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APOSTOL TYPE (p,q)-FROBENIUS-EULER POLYNOMIALS
AND NUMBERS

UGUR DURAN! AND MEHMET ACIKGOZ?

ABSTRACT. In the present paper, we introduce (p,q)-extension of Apostol type
Frobenius-Euler polynomials and numbers and investigate some basic identities
and properties for these polynomials and numbers, including addition theorems,
difference equations, derivative properties, recurrence relations and so on. Then, we
provide integral representations, explicit formulas and relations for these polynomials
and numbers. Moreover, we discover (p, ¢)-extensions of Carlitz’s result [L. Carlitz,
Mat. Mag., 32 (1959), 247-260] and Srivastava and Pintér addition theorems in [H.
M. Srivastava, A. Pinter, Appl. Math. Lett., 17 (2004), 375-380].

1. INTRODUCTION

Throughout this paper, we use the standart notions: Ny denotes the set of nonneg-
ative integers, N denotes the set of the natural numbers, R denotes the set of real
numbers and C denotes the set of complex numbers.

The (p, g)-numbers are defined as

1 2 3 2 Pt =9

[y =pP"" +0" g+ p" T A" T T = g
We can write easily that [n], = p"~'[n], Jp» Where [n] ,is the g-number in g-calculus
given by [n] oo = %. Thereby, this implies that (p, ¢)-numbers and g-numbers

are different, that is, we can not obtain (p, ¢)-numbers just by substituting ¢ by ¢/p in
the definition of g-numbers. In the case of p = 1, (p, ¢)-numbers reduce to g-numbers,
see [9], [10].
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2 U. DURAN AND M. ACIKGOZ

The (p, q)-derivative of a function f with respect to x is defined by

f(px) f (qx)

and (D,,f)(0) = f'(0), provided that f is differentiable at 0. The linear (p,q)-
derivative operator holds the following properties

(1.2) Dy (f () g (2)) = g (pr) Dpof (x) + [ (q) Dpeg (x)
and

f () 9(qr) Dpof (x) — f (qx) Dpeg ()
(13) br ( x)) 9 (pz) g (qz) '

(
The (p, g)-analogue of (z + a)" is given by
)

n x+a)(pr+aq)---(p" x4+ aq" ) (p" e +ag™ ), ifn>1,
rag, - {0 )y )

1, ifn=020,

S (”) (p(’;))q(”g’“)xkan—k ((p, ¢)-Gauss Binomial Formula )
k=0 P

where the (p, ¢)-Gauss Binomial coefficients (Z) and (p, ¢)-factorial [n], ,! are defined

p.q
by
n [n]p q!
= : (n>k) and [n], !=[n],,---[2],,01,, (n€N).
<k>p,q [n— k]p,q! [k’]p,q! p.a p.q pa ltlpg
The (p, q)-exponential functions,
00 p(g)l‘n 0o q " "
epq(z) = Z and E, ,(x Z
n=0 [n]p,q n=0 [
hold the identities
(1.4) epq(7)Epy(—x) =1 and ep*l,qfl(l') = Epq(2),

and have the (p, q)-derivatives
(1.5) Dy gepq(x) = €p4(px) and Dy, Epq(z) = E,4(q2).
The definite (p, ¢)-integral is defined by

a 00 k k
/0 f(@)dpgr=(p—q)a Z ]Ij-s-l <q]k9+1a>

k=0 4

in conjunction with

(1.6) /abf(x dp.q® —/ f(x)d, @ —/ f(z)d,,x (see [22]).

A more detailed statement of above is found in [2], [7], [9], [10], [20], [22].
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The classical Bernoulli polynomials and numbers, B, (z) and B,, classical Euler
polynomials and numbers, E, (x) and E,, and classical Genocchi polynomials and
numbers, G, (z) and G, are defined by the following generating functions

° Z" z s Z" z

B.(x) = = " and Y B,y = <2m),
nZ:O (z) n! e? — 16 an nz::o n! e —1 (12 ™)
o 2" 2 e 2" 2

E, — = *% and E,— = <),
nz:% () n! e + 1e an nz:% n! e +1 (2] <)
© Z" 2z © 2" 2z

G, — = % and G,— = <m),
7;] () n! e? + 16 an 7; n! er+1 (2] <)

for detailed information about these numbers and polynomials, see [5], [6], [25], [26].

Apostol-type polynomials and numbers were firstly introduced by Apostol [1] and
also Srivastava [26]. Then, Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi
polynomials and numbers have been studied and investigated by many mathematicians,
for instance, Apostol, Araci, Acikgoz, He, Jia, Mahmudov, Luo, Ozarslan, Srivastava,
Wang, Wang and Yasar, in [1], [3], [4], [11], [15], [16], [17], [18], [26], [27], [28].
g-generalizations of mentioned Apostol type polynomials and numbers have been
considered and discussed by Kurt, Mahmudov, Keleshteri, Simsek, Srivastava in [14],
[19], [23], [24]. Recently, unification of Apostol type polynomials and numbers have
been worked by El-Desouky, Gomaa, Kurt, Ozarslan in [8], [13], [21].

Duran et al. [7] defined Apostol type (p, ¢)-Bernoulli polynomials B (z,y; \ : p, q)
of order a, the Apostol type (p, q)-Euler polynomials E* (z,y; X : p,q) of order «
and the Apostol type (p, ¢)-Genocchi polynomials G(® (z,y; X : p, q) of order a by the
following generating functions:

S~ B (2 pog) o = () i (17) By (4)
HZO [n]pg' )‘ep,q (Z) -1 i i
(|z+1log A <27, 19 =1),
0o n 2 @
87(1“) YN, q EAN () epo(x2) B, (yz
nz:% ( ) [n]nq! )\e%q (Z) + 1 p,Q( ) pny( )
(1 +1og A < 7, 19 = 1),
s 2" 2z “
Sz, A pq) o = () epq (12) Epq (y2
nZ::() ( )[n]nq! )\€p7q<2)+1 ptI( ) pr( )

(Jz +log A <7, 1*=1),

where A\ and « are suitable (real or complex) parameters and p, ¢, € C with 0 < |¢| <
p| < 1.

Letting 2 = 0 and y = 0 above, we then have B\ (0,0; A : p,q) := B® (X : p,q),
E)(0,0;X:p,q) := E (X :p,q) and G (0,0; X : p,q) := G (X : p, q) called, n-th
Apostol type (p, ¢)-Bernoulli number of order o, n-th Apostol type (p, ¢)-Euler number
of order a and n-th Apostol type (p, ¢)-Genocchi number of order «, respectively. In
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the case a = 1, we have

BY (2,411 p,q) = B (2,5 A1 p,q) , EX (2,95 X 1 p,q) == & (2,55 X p,q)
and
SO (,4: A i @) = G (2, 4: A - p,q)
named as n-th Apostol type (p, ¢)-Bernoulli polynomial, n-th Apostol type (p, q)-Euler
polynomial and n-th Apostol type (p, ¢)-Genocchi polynomial.
Classical Frobenius-Euler polynomials H(® (z;u) of order o are defined by the
following Taylor series expansion at z = 0:

ZJ{ ”_(1—u)“ezt’

n' er —u

where « is suitable (real or complex) parameter and u is an algebraic number, see [4],
[5], [28].
Apostol type Frobenius-Euler polynomials H® (z;u; \) of order a are defined as

follows:
on 1—u «
j‘(: )\ - ( ) Zta
Z (5 n! AeZ —u ¢

where \ and « are suitable (real or complex) parameters and u is an algebraic number,
see [3],[23].

The following definition is new and plays an important role in deriving the main
results of this paper. Now we are ready to state the following Definition 1.1.

Definition 1.1. Apostol type (p, ¢)-Frobenius-Euler polynomials H® (z,y;u; X : p, q)
of order a are defined by means of the following Taylor series expansion about z = 0:

> 2" 1—u “
) i 1) = () oo (55) B (0)
2 it~ Vs —a) o072 B
where A and « are suitable (real or complex) parameters, p,q, € C with 0 < |¢| <
Ip| <1 and u is an algebraic number.

Upon setting z = 0 and y = 0 in Definition 1.1, we have H® (0,0;u; A : p,q) :=
H(® (u; X : p,q) called n-th Apostol type (p,q)-Frobenius-Euler number of order a.
We remark that

HY (z,y;us XN pog) © =FHo (T, 95w )0 p,q),
HE (@, ;05 A < p, q) = HE) (@, y;u;A) (see [14] and [23)),
lim 3 (2, A pg) = H (g d)  (see [3)).
q—1=
p=1

This paper is organized as follows: The second section provides some basic identi-
ties and properties for Apostol type (p, ¢)-Frobenius-Euler polynomials and numbers
of order «, including addition theorems, difference equations, derivative properties,
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recurrence relations and so on. The third section not only includes integral repre-
sentations, explicit formulas and relations for H® (z,y;u; X : p, ¢), but also provides
(p, q)-extensions of Carlitz’s result Eq. (2.19) in [5] and Srivastava and Pintér’s addi-
tion theorems between Apostol type (p, ¢)-Frobenius-Euler polynomials of order o and
Apostol type (p, q)-Bernoulli polynomials. The last section deals with some special
cases for the results obtained this paper.

2. PRELIMINARIES AND LEMMAS

In this section, we provide some basic formulas and identites for Apostol type
(p, q)-Frobenius-Euler polynomials of order « so that we derive the main outcomes of
this paper in the next section. We now begin with the following addition theorems
for H(*) (x,y;u; A : p, q) as Lemma 2.1.

Lemma 2.1. (Additions theorems) The following relationships hold true:

n a n—
H (2, y;u; A 1 p,q) = ( ) FHE (w A2 p,q) (@ + )k
p,q

k=0 k ,

n n n—k a n—
Z<k> g2 )3 (2, 0,0 X 2 pg)
k D,q

= Z<n> pU2)H (0, g3 us A s p,g) 2 h
p,q

k=0

Some special cases of Lemma 2.1 are investigated in Corollary 2.1 and 2.2.

Corollary 2.1. In the case x = 0 (or y = 0) in Lemma 2.1, we get the following
formulas

n n ek o e
H (,0;u; X : p,q) = Z<k> p(z)ﬂfé)(wk:p,q)fv k,
p,q

k=0 ,
~ (n n—k «a n—

H (0, 3w\ p,q) = Z<k> g ) (s xpg) g
k=0 D,q

Corollary 2.2. In the case x =1 (or y = 1) in Lemma 2.1, we have the following

formulas
21)  HY (r,Luid:ipq) = Z(:) ") (2,071 p,q),
k=0 D,q
n

(2.2) H (Ly;wsAipg) = Y

familiar formula:

HY (2 +1;u;\) = > (Z) ﬂ-C,(Ca) (5u; ).
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Note that
" (n k\ (n—k n
(2.3) HD (z, y;u; A i p,g) = <k> p@gU) by = (2 4y
k=0 p,q

Lemma 2.2. (Difference equations) We have

AH (Lysus A pog) — ud S (0,500 i p,q) = (1= w) HEV (0, 95030 p,q),
AH (2,0;u; X p,q) — uH (2, = Lius A i p,g) = (1—u) HE D (2, —Lu; A1 p,q).

Lemma 2.3. (Derivative properties) We have

Dy e (2,505 X p,q) = ], H (g us A s p,q)
Dy gy 3 (z,y3u; X 2 p,q) = ], F) (@, qy;w X2 pq) .

Apostol type (p, q)-Frobenius-Euler polynomials H, (z,y;u; A : p,q) are related to
the By, (z,y; A : p,q), E, (z,y; A : p,q) and G,, (z,y; X : p,q) as in below.

Lemma 2.4. We have

]

B (A:p,q) = )\—_”’qlﬂ{nfl (/\’1; L:p, q) :
B (2,43 X 1 p,q) = )[\n]_p’[ij{n—l (22515 p0q)
En(Aipiq) = )\_2'_13{71 (—2"1:p,9),
En (2, s\ 1 pq) = Ail%n (.52 1:p,q)
Gn (A prq) = ihjr]”f?{n (-2"1:p,9),
Gn (z,y: A 1 p,q) = - [n]p’q%n (.0: =21 pq).

A+1
Lemma 2.5. For o, € N, Apostol type (p,
the following relations

q)-Frobenius-Euler polynomials satisfy

R XL DY (Z I (2,00 pq) P (2, 0,002 plg),
k=0 2,9
utn (2, y;u; A 1 p, q) AL (n) ("25) §
= pt 2 )3 (2, y5w A i p,q) + (T +y)
(u—1) (u—1) kz:% k - P,
- . n [e] _
I @y ipg) = 30| 67 (@ 00w d pg) G (0w At pa).
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Lemma 2.6. (Recurrence relationship) H'® (z,y;u; X : p, q) holds the following equal-
1ty:

k=0
n n o
“Z<k> p kj{( (,—1;U;)\IP,Q)
k=0
(1-u)) (“) m* 3 (2, —Lus A cp,g).
k=0 k g

3. MAIN RESULTS

This section includes integral representations, some identities and explicit formulas
for H'® (z,y;u; X : p,q). Also, we present new theorems and some (p, q)-extensions of
known results in Carlitz [5], Kurt [14], Simsek [23], Srivastava and Pintér [25] and so on.
We start with the following explicit formula for Apostol type (p, ¢)-Frobenius-Euler
polynomials of order « by the following theorem.

Theorem 3.1. Apostol type (p, q)-Frobenius-Euler polynomials of order o hold the
following relation:

n

1 n
I @y A pg) = T 3 <k> N (L, w A 2 p,q)
p,q
—ud (0, 33w A < p, @) H Y (2,00 ) 5 p, q).

Proof. Indeed,

SN (o 2" 1—u “
Z H (@, y; w5 A 2 p,q) ] | = ( — u) Epq (22) Epq (y2)

j2rn

ZTL
q\2 H (2, 0;u; A 2 p, q) )
(Z [ p,q') <Z [n]pyq!
k a 2"
quz Vot (2, 05w X pg) ——
n=0 [n]p,q
It remains to use Lemma 2.2 and Eq. (2.3). O

The (p, q)-integral representations of H(*) (x,y;u; A : p, q) are given by the following
theorem.
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Theorem 3.2. We have

(3.1)

Hh Ly pog) — K (20001 p,q)
n+1],,

b
/ H (2, y;u; X 1 p, q) dp g = p
a

(3.2)

)

Hieh (v Lws X pyg) = 30 (2, % w0 plq)
n+1],, '

b
/ H (2, y;u; N 2 p, q) dpgy = p

Proof. Since
/ab Dy of (x)dyqx = f(b) — f(a) (see [22])

in terms of Lemma 2.3 and Eqs. (1.5) and (1.6), we arrive at the asserted result

/bﬂ{(o‘)(xy'w)\'pq)d xr = P /bD H) (m y‘u)qu)d x
" n y Iy Wy ) D,q [n_’_l]p’q u P,qY *n+1 p7 ) Yy 9 D,q
pﬂfﬁfﬁl (L d:pog) = 302 (S y30 0 p,q)

n+1],,

The other can be shown using similar method. Therefore, we complete the proof of
this theorem. 0

The integral identities (3.1) and (3.2) are (p, ¢)-generalizations of the formula

b j.((a) cn. _ j_c(a) o
/ H (25 u; \) do = =241 (b5 u; A) np (a5 u; )\).
a n+1

Here is a recurrence relation of Apostol type (p, ¢)-Frobenius-Euler polynomials by
the following theorem.

Theorem 3.3. We have
oy _oon qa_4q9 . n oy
Hops1 (z,y5u; X 2 p,q) = yp"H, (px,py,u,k.p,q> + ap"H,, (z,y;u; X 1 p, q)
n n B
-2y <k> q"p" T FHy (g us X s p,q) How (1,0;u3 A 2 p,q)
k=0 P,q

Proof. For av = 1, applying the (p, ¢)-derivative to H, (z,y;u; X : p,q) with respect to

z yields to
3 i € (22) Epg (v7)
Dy 2o (2,50 A p g =(1—-u D”Z{ P P.q 7
T;) i ( ) [n]pﬂ! ( ) b )\ep’q (Z) — U
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using Eqgs. (1.2) and (1.3), it becomes

(1—u) (Aepq (q2) — u) Dp gz [€p,q (x2) Epq (y2)]
(Aepq (p2) — 1) (Nepq (g2) — u)
1) ep.q (P72) Ep g (py2) Dy gie (Nep g (2) — 1)

+ (u —
( (ep (07) — 1) Oepg (07) — u)
oo q q . n 00 . n
ZyZJ{n(m,y;U;/\:p,q>p ey I (zyiw A pq)p ,
n=0 p p [n]p,q' n=0 [n]p,q‘

=AY Ha(zyswAipg)g DT (LOjw A p,q)p g
n=0 [ ]p,q‘ n=0 [n]p»q'
By making use of Cauchy product, comparing the coefficients of #, then we have
p,q
desired result. O

We now present the symmetric identity for H, (z,y;u; A : p,q) as given below.

Theorem 3.4. We have

" (n
(3.3) (2u—1))" <k> Hi(u; A2 p, Q) Ho—p(z,y; 1 —w; X 2 p,q)
k=0 P,q

= un(z,y;u; A 1 p,q) — (1 —w)Ho (2,931 —us; At pq).

Proof. If we consider the identity
2u —1 1 1

e (2) — 1) hepg (2) — (L —0)) ~ Aepa (1) 0 Ay (2) — (1)
then
(1= u)epy (22) (1= (1~ ) Byy (42)
=) e () — ) (g (2) — (1 — )

(1 — ) epq (x2) Epg (y2) _ (1 —w)epg(x2) (1 = (1 —u)) Epg (y2)
Aepg (2) —u Aepq (2) — (1 —u) '

Therefore, we deduce

o0 n

(2u—1) Y 3 (0,0;w A1 p,q) o5 D Ha (@51 —ws A1 p,q) =5

n=0 [n]p,q' n=0 [n]pg!

Z’I’L

n

o0 z o0 n
=u) M@,y A ipg) = (L=w) 3 Ho (g5 1 —wi A i pyg) oy

n=0 [ ]p,q‘ n=0 [n]p,q!
Zn

7],

The relation (3.3) is a (p, ¢)-generalization of Carlitz’s result Eq. (2.19) in [5].

Checking against the coeflicients of , then we have desired result in (3.3). O
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Theorem 3.5. The following relation is valid for Apostol type (p, q)-Frobenius-Euler
polynomials:

ud, (z,y;u; X 2 p, q) —/\Z<> "2 (2w A p,q) — (I=u)(z+y),,
bp,q

Proof. From the relation (1.4) and the identity
U 1 1

A(Aepg (2) —u) epq (2) a Aepq (2) —u N Aepq (2)

we write

u(l—wu)eyq(r2) By (y2)
(Aepg (2) —u) Aepq (2)
_ (1 —u)epq(2) Epyg (yz) (1 —u)ep, (v2) By (y2)

Aepg (2) —u Aepq (2) ’
which gives
U 2"
S5 (oA i)
n=0 [n]p7q'
> " l—u & n 2
(z,y;w; A p,q p\2 - (z+y) -
R i 2 R b
Equating the coefficients of , we derive asserted result. ([l
p q

We are in a position to provide some relationships for Apostol type (p, ¢)-Frobenius-
Euler polynomials of order « related to Apostol type (p, ¢)-Bernoulli polynomials,
Apostol type (p, q)-Euler polynomials and Apostol type (p, ¢)-Genocchi polynomials
in Theorems 3.6, 3.7 and 3.8.

Theorem 3.6. The following recurrence relations are valid:

w1\ HY (0, u 0 g
j{5{")(27,.U;U;A:p,q)ZZ< > - (+1 )
s=0 s D,q [n ]p,q

: {AZ (/i) By i (2,0: X1 p,q)p2) — B, (x,0; A :p,Q)} :
k=0 D,q

n+1 () “ . .

o n+1 Hodis (2, 0;us A py g

?fé)($,y;U;A:p,Q)=Z< ) ) - [le] )
s=0 D,q Dp,q

: {Akg (Z)pqﬁsk (0,550 : p,q) p2) — B (0,551 1 p, Q)} :

)
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Proof. Indeed,

(s et Bralo)

1—u o z e (Z) 1
=|—F| E Psq
()\ep q(2) — U) paly2) Aepq(z) —1 e €pq(T2)

[AZZ<> By (w05 : p, q)p2) nz” ianOA p.q) & ]

n=0 k=0 [ ]p#l' n=0 [ ]qu!

DO,y us A pLg) s

n=0 [n]P q*

EFE0), £6) 2w no-£(0) 2w

’I’L

j{?(m )5(0 Y; u; A b, )[n] 1
p,q-

pleted. ' 0
Theorem 3.7. We have

n (@) cnge .
[e% n g{n—s 07y’u)>\'p7q
50 g = 3 (1) TR
s=0

A <S> 8k('x70aAp7q)p(5;k)+88(x70a)‘paQ) ’
k=0 k P,q

n (@)

) n\ H,’(x,0;u; X\ :p,q

}(51)(96,3/;%)\:1%(1):2() 2 2 :
b,q

S S s—k
-{A () 8k(0,y;A:p,Q)p(2)+8s(0,y;A:p,Q)}-
k D,

Proof. The proof is based on the following equalities

(Al[f‘_u) e (@2) By (42) = (Al(‘;‘_u> by (47)

. Nepq (2) +1 2 ra (¥2),

oy
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and is similar to that of Theorem 3.6. O

Theorem 3.8. Fach of the following recurrence relations holds true:

n+1 () “ . .
n+1\ Hotio (0,y;u):p,q)
i}fﬁa)(x,y;U;A:p,q):Z( ) BETES)

s=0

S

-{AZ@ 9s—k<w70;A:p,q>p<’5>+98<x,o;xzp,q)},
k=0 D,q

n+1 (@)
+1\ H, s (z,0;u; A :p,q)
Y (2,530 A 5 pog) = Y (n ) e e D
s=0 S p,q 2 [n + 1]p,q

: {AZ (Z) Ser (0,551 : p,q) ) + G, (0,%)\3107(1)} :
k=0 P.q

Proof. By making use of the following equalities
1—u “ 1—u “
()\e(z)—u> epq (72) Epq (yz) = <)\€(Z>_u> €pq (2)
p,q p:q
2z Aepq (2) + 1
Nepq (2) +1 2z

1—u “ 1—u “
e E =|—| E
()\epg (2) — u) €pq (22) Epg (y2) (Aep,q (2) — u) pa (YZ)
2z Aepq (2) +1
Aepq (2) +1 2z

the proof of these theorem is completed similar to that of Theorem 3.6. O

Epq (yz) )

Cp.q (z2),

4. CONCLUSION

In the present paper, we have introduced (p, ¢)-extension of Apostol type Frobenius-
Euler polynomials and numbers and investigated some basic identities and properties
for these polynomials and numbers, including addition theorems, difference equations,
derivative properties, recurrence relations and so on. Thereafter, we have given
integral representations, explicit formulas and relations for mentioned newly defined
polynomials and numbers. Henceforth, we have obtained (p, ¢)-extensions of Carlitz’s
result [5] and Srivastava and Pintér addition theorems in [25]. The results obtained
here reduce to known properties of g-polynomials mentioned in this paper when p = 1.
Also, in the event of ¢ — p = 1, our results reduce to ordinary results for Apostol
type Frobenius-Euler polynomials and numbers.
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