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ON GENERALIZED k-FRACTIONAL DERIVATIVE OPERATOR
GAUHAR RAHMAN, KOTTAKKARAN SOOPPY NISAR*, SHAHID MUBEEN

ABSTRACT. The main objective of this paper is to introduce k-fractional derivative op-
erator by using the definition of k-beta function. We establish some results related
to the newly defined fractional operator such as Mellin transform and relations to k-
hypergeometric and k-Appell’s functions. Also, we investigate the k-fractional derivative
of k-Mittag-Lefler and Wright hypergeometric functions.

1. INTRODUCTION

The classical beta function

o0

B(61,6) = / 11— %L (R(5,) > 0, R(6) > 0) (1.1)

0
and its relation with well known gamma function is given by

B(01,02) = %a R(61) > 0,R(d2) >0

The Gauss hypergeometric, confluent hypergeometric and Appell’s functions which are
respectively defined by(see [14])

o0 TL

2F1(01, 02; 035 2) Z (| | < 1), (1.2)

n=0

(51,52,53 €Cand b5 £ 0, —1,-2, -3, - )
and

8
3

(\2

1(D1 62a537 |Z| < 1) (13)

3

n:O

(52, 03 € Cand 63 #0,—1,—2,-3,-- ~>, respectively.
The Appell’s series or bivariate hypergeometric series is defined by

> 5 m-+n 5 m 6 n myn
F1(51,52753;54§55,y): Z (1) < ( 2) (3) LY ; (1-4)

S—— (54)m+nm'n'
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for all d1,09,03,04 € C,04 #0,—-1,-2,-3,---, |z|, |yl <1< 1.

The integral representation of hypergeometric, confluent hypergeometric and Appell’s
functions are respectively defined by

S8 — F(53) 16271 _ \83—b2—1(1 —51
2F1(51,52,63,z)—P(52>F<53_62>/t (L= )51 — ) Bge,  (15)
(9%(53)>m(52)>o,|arg(1—z)|<7T),
and
. . _ F(53) ! do—1 o d3—02—1 2zt
@1(52,53,,3)—F<62)F(53_52)/0t (1= t)B—tleotgy (1.6)

(%(53) > R(6) > o).

F1<51>52,53;5439Cay>

1

= /t51 L1 — )70 71 — wt)™%2(1 — yt) L. (1.7)
54 —d1)
0

The k-gamma function, k-beta function and the k-Pochhammer symbol introduced and
studied by Diaz and Pariguan [1]. The integral representation of k-gamma function and

k-beta function respectively given by

I(2) = k& 'T (E) = /tz—le—zkkdt, R(2) >0,k >0 (1.8)

0

1

B, y) = i / 11— )b d, R(z) > 0,R(y) > 0. (1.9)

Here, we recall the following relations (see [1]).

By(z,y) = W (1.10)
(2)nx = %};;k) (1.11)
where (2)p,x = (2)(z +k)(z2 4+ 2k)--- (2 + (n — 1)k); (2)ox=1and k>0
and
Z(a)n,kz—? = (1—kz)*. (1.12)

These studies were followed by Mansour [6], Kokologiannaki [3], Krasniqi [4] and Merovci
[7]. In 2012, Mubeen and Habibullah [8] defined the k-hypergeometric function as

2 (01 (02) e 2"
2F1,k(51,52;5332) = Z MZ—> (1-13>

" (53>n,k n!
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where 01,95, d3 € C and 03 # 0, —1, —2,--- and its integral representation is given by

F (5 5; 6 z> - ! /1{1?—1(1 PRI —kte) "V de (114)
T Im A k(02,93 — 02) Jo . '
The k-Riemann-Liouville (R-L) fractional integral using k-gamma function introduced in
9] oo
Ief(t = — t)(x —t)xdt,k, 0 € RT. 1.15
(1250)@) = oy | FO =0 ixa e (1.15)

The solution of some integral equations involving confluent k-hypergeometric functions
and k-analogue of Kummer’s first formula are given in [12, 13]. While the k-hypergeometric
and confluent k-hypergeometric differential equations are introduced in [10].

In 2015, Mubeen et al. [11] introduced k-Appell hypergeometric function as

(51>m+n,k<52)m,k(53)m,k Z{n?«’g

(54)m+n,k m!n!

o0

Fy (01,02, 03; 045 21, 22) = Z

m,n=0

for all 01,09,03,04 € C,04 #0,—1,—2,-3,---, max{|z], |22]} < % and k > 0.
Also, they define its integral representation as

1
Fl,k(51752153;54;217z2> = kB3(6y, 04 — 67)

(1.16)

1
x /t‘?—l(l ) (L — k) F (L —keot)"Edt (117)
0

2. EXTENSION OF FRACTIONAL DERIVATIVE OPERATOR

In this section, we recall the definition of following fractional derivatives and give a new
extension called Riemann-Liouville k-fractional derivative.

Definition 2.1. The well-known R-L fractional derivative of order u is defined by

DI} =y [ FO 0 R >0 (21)

For the case m — 1 < R(pu) < m where m =1,2,---, it follows
dm
01 f(0)} = ] (o))
@ L ' _ p\—ptm—1
{F(—u +m) /0 fO =1 dt}a R(p) >0 (2:2)

T dam
In the following, we define Riemann-Liouville k-fractional derivative of order u as

Definition 2.2.
D8 f(2)} = ﬁ / (@ — )5 1dt, R(p) > 0,k € R, (2.3)

For the case m — 1 < R(u) < m where m =1,2,---, it follows

m

D)} = oL ()}
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el | SO0 R =0 e

Note that for k = 1, definition 2.2 reduces to the classical R-L fractional derivative
operator given in definition 2.1.
Now, we are ready to prove some theorems by using the new definition 2.2.

Theorem 2.1. The following formula holds true,

n—p
n Z k
Di{zx} = +k,—u), () > 0. 2.5
et} = Al e ). R() (25)
Proof. From (2.3), we have
1 z n 22
D1 {2k :—/ tx(z—t) %Lt 2.6
ety = s | e (26)
Substituting ¢t = uz in (2.6), we get
1 ! )
o 2} = —/ uz)x (z —uz) "% zdu
n—p 1
Z k n B
= — wx (1 —u) * du.
k[ (—p) /0 ( )
Applying definition (1.9) to the above equation, we get the desired result. 0

Theorem 2.2. Let R(u) > 0 and suppose that the function f(z) is analytic at the origin
with its Maclaurin ezpansion given by f(z) = >~ a,z" where |z| < p for some p € RT.
Then

DL ()} =) an@i{z"}. (2.7)

Proof. Using the series expansion of the function f(z) in (2.3) gives

O = / Sttty E

As the series is uniformly convergent on any closed disk centered at the origin with its
radius smaller then p, therefore the series so does on the line segment from 0 to a fixed z
for |z] < p. Thus it guarantee terms by terms integration as follows

o0

D)} = Z{Wl—m [re—tra

TR
n=0

which is the required proof. 0


http://dx.doi.org/10.20944/preprints201712.0101.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 December 2017 d0i:10.20944/preprints201712.0101.v1

ON GENERALIZE k-FRACTIONAL DERIVATIVE OPERATOR 5
Theorem 2.3. The following result holds true:

DT k) F = P R (B ), (2.9

where R(p) > R(n) >0 and |z| < 1.

Proof. By direct calculation, we have

1 z n 8 B=n
DI N1 —kz) Tk} = —/ e (1 —kt) " x (2 —8) % Tt
D7 {27 ) <} el =1) Jo ( ) (2 —1)
-t t

=@

z # n m—n
=— [ &1 —xt)x(1—-)F ldt.
i, fa D

Substituting ¢ = zu in the above equation, we get

Ly 1
oI N1 — k)R = _r / w1 — kuz) R (1 — w) 5 zdu
Ok H = s [t -
Applying (1.14) and after simplification we get the required proof. U
Theorem 2.4. The following result holds true:
7 a r u
DI (1~ kaz) E (1 - kbz) £} = FE"iF (m.0: B az,02), (29)
k\H

where R(p) > R(n) >0, R(a) > 0, R(B) > 0, max{|az|,|bz]} < 1.

Proof. To prove(2.9), we use the power series expansion

(1—kaz) 5(1—kb2) 5 = 3 > (@) Bk

m=0 n=0

(az)™ (bz)"
m!  n!

Now, applying Theorem 2.1, we obtain
DT {2 (1 — kaz)"x (1 — kbz)~

flisy

¥
— Z Z(Oé)m,k<ﬁ)n’k (z,);‘n %kgg—#{zz—km—kn—l}

o oo (@)™ (b)™ Be(n+mk+nk, 1t —1) upin_
= Zonzg(a)m,k(ﬁ)n,k R (i =) Zetmin-l

:Zz(a)m’k(ﬁ)n’k m! nl F:(u—i-mk:—l—nk;)Zk+ .

n «@ F 1
(DT 21 —kaz) "+ (1 — kbz)_g} = (1) 2 R, (77, a, B; ;s az, bz).
I (p)
O
Theorem 2.5. The following Mellin transform formula holds true:
T _
M{e’ka‘z‘(z%);s} = ﬂﬁk(n—l—k, —p)zE (2.10)
Dy (—p)

where R(n) > —1, R(u) > 0, R(s) > 0.
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Proof. Applying the Mellin transform on definition (2.3), we have

M{e‘xkgfj(z%);s} = /00 il k@‘;(z”);s}d:v
0

— —1 /00 xsfle*z{ /Zt

ka(—,u) 0 0
_E_q [e’s) z
gk -1 - by_n_y

= — e " tx (1 — =)= " dtrdx
krk(_ﬂ) /0 {/0 ( Z) }

= i /00 xs’le’”{ /1 uk (1 —u) %t du}dx
K[y (=) Jo 0

Interchanging the order of integrations in above equation, we get

M{e’x k@’z‘(z%);s} = % /1 uk (1 — u)£1</oo ¥l d:r;)du.
K\ 0 0

=S

(z—t) % dt}dx

w1

=—TI'(s / ur (1 —u) " x 'du
eI A
F(S) n—p
fry —I— k’ — Z k s
which completes the proof. O

Theorem 2.6. The following Mellin transform formula holds true:
_2TRI(s)
B INED)
where R(a) > 0, R(p) <0, R(s) >0, and |z| < 1.

M{e‘wkg‘;((l —kz)_%);s} Fx (X, —,u)gFLk<a,k; —p+ k; Z), (2.11)

Proof. Using the power series for (1 —kz)~% and applying Theorem 2.5 with n = nk, we

can write
M{e DE((1—k2) ¥)s} = i (agr’kM{e_ku‘;(z”); s

n=0 ’

— F<S) - (a)n,k n— 4

Ky (—p) 7; ek K =)z

_ F(S)Z_% = (@) pxz

- Fk(_,u> nzz()ﬁk(nk+k, —M) '

= - N Fk(k + nk) (a>n,kzn

=1I(s)z nzg SN A

_ ['(s) L - (K)ng  (@)nr2"
Di(—p+k)" = (—p+knr 0l
1;(5()_21;; Pre(, —p1) 2P x (Oé, k; —p + k; z),

which is the required proof. 0
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Theorem 2.7. The following result holds true:

B_q ] n
gy ] o K, (212

where 7,0, € C, R(p) > 0, R(q) > 0, R(u) > R(n) > 0, R(A\) > 0, R(p) > 0 and

By 5(2) is k-Mittag-Leffier function (see [2]) defined as:

TL

k"yé Zrkfyn_i_a n|'

n=

(2.13)
Proof. Using (2.13), the left-hand side of (2.12) can be written as

ore[s e, 0] - o [ 3 e 2]

By Theorem 2.2, we have

D2 N[Zk 1Ef:75 } ZFk fyn+5 { Dz [Zk+n 1}}

In view of Theorem 2.1, we get the required proof. O

Theorem 2.8. The following result holds true:

(ai:Ai)l,m; B_q
k@”ﬂ‘{z%’l Y |z }:—Zk
- (8, B)):. kD (1 — 1)
R ns
H:” I'(a; + Ain) "
XZ : T(3, + Byn B + ke, pp = 17)

(2'.14)

where R(p) > 0, R(q) > 0, R(p) > R(n) > 0, R(A) > 0, R(p) > 0 and ,,V,,(2) is the
Fox-Wright function defined by (see [5], pages 56-58)

(i, Ai)1,m;
’ H Do + Ain) 2™
m\Ijn - m\Iln Z . 2.15
(=) E Z R Bl (215)
(5]7 )1 n;
Proof. Applying Theorem 2.1 and followed the same procedure used in Theorem 2.7, we
get the desired result. O

3. CONCLUDING REMARKS

In this paper, we established k-fractional derivative operator. If letting k — 1 then
all the results established in this paper will reduce to the results related to the classical
Reimann-Liouville fractional derivative operator.
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