5 () — - 0) % TP @)y

=0 4; 4q; =0 4; PEa
K3

T T7+1
F<q_jT$> _F<qu+1 )]
4q; q;

approaching to F'(x) — F' (0) as N — oo, by the continuity of F'(z) at the case x = 0.
We now give an example to see in which the g-multiple Jackson formula fails.

Let f(x) =1/x. We have
1 (% — a))
—dyr = —7=- log(x
/x ai log(Z) (z)

since

D1 _ log(gqiw) — log(q;z) 108;(%) 1
ai,q; 108 L = - -
(4 — g)x (¢ —gq;) @

However, the ¢g-multiple Jackson formula gives

1 oo
[ e - Z -
Finally, the formula fails because f(x)z” is not bounded for any 0 < 7 < 1. Note that
log x is not continuous at the case x = 0.
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5. Multiple ¢-Trigonometric Functions

The multiple g-analogues of the sine, cosine, tangent and cotangent functions can be
defined in the same manner with their well known Euler expressions of the exponential
functions.

Definition 2. Leti =+/—1. Then two pairs of multiple q-trigonometric functions are defined

by
. e‘Zin (ISU) - eqiqj(_ix) qu'qj‘ (l%) - qu'qg'(_ix)
Sing, ¢, © 1= - SINg, 4. © == -
21 / 21
oS o= eqiqj (lx) + eqiqj<_lm) COS T o= qu'qj‘ (ICC) + qu‘q]'(_m:)
qi,9; T 2 qi,9q; T 2
sing, .. x SIN, . = (5.1)
tang, . v 1= — A TANg, ¢ 7 = — A
CO8g;,q; L %gss’qqu z
COSq, q; T aia; v
coty, o T 1= ———2 COo7T,, , ©v:=——22—.
qi,4; Sinqi7qj T qi,95 SINqi,qj T

We now give a representation of N X N matrix of sin,, ,. including sin functions elements
as in the following form.

SMg,qp £ Sy g T -+ Sllg g T
. S1n X Sin xr v S11 xr
(smq. ” ZL‘) — 92,91 42,92 q2,4N
i,dj - ...
Sigy,qy £ SMgy,g T 0 Slllgy gy T

Note that one can represent N x N matrix of other multiple g-trigonometric functions as
in the above.

Definition 3. Two pairs of multiple q-hyperbolic functions are defined by

Siﬂhqi,qj = €qiq; (x) - etIith(_x) SINH%Q]. r = Eqiqj (x) _2EQin (_33)

coshy, 4 @ = €qiq; () +26(Ii‘1j(_$) COSH,,,, v = By, () +2EQiCIj<_$)

tanh. . 1 — sinhg, 4, © TANH. - 1 — SINH, 4, « (5.2)
o coshy, 4, © 909 COSH,, 4, ©

cothg,q, = = % COTHy, 4, = = —CS?I\TS;IIZ;:.;

By Definition 3, we readily see that

’ el]iq]' ((L’) - COShqz'#Ij T+ Sinht]z‘#]j o ‘ El]#]j (l’) = COSHQMH T+ SINH%%‘ o ‘

We now give here a representation of N x N matrix of sinh,, ,; including sinh functions
elements as in the following form
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Slnhql,fh z Slnhfh @ Slnhql,!IN Y
. sinh x sinh sinh T
(Slnhqz. " m) — 92,91 42,92 L 92,9N
147 .o .. PP
sinhg, 4,  sinhg, g @ -+ sinhg, ¢ @

Note that one can represent N x N matrix of other multiple ¢-hyperbolic functions as in
the above.

We now list intriguing identities for trigonometric and hyperbolic functions under the
theory of multiple g-theory as follows.

— (=D -
sin T " sinh,, _—
w0 ? =D ] v ? =2 G ]
° (—]_)n (2n+1)2n e (qq)% x2n+1
SINg, 4. ¢ = ——(qiq;) 2 x?vt1 | SINH . e
145 ;) 20+ 1], ! / it ; 2n +1],, !
o0 (_1)” ) o0 x2n
COSq, q; T = Z — " coshy, o v =
’ n=0 [2n]qivq3'! ’ n=0 [2”]%7%'
2n(2n—1
= (=1)" mEn-1) d (qzq] &= 2
COSg,q; @ = Z W (gig)) = = COSHy, 4, ® Z on]
n:01 qi,49; : 0 qz’qJ
Squi7qj €r .= m CSqu,q]- €r .= m
147 1)
SEC,, 4, T == 55— CSCy g, T 1= g
%0 COSqi,qj T %95 SIquiyqjx
sechq“qj = coshy o cschq“q] smhq -
2 ] ) ]
SECH,, ;v == 57— CSCHy, ¢, = oo
% COSHq“q] %0 SINHq“q]
sinhg, o, ¥ = —ising, 4 (ir) : .
’ ’ ; — 1l and ¢ — ¢ for N =1 | sinhz = —isin(iz)

SINH,,,, & = —iSIN, . (i) | ”
coshy, ¢, & = cosy, 4, (i7)
COSH,, 4, x COSql ¢, (i)
tanh,, ., v = —itang, . (ir)
TANH,, ., v = 1TANqi,qj( x)
cothy, 4, 7 = icoty, 4 (iv)
COTH,, 4, » =iCOT,, 4, (iz)

¢; — 1l and ¢; — g for N =1 | coshz = cos (iz)

¢; — 1l and ¢ — g for N =1 | tanhx = —itan(iz)

¢; — 1l and ¢; — g for N =1 | cothz = icot(iz)
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€qiq; (T + Y)grq, = coshy, 4, (x + y)qiﬁqj +sinh, 4, (2 + y)qi’qj
Eouq; (@ + Y)giq; = COSHy, 4, (@ + Y)gq, + SINHg, g, (2 + Y) g,
sinhy, g, (€ + ), ,, = sinhg, g, ¥ COSHy, o,y + coshy, 4, # SINHy, 4,y
coshy, q, (x +y), .. = coshy, ¢, £ COSHy, 4, y + sinhy, ¢, 2 SINH,, ¢, y
SINHy, 4, ( +9),, ,, = sinhg, ¢, ¥ COSHy, 4, y + coshg, ¢, 2 SINH,, 4 y
COSHy, g, ( +y),, 4, = coshy, 4, # COSH,, g, y + sinhy, 4,  SINHg, o, y
sing, q; (¥ 4+ 1y),, . = sing,q, ® COSHy, ¢, y +icosg, ¢, © SINH,, ¢ y

COSg, q; (T + iy)qhqj = €08y, ,q; T COSHy, o, y + ising, 4, 2 SINH, .y

€08g,q, (0 +1y), .. = COSHy, 4,y | COSg, g, (0+1iy), . = sinhy, 4y
sinhg, ¢, (iy +0 = ising gy | coshy g, (iy +0),. ¢ = ©9Sq.q, Y
sing, o, (z 4 i0 = sing, q, @ €08y, q, (¢ +10), . = cosg g, @

SINg, 4, (2 410 = SINy 4, @ | COSy, g, (¥ +10), = COSy 4 @
sing, q; (iy +0), . =isinhy oy | cosgq (iy +0), = coshy 4y

sing, 4, (0 + iy)qi’qj =1iSINH,, 4,y | SINg, 4, (0+ iy)qivqj = isinhy, 4 ¥

)in(Ij
)Qi7Qj
)Qi,(Ij

Sing, q, (—2) = —sing, ¢, © SINg,.q; (—2) = —=SINg, ¢, T
COSg,,q; (—T) = COSy, ¢, T COSy, 4, (—x) = COS,, 4, @
tang, o, (—v) = —tang, , v TANy, ¢, (=7) = = TAN ..
COty, q; (—T) = — Oty ¢, T COTy, 4, (—2) = —COTy, 4
S€Cq,q; (—T) = 8€Cq, 4, T SECy,.q; (—2) = SEC,, 4, x
CSCqyq; (—T) = —CSCq, g, T CSCy,q, () = = CSCy, ¢, v
sinhy, ¢, (=) = —sinhy, o, @ | SINHg, . (—2) = —SINH,, ., ©
coshy, ¢, (=) = coshy, . @ COSH,, 4, (—7) = COSH,, 4, @
tanh,, ,. (—z) = —tanh,, ,, @ | TANH,, .. gi.01

(—x) = —TANH,, ,. x
cothy, 4, (—x) = — cothy, o, x | COTH,, 4, (—x) = — COTHy, 4, x
sechy, 4, (—x) = sechy, o, @ SECHy, 4, (—x) = SECH,, 4, ©

cschy, 4, (—z) = — cschy, o, | CSCHy, 4, (—z) = — CSCHy, , ©
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. . X

Dy, q; 8i0g, ¢; T = COSq, . T silg,q; | — d 4 T = —C08q,q; T+ C
7 7
T T

in:qj SIqu',qg‘ €r = COS%%‘ (Qiqu) SIN%%‘ q_ d%x = —44; COS%‘:‘]]’ o +C
i i 14

. X .

in:Qj CO8q;,q; £ = — Sllg; q; T CO8q;,q; q_ d%w =Sy, q; T+ C

1 i

T

thqj COSqi,qj T = — SIN(]i,Qj (qu]'T) /COSqi,q]‘ <q > dﬁ% = QlQJ SINqi,qj <£> + C
i a4 197

T

Dy, 4; 8inhg, o & = coshy, 4. / sinhy, 4, da; v = coshy, 4. +C
q; 9

Dy q; SINH, 4, & = COSHy, g (qig;) /SINH%‘H (qf) dy v = giq; COSHy, 4, <£> +C
i 9i 14]

Dy, q; coshy, 4. = sinhg, . @ / coshy, 4, T d 9w = sinhy, . v+ C
x x

Dy,.q; COSHy, o, ¥ = SINH,, o (¢:q;7) /COSH%,M (q_) dql:x = ¢;q; SINH, . E) +C
4 i 14]
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