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SOME PROPERTIES OF h-MN-CONVEXITY AND JENSEN’S TYPE INEQUALITIES

MOHAMMAD W. ALOMARI

ABSTRACT. In this work, we introduce the class of h-MN-convex functions by generalizing the concept of
MN-convexity and combining it with h-convexity. Namely, let M : [0,1] — [a,b] be a Mean function given
by M (¢) = M (¢; a, b); where by M (¢; a, b) we mean one of the following functions: A¢ (a,b) := (1 —t)a +tb,
Gt (a,b) = a'~tbt and Hi (a,b) := ; with the property that M (0;a,b) = a and
M (1;a,b) =b.

Let I,J be two intervals subset of (0,00) such that (0,1) C J and [a,b] C I. Consider a non-negative
function h : J — (0,00), a function f: I — (0, 00) is said to be h-MN-convex (concave) if the inequality

f M (82, y)) < ()N (h(1); f(2), f(¥))
holds for all z,y € I and ¢ € [0,1]. In this way, nine classes of h-MN-convex functions are established, and

therefore some analytic properties for each class of functions are explored and investigated. Characterizations
of each type are given. Various Jensen’s type inequalities and their converses are proved.

ab — 1
ta+(1—t)b At(%»%

1. INTRODUCTION

Let I be a real interval. A function f : I — R is called convex iff

(1.1) flta+ (1 =t)p) <tf(a)+ (1 —1)f(B),

for all points «, 8 € I and all t € [0,1]. If —f is convex then we say that f is concave. Moreover, if f is both
convex and concave, then f is said to be affine.
In 1978, Breckner [5] introduced the class of s-convex functions (in the second sense), as follows:

Definition 1. Let I C [0,00) and s € (0,1], a function f : I — [0,00) is s-convex function or that f belongs
to the class K2 (I) if for all x,y € I and t € [0,1] we have

flz+1-t)y) <t°f(z)+ 1 1) f(y).

In [6], Breckner proved that every s-convex function satisfies the Holder condition of order s. Another
proof of this fact was given in [26]. For more properties regarding s-convexity see [7] and [15].

In 1985, E. K. Godnova and V. I. Levin (see [13] or [19], pp. 410-433) introduced the following class of
functions:

Definition 2. We say that f : I — R is a Godunova-Levin function or that f belongs to the class Q (I) if
for all z,y € I and t € (0,1) we have

~

f@) W)

flla+ -ty < ——+ 71—

~+

In the same work, the authors proved that all nonnegative monotonic and nonnegative convex functions
belong to this class. For related works see [12] and [18].
In 1999, Pearce and Rubinov [24], established a new type of convex functions which is called P-functions.

Definition 3. We say that f : I — R is P-function or that f belongs to the class P (I) if for all x,y € I
and t € [0,1] we have

fle+1—t)y) < fz)+f(y).
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Indeed, Q(I) 2 P(I) and for applications it is important to note that P(I) also consists only of nonnegative
monotonic, convex and quasi-convex functions. A related work was considered in [12] and [29].

In 2007, Varosanec [30] introduced the class of h-convex functions which generalize convex, s-convex,
Godunova-Levin functions and P-functions. Namely, the h-convex function is defined as a non-negative
function f : I — R which satisfies

flla+ (@ =1)B) <h(t)f(e)+h(1-1)f(B),

where h is a non-negative function, ¢t € (0,1) C J and z,y € I, where I and J are real intervals such
that (0,1) C J. Accordingly, some properties of h-convex functions were discussed in the same work of
Varosanec. For more results; generalization, counterparts and inequalities regarding h-convexity see [1],[3],[4],
[8]-[10],[14],[16], [22] and [28].
We recall that, a function M : (0,00) — (0, 00) is called a Mean function if
(1) Symmetry: M (z,y) = M (y, z).
(2) Reflexivity: M (z,z) = .
(3) Monotonicity: min{z,y} < M (z,y) < max{z,y}.
(4) Homogeneity: M (Az, Ay) = AM (z,y), for any positive scalar \.
The most famous and old known mathematical means are listed as follows:

(1) The arithmetic mean :

A::A(a,ﬁ):L—;ﬂ, a, B eR,.

(2) The geometric mean :

G:=G(o,p)=+ap, apeR;
(3) The harmonic mean :

Hi= H (o, B) = Lj_l’ 0,8 € R, — {0}
a B

In particular, we have the famous inequality H < G < A.
In 2007, Anderson et al.in [2] developed a systematic study to the classical theory of continuous and
midconvex functions, by replacing a given mean instead of the arithmetic mean.

Definition 4. Let f : I — (0,00) be a continuous function where I C (0,00). Let M and N be any two Mean
functions. We say f is MN-convex (concave) if

(1.2) fM(z,y)) < (Z)N(f(z), f(y)),
forallz,y € I and t € [0,1].

In fact, the authors in [2] discussed the midconvexity of positive continuous real functions according to
some Means. Hence, the usual midconvexity is a special case when both mean values are arithmetic means.
Also, they studied the dependence of MN-convexity on M and N and give sufficient conditions for MN-
convexity of functions defined by Maclaurin series. For other works regarding MN-convexity see [20] and
[21].

The aim of this work, is to study the main properties of h-MN-convex functions, such as; addition, product,
compositions and some functional type inequalities for some classes. Jensen inequality and its consequences
with their converses play significant roles in (almost) all areas of Mathematics and Physics. For example,
Jensen inequality used to prove some important inequalities such as AM, GM, HM inequalities and their
consequences, moreover it can be used to generate some more ramified inequalities. All this happens using
the classical concept of convex set and convex functions, but what happen when we replace these terms by
another convexity terms such as h-MN-convexity?. The natural answer, is simply can change everything,
e.g., discovering new Jensen type inequalities will help us to find, refine, and generate new inequalities of
AM, GM, and HM type.

In this work, the class of A-MN-convex functions is introduced. Generalizing and extending some classes of
convex functions are given. Some analytic properties for each class of functions are explored and investigated.
Characterizations of each type of convexity are established. Some related Jensen’s type inequalities and their
converses are proved.
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2. THE h-MN-CONVEXITY

Throughout this work, I and J are two intervals subset of (0,00) such that (0,1) C J and [a,b] C I. Let
0 < a < b. Define the function M : [0,1] — [a,b] given by M (¢t) = M (¢; a, b); where by M (¢; a,b) we mean
one of the following functions:

(1) A¢(a,b):=(1—1t)a+th; The generalized Arithmetic Mean.

(2) Gy (a,b) = a'~tb%; The generalized Geometric Mean.

(3) H¢(a,b) := ta+(‘11b_t)b = Ai(%,%); The generalized Harmonic Mean.
Note that M (0;a,b) = a and M (1;a,b) = b. Clearly, for t = %, the means A%, G% and Hy, respectively;
represents the midpoint of the A;, G; and Hy, respectively; which was discussed in [2] in viewing of Definition
4.

Also, we note that the above means are related with celebrated inequality

Ht (a,b)SGt (a,b)SAt(a,b), Vite [0,1]

2.1. Basic properties of h-MN-convex functions. The Definition 4 can be extended according to the
defined mean M (¢;a,b), as follows: Let f : I — (0,00) be any function. Let M and N be any two Mean
functions. We say f is MN-convex (concave) if

fM(tz,y) < ()N f(@), f(y),

for all z,y € I and ¢ € [0,1].
Next, we introduce the class of h-MyN-convex functions by generalizing the concept of MyN¢-convexity
and combining it with h-convexity.

Definition 5. Let h : J — (0,00) be a positive function. Let f : I — (0,00) be any function. Let
M : [0,1] = [a,b] and N : (0,00) — (0,00) be any two Mean functions. We say f is h-MN-convex (-concave)
or that f belongs to the class MN (h,I) (MN (h,I)) if

(2.1) fM(tz,y)) < (Z)N(A(t); f(z), f(y))
forallz,y € I and t € [0,1].

Clearly, if M (¢t;z,y) = At (x,y) = N(t;x,y), then Definition 5 reduces to the original concept of h-
convexity. Also, if we assume f is continuous, h(t) = ¢ and ¢t = § in (2.1), then the Definition 5 reduces to

the Definition 4.
The cases of h-MN-convexity are given with respect to a certain mean, as follow:

(1) fis h-A;Gi-convex iff
(2.2) fla+@=08) <[f@"[FE)"",  o<t<y,
(2) f is h-A¢Hi-convex iff

f(a) £ (B)

(2.3) fla+ (=08 < a7+ h O 7 (B)’

0<t<1.

(3) fis h-GrAs-convex iff
(2.4) F@B) <h@) fa)+h(1-t)f(B), 0<t<1.
(4) f is h-G;Gy-convex iff
(2.5) F@B) <F @@, o<t<1
(5) fis h-GyH-convex iff
f (o) £ (B)
h(1—1t) f(a)+h(t) f(B)

(2.6) fla'g™h) <

0<t<1.
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(6) f is h-H;As-convex iff

.1) risg) Sha-0f@+h0s3).  o<i<t
(7) fis h-H{G-convex iff
(23) Harisgs) SV@ ™ rEre,  ose<
' ta+(1—-t)3) — ' -
(8) fis H H;-convex iff
of f (@)1 (8)
%) 1(ari=os) S rmrmenacorey  OStSt

Remark 1. In all previous cases, h(t) and h(1 —t) are not equal to zero at the same time. Therefore, if
h(0) =0 and h(1) = 1, then the Mean function N satisfying the conditions N (h(0), f (z), f (v)) = f (z) and

N(h(1), f(2).f(y)=f ()
Remark 2. According to the Definition 5, we may extend the classes Q(I), P(I) and K? by replacing the

arithmetic mean by another given one. Let M : [0,1] — [a,b] and N : (0,00) — (0,00) be any two Mean
functions.

(1) Let s € (0,1], a function f : I — (0,00) is MNy-s-convez function or that f belongs to the class
K2 (I; My, Ny) if for all z,y € I and t € [0, 1] we have
(2.10) fM (& 2,y)) < N f(2), f(y) -

(2) We say that f : I — (0,00) is an extended Godunova-Levin function or that f belongs to the class
Q (I; My, Ny) if for all z,y € I and t € (0,1) we have

1
(2.11) Ot sz <N (350 50)).
(8) We say that f: I — (0,00) is P-M;Ny-function or that f belongs to the class P (I; My, Ny) if for all
z,y €I and t € [0,1] we have
(2.12) fM(t2,y)) <N f(=2), f(y).
In (2.10)(2.12), setting M (t;z,y) = At (x,y) = N (¢;2,y), we then refer to the original definitions

of these class of convexities (see Definitions 1-3).

Remark 3. Let h be a non-negative function such that h(t) > t for t € (0,1). For instance h,. (t) = t",
t € (0,1) has that property. In particular, for v <1, if f is a non-negative M¢Ny-convez function on I, then
forxz,ye I, te(0,1) we have

FM(tz,y) <N (G f(2), f(y) S NG f(2), f(y) =N (@) f(2), (),

for allr <1 and t € (0,1). So that f is h-M¢N¢-convex. Similarly, if the function satisfies the property
h(t) <t forte(0,1), then f is a non-negative h-M¢Ny-concave. In particular, for r > 1, the function h,(t)
has that property fort € (0,1). So that if f is a non-negative MNy-concave function on I, then for x,y € I,
t € (0,1) we have

fM(tz,y) > N f(2), f(y) 2 N5 f(2), f(y) =N(h(@); f(2), f(y),
forallr > 1 and t € (0,1), which means that f is h-M;N¢-concave.

Remark 4. There exists an h-MN-convex function which is MN-conver. As shown by VaroSanec (see
Ezamples 6 and 7 in [30]), one can generate h-MN-convez functions but not MN-convex.

Next, we give an extended generalization of Theorem 2.4 in [2]. This simply can help to illustrate the
concept of A-MN-convex functions.

Theorem 1. Let h: J — (0,00) be a positive function. [ : I — (0,00) be any function. In parts (4)-(9),
let I =(0,7),0<7 < o00.

(1) f is h-AsAs-convex (-concave) if and only if f is h-convex (h-concave).

(2) [ is h-AiGy-convex (-concave) if and only if log f is h-convex (-concave).
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(8) f is h-A¢H-convex (-concave) if and only if ﬁ is h-concave (-convez).
(4) f is h-GAs-convex (-concave) on I if and only if f (te™*!) is h-convex (-concave).

(5) f is h-GGy-convex (-concave) if and only if log f (te™?) is h-convex (-concave) on (0,00).
(6) f is h-GyH-convex (-concave) if and only if ﬁ is h-concave (-convezx) on (0,00).

(7) f is h-HyAy-convez (-concave) if and only if f (L) is h-convex (-concave) on (1

T,oo).

(8) f is h-H,Gy-conves (-concave) if and only if log f (1) is h-convex (-concave) on (%,00).

(9) f is h-HyH;-convex (-concave) if and only if ﬁ is h-concave (-convez) on (L, 00).
x

Proof. (1) Follows by definition.

(2) Employing (2.2) in the Definition 5, we have
f(A¢ (a,b)) < (=) G (h(t); f(a), f(b))
& f((L=ta+ih) < () [f @) [ @)
& log f((1—t)a+1tb) < (2)h(1—1t)log[f (a)] + h(t)log [f (b)],

which proves the result.
(3) Employing (2.3) in the Definition 5, we have
[ (Ai(a,0)) < (=) H (h(t); f(a), f(b))

)
S f(1=Datih) < ()5 () (f)()f((lb) T

h
a1 st h(t)

F((A=t)a+1d) f(a) f®)

which proves the result.
(4) Employing (2.4) in the Definition 5 and substituting a = 7e~" and b = 7e~*, we have

f(Gi(a,b) < (= ) (h(t); f(a), f(b))
& f(a) < () (1 —1t) f(a) +h(t) f(b)
o f (re*[r(lft)ﬂt]) <(G)h(A—t)f(re") +h(t) f(re),

which proves the result.
(5) Employing (2.5) in the Definition 5 and substituting a = 7e~" and b = 7e~*, we have

F(Gy(a,b)) < (=) G (h(t); f(a), £())
& f (a7 < () [f (@) [f (o))"
< log f (Te_[r(l_t)+8t]) < (Z)h(1—t)log f (re™") + h(t)log f (Te™°),

(6) Employing (2.6) in the Definition 5 and substituting a = 7e~" and b = 7e~*, we have, we have

F(Gr (b)) < (=) H (h(): f(a), FB))
£ (@) F(b)
S S @ ha =070
1 h(l—t)  h(t)
“ T =9 e T
. | SRLIET 0

[ (re~r(=t)+st]) f(re™m) f(Te 5)’

which proves the result.
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(7) Let g(z) = f (L) and let a,b € (£,00) with a < b, so that a,b € (0,7). Then f is h-H;As-convex
(-concave) on (0, 7) if and only if

(am) = @4 (0 75 7m)

i) oy o)

‘:’9<m+ab_t)b> < () h(L—t)g(@)+h(t)g(),

which proves the result.

(8) Let g(z) =log f (%) and let a,b € (£, 00) with a < b, so that a,b € (0,7). Then f is h-H;G-convex
(-concave) on (0, 7) if and only if

1
/ (H(b)) < (2) G (h(t): f(a), F(B))

sr(G+i) <@ s (2)]% [f <i>r““

©logf(Z+W) < (Z)h(t)logf(i) +h(1—t)logf(cll>
@g(m) <(Z)ht)gb)+h(1—1t)g(a),

which proves the result.

(9) Let g(x) = f(% and let a,b € (1,00) with a < b, so that a,b € (0,7). Then f is h-H;Hi-convex

(-concave) on (0,7) if and only if

~—|

ta-&-(l—t)b)Z(S) f(%)

which proves the result.
|

Characterizations of each type of h-MN-convex functions using derivatives is given below. The next result
can be considered as extended generalization of Corollary 2.5 in [2].

Corollary 1. Let h: J — (0,00) be a non-negative function such that h(a) > (<) « for all « € (0,1). Let
f: 1 —(0,00) be differentiable function. In parts (4)-(9), let I = (0,7), 0 < T < 00.

(1) f is h-AyAs-convex (-concave) if and only if f' (x) is increasing (decreasing).

(2) f is h-A;Gi-convex (-concave) if and only if ff/((;)) is increasing (decreasing).

(3) f is h-AyH;-convex (-concave) if and only if ]{;((?) is increasing (decreasing).

(4) f is h-GiAi-convex (-concave) on I if and only if xf’ (x) is increasing (decreasing).
(5) f is h-GrGi-convex (-concave) if and only if z]{(g) is increasing (decreasing).

(6) [ is h-GyH;-convex (-concave) if and only if ?;/((;)) is increasing (decreasing).
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(7) f is h-HyAs-convex (-concave) if and only if x®f' (x) is increasing (decreasing).

(8) [ is h-H;Gy-convex (-concave) if and only if z’;,z;()x) is increasing (decreasing).

(9) f is h-HyH;-convex (-concave) if and only if I;{ég) is increasing (decreasing).
Proof. The proof follows from Theorem 1 and Remark 3. O

Proposition 1. Let h: J — (0,00) be a non-negative function. Then

fis h-AH-convex —>  f is h-A(Gy-conver —>  f is h-AyAy-conver

b b br/
fis h-G¢Hi-convex = f is h-G{G¢-convex — [ is h-G{A¢-convex
b/ b/ br/

f is h-HyH-convex = f is h-HyG¢-conver = [ is h-H{A¢-conver.
By f ' we mean that f is increasing. For concavity and decreasing monotonicity, the implications are

reversed.

Proof. The proof of each statement follows from Definition 5 and by noting that H; (a,b) < G;(a,b) <
A¢ (a,b), for all t € [0,1]. Furthermore, and for instance we note that if f is h-A;Hi-convex, therefore we
have

fAa(z,y) = flaz+(1-a)y) <

T h(l-a) h(a)
ORRIO)

=H(h(a),f(zx),f(y),

which is employing for g(t) = %, ie.,

1 h(l—a) h(w)
el Zglar U= = s oy = fw @)
h(1—a)g(y)+h(a)g(z)
- A(h(a),g(m) vg(y))a
and this shows that g is h-AyA¢-concave. O

These implications are strict, as shown by the examples below (see [2]).

Example 1. Let h be a non-negative function such that h(t) > t for all t € (0,1). In particular, let
h(t)=hg(t) =t k<1 andt € (0,1). The functions
(1) f(x) = cosh (z) is t*-A;Gq-conver, hence t*-GiGy-conver and t*-H;G-conver, on (0,00). But it is
not t*-AH, —convez, nor t*-G¢H; —convez, nor t*-HH;-convez.
(2) f(x) = arcsin (x) is t*-AyA¢-convex but t*-A(Gy-concave for all 0 < z < 1.
(3) f(x) = e is t*-G;G¢-convex and t*-HG-conver, but neither t*-GH-convex nor t*-H H;-convez,
for all x > 0.
(4) f(x) =log (1 + ) is t*-GyA;-conver but t*-GiGy-concave for all 0 < z < 1.
(5) f(z) = e ® is t*-HiA¢-convex for k < % but not t*-H¢Gy-convex for all 0 < x < 1. Also, f is
t-Hy A¢-convex but not t-Hy Gt -convex for all x > 1.
Proposition 2. Let hy, hy : J — (0,00) be two positive positive function with the property that ha(t) < hq(t)
forallt € (0,1). If f is ho-MN-convez then hi-MN-convezx and if f is hi-MN-concave then ho-MN-concave.

Proof. From Definition 5 we have

S (Mt 2,y)) < (Z) N (ha(t); f(2), f(y) < (Z)N(ha(t); f(2), f (),

which is required. (|
Proposition 3. If f and g are two h-MN-convex and A > 0, then f + g, A\f and max{f,g}.
Proof. The proof follows by Definition 5. ]
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Proposition 4. Let f and g be a similarly ordered functions. If f is hy-A¢A¢-conver (hi-GiAg-convex, hi-
HyAi-convex), g is ho-AtA¢-convex (ha-GpAg-convex, ho-HiAi-convex), respectively; and h (t)+h (1 —1t) < e,
where h (t) := max{hy (t),ha (t)} and ¢ is a fized positive real number. Then the product (fg) is (c- h)-
AtAi-convexr (-GyAg-convex, —HyA¢-convex), respectively.

Proof. Since f and g are similarly ordered functions we have

f@)g@)+fwal) >f(@)gly) +gx)fy).

Let t and s be positive numbers such that ¢ + s = 1. Then we obtain

(f9) (At (z,y))
= (fg) (sz + ty)

< [h(s) f (@) +ha (@) f(y)]lhz(s)g () + ha (1) g (y)]
<h*(s) f (@) g (@) +h () h(s)[f () g @)+ f (@) g )]+ () f(y) gy
<h?(s) f (@) g (@) +h (@) h(s)[f (2)g @)+ f () g )]+ () f(y) g )
= (h(s) +h@®) (h(s) (fg) (x) +h(t) (f9) ()

s)
=c-h(s)(fg)(x)+c-h(t)(fg)(y)

= A(c-h(t); (f9) (x), (f9) (),
which shows that (fg) is (¢-h)-AsAg-convex. The cases when fg is (¢-h)-GyA¢-convex or (c-h)-HyA¢-convex,

are follow in similar manner. O

Corollary 2. Let f and g be an oppositely ordered functions. If f is hi-A¢A¢-concave (h1-GyA¢-concave, hq-
HyA¢-concave), g is ha-AgA¢-concave (ho-GiAg-concave, ho-Hy A¢-concave), respectively; and h (t)+h (1 —t) >
¢, where h (t) := min{hy (t),h2 (t)} and c is a fized positive real number. Then the product (fg) is (¢ h)-
AtAi-concave (—GyAg-concave, —Hy Ag-concave), respectively.

Proposition 5. If f is hi-A;Gi-conver (hi-GyGi-convex, hi-HyGi-convex) and g is ha-A;Gy-convex (ha-
G G¢-convex, ho-HiGi-convex), respectively. Then the product (fg) is h-AtGs-conver (h-GyGy-convex, h-
H;Gy-convex), respectively; where h (t) := max{hy (t),hs (t)}.

Proof. let t € (0,1) C J, then
(f9) (At (z,y))
= (fg) (1 — )z + ty)
<{r @O} {lg @ g )"0}
= [ @) g @)= 1 )" [g ()=
<[(f9) @ [(fg) "
=G (h(t).(f9) (x),(f9) (W),

which shows that (fg) is h-A;G¢-convex. The cases when fg is (¢ - h)-GyGg-convex or (¢ - h)-HyGg-convex,
are follow in similar manner. O

Corollary 3. If f is h1-AtG¢-concave (h1-GyGg-concave, hi-H;G-concave) and g is ha-A¢Gy-concave (ha-
G Gy-concave, ho-HyGy-concave), respectively. Then the product (fg) is h-AiGi-concave (h-GyGg-concave,
h-H¢G¢-concave), respectively; where h (t) := min{hy (t),h2 (t)}.

Proposition 6. Let f and g be an oppositely ordered functions. If f is hi-A¢Hg-conver (hy-GyHg-convex, hi-
H(H;-convex), g is ha-AiHi-convex (ho-GiHi-convex, ho-HiH¢-convex), respectively; and h (t)+h (1 —t) > ¢,
where h (t) := min{hy (t),ha (1)} and c is a fized positive real number. Then the product (fg) is (c¢-h)-AHy-
convex (—G¢Hi-convex, —HyHi-convex), respectively.

Proof. Since f and g are oppositely ordered functions

f@)g@)+fwal) <fx)gly) +gx)f(y).
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Let t and s be positive numbers such that ¢ + s = 1. Then we obtain
(f9) (At (z,9))
= (f9) (sz + ty)
< f@) f () _ 9(x)g(y)
T b (8) f(z) +ha(s) f(y) ha(t)g(z)+ha(s)g(y)

(
c-h(t)(fg
= H (c- h(1); fg)(iv),(fg)( )),
which shows that (fg) is (c-h)-AiHi-convex. The cases when fg is (¢-h)-G{Hg-convex or (c-h)-H Hi-convex,
are follow in similar manner. g

Corollary 4. Let f and g be similarly ordered functions. If f is hy-AHy-concave (hy-GiHg-concave, hq-
H(H;-concave), g is ho-AHy-concave (ha-GiHi-concave, ho-HiHi-concave), respectively; and h (t)+h (1 —t) <
¢, where h (t) := max{hy (t),he (t)} and c is a fized positive real number. Then the product (fg) is (¢- h)-
A¢H;-concave (—G¢H¢-concave, —-H H-concave), respectively.

Sometimes we often use functional inequalities to describe and characterize all real functions that satisfy
specific functional inequality. In [30], Varosanec proved a result regarding A;A¢-convex functions, following
a similar approach; we next present some results of this type.

Theorem 2. Let I C R with 0 € I. Let h be a non-negative function on J.
(1) Let f be h-A;G¢-convex and f(0) = 1. If h is supermultiplicative, then the inequality

(2.13) I (az + By) < [f @) [f )",
holds for all x,y € I and all o, > 0 such that a + 3 < 1.
(2) Assume that h(a) < % for some a € (0, %) If f is a non-negative function such that inequality
(2.13) holds for all x,y € I and all a, f > 0 such that a+ 5 < 1, then f(0) =
(8) Let f be h-A¢Gy-concave and f(0) = 1. If h is submultiplicative, then the inequality

(2.14) f a4 By) = [f @) [f )"
holds for all xz,y € I and all a, 8 > 0 such that a+ 5 < 1.

(4) Assume that h(a) > 1 for some o € (0, %) If f is a non-negative function such that inequality
(2.14) holds for all x,y € I and all o, B > 0 such that o+ 5 <1, then f(0) =1

Proof. Let «, 8 > 0 be positive real numbers such that a + 8 =X < 1.

(1) Define numbers a and b such as a = § and b = g Then a 4+ b =1 and we have the following:
flazx + By) = f (Aax + Aby)

< [f Q)" @ [ Q)"
=[f(Az+(1-X)-0 )]h(a) [f O+ (1= A) - 0)]h(b)
{[f (x)]h(h)[ (0)]h(1 A)} h(a ){[f (y)]h()\) [f (0)],1(1_”}}1(1))
= [f @V f )W‘”h g
= [f @] [f )"
=1f @) [f )"
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where we use that f is A;G;, f(0) =1 and h is supermultiplicative, respectively.

(2) Suppose that f(0) # 1. Putting x =y = 0 in (2.13) we get
£(0) < [£(0)"@HB  foralla, >0, a+ B < 1.

Setting 8 = o, € (0,3), then 0 < (2h (a) — 1)log f (0), it follows that h («) > 3, since f(0) # 1,
which contradicts the assumption of theorem. So that f(0) = 1.

The proofs for cases (3) and (4) are similar to the previous. Hence, the proof is completely established. [

Theorem 3. Leta,b € (%, oo) with a < b, so that a,b € I where I = (0,7). Let h be a non-negative function

on J.
(1) Let f be h-GyAg-convex and f(1) = 0. If h is supermultiplicative, then the inequality
(2.15) F(z*y?) < h(a) f(x)+h(B) f(y),

holds for all x,y € I and all o, > 0 such that a + 3 < 1.
(2) Assume that h(a) < % for some a € (0, %) If f is a non-negative function such that inequality
(2.15) holds for all x,y € I and all o, B > 0 such that « + 8 <1, then f(1) =
(8) Let f be h-GyAg-concave and f(1) = 0. If h is submultiplicative, then the inequality
(2.16) f(a%y") = h(a) f(2)+h(B) f (y),
holds for all x,y € I and all a, 8 > 0 such that a + 5 < 1.

(4) Assume that h(a) > 1 for some o € (0,%). If f is a non-negative function such that inequality
(2.16) holds for all x,y € I and all o, B > 0 such that « + 8 < 1, then f(1) =

Proof. Let «, 8 > 0 be positive real numbers such that a + 8 =X < 1.
(1) Define numbers a and b such as a = § and b = g Then a + b = 1 and we have the following:
I (@y?) = f (@)
ha) f(2*) + () f (y)
() F (1) 40 (0) £ (0 11)
hi(a) [h(X) f(z) +h (1 =X) F (D] +h @) [h(N)f(y) +h(1=X)f(1)]
(@) (A) f () +h(b) L (N) £ (y)
<h(a) f(z)+h(B)f(y),

where we use that f is G¢A¢, f(1) = 0 and h is supermultiplicative, respectively.

a

=h(a)f

=h(a

(2) Suppose that f(1) # 0, since f is non-negative then f(1) > 0. Putting z =y =1 in (2.15) we get
fFO)<h(a)f(1)+h(B)f(1), forall , 8 >0, a+ 5 < 1.

Setting 8 = a, a € (0,1), then 0 < (2h () — 1) f (1), it follows that h(a) > %, which contradicts
the assumption of theorem So that f(1) =0.

The proofs for cases (3) and (4) are similar to the previous. Hence, the proof is completely established. [

Theorem 4. Leta,b € (%, oo) with a < b, so that a,b € I where I = (0,7). Let h be a non-negative function

on J.
(1) Let f be h-G¢Gyi-conver and f(1) = 1. If h is supermultiplicative, then the inequality
(2.17) 7 (@) < U @1 1F "

holds for all x,y € I and all a, 3 > 0 such that a + 3 < 1.

(2) Assume that h(a) < % for some a € (0, %) If f is a non-negative function such that inequality
(2.17) holds for all x,y € I and all a, f > 0 such that a+ 5 < 1, then f(1) =

(3) Let f be h-G¢Gy-concave and f(1) = 1. If h is submultiplicative, then the inequality

(2.18) I (@) = 1 @1 [ )",
holds for all x,y € I and all o, 3 > 0 such that a + 3 < 1.
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(4) Assume that h(a) > % for some a € (07 %) If f is a non-negative function such that inequality
(2.18) holds for all x,y € I and all a, f > 0 such that o+ 8 < 1, then f(1) =1.
Proof. Let «, 8 > 0 be positive real numbers such that a + 8 =X < 1.

(1) Define numbers a and b such as a = § and b = g Then a 4+ b =1 and we have the following:
f (xayﬁ) — f (anyAb)

(7 @] [ ()"

IN

h(b)

(
< (eI are Y e orey
)

where we use that f is G;Gy, f(1) = 1 and h is supermultiplicative, respectively.
(2) Suppose that f(1) # 1. Putting z =y =1 in (2.17) we get
FO <O MY, foralla,f>0, atf< 1.

Setting 8 =, a € (O7 %), then 1 < [f (1)](2h(0‘)_1), it follows that h («) > %, which contradicts the
assumption of theorem. So that f(1) = 1.

The proofs for cases (3) and (4) are similar to the previous. Hence, the proof is completely established. [
2.2. Composition of h-MN-convex functions. In the next three results, we assume the g h; : J; — (0, 00),

1 = 1,2, ha (Jo) C Jy are non-negative functions such that hg (@) + he (1 — ) < 1, for a(0,1) C Jo, let
f:Ih = [0,00), g: Is — [0,00), be functions with ¢ (I3) C I3.

Theorem 5. Let f (1) = 0. If hy is a supermultiplicative function, f is h1-GyA¢-convexr and increasing
(decreasing) on I, while g is ho-AtGy-convex (-concave) on Iz, then the composition fog is (hy o ho)-AtAs-
convexr on Is.

If hy is a submultiplicative function, [ is h1-GiAi-concave and increasing (decreasing) on Iy, while g is
ha-A{Gy-convex (-convex) on Ia, then the composition f o g is (hy o ha)-AiAg-concave on Is.

Proof. If g is hao-A{G¢-convex on I and f increasing then

foglaz+(1—a)y) < f ([g @) (g (y)]'”(l*"‘)) ,

for all z,y € Iy and « € (0,1). Using Theorem 3(1), we obtain that

ha(e) ha(1—a)
Flg@0™ 7 g @I"") < by (ha (@) £ (9 @) + ha (ha (1= @) £ (9 (1)
= (h1ohz)(a)(feg)(x)+ (hiohs) (1 —a)(fog)(y),
which means that f o g is (hy o he)-AtAt-convex on Is. O
Theorem 6. Let 0 € I and f(0) = 1. If hy is a supermultiplicative function, f is h1-AGi-conver and
increasing (decreasing) on Iy, while g is ho-GiAi-convex (-concave) on Iy, then the composition f o g is
(hy o h)-G¢Gy-convex on Is.

If hy is a submultiplicative function, f is hi-A;Gyi-concave and increasing (decreasing) on Iy, while g is
ho-GiAy-conver (-convex) on I, then the composition f o g is (hy o ha)-GiGg-concave on Is.

Proof. The proof is similar to the proof of Theorem 5 and using Theorem 2(1). O
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Theorem 7. Let (1) = 1. If hy is a supermultiplicative function, f is hi-GyG¢-conver and increasing
(decreasing) on I, while g is ha-GtGy-convex (-concave) on I, then the composition fog is (hy o ha)-G4Gy-
convexr on Is.

If hy is a submultiplicative function, f is h1-Gi{Gg-concave and increasing (decreasing) on Iy, while g is
ha-GGy-conver (-convex) on I, then the composition f o g is (hy o he)-G¢Gy-concave on Is.

Proof. The proof is similar to the proof of Theorem 5 and using Theorem 4(1). O

Next, we examine functions compositions, one of them is of type hi-MiKi-convex while the other is
ho-K(N¢-convex.

Theorem 8. Let M, N and K be three mean functions. Let hy : J; — (0,00) and hy : Jo — (0,1), ha (J2) C
(0,1) C Jy are non-negative functions for o € (0,1) C Jy and ha () € (0,1) C Jy, let f : I; — [0,00),
g : Ir = [0,00), be functions with g (I) C I. If f is h1-KN¢-conver and increasing (decreasing) on Iy, while
g 18 ho-M{Kg-convex (-concave) on I, then the composition f o g is (hy o ha)-MN¢-convex on Iy. Namely,
we explore this corollary in the table below.

Proof. We select to prove one of the mentioned cases and the others follow in similar fashion. For example,
if g is ho-HyA¢-convex on I and f is increasing then

y
fog(owa)y) < flha(1—a)g(x)+ha(a)g(y)),

for all z,y € Iy and « € (0, 1). Using Definition 5, we obtain that

flg () f(g(y)
f ke (1 =) g (@) +he (@) W) < 3G 0y g () + o (o (1 — ) F (9 ()
_ (fog)(x)(fog) (y)
(h1ohg)(a)(fog)(z)+ (hiohy)(1—a)(fog)(y)
for hy () € (0,1), which shows that f o g is (hy o he)-HiH¢-convex on Is. O
/ g fog

hi-AiAi-convex
hi1-GiAi-convex
h1-H{Ai-convex

ha-AiAi-convex
ha-A; Gi-convex
hao-A{H;-convex

hi o ho-AiA-convex

h1-A;{G¢-convex
h1-G{G¢-convex
h1-H;Gi-convex

ha-AiAi-convex
ho-A;G¢-convex
hao-A{H;-convex

h1 o ho-A;Gi-convex

hi1-AH;-convex
h1-G¢H¢-convex
h1-H{H;-convex

ha-AiAi-convex
ha-A;{G¢-convex
ha-A{H;-convex

hi o ho-A{H(-convex

h1-AiAi-convex
h1-GyA¢-convex
hi1-H{Ai-convex

ho-GiA¢-convex
ho-GG¢-convex
ho-GiH¢-convex

hi o ho-G¢A-convex

h1-G{G¢-convex
h1-A;{G¢-convex
h1-H; G¢-convex

hQ—Gt Gt—COHVGX
ha-GiA¢-convex
ho-GiH¢-convex

h1 o hao-G{G¢-convex

h1-AH-convex
h1-GyH¢-convex
hi1-HH;-convex

ha-GiAi-convex
ho-GyG¢-convex
ha-GiH¢-convex

hl o ]’LQ—Gth—COHVGX

h1-AiAi-convex
h1-GiA-convex
hi1-HiA¢-convex

ho-Hi Ai-convex
ho-H; Gi-convex
ho-H{H;-convex

h1 o ho-Hi A(-convex

hi1-A;Gi-convex
h1-G{G;-convex
h1-H; G¢-convex

ho-H Ai-convex
ho-H; Gi-convex
ho-HyH-convex

h1 o ho-H; Gi-convex
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f g fog
h1-HyH¢-convex | ho-H¢Hy-convex
h1-A¢Hi-convex | ho-H{Ai-convex | hy o ho-H{Hi-convex
h1-G¢H¢-convex | ho-HGi-convex

3. CHARACTERIZATION OF h-M{N{-CONVEXITY

Let h: J — [0,00) be a non-negative function and let f : I — R be a function. For all points x1, zo, x5 €
I, x1 < x9 < z3 such that o — 21, 3 — 2 and 3 — 21 in J. In [30], VaroSanec proved that if h is
supermultiplicative, and f is h-A;A¢-convex function, then the inequality

h(xs —x2) f (1) + h (w2 — 21) f(23) = h (x5 — 21) f (22),

holds. Also, if h is submultiplicative, and f is h-A{A¢-convex function, then the above inequality is reversed.
In what follows, similar results for M;Ni-convex functions are proved.
Theorem 9. Let h: J — [0,00) be a non-negative function and let f : I — R be a function. For all points
T1,To,x3 € I, 11 < 1o < x3 Such that xo — x1, r3 — T2 and x3 — x1 n J,

(1) If h is supermultiplicative, and f is h-AiGs-convex function, then the following inequality hold:

h(xs— h(x2— h(xz—a1
[ (@) [f a2 2 [f ()"
(2) If h is submultiplicative, and f is h-AHy-convex function, then the following inequality hold:
h(zs — 1) f(21) f(23) 2 h(z2 — 1) f(21) f(22) + h (x5 — 22) [ (23) [ (22) .

In case of h-A¢N-concavity the inequalities are reversed.

Proof. Let x1,x9,23 € I with 1 < x5 < x3, such that xo — 21, 3 — 22 and x3 — 7 in J. Consequently,
L2281 Loty ¢ ((0,1) C J and 2= 4 T2 — ] Also, since h is super(sub)multiplicative then for all

T3—T1’ T3—T1 T3—T1 T3—T1

pq e J we have
v =h(2-a) = on (%) nia),

i ().

Setting t = i; if a = 1, § = 3, therefore we have the following cases:

(1) For z9 = ta+ (1 —t) 8 and since f is A:Gi-convex, then by (2.2)

F (2) < 1 () (55 [ (o) (5552)
h(zg—wg) h(zg—wy)
(3.1) < [ (@) P [f () PR
since f is positive, then the above inequality equivalent to
h(xs —x1)log f (z2) < h(xz — x2)log f (z1) + h (z2 — x1) log f (x3) .

Rearranging the terms again we get

[ Gl T f () 27 2 [ () 07

and this yield that

as desired.
(2) For zo =ta+ (1 —t) 8 and since f is A;Hi-convex then by (2.3)
f(o2) < [ (@) ] (z3)
h(zm) £ o) +h (2222 £ ()
(3.2) _ h(zs — 1) f (21) £ ()

T h(za— 1) f(21) + h(2s —22) f(z3)
and this is equivalent to write

h(zz —z1) f(21) f (23) > h(z2 —21) f (21) f (22) + b (23 — 22) [ (73) f (22),
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as desired.

Thus, the proof is completely established. O

Corollary 5. Let h: (0,1) — [0,00) be a non-negative function and let f : (0,1) — (0,00) be a function.
For all points x1, 2,23 € (0,1), 21 < 23 < x3 such that xo —x1, T3 — 23 and x3—x1 in (0,1). Let h.(t) =",
r € (—oo0,—1]U [0, 1].

(1) If f is h-A{Gy-convex function, then the following inequality hold:
L @7 f ()] 7 2 [f @)
Furthermore, if f(x) = 2 (A < 0) we get several Schur type inequalities.

(2) If f is h-AHg-convex function, then the following inequality hold:
(z3 —21)" f(21) f(23) = (w2 —21)" [ (21) [ (22) + (w3 — 22)" f(23) [ (22).
Furthermore, if f(x) = 2 (=1 < X\ < 0) we get several Schur type inequalities.
In case of h-AyNy-concavity the inequalities are reversed.
Theorem 10. Let h: J — [0,00) be a non-negative function and let f : I — R be a function. For all points
r1,Ta,x3 € I, 1 < ko < x3 Such that ln( 2) In (?) and In (i—f) in J.
(1) If h is supermultiplicative, and f is h-G¢Ag-convex function, then the following inequality hold:

B (2)) fle)+h(m(2)f )= h(n(2) @),

(2) If h is supermultiplicative, and f is h-G¢Gy-convezx function, then the following inequality hold:
f (xl)}h(ln(%‘f)) [f (z3)] n(n(Z3)) > f(z h(“‘(zl)),

(8) If h is submultiplicative, and [ is h-G¢Hy-convez function, then the following inequality hold:

h (m (2)) Flan) f(zs)+>h (m (if)) Flan) f(z2) +h (m (22)) F(@s) £ (x2).

In case of h-G¢N-concavity the inequalities are reversed.

Proof. Let x1,x9,x3 € I with z; < z2 < z3, such that ln( ) In (“’f) and In (f) in J. Consequently,

Inzo—Inz; Inzz—Inzs Inzo—Inxy Inzs—Inxo _ Inzg—Inxs _ _
Inzs—Inzy’ Inzs—Inzq € (0 1) - J and Inzs—Inzy + Inzg—Inzy — =1L Settlng t= Inzg—Inz;’ @ = Ty, /8 = T3,
therefore we have the following cases:

(1) For 5 = !B~ and since f is Gy A;-convex then by (2.4)

f(m)éh(hl(x?’)hl(“)) e ”h(W) £ ()

In (z3) (21) x3) — In (21)
B (z5) ~ In () Ao () (@) |,
(3 = () o)) T H ) @) T

and this is equivalent to write
h (ln (&)) f (1) +h (m (5)) flas) > h (1n (g)) F(z2),
as desired.

(2) For xg = !Bt and since f is G;Gy-convex then by (2.5)

In(wg)—In(z3) In(zp)—In(z)

£ (e2) < [ ()] (BEITRED) 5 () (BEHTRED)

h(In(zz)—In(xz2)) h(In(xg)—In(xzy))

(3.4) < [f (20) | FRETRED) [ (ag)] PR 1)

since f is positive therefore

h(in (2)) 108 £ (z2) <k (10 (2) J10g[f (20)] + k(10 (22) ) 10g [f ()],

d0i:10.20944/preprints201710.0176.v1
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and this equivalent to write
Vi (xl)}h(ln(%» If (x3)]h(1“(%)) > f(xz)h(“‘(%)) ,

as desired.
(3) For xg = !Bt and since f is Gy H;-convex then by (2.6)

f(x1) f(23)
f(z2) <
U () o+ 0 () £
(3.5) < h(lnzs —Inzy) f(x1) f (x3)

~ h(lnxe —Inxy) f(z1) + h(Inzs — Inxy) f (x3)’
which is equivalent to write

(1 (2)) £ e = (1 (2)) 7 £l 2 0 (10 (22)) £ 0 o),

as desired.

Thus, the proof is completely established. O

Corollary 6. Let h: (0,1) — [0,00) be a non-negative function and let f : (0,1) = R be a function. For
all points x1,x9,x3 € (0,1), 1 < 2 < x3 such that ln( 2) In (””2) and In (ﬁ) . For h.(t) =1",
r € (—oo0,—1]U[0,1].

(1) If f is h-GiAg-convex function, then the following inequality hold:

(m(2)) ra+ (m(2)) - fan 2 (n(2)) 7).
Furthermore, if f(x) = 2™ (A € R) we get several Schur type inequalities.

(2) If f is h-GG¢-convex function, then the following inequality hold:

I (xl)](ln(%i’))r If (mg)](ln(%))r > f(xQ)(ln(%f))r,
(3) If f is h-GyH¢-convex function, then the following inequality hold:

(1 (2)) e reo+= ((2)) se0 s+ (0(2)) Fes.

In case of h-G¢N¢-concavity the inequalities are reversed.

Theorem 11. Let h: J — [0,00) be a non-negative function and let f : I — R be a function. For all points
x1,%9,x3 € I, 1 < o < w3 such that xq (x5 — x3), x3 (2 — x1) and x2 (x3 — x1) in J,

(1) If h is supermultiplicative, and f is h-HyA-convex function, then the following inequality hold:
h(zy (w3 — 2)) f (1) + b (23 (22 — 71)) f (23) 2 h (22 (33 — 21)) [ (22) ,
(2) If h is supermultiplicative, and f is h-HyGy-convez function, then the following inequality hold:
[F (@) T f (g ) > [ ()T
(8) If h is submultiplicative, and f is h-HHy-convex function, then the following inequality hold:
h(xs (22 —x1)) f (21) f (22) + h (21 (23 — 32)) [ (22) f (23) < h (22 (203 — 21)) [ (21) [ (23)
In case of h-H{Ny-concavity the inequalities are reversed.

Proof. Let x1, 29,23 € I with z1 < 29 < x3, such that zy (x5 — x2), 23 (2 — x1), 22 (x3 —x1) € J. And
2ilrs—v2) 2a3(r2-01) ¢ (() 1) C J, so that ZHEa=r2) 4 2a(®2=21) _ q  Gepting ¢ = 79”3(%2 21)

To(r3—x1)? x2(T3—T1) z2(x3—71) za(x3—x1) To(zz—11)° a =z, f =3,
therefore we have the following cases:
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(1) For zo = ﬁ and since f is HyA-convex then by (2.7)
1 (73 — 22) 3 (22 — 1)
Floa) < (ZHEZE) oy o (2E22I) £ oy
h (21 (23 —fﬂz)) h(ws (22 —21)) o
(36) = hwates =) O R (o — ) Y

which is equivalent to write

h(z1 (x5 — 2)) f(21) + h (23 (22 — 21)) f (23) = h (22 (73 — 21)) [ (22)

as desired.

(2) For zo = and since f is HyGy-convex then by (2.8)

aB
tat+(1—t)3

F (o) < [f ()] (R [ (g (2E25E0)

[ ()] FER =D [f (ag)] RoaGA =D |

~—~
@
N
~—
IN

and this equivalent to write

[F ()] o 7m0 [ ()] > [f ()] M2

as desired.
(3) For xg = ta+?+t)l3 and since f is HyH;-convex then by (2.9)
o) < £ @0)f (as)
h(Zl2md) £ (o) + b (228222 f (a)
(3.8) h(zs (x5 — 1)) f (21) [ (23)

= h(xz (w2 — 1)) f(21) + b (21 (23 — 22)) f (23)’
and this equivalent to write
h(zs (v2 — 1)) f(21) f(22) + h (21 (23 — 22)) f (22) £ (23) < h (22 (23 —21)) [ (21) [ (23)
as desired.

Thus, the proof is completely established. O

Corollary 7. Let h: (0,1) — [0,00) be a non-negative function and let f : (0,1) = R be a function. For all
points x1, T2, x3 € (0,1), T1 < 3 < x3 such that x1 (x5 — x2), x3 (r2 — x1) and x2 (x3 — x1) in (0,1). For
hr(t) =1t", r € (—o0,—1] U [0, 1].
(1) If f is h-HyA¢-convex function, then the following inequality hold:
(21 (23 — 22))" f (1) + (w3 (w2 — 21))" [ (23) = (22 (23 — 21))" f (22).

Furthermore, if f(z) = 2 (A > 0) we get several Schur type inequalities.

(2) If f is h-HyGy-convex function, then the following inequality hold:
[f @) T [ f ()] 2T > [f ()] )
(8) If f is h-HH;-convex function, then the following inequality hold:
(23 (x2 — 21))" f(21) f (22) + (21 (w3 — 22))" f (22) [ (23) < (22 (23 — 21))" [ (21) f (23).

Furthermore, if f(x) = 2> (1 > X\ > 0) we get several Schur type inequalities.
In case of h-H¢N¢-concavity the inequalities are reversed.

Remark 5. In [18], Mitrinovié¢ and Pecarié proved the validity of the inequality
(21 — @2) (w1 — @3) f (21) + (w2 — 21) (w2 — @3) [ (22) + (w3 — 21) (w3 — 22) [ (x3) 2 0

for all z1,29,23 € (0,1) and f € Q(I). Moreover, if f(z) = 2* (A € R), then the inequality is of Schur
type, see ([19], p.117). A similar inequality for monotone convex functions was proved by Wright in [31]. A
generalization to h-convex type functions was also presented in [30].
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In Corollaries 5-7, if we choose r = —1, i.e., h(x) = 271, then several inequalities for MyNy-convex
functions can be deduced. For inequalities of Schur type choose f(z) = x> (A € R), taking into account that
some additional assumption on A have to be made to guarantee the M¢Ny-convezity of f.

4. JENSEN’S TYPE INEQUALITIES

The weighted Arithmetic, Geometric, and Harmonic Means for n-points 1,22, -+ ,x, (n > 2) are defined
respectively, to be

n
A(x1,x9,...,2y) = Zthk

k=1
n
G ($1,IL’2, cee 7=Tn) = H (xk)tk
k=1

1 1
H (z1,29,...,2p) = = ,

A tl t2 t TL t
1 t2 n
tk(ml’zg""71‘n> E
k=1

H‘R-

k

where ¢, € [0,1] such that > ¢, =1 and (z1,2,...,2,) € (0,00)". The weighted form of the HM-GM-AM
k=1
inequality is known as ([21], p. 11):

H (z1,22,...,2n) < G(x1,22,...,2,) < A(T1,22,...,2,).
Let wy,ws, -+ ,w, be positive real numbers (n > 2) and h : J — R be a non-negative supermultiplicative
function. In [30], VaroSanec discussed the case that, if f is a non-negative h-AyAi-convex on I, then for
T1,xa, - ,x, € I the following inequality holds

1 <& n w
f <W kZ_lwkzk> < ;h (W’“> £ (1),

n
where W, = > wy. If h is submultiplicative function and f is an h-AgA¢-concave then inequality is reversed.
k=1
A converse result was also given in [30]. For more new results see [10], [11], [17], [23], [25] and [32].

In what follows, Jensen’s type inequalities for h-M;N;-convex functions are introduced.

n
Theorem 12. Let wy,ws, -+ ,w, be positive real numbers (n > 2), and W,, = > wy.
k=1
(1) If h is a non-negative supermultiplicative function and f is a non-negative h-AyGg-convex on I, then
for x1,29, -+ 2y € I the following inequality holds

1 & n Wk
(4.1) f (W Zwkxk> < [T {If @)1,
k=1 k=1
If h is submultiplicative function and f is an h-AyGg-concave then inequality is reversed.

(2) If h is a non-negative submultiplicative function and f is a non-negative h-A{H¢-convex on I, then
for x1,x0,- -+ ,xy € I the following inequality holds

1 & n h (%)
(4.2) f ( Z wlﬂ«'k) < Z —
Wn i3 = ()
If h is supermultiplicative function and f is an h-A{H¢-concave then inequality is reversed.

Proof. Our proof carries by induction. In case n = 2, the both results hold.
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(1) Assume (4.1) holds for n — 1 and we are going to prove it for n.

< [f (o))" ()
k=1
=TT {1/ o)},
k=1

and this proves the desired result in (4.1).
(2) Assume (4.2) holds for n — 1 and we are going to prove it for n.

n n—1 n—1
1 . Wn, Wi . W, Wn—l Wy
f(WnkZ_:lwkiEk> f<ann+§ank> f(Wn$n+ A Wn1$k>

<

< 1
) (W,H) no1 h(wf’“_l)
f(zn) Wy =1 fzk)

< 1 < 1

Ton(ge)  SaGE) Tl ()
f(zn) + = flzk) kz=:1 fzg)

which proves the desired result in (4.2).

Hence, by Mathematical Induction both statements are hold for all n > 2, and therefore the proof is
completely established. a

The corresponding converse versions of Jensen inequality for h-A{G¢-convex and h-AiH-convex are in-
corporated in the following theorem.
Theorem 13. Let wy,ws, - ,w, be positive real numbers (n > 2), and (m, M) C I.

(1) Ifh: (0,00) — (0,00) is a non-negative supermultiplicative function and f is positive h-AyGy-conver,
then for every finite sequence of points x1, -+ ,x, € (m, M) C I we have

M-z wp

) Tt < T {ir G880 7 a0,
k=1 k1

If h is submultiplicative function and f is an h-AyGg-concave then inequality is reversed.
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(2) If h : (0,00) — (0,00) is a non-negative submultiplicative function and f is positive h-AyH-convez,

then for every finite sequence of points x1,- -+ ,x, € (m, M) C I we have
—1 -1
w z“:h(v“&i) < ih(?}‘ﬂ)f( m) +h (4= r’“)f(M)h<wk)
‘ ZFw | S\ & Fm) 7 (1) w.)|

If h is supermultiplicative function and f is an h-A{H¢-concave then inequality is reversed.

Proof. (1) In (2.2), setting m = x1, xo2 =z} and x5 = M we get

f ) <[f (m)]h(%) f (M)]h(%) '
Since f is positive therefore we have

W

F " GE) < (7 () ) 2 G [ (P () 1)

E—m 'wk)

M—x w
< 1 ()" i) (a7
Multiplying the above inequality up to n we get the required results in (4.3).
(2) Setting m = x1, 9 = x; and x3 = M in the reverse of (2.3) we get
f(m) f (M)
s ) (m) + (S22 ) 1 ()
Reversing the inequality and then multiplying the above inequality by h (%",—:) we get
n() _n (i) £ om v (Bs) 700 (w>
flzy) ~ f(m) f (M) w,)'

Summing up to n and then reverse the above inequality, we get the required result in (4.4).

|
n
Theorem 14. Let wy,ws, - ,w, be positive real numbers (n > 2), and W, = > wy.
k=1
(1) If h is a non-negative supermultiplicative function and f is positive h-GyAg¢-convex on I, then for
T1,%2, -+ , &y € I the following inequality holds

n S
(4.5) f(H ) ><Zh< > ).
k=1
If h is submultiplicative function and f is an h-GyAg-concave then inequality is reversed.

(2) If h is a non-negative supermultiplicative function and f is positive h-GyGg-conver on I, then for
T1,%2, -+ , &y € I the following inequality holds

n wk
(4.6) f (H i) ) < H
k=1
If h is submultiplicative function and f is an h—Gth—concave then inequality is reversed.

(3) If h is a non-negative submultiplicative function and f is positive h-G¢Hi-convex on I, then for

T1,%2, -+ , Xy € I the following inequality holds
& wy, 1
(4.7) f <H (Sﬂk)w"> < W
= Wi
k=1 S s

k=1
If h is supermultiplicative function and f is an h-G¢H¢-concave then inequality is reversed.
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Proof. Our proof carries by induction. In case n = 2, the results hold by definition.

(1) Assume (4.5) holds for n — 1 and we are going to prove it for n.

f (H (xk>'v“¢i> =/ ((xnﬁv?i : ﬁ (xk)v%>
k=1 k=1

Sh($1>f($n)+n 1h<;§:)f<xk>—§njh(;"v’;)f<xk>,

which proves the desired result in (4.5).
(2) Assume (4.6) holds for n — 1 and we are going to prove it for n.

w fm—1 w W, 1
< [ ") | TT (7 Gy () (i W
Lk=1
o) [ TT (7 @) | = TT 17 (e 8)
< [f @) T @)™ )| = T If )",
k=1 k=1
which proves the desired result in (4.6).
(3) Assume (4.7) holds for n — 1 and we are going to prove it for n.
n wy, 1
f (H (xk)wn> < W
i n(in) ()
f(zn) n=1
f(kgl W"51Ik>
< 1
) g () 2
f(zn) W, =1 f(xk)
< 1 < 1
TESIE=I )
fan) = fzr) = f(zk)

which proves the desired result in (4.7).

Hence, by Mathematical Induction both statements are hold for all n > 2, and therefore the proof is
completely established. O

The corresponding converse versions of Jensen inequality for h-G¢A¢-convex, h-GyGy-convex and h-GyHy-
convex are incorporated in the following theorem.

Theorem 15. Let wy,ws, - ,w, be positive real numbers (n > 2), and (m, M) C I.
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(1) If h : (m, M) — [m, M) is a non-negative supermultiplicative function and f is positive h-G¢Ag-
convez, then for every finite sequence of points x1,-++ ,x, € (m, M) (xr < Tg+1) we have

= W In (M) —1n (zx) In (z) —In(m)
< —F . il Sl il 7200 IS R AT L (D)L
—;h<wn> {h<ln(M)—ln(m) Fom) =\ G =y ) ™)
If h is submultiplicative function and f is an h-G¢Ag-concave then inequality is reversed.

(2) If h: (0,00) — (0,00) is a non-negative supermultiplicative function and f is positive h-G¢Gy-conver,
then for every finite sequence of points x1,- - ,x, € (m, M) C I we have

@9 L1 e <] {[f (o (FEES () <M>]”<W>"’W}.

If h is submultiplicative function and f is an h-G{Gg-concave then inequality is reversed.

(8) If h: (0,00) — (0,00) is a non-negative submultiplicative function and f is positive h-GyHy-conver,
then for every finite sequence of points x1,- -,z € (m, M) C I we have

n (e - n h(REERm) f () + b (SR £(An)
(4.10) 2 f(é:VZ)) - (3 )f<m>f<z$4l>M1 ) ()

k=1

-1

If h is supermultiplicative function and f is an h-GiH¢-concave then inequality is reversed.

Proof. (1) In (2.4), setting m = x1, x2 = 3, and z3 = M we get

In (M) —1n (z) In (xx) — In (m)
f o) Sh(ln(M)ln(r%) 'f(m)”(lnm;)ln(m)) F @

Multiplying the above inequality by A ( e ) and summing up to n we get the required results in
(4.8).
(2) Setting m = x1, xo2 =z and x5 = M in (2.5) we get
ln(M)flu(xk) lu(zk)flu(wz))

(o) < " (R ) 1 (655
Since f is positive, the above inequality implies that

ln(M)—ln(zk)).h( wy, In(ey)—In(m) wy

1 ) < o (RS 80 (RS ) )

Multiplying the above inequality up to n we get the required result in (4.9).
(3) Since f is h-G¢H-convex, then (2.6) holds.

f(zr) <

f(m) f (M)
h(lmsstnm) f(m) 4 p (B £ ()
Reversing the order in the inequality we get

L h(%)ﬂmwh(%)ﬂm
fla) — f(m) f (M)
Multiplying both sides by A (ﬂ) and summing up to n we get

W,

ih( )>i = HMM)HM)}L(W)
k=1

Tl =2 7 (m) 7 () W,
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Reversing the order in the inequality again we get the required result in (4.10).

(Il
Theorem 16. Let wq,wa, -+ ,w, be positive real numbers (n > 2), and W,, = > wy.
k=1
(1) If h is a non-negative supermultiplicative function and f is positive h-HyA¢-convex on I, then for
X1, T, , &, € I the following inequality holds
-1
1 - Wi - Wi
4.11 — — < h|{— .
(a1 () ) =) s

If h is submultiplicative function and f is an h-HiA¢-concave then inequality is reversed.

(2) If h is a non-negative supermultiplicative function and f is positive h-HyG¢-convex on I, then for

1,%2, -+ , &y € I the following inequality holds
-1
I <= wy & B2k
4.12 — — < W
o ((wxs) )= Hves

If h is submultiplicative function and f is an h-HyGg-concave then inequality is reversed.

(3) If h is a non-negative submultiplicative function and f is positive h-HiH¢-conver on I, then for

T1,%2, -+ , &y € I the following inequality holds
-1
n n h( ¥k
1 Wi (Wn)
4.13 — E — < E — 7
) ! (W” k=1 mk) = flw

If h is supermultiplicative function and f is an h-H{H¢-concave then inequality is reversed.

Proof. Our proof carries by induction. In case n = 2, both results hold.

(1) Assume (2.7) holds for n — 1 and we are going to prove it for n.

i —— | =7 !
; Wikxi II/UV:L1 a:ln + Z Wn T
= f 1
IQ/UV?1 Ty Wn Z Wn 1Tk
Wn, W1 — Wk
<h () f () +h (Wn ) / <§ Wnlxk>
n—1
<h (“’) fzn)+h (Vzvl> h (W‘”’“l) £ (1)
n n k:1 n—
n—1
<h <w> £ (@) + > h (;",’“ £ ()

which proves the desired result in (4.11).
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(2) Assume (2.8) holds for n — 1 and we are going to prove it for n.

e n()
f ! < [f (@a))"(F) f(H el xkﬂ

N
Z_:Wk?

L k=1
fm—1 W
Yo h( k= Y h( ==t
<l[f (xn)]h( v (f (x)) (Wn—l) ( Wn )‘|
Lk=1
(n—1 n
wp wy .
< [f (o) (9 (f(xm”(w“)] = T 1 (),
Lk=1 k=1
which proves the desired result in (4.12).
(3) Assume (2.9) holds for n — 1 and we are going to prove it for n.
1 1
f < -
- w o h n—1
i PR hf(&VZ)) + nf(l i
. f<k§1 Wiilwk)
< 1
h(%) +h (qu) = h(V[;:k—1>
fan) Wn = flxr)
< 1 < 1
=i ) © )
f(zcvn) + kz f(@r) k§1 T (s

which proves the desired result in (4.13).

Hence, by Mathematical Induction the three statements are hold for all n > 2, and therefore the proof is
completely established. O

The corresponding converse versions of Jensen inequality for h-HyA¢-convex, h-HyG¢-convex and h-HyHy-
convex are incorporated in the following theorem.

Theorem 17. Let wy,wa, - ,w, be positive real numbers (n > 2), and (m, M) C I.

(1) Ifh: (0,00) — (0,00) is a non-negative supermultiplicative function and f is positive h-Hy Ay -conver,
then for every finite sequence of points x1,- - ,x, € (m, M) C I we have

- Wy, T) M (z —m) W
4.14 A ) < R T — s — M — .
P (W> (on) Z{ (:ckM m))f(m)”(xk(M—m) FAD A,
If h is submultiplicative function and f is an h-HiA¢-concave then inequality is reversed.

(2) If h : (0,00) — (0,00) is a non-negative supermultiplicative function and f is positive h-HyGy-convez,
then for every finite sequence of points x1,- - ,x, € (m, M) C I we have

(4.15) ﬁ [f ()] () < ﬁ {[f (m)]h(?:gw:xfx?)'h(%) s (M)}h(ﬁf&’;_ﬂ)h(%)}.
k=1 k=1

If h is submultiplicative function and f is an h-HyGy-concave then inequality is reversed.
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(8) If h : (0,00) — (0,00) is a non-negative submultiplicative function and f is positive h-HyHy-convez,

then for every finite sequence of points x1,- -+ ,x, € (m, M) C I we have

n Wi ! n M (z—m) (M—my) -1
(4.16) Z ( ) < Zh<w5—m>f( ”"(m)f(M)h w
| = &= 7 ) QD) i,

If h is supermultiplicative function and f is an h-H{H¢-concave then inequality is reversed.

Proof. (1) In (2.7), setting m = x1, xo2 = z) and x5 = M we get
m (M — xy) M (x), —m)
<h|——= h| ————= M
Flo < (25 pon) 0 (o= ) s o)
Multiplying the above inequality by h (w’; ) and summing up to n we get the required results in

(4.14).
(2) Setting m = x1, o = zy and x5 = M in (2.8) we get

Since f is positive, the above inequality implies that

) < ) () 20 1y (S8 )

Multiplying the above inequality up to n we get the required result in (4.15).
(3) Setting m = x1, o =z and x5 = M in (2.9) we get

[ (z1) f (x3)
fxe) < )
B (M=) £ () + (202 £ ()

Reversing the order in the inequality we get
M(x—m m(M—x
L h (7%((&%3) f(@1)+h (%) f (z3)
flak) — f(@1) f(xs) '

Multiplying both sides by A ( ) and summing up to n we get
M(z
xr

Wy

(3] | oo (8] 1 (B 100, )

<) © 7 m) 7 (M)

Reversing the order in the inequality again we get the required result in (4.16).
O

Remark 6. Theorem 22 and Corollary 23 in [30], can be extended to h-MiNy-convezity in similar manner,
we omit the details.

Remark 7. We note that, in this work, all results are valid for

(1) the class MN (h,I), whenever h(t) =t, t € [0,1]

(2) the class Q (I; Mg, Ny), whenever h(t) = 1, t € (0,1)

(3) the class P (I; My, Ny), whenever h(t) =1, t € [0,1]

(4) the class K2 (I; M, Ny), whenever h(t) =t%, s € (0,1] and t € [0, 1].
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