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Abstract. In this present paper, we deal with the generalized (k, s)-fractional integral

and differential operators recently defined by Nisar et al. and obtain some generalized

(k, s)-fractional integral and differential formulas involving the class of a function as its

kernels. Also, we investigate a certain number of their consequences containing the said

function in their kernels.

1. introduction

Fractional calculus has gained appreciable fame and significance due to its numerous

and boundless applications in Science; more particularly in engineering. For the recent

development in the field of fractional calculus, one can refer to [5, 13, 15] and [6, 7]. One

more direction to such study was proposed by Atangana and Baleanu [1] by introducing

derivatives which are based upon the generalized Mittag-Leffler function. Integral inequal-

ities are considered to be of highly importance because they are useful in the research of

different subjects of differential and integral equations (see [8]). We begin with the work

of Diaz and Pariguan [3] which is defined as:

(p)n,k =

{
p (p+ k), ..., (p+ (n− 1)k) (n ∈ N, p ∈ C),

1, (n = 0, p ∈ C),
(1.1)

and

Γk(η) =

∫ ∞
0

tη−1e−
tk

k dt, (1.2)

where η ∈ C, k > 0, <(z) > 0.

They also define the following relations:

Γk(η + k) = ηΓk(η), (1.3)
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and

Γk(η) = k
η
k
−1Γ

(η
k

)
. (1.4)

A new generalization of the k-fractional integral has been defined by Mubeen and Habibul-

lah [11] as follows:

Iµk (f(x)) =
1

kΓk(µ)

∫ x

0

(x− τ)
µ
k
−1f(τ)dτ. (1.5)

Clearly, it is observed that when k = 1 (1.5) coincide with the result of Riemann-Liouville

(R-L) fractional integration formula (see [5]). In fact, the following particular cases:

Iµ(f(x)) =
1

Γ(µ)

∫ x

0

(x− τ)µ−1f(τ)dτ. (1.6)

In the same paper, they also define the following results:

Iρk(x
β
k
−1) =

Γk(β)

Γk(ρ+ β)
x
ρ
k
+β
k
−1, (1.7)

and

Iρk((x− u)
β
k
−1) =

Γk(β)

Γk(ρ+ β)
(x− u)

ρ
k
+β
k
−1. (1.8)

Sarikaya et al. [14] have developed the R-L (k, s)-fractional integral of order µ > 0 is

defined by:

s
kI

µ
a f(x) =

(s+ 1)1−
µ
k

kΓk(µ)

∫ x

0

(xs+1 − ts+1)
µ
k
−1tsf(t)dt, (1.9)

where s ∈ < \ {−1}, k > 0 and x ∈ [a; b]. Also, they define,

s
kI

µ
a [(xs+1 − as+1)

λ
k
−1] =

Γk(λ)

(s+ 1)
µ
kΓk(λ+ µ)

(xs+1 − as+1)
λ+µ
k
−1. (1.10)

For more details about (k, s)-fractional integrals interesting readers can refer to [2, 12, 16].

Recently Nisar et al., [9, 10] defined the following R-L left and right sided (k, s)-

fractional integral and differential operators of order µ as:

s
a,kD

−µ
x f(x) = s

a,kI
µ
x f(x) =s

k I
µ
a+f(x)

= (skI
µ
a+f)(x) =

(s+ 1)1−
µ
k

kΓk(µ)

∫ x

a

f(t)

(xs+1 − ts+1)1−
µ
k

tsdt, (x > a),

(1.11)

s
ρ,kD

−µ
β f(x) = s

ρ,kI
µ
β f(x) =s

k I
µ
a−f(x)

= (skI
µ
a−f)(x) =

(s+ 1)1−
µ
k

kΓk(µ)

∫ β

x

f(t)

(xs+1 − ts+1)1−
µ
k

tsdt, (x < β),

(1.12)

(skD
µ
a+f)(x) =

( 1

xs
d

dx

)n(
kn s

kI
nk−µ
a+ f

)
(x), (1.13)
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and

(skD
µ
a−f)(x) =

(
− 1

xs
d

dx

)n(
kn s

kI
nk−µ
a− f

)
(x), (1.14)

respectively. Substituting k = 1 and s = 0, then the above relation will coincide to the

R-L left and right sided (k, s)-fractional integral and derivatives see ([5],[7]).

The R-L left and right sided (k, s)-fractional derivative operator s
kD

µ
a+ defined in (1.12)

is generalized by (k, s)-fractional derivative operator is denoted by s
kD

µ,ν
a+ , where µ is the

order such that 0 < ν < 1, we define as

(skD
µ,ν
a+ f)(x) =

[
s
kI

ν(k−µ)
ρ+

(
1

xs
d

dx

)]
(kn s

kI
(1−ν)(k−µ)
a+ f)(x), (1.15)

Obviously, when v = 0 then (1.15) approaches to the R-L (k, s)-fractional derivatives

operator s
kD

µ
a+ (1.13).

They [9] also defined the following lemma as:

Lemma 1.1. For k > 0, with x > ρ, 0 < ν < 1 and <(λ) > 0, then the following

result for (k, s)-fractional derivatives operator s
kD

µ
a+ in (1.15) hold true:

(skD
µ,ν
a+ (τ s+1 − as+1)

λ
k
−1)(x) =

Γk(λ)

(s+ 1)−
µ
kΓk(λ− µ)

(xs+1 − as+1)
λ−µ
k
−1. (1.16)

For the present investigation, we consider the following class of a function recently

defined by Tunc [17]

zσ,k
ρ,λ(x) =

∞∑
n=0

σ(m)

kΓk(ρkm+ λ)
xm, (ρ, λ > 0; |x| < R), (1.17)

where the coefficients σ(m)(m ∈ N0 = N ∪ {0} is a bounded sequence of positive real

numbers R is the set of real numbers.

2. Generalized (k, s)-fractional integrals and differentials formulas

In this section, we present the generalized (k, s)-fractional integrals and differentials

formulas involving a class of a function zσ,k
ρ,λ(x) as defined in (1.17). In this continuation

of the study of generalized k-fractional calculus, we define the following fractional integral

operator.

Definition 2.1. If k > 0, ρ, δ, ω ∈ C; with R(ρ) > 0, R(β) > 0, R(δ) > 0, and x > ρ,

then

(skε
ω;σ
a+;ρ,λf)(x) =

1

k

∫ x

0

(xs+1 − τ s+1)
λ
k
−1zσ,k

ρ,λ(w(xs+1 − τ s+1)ρ)τ sf(τ)dτ, (2.1)

By putting s = 0, then (2.1) can be written as

(kε
ω;σ
a+;ρ,λf)(x) =

1

k

∫ x

0

(x− τ)
λ
k
−1zσ,k

ρ,λ(w(xs+1 − τ s+1)ρ)τ sf(τ)dτ, (2.2)
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see [17]. Similarly, when ω = 0 and k = 1 then (2.2) turns to:

(Iλa+f)(x) =
1

Γ(λ)

∫ x

0

f(τ)

(x− τ)1−λ
dτ, (R(µ) > 0). (2.3)

To prove the generalized (k, s)-fractional integral and differential formulas of a class of a

function, we first prove the following result.

Lemma 2.1. For k > 0, the following result holds true:(
1

xs
d

dx

)m {
(τ s+1 − as+1)

λ
k
−1zα,k

ρ,λ [w(xs+1 − as+1)]ρ
}

= k−m(s+ 1)m(xs+1 − as+1)
λ
k
−m−1zα,k

ρ,λ−mk[w(xs+1 − as+1)]ρ (2.4)

where s ∈ R \ {−1}; ω, α, λ, ρ ∈ C; R(ω) > 0, R(λ) > 0, R(ρ) > 0 and R(α) > 0.

Proof. Let S1 be the L. H. S. of (2.4) then

S1 =

(
1

xs
d

dx

)m {
(τ s+1 − as+1)

λ
k
−1zα,k

ρ,λ [w(xs+1 − as+1)]ρ
}

=

(
1

xs
d

dx

)m {
(τ s+1 − as+1)

λ
k
−1

∞∑
n=0

σ(n)

kΓk(ρkn+ λ)
[w(xs+1 − as+1)ρ]n

}
.

Changing the order of summation and differentiation, we have

S1 =
∞∑
n=0

σ(n)

kΓk(ρkn+ λ)
[w]n

(
1

xs
d

dx

)m
(τ s+1 − as+1)

λ
k
+ρn−1.

(2.5)

Now we find (
1

xs
d

dx

)m
(xs+1 − as+1)

λ
k
+ρn−1

= (s+ 1)m(ρn+
λ

k
− 1)...(ρn+

λ

k
−m)(xs+1 − as+1)

λ
k
+ρn−m−1

= (s+ 1)m
Γ(ρn+ λ

k
)

Γ(ρn+ λ
k
−m)

(xs+1 − as+1)
λ
k
+ρn−m−1 (2.6)

Using (1.4), we have

Γ(ρn+ λ
k
)

Γ(ρn+ λ
k
−m)

=
Γk(nρk + λ)

kmΓk(nρk + λ−mk)
. (2.7)

Using (2.7) in (2.6), we get(
1

xs
d

dx

)m
(xs+1 − as+1)

λ
k
+ρn−1

= (s+ 1)m
Γk(nρk + λ)

kmΓk(nρk + λ−mk)
(xs+1 − as+1)

λ
k
+ρn−m−1. (2.8)

Thus by using (2.8) in (2.5), we get the following required result.

S1 = k−m(s+ 1)m(xs+1 − as+1)
λ
k
−m−1zα,k

ρ,λ−mk[w(xs+1 − as+1)]ρ. (2.9)
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�

Theorem 2.1. For k > 0, the following integral formulas holds true:

s
kI

µ
a+(τ s+1 − as+1)

λ
k
−1)zα,k

ρ,λ [w(τ s+1 − as+1)ρ](x)

=
(xs+1 − as+1)

λ+µ
k
−1

(s+ 1)
µ
k

zα,k
ρ,λ+µ[w(xs+1 − as+1)]ρ.

(2.10)

where x > a(a ∈ R+ = [0,∞)); ω, α, λ, ρ ∈ C; R(ω) > 0, R(λ) > 0, R(ρ) > 0, and

R(µ) > 0.

Proof. Let S2 be L. H. S. side of (2.10) then

S2 = s
kI

µ
a+(τ s+1 − as+1)

λ
k
−1)zα,k

ρ,λ [w(τ s+1 − as+1)ρ](x)

=
(s+ 1)1−

µ
k

kΓk(µ)

∫ x

a

(τ s+1 − as+1)
λ
k
−1zα,k

ρ,λ [w(τ s+1 − as+1)ρ](x)

(xs+1 − τ s+1)1−
µ
k

dτ

=
(s+ 1)1−

µ
k

kΓk(µ)

∫ x

a

(τ s+1 − as+1)
λ
k
−1

(xs+1 − τ s+1)1−
µ
k

∞∑
n=0

σ(n)

kΓk(nρk + λ)
[w(τ s+1 − as+1)ρ]ndτ

Changing the order of summation and integration, we have

S2 =
(s+ 1)1−

µ
k

kΓk(µ)

∞∑
n=0

σ(n)

kΓk(nρk + λ)
[w]n

∫ x

a

(τ s+1 − as+1)
λ
k
+ρn−1

(xs+1 − τ s+1)1−
µ
k

dτ

(2.11)

Substituting τ s+1 = as+1 +y(xs+1−as+1) in (2.11), then this implies τ sdτ = (xs+1−as+1)
s+1

dy,

when τ → a, ⇒ y → 0 and τ → x, ⇒ y → 1, we have

S2 =
∞∑
n=0

σ(n)[w]n

kΓk(nρk + λ)

(s+ 1)1−
µ
k

kΓk(µ)

×
∫ 1

0

(αs+1 + y(xs+1 − αs+1)− as+1)
λ
k
+ρn−1

(xs+1 − αs+1 − y(xs+1 − αs+1))1−
µ
k

(xs+1 − αs+1)

s+ 1
dy

=
∞∑
n=0

σ(n)[w]n

kΓk(nρk + λ)

(xs+1 − αs+1)
µ+λ+ρnk

k
−1

(s+ 1)
µ
k kΓk(µ)

∫ 1

0

y
λ
k
+ρn−1(1− y)

µ
k
−1dy

=
∞∑
n=0

σ(n)[w]n

kΓk(nρk + λ)

(xs+1 − αs+1)
µ+λ+ρnk

k
−1

(s+ 1)
µ
k kΓk(µ)

Γk(λ+ ρnk)Γk(µ)

Γk(λ+ ρnk + µ)

=
(xs+1 − αs+1)

µ+λ
k
−1

(s+ 1)
µ
k

∞∑
n=0

σ(n)

kΓk(nρk + λ+ µ)
[w(τ s+1 − as+1)ρ]n

=
(xs+1 − as+1)

λ+µ
k
−1

(s+ 1)
µ
k

zα,k
ρ,λ+µ[w(xs+1 − as+1)]ρ.

�
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Theorem 2.2. For k > 0, the following result holds true:

s
kD

µ
a+(τ s+1 − as+1)

λ
k
−1)zα,k

ρ,λ [w(τ s+1 − as+1)ρ](x)

=
(xs+1 − as+1)

λ−µ
k
−1

(s+ 1)−
µ
k

zα,k
ρ,λ−µ[w(xs+1 − as+1)]ρ.

(2.12)

where x > a(a ∈ R+ = [0,∞)); ω, α, λ, ρ ∈ C; R(ω) > 0, R(λ) > 0, R(ρ) > 0, and

R(µ) > 0.

Proof. Let S3 be L. H. S. of (2.12) then

S3 =

(
1

xs
d

dx

)n {
kn s

kI
nk−µ
a+ (τ s+1 − as+1)

λ
k
−1zα,k

ρ,λ [w(τ s+1 − as+1)ρ](x)
}

Applying (2.10), this takes the following form

s
kD

µ
a+(τ s+1 − as+1)

λ
k
−1)zα,k

ρ,λ [w(τ s+1 − as+1)ρ](x)

= kn
(

1

xs
d

dx

)n
(xs+1 − as+1)

λ−µ
k

+n−1

(s+ 1)−
µ
k
+n

zα,k
ρ,λ−µ+nk[w(xs+1 − as+1)]ρ.

Applying Lemma 2.4, we have

S3 =
(xs+1 − as+1)

λ−µ
k
−1

(s+ 1)−
µ
k

zα,k
ρ,λ−µ[w(xs+1 − as+1)]ρ.

�

Theorem 2.3. For k > 0, the following result holds true:

s
kD

µ,ν
a+ (τ s+1 − as+1)

λ
k
−1)zα,k

ρ,λ [w(τ s+1 − as+1)ρ](x)

=
(xs+1 − as+1)

λ−µ
k
−1

(s+ 1)
−µ
k

zα,k
ρ,λ−µ[w(xs+1 − as+1)]ρ.

(2.13)

where x > a(a ∈ R+ = [0,∞)); ω, α, λ, ρ ∈ C; R(ω) > 0, R(λ) > 0, R(ρ) > 0, and

R(µ) > 0.

Proof.

s
kD

µ,ν
a+ (τ s+1 − as+1)

λ
k
−1)zα,k

ρ,λ [w(τ s+1 − as+1)ρ](x)

=s
k D

µ,ν
a+

[
∞∑
n=0

σ(n)

kΓk(nρk + λ)
[w(τ s+1 − as+1)

λ−1
nk

+ρ]n

]
.

This can be written as

s
kD

µ,ν
a+ (τ s+1 − as+1)

λ
k
−1)zα,k

ρ,λ [w(τ s+1 − as+1)ρ](x)
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=
∞∑
n=0

σ(n)[w]n

kΓk(nρk + λ)

[
s
kD

µ,ν
a+ (τ s+1 − as+1)

λ
k
+ρn−1

]
.

By applying (1.16), we get

s
kD

µ,ν
a+ (τ s+1 − as+1)

λ
k
−1)zα,k

ρ,λ [w(τ s+1 − as+1)ρ](x)

=
∞∑
n=0

σ(n)[w]n

kΓk(nρk + λ)

Γk(λ+ ρnk)

Γk(λ+ ρnk − µ)

(τ s+1 − as+1)
λ
k
+ρn−1

(s+ 1)−
µ
k

=
(xs+1 − as+1)

λ−µ
k
−1

(s+ 1)
−µ
k

zα,k
ρ,λ−µ[w(xs+1 − as+1)]ρ.

Which complete the desired proof.

�

3. Properties of the operator
(
s
kε
ω,σ
a+;ρ,λf

)
(x)

Theorem 3.1. For k > 0, ω, σ, λ, ρ ∈ C; R(ω) > 0, R(λ) > 0, R(ρ) > 0, and

R(µ) > 0, then the following result holds:(
s
kε
ω,σ
a+;ρ,λ

(
τ s+1 − as+1

)µ
k
−1
)

(x) =
(xs+1 − as+1)

λ+µ
k
−1

Γk(µ)

(s+ 1)
zσ,k
ρ,λ+µ[w

(
xs+1 − as+1

)ρ
].

(3.1)

Proof. From (2.1), we have(
s
kε
ω,σ
a+;ρ,λ

(
τ s+1 − as+1

)µ
k
−1
)

(x)

=
1

k

∫ x

a

(
τ s+1 − as+1

)µ
k
−1

(xs+1 − τ s+1)
λ
k
−1zσ,k

ρ,λ[ω
(
xs+1 − τ s+1

)ρ
]τ sf(τ)dτ.

This can be written as(
s
kε
ω,σ
a+;ρ,λ

(
τ s+1 − as+1

)µ
k
−1
)

(x)

=
∞∑
n=0

σ(n)[w]n

kΓk(nρk + λ)

1

k

∫ x

a

(
xs+1 − τ s+1

)λ+ρkn
k
−1 (

τ s+1 − as+1
)µ
k
−1
τ sdτ

=
(xs+1 − αs+1)

λ+µ
k
−1

Γk(µ)

(s+ 1)

∞∑
n=0

σ(n)[ω (xs+1 − τ s+1)
ρ
]n

kΓk(nρk + λ)

Γk(nρk + λ)

Γk(nρk + λ+ µ)

=
(xs+1 − as+1)

λ+µ
k
−1

Γk(µ)

(s+ 1)
zσ,k
ρ,λ+µ[w

(
xs+1 − as+1

)ρ
].

Which complete the desired proof.

�
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Theorem 3.2. Let s ∈ R \ {−1}; k > 0; ω, λ, ρ ∈ C; R(ω) > 0, R(ω) > 0, R(λ) >

0, R(ρ) > 0, R(µ) > 0 and x > a, then

(skI
µ
a+)
(
s
kε
ω,σ
a+;ρ,λf

)
(x) =

1

(s+ 1)
µ
k

(
s
kε
ω,σ
a+;ρ,λ+µf

)
(x) =

(
s
kε
ω,σ
a+;ρ,λ [skI

µ
a+f ]

)
(x),

(3.2)

hold for any f ∈ L[ρ, λ].

Proof. From equations (1.11) and (2.1), we have

(skI
µ
a+)
(
s
kε
ω,σ
a+;ρ,λf

)
(x)

=
(s+ 1)1−

µ
k

kΓk(µ)

∫ x

a

(
s
kε
ω,σ
a+;ρ,λf

)
(τ)

(xs+1 − τ s+1)
1−µ
k

τ sdτ

=
(s+ 1)1−

µ
k

k2Γk(µ)

∫ x

a

(
xs+1 − τ s+1

)µ
k
−1

×
[∫ τ

a

(
τ s+1 − us+1

)λ
k
−1zσ,k

ρ,λ

(
w
(
τ s+1 − us+1

)ρ)
f(u)usdu

]
τ sdτ.

By changing the order of integration, we obtain

(skI
µ
a+)
(
s
kε
ω,σ
a+;ρ,λf

)
(x)

=
1

k

∫ x

a

(s+ 1)1−
µ
k

kΓk(µ)

[∫ x

u

(
xs+1 − τ s+1

)µ
k
−1 (

τ s+1 − us+1
)λ
k
−1

zσ,k
ρ,λ

(
w
(
τ s+1 − us+1

)ρ)
τ sdτ

]
f(u)usdu. (3.3)

Substituting τ s+1− us+1 = ts+1 , this implies τ sdτ = tsdt. Therefore (3.3) can be written

as

(skI
µ
a+)
(
s
kε
ω,σ
a+;ρ,λf

)
(x)

=
1

k

∫ x

a

(s+ 1)1−
µ
k

kΓk(µ)

[∫ xs+1−us+1

0

(
xs+1 − ts+1 − us+1

)µ
k
−1 (

ts+1
)λ
k
−1

zσ,k
ρ,λ

(
w
(
ts+1

)ρ)
tsdt

]
f(u)usdu.

By the use of (1.11) and applying (2.10), we have

(skI
µ
a+)
(
s
kε
ω,σ
a+;ρ,λf

)
(x)

=
1

k(s+ 1)
µ
k

∫ x

a

(
xs+1 − us+1

)µ+λ
k
−1zσ,k

ρ,λ+µ

(
w
(
xs+1 − us+1

)ρ)
f(u)usdu.

thus, we get

(skI
µ
a+)
(
s
kε
ω,σ
a+;ρ,λf

)
(x) =

1

(s+ 1)
µ
k

(
s
kε
ω,σ
a+;ρ,λ+µf

)
(x).
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To prove the second part, consider the right part of (3.2), we have(
s
kε
ω,σ
a+;ρ,λ [skI

µ
a+f ]

)
(x)

=
1

k

∫ x

a

(
xs+1 − τ s+1

)λ
k
−1zσ,k

ρ,λ

(
w
(
xs+1 − τ s+1

)ρ)
[skI

µ
a+f ] τ sdτ

=
1

k

∫ x

a

(
xs+1 − τ s+1

)λ
k
−1zσ,k

ρ,λ

(
w
(
xs+1 − τ s+1

) ρ
k

)
(

(s+ 1)1−
µ
k

kΓk(µ)

∫ τ

a

f(u)

(τ s+1 − us+1)1−
µ
k

usdu

)
dτ

By changing the order of integration, we obtain(
s
kε
ω,σ
a+;ρ,λ [skI

µ
a+f ]

)
(x)

=
1

k

∫ x

a

(s+ 1)1−
µ
k

kΓk(µ)

[∫ x

u

(
xs+1 − τ s+1

)µ
k
−1 (

τ s+1 − us+1
)λ
k
−1

zσ,k
ρ,λ

(
w
(
xs+1 − τ s+1

)ρ)
τ sdτ

]
f(u)usdu.

Again making the use of (1.11) and applying (2.10), we have(
s
kε
ω,σ
a+;ρ,λ [skI

µ
a+f ]

)
(x)

=
1

k(s+ 1)
µ
k

∫ x

a

(
xs+1 − us+1

)µ+λ
k
−1zσ,k

ρ,λ+µ

(
w
(
xs+1 − us+1

)ρ)
f(u)us.

thus, we get (
s
kε
ω,σ
a+;ρ,λ [skI

µ
a+f ]

)
(x) =

1

(s+ 1)
µ
k

(
s
kε
ω,σ
a+;ρ,λ+µf

)
(x).

Which complete the desired proof. �
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