Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 December 2017 d0i:10.20944/preprints201712.0105.v1

Modified Degenerate Carlitz's g-Bernoulli
Polynomials and Numbers with Weight (o, 5)

Ugur Duran®*, Mehmet Acikgoz®

aDepartment of Mathematics, Faculty of Science and Arts, University of Gaziantep, Gaziantep, 27310, Turkey

Abstract

The main goal of the present paper is to construct some families of the Carlitz’s ¢-Bernoulli polyno-
mials and numbers. We firstly introduce the modified Carlitz’s g-Bernoulli polynomials and numbers
with weight (o, 5) and investigate their some explicit properties and identities arising from the
bosonic g-Volkenborn integral on Z,. We then define the modified degenerate Carlitz’s g-Bernoulli
polynomials and numbers with weight («, 5) and obtain some recurrence relations and other iden-
tities. Moreover, we derive some correlations with the modified Carlitz’s ¢-Bernoulli polynomials
with weight («, 8), the modified degenerate Carlitz’s g-Bernoulli polynomials with weight («, ), the
Stirling numbers of the first kind and second kind.

Keywords: Carlitz’s g-Bernoulli polynomials; Stirling numbers of the first kind; Stirling numbers
of the second kind; p-adic g-integral.
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1. Introduction

In the complex plane, the Bernoulli polynomials B, (x) are defined via the following Taylor series
expansion about t = 0:

t" 1 ot
D Bulw) = e (|t < 2m), (1.1)
from which one can obtain the Bernoulli numbers B, as values B, (0) := B, (see, [2-15]).

Carlitz [2] defined the g-analogue of the Bernoulli numbers 3, = 3, (¢) and polynomials 3, (z : q)

as follows ]
n _J liftn=1,
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(1.2)
and .
utesn) =3 (7)o @0 i (13
s=0

Carlitz [3] also introduced the degenerate Bernoulli polynomials 3, (A, z) for A # 0 by the following
generating function to be

(14 M)> = ZﬁnA:pt (1.4)

(1+ M) =1

In recent years, g-Bernoulli polynomials and their generalizations have been studied and investi-
gated extensively by many mathematicians. For instance, Kim et al. [7] considered a novel degenerate
Bernoulli numbers and polynomials, different from Carlitz’s degenerate Bernoulli numbers and poly-
nomials, and provided some identities and formulas associated with these numbers and polynomials.
Young [15] proved a general symmetric identity involving the degenerate Bernoulli polynomials and
sums of generalized falling factorials, which unifies several known identities for Bernoulli and degen-
erate Bernoulli numbers and polynomials. Kim [5] obtained the Carlitz’s ¢-Bernoulli polynomials
arising from the p-adic ¢-integral on Z, and obtained some recurrence relations. In [4], Duran et al.
acquired some symmetric identities and properties for the Carlitz’s twisted ¢g-Bernoulli polynomials
under the symmetric group of degree n. Kim et al. [6] introduced the g-Bernoulli polynomials and
numbers with weight o and showed some interesting properties. In [10] and [12], Lee et al. defined
and studied the modified degenerate Carlitz g-Bernoulli numbers and polynomials. Lee [11] con-
sidered the weighted degenerate Carlitz’s ¢-Bernoulli polynomials and numbers and provided some
interesting properties. Park [13] constructed new g-extension of Bernoulli polynomials with weight
a and weak weight (.

Supposing that p be a fixed odd prime number. Throughout this paper, Z,, Q, Q, and C,
will denote the ring of p-adic rational integers, the field of rational numbers, the field of p-adic
rational numbers and the completion of algebraic closure of Q,, respectively. Let N = {1,2,3,---}
and N* = N U {0}. The normalized p-adic norm is given by |p[, = p~t. The notation ¢ can
be considered as an indeterminate, a complex number ¢ € C with |¢| < 1, or a p-adic number
q € C, with |¢ — 1|p < p_ﬁ and ¢* = exp (zlogq) for |x|p < 1. The g-analogue of z is defined by
(7], = (1 —¢%) /(1 —q). It is clear that lim,,, [z], = x for any z with |z, <1 in the p-adic case,
see [1,4-14].

For

g€ UD(Z,) ={9glg:Z, — C, is uniformly differentiable function},

the bosonic p-adic g-integral on Z, of a function g € UD (Z,) is introduced by Kim [5] as follows:
1 - :

Ig:/g:cd,ux:lim— g(j)¢. 1.5

o) = [ 90 dual0) = g 320 (1.5)

A more detailed statement of the above is found in each of the references [1, 4-14].
The Carlitz’s ¢-Bernoulli polynomials with Witt’s formula are defined by the following p-adic
¢-integral on Z,, with respect to p, (see [5]):

/Zmy] Qg (4) = Buglz) (n>0).
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Moreover When xr = 0 we have the Carlitz’s ¢-Bernoulli numbers with Witt’s formula given by

d,u =6, = Bhq- By (1.5), B, holds the following relation
Zp q a a .
N—l N_1 .
1A 1—q © 1—¢\" .
B, z/y”duy lim —= jly ¢ = lim ( )qﬂ
1 ZPH‘? 0 (y) = N%oo[pN]quO[] Nooo 1 — P = \1—gq
1 & 11— e+
T A= (Z) (_1)kzvh§io 1= " 13 k1
(1-9)" = q q

- s () ey
(1—q)" <= \k [k +1],
The modified Carlitz’s ¢g-Bernoulli polynomials are defined as follows (see [12]):

/Z 0V [+ 9" dptg (4) = Bog(@).

The modified Carlitz’s ¢g-Bernoulli numbers can be obtained B, , (0) := B,, = fZ Yl dpig (y)
and satisfies the following identity
pN—1 . pN -1 1— qj n
- —y [," o
By = /Zq ol dia () = Jim o Z —ng{lﬂ_quZ(l_J
P q j=0 7=0
1 & 1 1—g"F
S ()
(1—(]) =0 k N—)ool—qp 1—q
1 - n k k
- LA
> (1) ",

Suppose that A,t € C, with 0 < |A[, <1 and [¢|, <p~ 71, In [12], Lee and Jang introduced the
modified degenerate Carhtz S q- Bernoulh polynomlals by the following generating function to be

_ 11y > t
/Z gV (L+ M) dp (y) = By (@)
D n=0

When z =0, By, 4 (0) := B, \4 are called the modified degenerate Carlitz’s g-Bernoulli numbers.

This paper consists of the three sections. The first part is introduction which provides the required
information, notations and definitions. The second part gives the definition of the modified Carlitz’s
g-Bernoulli polynomials and numbers with weight (a, 8), and satisfies some identities and properties
of them. Then, we introduce the modified degenerate Carlitz’s g-Bernoulli polynomials and numbers
with weight (o, 5) and investigate their some identities and relations related to Stirling numbers of
first kind and second kind in the last part.

2. The modified Carlitz’s g-Bernoulli polynomials and numbers with weight (a, 3)

We introduce the modified Carlitz’s ¢-Bernoulli polynomials with weight («, 3) as follows:

n

= t
/ q—ﬁyet[x—&-y]qadM 5 ( ZB (2.1)
Zyp n=0
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or with another expression
[ sl dg () = B (@), 22)
ZP

When we put z = 0 in Eq.(2.2), we get B{%”(0) :=B” = pr q " [Ylge dpgs (y) called the modified
Carlitz’s ¢-Bernoulli numbers with weight (o, ).
For special value n = 0, we have

N_1
o - . 1 "~ . .
B[(lq’ﬁ) — /Z q Byduqﬁ (y) = lim E q B]qﬁ]

N—o0 [pN]q

» B =0
N1
1~ 1—¢q)°
= lim — 1= lim % N
N—o0 [p ]qﬂ =0 N—oco 1 — qﬂp

Blogq
By using the definition of the g-number and using (2.2), it is observed that

B @) = [ el g @)= [ 0 (led 0 ) g ()

_ i(?)ql” (2] /Z ¢ [yl dpsgs ()

§ : n ar n—I a,B
N (l>ql [x]q“ Bqu )'
So, we deduce

a - n ar n—l , az pla, n

BgL’[}ﬂ) (I‘) = <l)ql [x]qa Bl(f; 8) — (q B((] B) —+ [x]qa> , (24)
1=0

with the usual convention about replacing (Bgo‘”8 )) by B%?f) . Here we have used the binomial

formula (1 + )" = S0, )ty
Let gi(z) = g(x 4+ 1). By using (1.5), we easily derive

V-1
5 o : B+D)
¢"Is(g1) = lim g+1)q
o) = Jim o ; (G+1)
T pilg(j)qﬁj—g(O)Jrg(PN) ¢
N—oo [pN]qB =0
L)+ tim S @) 9 (0Y) Bloag
- 9T G Blogq
3 qﬂ—l ’

g (0). (2.5)
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Taking g (z) = ¢~ [z]. in (2.5) yields to the following identity

p_1
q / — x n —pbx n
(¢"=1)g(0)+ g9 (0)= qﬁ/ g " [ 4+ 10 dprgs () —/ g [ dpgs ()

Bloggq z, z,

which gives the following recurrence relation:

Bleh) (1—¢q)° q ( BB 1) _ pls) ﬂ{ﬁ]
) [ an qOé (e + ) —_ TLa, —
0 Blogq a ’q 0 if n> 1

(2.6)

in conjunction with the replacing method ( B 5)) by Bgfff ),
For n = 1, we observe that

1 1
o p(a,B (Oéﬁ) alf] ko aﬁ) alf]
(1) = B = = 50 (st = 2
k=0

() 1\ plap) _ olfl, (@,8) 1 o, , (1—4q)
= Bog " +(¢" = 1) B = g5 = By —qa_1<ma+mogq

For n = 2, we readily obtain

ped L (e L (o, (- 0"\ _(-a’)
21— g — 1\l Blogq Blogq

Using the relation (2.6), one can subsequently derive the all modified Carlitz’s ¢-Bernoulli numbers

with weight (a, ).
By the virtue of (1.5), we see that

A A Y
BeA) = / P (2], dppgs (z) = lim 0 = lim ——— (—)
n,q qu [ ]q luqﬁ( ) Nooo [pN]qﬁ ~ []]q Nooo [p ] ]2:; 1 e
g () ey
N (1—q) N—>oo l—qﬁ lz ]Zo(q )
a 1—¢° & (n) . a/f <& (n> 1
= — -1 = _ B D
sa—er 2 ) VT T e 2 ) OV
Then we get
. l
ples) - B ("> ! , 2.7
e 2 ) OV 27)
From Egs. (2.4) and (2.7), we get the explicit formulas for B{%” (x):
- l
BB (1) — a/p _ (n) 1) goa 2.8

and

l
k=0

B @) =5 n (le) b ZZO akfm
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For r € N, we define the modified Carlitz’s g-Bernoulli polynomials of order r with weight («, 3):

= . tn bt
Z Bglo,céﬁr) (.CE) E — / . / q*/j(xﬁr +xr)et[x1+ 4,4+ }qa d,uqﬂ (l'1> . dlqu (xT) . (29)
' Zp Zp

n=0

The modified Carlitz’s g-Bernoulli polynomials of order r with weight (o, 3) satisfy the following

recurrence relation
n

a,pir _ n ax n—l a,fBir
e (o) = 3 () ) ol B
=0

where B (n € N*) are called the modified Carlitz’s ¢-Bernoulli numbers of order r with weight

(e, 5) and defined by

ngf;r) = /Z o ./z g Pt (g el e ditgs (21) - - dpigs () -
P P

3. The modified degenerate Carlitz’s g-Bernoulli polynomials and numbers with weight

(o, B)

In this part, we provide the main results of this paper including some correlations and identities
among the modified Carlitz’s ¢g-Bernoulli polynomials ngf ) (x) with weight (a, 8), the modified
degenerate Carlitz’s ¢-Bernoulli polynomials Bﬁla)\ﬁ 3 () with weight (o, 5), the Stirling numbers of
the first kind Sy (k,n) and second kind S, (k, n).

Let « € Nand A\, t € C, with 0 < |)\|p <1, |t|p < p_ﬁ. For o, 5 € N, we introduce the modified

(a,8)

wag () with weight (o, 8) by means of the following

degenerate Carlitz’s ¢-Bernoulli polynomials B
bosonic p-adic g-integral on Z,:

tn
a.

1 a — a,
/Z 7+ A s () = 3 B () (3.1)

n=0

Upon setting z = 0, BS)@

numbers and are shown by

(0) ::Bgi’\’? q) are termed the modified degenerate Carlitz’s ¢-Bernoulli

[e.e]

— 3 o “ tn
/Z a7 (L M dpga (y) = DB
p i

n=0

Remark 3.1. Some special cases of Bffffq) (x) are examined as follows:

Bﬁl\l)q (z) := Bp4 (x) are called the modified degenerate q-Bernoulli polynomials, see [12],
}\iLI[I)B,ES)’\Q (x) = Br(f‘q’ﬁ) (x) are called the q-Bernoulli polynomials with weight (o, ) in (2.2),
}\%Bf’\% (x) = BY) (x) are called the weighted q-Bernoulli polynomials, see [6],

/l\gr(l)BSAl)q () := By 4 (x) are called the modified q-Bernoulli polynomials, see [5],

ql_i}rfliBfi’/\ljz (x) := By () are called the degenerate Bernoulli polynomials, see [3],

ql_iglﬁ (}\12% Bfﬁ‘fg (:C)) := By, (x) are called the classical Bernoulli polynomials, see [15].
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We now investigate some behaviours of the mentioned polynomials.
Note that the falling factorial and a generalized version of the falling factorial are defined, respec-
tively, by
(), =xz(x—1)(x—=2)---(x — (n—1)) for n € N*
and
()™ :x(x—)\)(x—)\)---(x—(n—l))\) for n € N*.

n

We give a relation between B(a”g ) () and (z ) as follows.

Theorem 3.2. Forn € N*, Bna/\ﬁg (z) and (m)n satisfy the following property

B (2) = /Z q " <[m+y]qa)r) dpigs (y) - (3.2)

Proof . From (3.1), we see that

«, — 1 X a
ZB; - / a7 (L M dpg (3)
[z+y] o
Zp

n=0

= /Z g i A" (%)n dpg (y) i—n, (3.3)

n=0

@Y ,
Because of ([m +l, ) = [z + Y, ([m + Yl — )\> e ([x + Yl —(n—1) )\) and by comparing
the coefficients ! of the both sides above, we acquire the desired result (3.2). O

For n € N* the generating functions of the Stirling numbers of first kind and second kind are

defined, respectively, by (see [7] and [10])
tl
(log (1+1)) —n'ZSlln and (e—l —n‘zsgln ik

We also note that (z), = >, 51 (n, 1) 2!
Here we give a correlation among the new and old polynomials and numbers.

Theorem 3.3. Let n € N*. Then we have

B (x) = ZA" 'Sy (n, 1) B{%? (2). (3.4)

1=0
Proof . By (2.3), we have

« n — [.’II +y] o
B (r) = A / g (—/\ q) dpgs (y)
Z n

P

= ) Si(nl) A”‘Z/Z ¢ [+ Yl dugs (v)
=0 P

= Y S ) A BEY (x).
=0

Thus, the proof of this theorem is completed. [J
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In view of the (2.8) and (3.4), we deduce the following result.

Corollary 3.4. The following relation

n l k
a, a I\ Si(n,l) k(—=q¢**)" | ,.—
B (=3 }:(k> 1 0) kG 3

holds true for n € N*.
We here provide a relation by the following theorem.

Theorem 3.5. We have

Z/\” "BIS () S (n,1) . (3.5)
Proof . We firstly observe that
q*/D’y (1 . )\t) [w-&-i]qa _ qiﬁye[ﬂy]qa log(14-AL)
2 e+l " (log (1+ X))
— By q
1 g_:o ( N\ ) ml
o) l'—f—y] . m oo AP
= Yo () Esiom
m=0 n=m
[ee] n . tn
= Z(Zq [+ yl e St (n,m) A )E (3.6)
n=0 \m=0 ’

From (3.1) and (3.6), we can write

/Z T (L )X s () = 3 (Z (/Z ¢ [+ Yl dpgs (y)> Sy (n,m) A"—m> ;—n,

By replacing t by % (e’\t — 1) in (3.1), we have

N (e -1)"
/ ey () = 3 BEP A
Zyp

m!
m=0

AT
= ZBm)\q)\ mZSQ nm) nf

— Z (Z B AnmS, (n,m)) g (3.8)

n=0 \m=0

Comparing (2.1) and (3.8) yields to the asserted result (3.5). O

The following theorem includes a correlation among Bl%;”, S (n,m) and B fla/\ e
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Theorem 3.6. We have

B

i( ) Nl BA) g, (1) (3.9)

=0
Proof . We firstly note that

g (1+>\t)§[r+y]qa — ¢ (1+>\t)§[xlq (14_/\,5)% Y] g

o [ O W (log (1 + At))’
— ﬂy(Z( )mm'>lz;)\ llw

- (S (S5 seswo) )

=0
= 3 (XX (), N &@0)3

n=0 \k=0 (=0
From above computation, we derive

n

Sooietngy = 3 (S0 () e [ s ik
n=0 n=0 \k=0 (=0 4
oo n k 4
- S (SR () e s )
n=0 \k=0 =0 ’

By equating the coefficients tn—T: of both sides above, we procure the relation (3.9). O

Let r € N. We now introduce the modified degenerate Carlitz’s ¢g-Bernoulli polynomials of order
r with weight (a, 8) by the following p-adic g-integral on Z,:

/ / —B(z1+- +1‘7‘)( +>\t) [zl—i- +Tr+2] o dﬂ 5 (371) d,uqﬁ xr ZBnafqr ) (310)
Lo Ly

The immediate result for the mentioned polynomials is given in the followmg theorem.

Theorem 3.7. Forr € N, we have
B (2 Z)\” mB@E) (1) Sy (n,m) . (3.11)

Proof . Using (2. 9) we readily obtain
a,B:r)
Z Bn Aq
:/'f/fm””mﬂ+MWWWWMWme%%%Mm
Zp Zy

> . log (14 At))™
= E )\_m/ - / g Pt [y b, e dpigs (1) -+ - dpigs () (log )
— Zp Zy

m)

o0

_ 3 A Z Sy (n,m) 20 =3 (Z NIBEA (1) 8, (n,m)) o
m=0

n!

Hence, we have the claimed result (3.11). O
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At last, we give the following theorem.

Theorem 3.8. Forr € N, we have

B(aﬁ’?‘) ZB(aﬁf) )\n mg, ( )

m,A,q
Proof . If we write 5 (e — 1) in place of t in (3.10), we readily get

/ L / q—6($1++l‘r)et[wl+—‘,—;Er“rx}qa d/vtqﬂ ('xl) . dﬂqﬁ (xr)
Zp Zp

> At n
_ (@dir) o (€= 1)
- Sr e
- a,Br “m > A
= DB @AY Sa(nym) T
m=0 n=m :
. - a,Bir —n, t"
> (e e s em) b

n=0 \m=0

In the light of (2.9), we have the desired result. [
As a consequence of the Theorem 3.8, we state the following result.

Corollary 3.9.
B2 = 37 BN, ().

m,\,q
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