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THE (k,s)-FRACTIONAL CALCULUS OF CLASS OF A FUNCTION
GAUHAR RAHMAN, ABDUL GHAFFAR, K. S. NISAR*, AZEEMA

ABSTRACT. In this present paper, we deal with the generalized (k, s)-fractional integral
and differential operators recently defined by Nisar et al. and obtain some generalized
(k, s)-fractional integral and differential formulas involving the class of a function as its
kernels. Also, we investigate a certain number of their consequences containing the said

function in their kernels.

1. INTRODUCTION

Fractional calculus has gained appreciable fame and significance due to its numerous
and boundless applications in Science; more particularly in engineering. For the recent
development in the field of fractional calculus, one can refer to [5, 13, 15] and [6, 7]. One
more direction to such study was proposed by Atangana and Baleanu [1] by introducing
derivatives which are based upon the generalized Mittag-LefHler function. Integral inequal-
ities are considered to be of highly importance because they are useful in the research of
different subjects of differential and integral equations (see [8]). We begin with the work
of Diaz and Pariguan [3] which is defined as:

plp+k),...,(p+(n—1k) (neN,peC),

1, (n=0,peC), (1.1)

(p)n,k -

and

o tk
Te(n) = / t"te” w dt, (1.2)
0

where n e C, k>0, R(z) > 0.
They also define the following relations:

L(n + k) = nl%(n), (1.3)
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and
Tw(n) = k1T (g) . (1.4)

A new generalization of the k-fractional integral has been defined by Mubeen and Habibul-
lah [11] as follows:

I (f(x)) = k;l“kl(u) /Ox(x — 7—)%*1f(7)d7. (1.5)

Clearly, it is observed that when k& = 1 (1.5) coincide with the result of Riemann-Liouville

(R-L) fractional integration formula (see [5]). In fact, the following particular cases:

@) = 5o [ o=y (1.6
In the same paper, they also define the following results:
gy _TwlB)  eve
and
PN S L' (B) _ a2+
Lz —u)r™) = oo+ ) (z —u) : (1.8)

Sarikaya et al. [14] have developed the R-L (k, s)-fractional integral of order p > 0 is
defined by:

ST _(s—i_l)li% ’ s+1 sl%—ls
s = St [t e (1.9

where s € ®\ {—1},k > 0 and z € [a;b]. Also, they define,

Zlg[(l‘s—i-l o as—i—l)%—l] — I;k<)\) .ZT)S+1 o as—&—l))‘%—l' (110>
For more details about (k, s)-fractional integrals interesting readers can refer to [2, 12, 16].
Recently Nisar et al., [9, 10] defined the following R-L left and right sided (k,s)-

fractional integral and differential operators of order p as:
ak DG f(x) = Ll f(x) =} Iy f(@

= (W ay (@) = Gl /: (1 f®) t°dt, (x > a),

kT () — ts+1)1—%
(1.11)
oD f(x) = s f(x) =; Lo f(z)
S TH xTr) = (8_'_1)17% g f(t) S T
(D) = s / gt o < ).
(1.12)

(D8N = ()" (k1) (), (1.13)
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and
s B L dN\N"(, 0 s mnk—p
GDE @) = (= — =) (k" i1 F) (@), (1.14)

respectively. Substituting £k = 1 and s = 0, then the above relation will coincide to the
R-L left and right sided (k, s)-fractional integral and derivatives see ([5,[7]).

The R-L left and right sided (k, s)-fractional derivative operator § D%, defined in (1.12)
is generalized by (k, s)-fractional derivative operator is denoted by § DYV, where 1 is the
order such that 0 < v < 1, we define as

v s 7v(k— 1d
(D8 F)(a) [kfpi’“ 2 (——

x5 dx

)] o 2 o), (1.15)

Obviously, when v = 0 then (1.15) approaches to the R-L (k, s)-fractional derivatives
operator ; Dl (1.13).
They [9] also defined the following lemma as:

Lemma 1.1. For k > 0, withx > p, 0 < v < 1 and R(\) > 0, then the following

result for (k, s)-fractional derivatives operator DY, in (1.15) hold true:
I (M)

s+1 sH1\ A4
I“‘ ‘] k . ].-16
(S"‘]_)_Erk()\_ M) <x ) ( )

(DAY (754 — @) RN (2) =

For the present investigation, we consider the following class of a function recently
defined by Tunc [17]

o,k - U(m)
’ = E m A >0 R 1.17
FP,A(:C) o kPk(pkm + )\)l' ’(p7 > ) |'§U| < )7 ( )

where the coefficients o(m)(m € Ny = N U {0} is a bounded sequence of positive real
numbers R is the set of real numbers.

2. GENERALIZED (k, s)-FRACTIONAL INTEGRALS AND DIFFERENTIALS FORMULAS

In this section, we present the generalized (k,s)-fractional integrals and differentials
formulas involving a class of a function F ;')]; (x) as defined in (1.17). In this continuation
of the study of generalized k-fractional calculus, we define the following fractional integral
operator.

Definition 2.1. If k > 0, p, §, w € C; with R(p) >0, R(B) > 0,R(5) > 0, and x > p,
then

w;o 1 ’ S S A_ 4 s s S
(reabpal)(@) = = /0 (2 = P R (@t = ) f(rydr, (20)

By putting s = 0, then (2.1) can be written as

A

(o) = ¢ | @ = = ) (22)
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see [17]. Similarly, when w = 0 and k& = 1 then (2.2) turns to:
1 f)
I, = dr, (R 0). 2.3
D@ = 155 | G (R > 0) (23

To prove the generalized (k, s)-fractional integral and differential formulas of a class of a

function, we first prove the following result.

Lemma 2.1. For k > 0, the following result holds true:

1 m

s dx
— kim(s 4 1>m(xs+l _ aerl) [w(strl _ aerl)]p (2‘4>

where s € R\ {—1}; w, a, A\, p€ C; R(w) >0, R(A\) >0, R(p) >0 and R(a) > 0.

%7’”@71 Fa,k

p,A—mk

Proof. Let S be the L. H. S. of (2.4) then

Sl _ ( 1 d > {(Terl . aerl)%lea,)I\ﬂ[w(xsqu _ as+1)]p}

xS dx P

_ 1 d " s+1 s+1 A_q - J(”) s+1 s+1\pn
B (9:3 dx> {(T @) nz% kL (pkn 4+ X) oz @Y }
Changing the order of summation and differentiation, we have

_ - O'(TL) n 11 " s+1 _ _s+1 A—‘,—pn—l
S = ;—krk<pan)[w]( ) (roHL — gsthyrten—t,

75 do
(2.5)
Now we find
1 m
m A A s+1 s+1\ 2 +pn—m—1
=(s+1) (pn+E—1)...(pn+E—m)(x —a®)ETP
C(pn + A) A
— +1 m k s+1 _ s+1\Z+pn—m—1 2.6
Using (1.4), we have
T(pn + 2) _ Tw(npk + \) @)
L(pn+ 2 —m)  kmTr(npk + X —mk) '
Using (2.7) in (2.6), we get
1 m
(E%) (J}S—H o as—l—l)%-‘,—pn—l
r
— (8 + 1)m k(npk + )‘) (l,s—I—l o as—l—l)%—i—pn—m—l. (28)

k™l (npk + X — mk)
Thus by using (2.8) in (2.5), we get the following required result.

S, = kfm(s + 1)m<xs+l _ as+1)%fmleZ,;\c_mk[w(strl . aerl)]p. (2'9>
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Theorem 2.1. For k > 0, the following integral formulas holds true:

HL (T = @t ek = (o)

(xs+1 _ as+1)%fl ok

_ s+1 s+l .
(S + 1)% Fp,)rhll a )]

[w(x

(2.10)

where © > a(a € Ry = [0,00)); w,a, A\, p € C; R(w) >0, R(A\) >0, R(p) > 0, and
R(u) > 0.

Proof. Let Sy be L. H. S. side of (2.10) then
R N $+1>"1>F Hu(r ! - a1 (2)
S+1 1— % 7Sl _ s+1)% 1F ; [ (TSH _as+1)p]($)
)
)

.y s S 2- b
o S
m (w541 — o)1=k &= KTy (npk + X)

n=

dr

Changing the order of summation and integration, we have

)\ —
7ol _ gstlyiten 1

_ (s+1) a(n) n/x(
= kLe(p Z kL (npk + X) [w] o (zo — )R dr

(2.11)

5+1_as+1

Substituting 757! = a* ! 4y (257! —@**1) in (2.11), then this implies 7°dr = ) dy,

when 7 —a, = y—0and7— 2z, = y — 1, we have
- on)w™ (s+1
5 = 3o ol (s+1
= kly(npk + A)  klw(p)

1 (a5+1 + y(xsﬂ _ aerl) . aerl)%-l-pn—l (xs+1 . as+1)d
e R

0 n (IES+1 - as—&-l)%—l

(

— kTx(npk +X) (s + 1)k kDy(p)
(
(

1
/ yr (1 — gk dy
0
B 0 G @ ) T (A + pnk)De(p)
B kDk(npk +X) (s 4+ 1)FkDy(p)  Tr(A+ pnk + p)

s+1)%—1 0 o (n)

(= a
B (s+1)% nZ:()ka(npk+)\+M)

[w(Ts—H o as+1)p]n

Mu
_ (@5FL — sty [z — a+H)P.
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Theorem 2.2. For k > 0, the following result holds true:

e L T G (€5
(z5+ — as+1)’\%—l

(s+1)"%

Fz’f\c_u[w(xs*l —a*th)e.

(2.12)

where x > a(a € Ry = [0,00)); w,a, A\, p € C; R(w) >0, R(A) >0, R(p) > 0, and
R(p) > 0.

Proof. Let S3 be L. H. S. of (2.12) then

1 d " n s rnk— s+1 sHIN2—1 ok s+1 s+1
S0 = (5ige) (Wb - e - e )

Applying (2.10), this takes the following form

2D5+(7'8H _ asﬂ)%’l)FO"k[w(T”l - a”l)”](x)

DA
(1d n(xs+1_as+1>%“+n—1 ok ™ ™
- (_d_) Gray b eamplwle =)

Applying Lemma 2.4, we have

(xs+1 _ as+1>>‘;k“—l

” T
O
Theorem 2.3. For k > 0, the following result holds true:
ZDQL-’:(TSH . a5+1)%_1)F2‘7’f[w(Ts+l . as—i—l)P] (z)
s+1 . s+1 Azp g
_ (x a )ﬂ z Fz{\g_y[w(xsﬂ NG
(s+1)& ’

(2.13)
where © > a(a € Ry = [0,00)); w,a, A\, p € C; R(w) >0, R(A\) >0, R(p) > 0, and
R(p) > 0.

Proof.
RO (P = @ R (T — 0t (a)
_s D,u,l/ O'(TL) s+1 s+l %—l—pn
k ~a+ nZ:O kl—\k(npk + )\) [U](T a ) k ]

This can be written as

DL (! — RS — e (o)
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)[w]n [ (7_5+1 s+1)%+pn—1

Z kT, (npk + \)

By applying (1.16), we get
a,k

( s+1 as-&-l)%—l)Fp’,)\ [’LU(TS+1 _ as-l—l)p](x)

WDay (1
_ i om)wl®  Te(A+pnk) (151 — ast1)aten-t
KLk( "p’“”)r A +pmk—p)  (s+1)°F
= (z5H — s+1) F [w(acs+1 . as+1>]p.
(s+1)% ”’\ p

Which complete the desired proof.

3. PROPERTIES OF THE OPERATOR (3eoy.,,f) ()
Theorem 3.1. For k > 0, w,0,\,p € C; R(w) > 0, R(A) > 0, R(p) > 0, and

R(p) > 0, then the following result holds:

s-l—l 7_1 r
) k:(lu“) F;:];\_hu[w (JZ'S+1 o as+1)P]'

s+1 s+1 %_1 _ ( =+l _
(7' —a ) ) () = GtD)
(3.1)

s _W,o
k€atipn

Proof. From (2.1), we have

(s w,o (7_5+1 - as+1)%—1> ()

k€a+ PN
1 /x (7—$+1 - a$+1)%_1 (zH — 7_3+1>%—1F0,k[w (Is+1 s+1> |7° f(7)dT
= k p7A
a

This can be written as
s _WwW,0 S S £-1
<k5a+pA (7' —a H) * > (z)
o(m)[w]” 1 /x ($s+1 . 7_5+1)

B nzzo kD (npk + \) k

Atpk
-1 (Ts+1 _ as+1)%—1 S dr

s—|—1 s+1)P]n Fk(npk + )\)

(as = sty HE-lp f: o

B (s+1) — ka (npk + \) Ce(npk + X+ p)
:Es+1 s+1 7_1 T L " i i
e (e =)

Which complete the desired proof.
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Theorem 3.2. Let s € R\ {—1}; k > 0; w,\,p € C; R(w) > 0, R(w) > 0, R()\)
0, R(p) >0, R() >0 and x > a, then
s _w,o 1 s _w,o s _w,o
) (@) = ——7 (i ) @) = Gealpn a4 1) (),

S TH
(kla-i-) (kga—l—p)\ (S + 1) k=a+;p, 41
(3.2)

hold for any f € L[p, A].
Proof. From equations (1.11) and (2.1), we have
(Mes) (reatlpaf) (@)
_(s+1)k /x (kealpnf) (1) g
o (

1—p

R A —
_ (st Dk (z*+ — 7_8-1-1)%*1
kZFk(N) a

% [/ (7_5+1 . us+1)%—1 F;J; (w (7_5+1 . us+1)p) Fluyusdu| rdr.

By changing the order of integration, we obtain
G1y) (ealpaf) ()

1 (S+1) % ¢ S S -1 S S 2-1
i S L e ey

f
l; (w (TSH — us+1)p) TsdTi| f(uw)u’du.

st = ¢s+t1  this implies 78dT = t*dt. Therefore (3.3) can be written

F (3.3)

Substituting 751!
as

(1o ) (2 ‘;-ij ,\f) (z)
L [T (s+ D)k
a E/a KLy (pe) l/o

Fo (w (#71)°) tSdt} Flu)u' du.

CES+17’LLS+1 N
(xs+1 sl _ us+1)%—1 (tsﬂ)rl

By the use of (1.11) and applying (2.10), we have
Gy) (relpaf) ()

1 v S ) . .
k(s — 1>% / (st . us+1) w1 Fp,’];\—s—u (w (x +1 ” +1)P) f(u)u du.

thus, we get
S s W,o 1 s _w,o
(kjg-i-) ( a+p)\f) (z) = (5 + 1)% (k5a+;p,)\+uf> (z).
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To prove the second part, consider the right part of (3.2), we have

(ke 124 £1) (@)

5 [ @ e g o @ = ) Gt fl

L (" ol 21, ok s+l _ s+1\ %
:E/ (SE — T ) Fp’/\(u)(‘r -7 ))
a

(s+D)% 7 fu) S
( k'Fk(:u) /a (7—5+1 _ u5+1)1*%u dU) dr

By changing the order of integration, we obtain

(2€§EP,A [Z]5+f]) (z)

o l ‘ (S + 1)17% ¢ s+1 _ _s+1 %*1 s+1 s+l %71
=i S L[ e e e
Fok (w (2*T = 75117 Tsd’i':| fu)udu.

A

Again making the use of (1.11) and applying (2.10), we have

(keelpo 104 £1) (2)

1 ; s+1 s+1 ptr_ o,k s+1 s+1\P s
i [ e e =) s
thus, we get
s _w,o s 1 s _w,o
(reaton I8 f]) () = GrOF (Rt pan) ().
Which complete the desired proof. O
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