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1. 3-ω method for crosslinking density dependent thermal conductivity in hydrogels 

A sinusoidal current of frequency ω goes through the platinum wire. Then, the fluctuation of 
the temperature rise (ΔT) is 2ω due to the Joule heating. As the electrical resistance of the 
platinum wire has a linear relationship with temperature, the fluctuation of the wire resistance 
is also 2ω. Consequently, the current of frequency ω multiply by the resistance of frequency 2ω 
produces a small voltage signal of frequency 3ω. This small voltage includes the information 
of the thermophysical properties of the liquid.   

An electrical current of frequency ω and magnitude I0 is applied to the heater. 

                         I(ݐ) = ଴ܫ cos(߱ݐ)                     (1) 

Due to the resistance change of the heater is much smaller than its resistance R0 at environment 
temperature, the power dissipated by the heater is 

P = ଶܴܫ ≈ ଴ଶܴ଴ܫ ୡ୭ୱ(ଶఠ௧)ାଵଶ                (2) 

For small temperature changes, the resistance of the wire varies linear with 
temperature as 

                    R(ݐ) = ܴ଴ሾ1 + ߙ △ ܶ cos(2߱ݐ − Φ)ሿ          (3) 

Where α is the temperature coefficient of resistance (TCR), 
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α = ଵோ	ௗோௗ்                        (4) 

The resulting voltage across the wire is obtained through the input current multiplying by the 
heater resistance.

  V(ݐ) = (ݐ)ܴ(ݐ)ܫ = ଴ܴ଴ܫ cos(߱ݐ) + 12 ܶ∆ߙ଴ܴ଴ܫ cos(߱ݐ − Φ) 
+ଵଶ ܶ∆ߙ଴ܴ଴ܫ cos(3߱ݐ − Φ)                       (5) 

                 

In such a structure with an AC electrical current passing through the heater, the heat generated 
and diffused into the sample can be described by the following equation: 

 ப୘ப୲ = ߙ ቀడమ்డ௥మ + ଵ௥ 	డ்డ௥ቁ                        (6)  

and the initial and boundary conditions is: r → 	∞,U(ݎ) = 0                           (7) 

r = ,଴ݎ డ்డ௥ = − ௉ଶగ௥బ௟఑                       (8) 

So, solving the equation, we can get  

∆T = ௏భഘమଶగ௟ோబ఑ ቂ− ଵଶ ln(߱) + ଵଶ ln ஽௥మ + ln 2 − ݎ − ݅ గସቃ               (9) 

Where the voltage of the heater, and R0 is the resistance of the heater before heated, l is the 

length of heater, κ is the thermal conductivity of sample, D is the thermal diffusivity of sample, 
and r is the radius of heater. From Eq. 5, we can get the temperature rise by measuring the 3ω 
voltage, 

                        ∆T = ଶ௏యഘ௏భഘఈ                           (10)  

is the 3ω voltage of the heater. is the temperature coefficient of the heater. According to 

Eq. 9 and 10, we measure the different 3 ω voltage of different frequency, we can get the thermal 
conductivity. According to the literature[1,2], the thermal conductivity can be deduced from 
3ω voltage and frequency as follows: 

 κ = ఈ௏భഘయ଼గఐோ 	 ଵௗ௏యഘ/ௗ ୪୬ఠ                    （11） 

where κ is the thermal conductivity of the sample, α is the temperature coefficient of the heater. 

1
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3
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For Pt wire in our experiment, α is 0.00354 PPm/ºC. V3ω is the 3ω voltage of the heater, l is the 
length of the heater, and R is the resistance of the heater before heated.  

Experimental setup 

The diagram of the measurement system is shown in Figure S1. The platinum wire is welded 
on copper rods. The diameter of the Pt wire is 20 um. An alternating current (AC) from the 
signal generator passes though the platinum wire and the resistor. The voltage signal of the 
wire and the resistor are then input into the Lock-in Amplifier though the differential 
amplifiers AMP03. The resistor is adjusted to balance the 1ω voltage signal of the platinum 
wire because the 1ω voltage is thousands of times larger than the 3ω voltage[3]. If the 1ω 
voltage is not eliminated, the obtained 3ω voltage may not be accuracy. The Lock-in Amplifier 
can get the 3ω voltage signal through the differential input A-B. 

 

Figure S1. Picture of 3-ω method experimental setup. 

According to the relationship between the length of the wire and the penetration depth, the 
minimum frequency we can estimate to 0.007 Hz. Similarly , the radius of the wire must be 
much more smaller than the penetration depth[4], we can also estimate the maximum 
frequency to about 7 Hz. So ,the measured frequency should be included in the range from 
0.007 Hz to 7 Hz. Figure S2 exhibits the measured 3ω voltage as a function of Logω for hydrogel 
with 35 ul concentration at 295.1 K. As the relation of 3ω voltage and Logω is not linear when 
the frequency is larger than10 Hz, the lower frequency is only used to calculate. The thermal 
conductivity is 0.44 Wm-1K-1. The same procedure is applied to the other samples. 
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Figure S2. Experimental data for sample with 0.033wt% crosslinker concentration at room temperature 

295.1K. The black square is the measured value of 3ω voltage. The green solid line is the linear fitting .At 

low frequency, V3ω has a linear relationship with logarithmic frequency. 

2. 3-ω method for measure of the water content and temperature dependent thermal 
conductivity in hydrogels 

We use another 3-ω method in which the heat wire isn't put in hydrogels. The schematic of the 
measurement setup is show as Figure S3. Similar to the aforementioned, an alternating current 
(AC) passes through the metal heater at a frequency ω, which heats the sample periodically 
and generates oscillations in the resistance of the metal line at a frequency 2ω. The oscillating 
resistance component is coupled with the driving current to generate the 3ω voltage component 
over the heater. The magnitude and frequency dependence of the 3ω voltage depends on the 
thermal properties of the glass substrate, insulating layer and the sample of hydrogel. With all 
the thermal properties of other materials having be known, we can get the thermal properties 
of hydrogel from experiment data with parameter fitting. This method can be named by the 
two-direction asymmetric heat transfer model[5,6]. This method has been successfully used to 
measure the thermal conductivity of porous SiO2 film[7], copper nanowires array[8] and Metal 
Inverse Opals[9]. 

The relationship of the temperature rise of the heater, 3ω voltage and 1ω voltage is that[10], 

∆T(2ω)= 2V3ω
V1ωβ

                               (12) 

V1ωis the 1ω voltage, V3ω is the in-phase 3ω voltage, β is the temperature coefficient of the metal 
wire. The temperature rise of the metal heater is[11] 

∆T(2ω)= P
πl׬ 1

2γ2

൫B++B-൯൫A++A-൯
A+B--A-B+

sin2(λb)dλ(λb)2∞
0                      (13) 
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Where P is the power of the metal heater, l and b are length and half-width of the heater, 

respectively, λ is the integral variable in Fourier space, γi=κiටλ2+ i2ω αi⁄ , αi=κi Ci⁄ , Ci is the 

volume heat capacity of the ith layer. A+, A-, B+ and B- are dimensionless parameters solved 
using a recursive matrix method. A+ and A- are(A+ is the top item in the matrix, A- is the beneath 
item) 

A෩= 1
2γ2

ቀγ2+γ1ାγ1γ2ோ γ2ିγ1ିγ1γ2ோ
γ2ିγ1ାγ1γ2ோ γ2ାγ1ିγ1γ2ோቁ ൬݁ఓభௗ 00 ݁ିఓభௗ൰ 1

2γ1
൬γ1+γ0 γ1-γ0
γ1-γ0 γ1+γ0

൰ ൫1
0൯              (3) 

And µi=ටλ2+ i2ω αi⁄  is the penetrate depth in Fourier space[6], R is the interfacial thermal 

resistance between the metal line and the membrane. d is the thickness of the insulation layer. 
B+ and B- are (B+ is the top item in the matrix, B- is the beneath item) 

B෩=൫0
1൯                                   (14) 

 
Figure S3. Schematic of 3ωmeasurement for different water content and temperature dependent thermal 

conduction in PAAm hydrogels. The four Au squares with the length of 20 um and thickness of 100nm is 

deposited on a 1 mm thick glass substrate and serve as both the heater and thermometer. The heaters 

sandwiched by the glass substrate and a 12um thick polyimide (PI) insulating layer. The insulating layer 

makes the heater insulating and protect the heater. And the sample with thickness of 5mm is put on the 

insulating layer. 

3. Equilibrium swelling ratio measurement  

Phenomenon of limited swelling of hydrogels is a typical characteristic of polymers possessing 
network structures. Flory and Rehner interpreted the swelling behavior with entropy theory: 
As more and more solvent is absorbed (dissolved) by the polymer the network is progressively 
expanded, there exist two opposite entropies, that is, the entropy of chain configuration and 
the osmotic or mixing entropy. Equilibrium swelling will be attained when these opposite 
entropies become equal in magnitude. So we could use the measurement of equilibrium 
swelling ratio to evaluate the actual crosslinking concentration and network structures of the 
corresponding PAAm hydrogels. The equilibrium volumetric swelling ratio Q was calculated 
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by equation (2): 

Q = ௏భା௏మ௏మ = ೈభഐభ ାೈమഐమೈమഐమ = 1 + ఘమఘభ ∙ ௐభௐమ                 (15) 

where V1 and V2 are the volume of water fraction after equilibrium swelling and gel after drying, 

1ρ and 2ρ  represent the density of water fraction after equilibrium swelling and the polymer, 

respectively. 

The equilibrium volume fraction of polymer in the hydrogels pν  is: 

௣ݒ       = ܳିଵ                             (16) 

Flory-Rehner equation, which is based on the equilibrium swelling of polymer in solvent for 
three dimensional networks of randomly coiled chains, is suitable for our materials. The Flory-
Rehner equation is given as: 

−ൣln൫1 − ௣൯ߥ + ௣ߥ + ௣ଶ൧ߥ߯ = ܰ ௦ܸ ቂߥ௣ଵ ଷ⁄ − ఔ೛ଶ ቃ              (17) 

where N is the crosslinking density (mol/m3), Vs is the molar volume of the DI water, which is 

1.8×10-5m3/mol. χ is the interaction parameter, which is 0.48[12]. 

The average molecular weight cM between crosslinks is given as: 

−ൣln൫1 − ௣൯ߥ + ௣ߥ + ௣ଶ൧ߥ߯ = ఘమெ೎ ௦ܸ ∙ ௣ଵݒ ଷ⁄                (18) 

According to the above expressions, the crosslinking density N increase with increasing of 
equilibrium swelling ratio, and the average molecular weight of a chain between adjacent 
crosslinking points shows an opposite trend compared with crosslinking density.  

 

4. MD simulation details 

The simulation cell and its enlarged view are presented in Figure S4a and S4b. The lattice 
thermal conductivity of hydrogels is calculated by equilibrium molecular dynamics (EMD) 
based on the Green-Kubo formula[13] as 

κ = ଵଷ఑ಳ்మ௏ = ׬ (߬)Ԧܬ〉 ∙ 〈Ԧ(0)ܬ ݀߬ஶ଴                   (19) 

where κ is the thermal conductivity, kB is the Boltzmann constant, V and T is the volume of the 

simulation cell temperature, respectively. is the heat current autocorrelation 
function (HCACF). The angular bracket denotes ensemble average. The heat current is given 
by 

)0()(
→→

⋅ JJ τ
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(߬)Ԧܬ = ∑ Ԧ௜௜ݒ ௜ߝ + ଵଶ∑ Ԧ௜௝ܨԦ௜௝൫ݎ ∙ Ԧ௜൯௜,௝ݒ                  (20) 

where and are the velocity vector and energy (kinetic and potential) of particle i, 

respectively. and are the inter-particle separation vector and force vector between 
particles i and j, respectively. In MD simulation, the temperature TMD is calculated from the 
kinetic energy of atoms according to the Boltzmann distribution[14]: 〈ܧ〉 = ∑ ଵଶ݉ݒ௜ଶே௜ୀଵ = ଵଶܰߢ஻ ெܶ஽                   (21) 

All the simulations are carried out utilizing the LAMMPS software package. Consistent Valance 
Force Field（CVFF）potential was used for bonded as well as non-bonded interactions. The 
potential details is shown in Table S1. The force-field have successfully predicted accurate 
thermodynamic properties of interests for our system of interest[15]. Taking the PAAm with 
crosslinking concentration of 2.459 mol % for example, we obtain the time dependent heat 
current autocorrelation function (HCACF), as shown in Figure S4c. The thermal conductivity 
extracted from the HCACF curve is shown in Figure S4d. 

iv
→

iε

ijr
→

ijF
→
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Figure S4. Molecular dynamics simulation cell setup and one example of data analysis. (a) Molecular 

dynamics simulation cell. The simulation cell size is 3.76 nm×3.76 nm×3.76 nm, and its density is 1.36 

g/cm3. (b) The enlarged view showing the covalently crosslinked polymer chains. The data analysis of 

PAAm with 2.459 mol% crosslinking density: (c) time dependent HCACF curve. (d) The lattice thermal 

conductivity obtained from the time integration of HCACF curve. 

 

5. Table S1 The potential details 

The velocity Verlet algorithm is employed to integrate equation of motion, and the time step is 
set as 0.1fs. At the beginning of a simulation for a thermal conductivity prediction, the system 
is run in the NVT ensemble to set the temperature. After 50 ps, the simulations run in the NPT 
ensemble for 500 ps to relax the structure. After relaxation, the converged values of both the 
cell size and the potential energy obtained, which make sure that there is no stress or strain 
effects. Then the simulation is switched to run in the NVE ensemble, and the HCACF is 
obtained over 500 ps. The thermal conductivity is then obtained from the integral of the 
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HCACF (Equation 15). 

Table S1 Force field parameters adopted in CVFF for molecular dynamics simulations. 

Bond Parameters 

bond Kr (eV/Å2) req (Å) 

C2–H 14.770 1.105 

C2–C1 13.994 1.526 

C1–H 14.770 1.105 

C1-C 12.276 1.520 

C-O 26.682 1.230 

C-N2 16.825 1.320 

N2-H 19.837 1.026 

C=-C= 28.411 1.330 

C=-H 15.680 1.090 

C2-C= 13.998 1.500 

C-C= 13.998 1.500 

C-N  16.825 1.320 

C2-N  16.373 1.460 

N-H 20.964 1.026 

Angle Parameters 

Angle Kθ (eV/Å2) θeq (degrees) 

H-C2-H 1.712 106.4 

C1-C2-H 1.925 110.0 

C1-C2-C1 2.021 110.5 

C2-C1-H 1.925 110.0 

C2-C1-C2 2.021 110.5 

C2-C1-C 2.021 110.5 

C-C1-H 1.951 109.5 

C1-C-O 2.949 120.0 
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C1-C-N2 2.320 114.1 

N2-C-O 2.949 120.0 

C-N2-H 1.626 115.0 

H-N2-H 1.431 125.0 

C=-C=-H 1.466 121.2 

C2-C=-C= 1.570 122.3 

C-C=-C= 1.570 122.3 

C2-C=-C 2.168 120.0 

C=-C2-H 1.925 110.0 

O-C-C= 2.168 120.0 

N2-C-C= 2.320 114.1 

C1-C-N 2.320 114.1 

O-C-N 2.949 120.0 

C2-N-C 4.813 118.0 

C-N-H 1.626 115.0 

C2-N-H 1.518 122.0 

N-C2-H 2.233 109.5 

Van der Waals Parameters 

atom type ε (eV) σ (Å) 

C2 0.0017 3.8754 

C1 0.0017 3.8754 

C 0.0064 3.6170 

N2 0.0073 3.5013 

O 0.0099 2.8598 

C= 0.0064 3.6170 

N 0.0073 3.5012 

H 0.0017 2.4450 
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Dihedral Parameters 

Dihedral type K (eV) d n 

H-C2-C1-H 0.00686 1 3 

H-C2-C1-C2 0.00686 1 3 

H-C2-C1-C 0.00686 1 3 

C1-C2-C1-H 0.00686 1 3 

C1-C2-C1-C2 0.00686 1 3 

C1-C2-C1-C 0.00686 1 3 

C1-C-N2-H 0.0651 -1 2 

O-C-N2-H 0.0651 -1 2 

C=-C2-C1-C2 0.00686 1 3 

C=-C2-C1-H 0.00686 1 3 

C=-C2-C1-C 0.00686 1 3 

C2-C=-C=-H 0.177 -1 2 

C-C=-C=-H 0.177 -1 2 

C1-C2-C=-C= 0.00915 1 3 

H-C2-C=-C= 0.00915 1 3 

C1-C2-C=-C 0.00915 1 3 

H-C2-C=-C 0.00915 1 3 

O-C-C=-C= 0.0195 -1 2 

N2-C-C=-C= 0.0195 -1 2 

O-C-C=-C2 0.0195 -1 2 

N2-C-C=-C2 0.0195 -1 2 

N2-C-C=-C2 0.0195 -1 2 

C=-C-N2-H 0.0650 -1 2 

C1-C-N-C2 0.139 -1 2 

C1-C-N-H 0.0520 -1 2 

O-C-N-C2 0.165 -1 2 
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O-C-N-H 0.0781 -1 2 
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