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Abstract. In this paper, we pursue and investigate the solutions for fractional kinetic

equations, involving Bessel-Struve function by means of their Sumudu transforms. In the

process, one Important special case is then revealed, and analyzed. The results obtained

in terms of Bessel-Struve function are rather general in nature and can easily construct

various known and new fractional kinetic equations.

1. Introduction

The Bessel-Struve kernel function Sα (µz) , µ, z ∈ C [12] which is unique solution of

the initial value problem lαu (z) = µ2u (z) with the initial conditions u (0) = 1 and

u
′
(0) = µΓ (α + 1) /

√
πΓ (α + 3/2) is given by

Sα (µz) = jα (iµz)− ihα (iµz) ,∀z ∈ C (1.1)

where jα and hα are the normalized Bessel and Struve functions.

Moreover, the Bessel-Struve kernel function is a holomorphic function on C×C and it

can be expanded in a power series:

Sα (µz) =
∞∑
n=0

(µz)n Γ (α + 1) Γ
(
n+1

2

)
√
πn!Γ

(
n
2

+ α + 1
) . (1.2)

For more details about Bessel-Struve kernel function interesting readers can see the ref-

erences [2, 15, 16].

The Sumudu transform introduced by Watugala (see [27, 28]). For more details about

Sumudu transform, see ( [1, 3–10]).

The Sumudu transform over the set functions

A =
{
f (t)

∣∣∃ M, τ1, τ2 > 0, |f (t)| < Me|t|/τj , if t ∈ (−1)j × [0,∞)
}
,
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is defined by

G (u) = S [f (t) ;u] =

∫ ∞
0

f (ut) e−tdt, u ∈ (−τ1, τ2) . (1.3)

The Sumudu transform of Sα(x), using (1.2) and (1.3), is given by

S [Sα(x)] =

∫ ∞
0

e−tSα(ut)dt

=

∫ ∞
0

e−t
∞∑
n=0

(µ)n Γ (α + 1) Γ
(
n+1

2

)
√
πn!Γ

(
n
2

+ α + 1
) (ut)n dt (1.4)

Interchanging the order of integration and summation gives,

S [Sα(x)] =
∞∑
n=0

(µ)n Γ (α + 1) Γ
(
n+1

2

)
√
πn!Γ

(
n
2

+ α + 1
)
un

∫ ∞
0

e−ttndt

=
∞∑
n=0

(µ)n Γ (α + 1) Γ
(
n+1

2

)
Γ(n+ 1)

√
πn!Γ

(
n
2

+ α + 1
)
un

,

Denoting the left hand side by G(u), we have

G (u) = S [Sα(x);u]

=
Γ(α + 1)√

π
2Ψ1

[
(1

2
, 1

2
), (1, 1)

(α + 1, 1
2
)

∣∣∣∣u
]
. (1.5)

The main aim of this work is to establish the generalized fractional kinetic equation

involving Sα(x). Here, we use the Sumudu transform methodology to obtain the results.

2. Generalized Fractional Kinetic Equations

The fractional differential equation between rate of change of reaction was established

in [13] , the destruction rate and the production rate as follows

dN

dt
= −d (Nt) + p (Nt) (2.1)

where N = N (t) the rate of reaction ,d = d (N) the rate of destruction, p = p (N) the

rate of production and Nt denote the function defined by Nt (t∗) = N (t− t∗) , t∗ > 0

The special case of (2.1), for spatial fluctuations or in homogeneities in N (t) the

quantity are neglected, that is the equation

dN

dt
= −ciNi (t) (2.2)

with t Ni (t = 0) = N0 is the number of density of species i at time t = 0 and ci > 0. If

we reject the index i and integrate the standard kinetic equation (2.2), we have

N (t)−N0 = −c0D
−1
t N (t) (2.3)
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where 0D
−1
t is the special case of the Riemann-Liouville integral operator 0D

−υ
t defined

as

0D
−υ
t f (t) =

1

Γ (υ)

t∫
0

(t− s)υ−1 f (s) ds, t > 0,< (υ) > 0

The fractional generalization of the standard kinetic equation (2.3) given in [13] as:

N (t)−N0 = −cυ0D−1
t N (t) (2.4)

and obtained the solution of (2.4) as follows

N (t) = N0

∞∑
k=0

(−1)k

Γ (υk + 1)
(ct)υk (2.5)

Further, Saxena and Kalla [25] considered the following fractional kinetic equation:

N (t)−N0f (t) = −cυ
(

0D
−1
t N

)
(t) (R (υ) > 0) (2.6)

where N(t) denotes the number density of a given species at time t, N0 = N (0) is the

number density of that species at time t = 0, c is a constant and f ∈ L(0,∞). By applying

the Laplace transform to (2.6), (see [25] )

L [N (t)] (p) = N0
F (p)

1 + cυp−υ
= N0

(
∞∑
n=0

(−cυ)n p−nυ
)
F (p)

(
n ∈ N0,

∣∣∣∣ cp
∣∣∣∣ < 1

)
(2.7)

where the Laplace transform ( [26]) is defined by

F (p) = L [f(t)] =

∞∫
0

e−ptf (t) dt < (p) > 0 (2.8)

The Mittag-Leffler functions Eρ (z) (see [14]) and Eρ,λ (x) [29] is defined respectively as

Eρ (z) =
∞∑
n=0

zn

Γ (ρn+ 1)
(z, ρ ∈ C; |z| < 0,< (ρ) > 0) . (2.9)

Eρ,λ (x) =
∞∑
n=0

xn

Γ (ρn+ λ)
(z, ρ, λ ∈ C;< (ρ) > 0,< (λ) > 0) . (2.10)

The details about fractional kinetic equations and solutions, one can refer to [11,17–25,30]
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3. Solution of generalized fractional Kinetic equations involving (1.2)

The solution of the generalized fractional kinetic equations involving (1.2) is given in

this section.

Theorem 1. If d > 0, υ > 0, α, µ, t ∈ C and < (α) > −1 then for the solution of the

equation

N (t)−N0Sα (µt) = −dυ 0D
−υ
t N (t) (3.1)

there holds the formula

N (t) = N0

∞∑
n=0

µnΓ (α + 1) Γ
(
n+1

2

)
tυn−1

√
πΓ
(
n
2

+ α + 1
) Eυ,υn (−dυtυ) (3.2)

where Ev,n (.) is the generalized Mittag-Leffler function [14].

Proof. Applying the Sumudu transform to the both sides of (3.1), gives

S [N (t) ;u] = N0L [Sα (µt) ;u]− dυS
[

0D
−υ
t N (t) ;u

]
N∗ (u) = N0

(∫ ∞
0

e−t
∞∑
n=0

(µ)n Γ (α + 1) Γ
(
n+1

2

)
√
πn!Γ

(
n
2

+ α + 1
) tndt

)
− dυuυN∗ (u)

N∗ (u) + dυuυN∗ (u) = N0

∞∑
n=0

(µ)n Γ (α + 1) Γ
(
n+1

2

)
√
πn!Γ

(
n
2

+ α + 1
) ∞∫

0

e−ttndt

= N0

∞∑
n=0

(µ)n Γ (α + 1) Γ
(
n+1

2

)
Γ (n+ 1)uυn

√
πn!Γ

(
n
2

+ α + 1
)

N∗ (u) = N0

∞∑
n=0

(µ)n Γ (α + 1) Γ
(
n+1

2

)
uυn

√
πΓ
(
n
2

+ α + 1
) ∞∑

r=0

[− (du)υ]
r

(3.3)

Taking Laplace inverse of (3.3), and by using S−1 {uυ; t} = tυ−1

Γ(υ)
,< (υ) > 0, we get

S−1 (N (t)) = N0

∞∑
n=0

(µ)n Γ (α + 1) Γ
(
n+1

2

)
√
πΓ
(
n
2

+ α + 1
) S−1

{
∞∑
r=0

dυru(υn+υr)

}

N (t) = N0

∞∑
n=0

(µ)n Γ (α + 1) Γ
(
n+1

2

)
√
πΓ
(
n
2

+ α + 1
) {

∞∑
r=0

(−1)r dυr
t(υn+υr)−1

Γ (υn+ υr)

}

= N0

∞∑
n=0

(µ)n Γ (α + 1) Γ
(
n+1

2

)
√
πΓ
(
n
2

+ α + 1
) tυn−1

{
∞∑
r=0

(−1)r dυr
tυr

Γ (υn+ υr)

}
In view of equation (2.9), we obtain the desired result. �
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Theorem 2. If d > 0, υ > 0, α, µ, t ∈ C and R (α) > −1, then for the solution of the

equation

N (t)−N0Sα (µdυtυ) = −dυ 0D
−υ
t N (t) (3.4)

there holds the formula

N (t) = N0

∞∑
n=0

Γ (α + n) Γ
(
n+1

2

)
Γ (υn+ 1) (µdυ)n tυn−1

√
πn!Γ

(
n
2

+ α + 1
) Eυ,υn (−dυtυ) (3.5)

Proof. This theorem can prove parallel as Theorem 1. So the details are omitted. �

Theorem 3. If d > 0, υ > 0, α, µ, t ∈ C, a 6= d and < (α) > −1, then for the solution of

the equation

N (t)−N0Sα (µdυtυ) = −aυ 0D
−υ
t N (t) (3.6)

there holds the formula

N (t) = N0

∞∑
n=0

Γ (α + n) Γ
(
n+1

2

)
Γ (υn+ 1) (µdυ)n tυn−1

√
πn!Γ

(
n
2

+ α + 1
) Eυ,υn (−aυtυ) (3.7)

Proof. Theorem 3 can easily derive from Theorem 2, so the details are omitted. �

Special case:

If we set α = −1
2

in (1.2), we have

S− 1
2

(µz) =
∞∑
n=0

(µz)n Γ
(
−1

2
+ 1
)

Γ
(
n+1

2

)
√
πn!Γ

(
n
2
− 1

2
+ 1
)

, =
∞∑
n=0

(µz)n Γ
(

1
2

)
Γ
(
n+1

2

)
√
πn!Γ

(
n
2

+ 1
2

)
=
∞∑
n=0

(µz)n

n!

which implies that

S− 1
2

(µz) = eµz (3.8)

In view of (3.8) and Theorem 1, 2 and 3, we have following corollaries respectively

Corollary 3.1. If d > 0, υ > 0, α, µ, t ∈ C then for the solution of the equation

N (t)−N0S− 1
2

(µt) = −dυ 0D
−υ
t N (t) (3.9)

there holds the formula

N (t) = N0

∞∑
n=0

µntυn−1Γ(υn+ 1)

n!
Eυ,υn (−dυtυ) (3.10)
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Corollary 3.2. If d > 0, υ > 0, α, µ, t ∈ C then for the solution of the equation

N (t)−N0S− 1
2

(µdυtυ) = −dυ 0D
−υ
t N (t) (3.11)

there holds the formula

N (t) = N0

∞∑
n=0

(µdυ)n tυn−1

n!
Eυ,υn (−dυtυ) (3.12)

Corollary 3.3. If d > 0, υ > 0, µ, t ∈ C and a 6= d then for the solution of the equation

N (t)−N0S− 1
2

(µdυtυ) = −aυ 0D
−υ
t N (t) (3.13)

there holds the formula

N (t) = N0

∞∑
n=0

(µdυ)n tυn−1

n!
Eυ,υn (−aυtυ) (3.14)

4. Conclusion

Solutions of generalized fractional kinetic equation in terms of the Bessel-Struve kernel

function is given in this study. The results obtained here are in compact forms appropriate

for numerical computation and are rather general in nature and can easily construct

various known and new fractional kinetic equations.
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