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Abstract: The formula of the Generalized Ambiguity Function (GAF) of passive bistatic SAR 11 
system using the non-cooperative illuminators which transmit PSK modulating signals is derived 12 
to analyze the spatial resolution of the system. The average GAF is introduced to remove the effect 13 
of particular sequence of symbols on resolution because the particular sequence of symbols is 14 
usually unpredictable before being received. The influence of the waveform parameters of the PSK 15 
modulating signals, such as length of the symbol sequence and roll-off factor, on spatial resolution 16 
is investigated by numerical simulation. It is confirmed that the influence of the length of the 17 
symbol sequence and roll-off factor is very slight but still exists. 18 
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1. Introduction 21 
In recent years, the passive bistatic SAR/ISAR systems, which use the non-cooperative 22 

illuminators as the transmitters of opportunity, have drawn a lot of attention all over the world due 23 
to their prominent advantages in comparison to active radars, such as low cost, low probability of 24 
interception, flexible configuration, coverage characteristics and availability of rich illuminator 25 
sources [1, 2]. The passive radar imaging systems utilize broadcasting station [3], television 26 
transmitting tower [4], broadcasting satellite [5, 6], navigation satellite [7, 8], communication base 27 
station [9] and wireless networks [10, 11] as their illuminators with a bistatic geometry 28 
configuration. Phase shift keying (PSK) modulating signal is a potential source of illumination for 29 
passive imaging system due to its wide application in communication, radar, navigation and so on. 30 
The feasibility of two-dimensional imaging using scattered PSK-modulated communication signals 31 
was investigated by numerical simulation [12]. The passive SAR system based on digital video 32 
broadcasting satellites with QPSK modulation was studied using simulation [13] and experiment [14, 33 
15], and its resolution capability was evaluated by the analysis of the wavenumber domain coverage 34 
in [13]. The ISAR image of a vehicle was obtained by passive radar system using DVB-S signals 35 
which implements QPSK modulation. In addition, PSK modulation techniques are widely used in 36 
the satellite navigation systems and the feasibility of the passive bistatic SAR systems has been 37 
theoretically and experimentally verified by using GPS [16], GLONASS [17, 18], GALILEO [7] and 38 
BDS [19] signals. 39 

The spatial resolution is one key factor of the performance for SAR/ISAR imaging system. In 40 
traditional radar systems, the resolution which describes the capacity to separate two or more 41 
targets can be usually analyzed by calculating the ambiguity function. For SAR/ISAR imaging 42 
system, the generalized ambiguity function (GAF) was formed to evaluate the spatial resolution [20], 43 
which has been used in several papers to discuss the passive system resolution. In [21], the GAF of 44 
the bistatic SAR is deduced under narrowband assumption where the signal waveform was 45 
approximated by a Gaussian or rectangle pulse functions, and then the theoretical GAF equation of 46 
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the bistatic SAR was verified by an experimental passive system consisting of GLONASS satellites as 47 
transmitters and a fixed receiver [22]. In [23], the GAF of a multiple antennas multiple frequencies 48 
radar system was introduced, which described the effect of the signal bandwidth without the signal 49 
waveform on the resolution. Soon after this work, the experimental result of the GAF of multistatic 50 
SAR was achieved by combining reflected signals from several GLONASS satellites [24]. 51 

The present studies mentioned above about GAF of the passive SAR/ISAR systems mainly 52 
focused on the simplified signal model, and the effect of signal waveform on spatial resolution was 53 
ignored. In consideration of ambiguity function theory that the modulation signal waveform will 54 
impact on the system’s ability to discriminate different targets in the delay-Doppler domain, it’s very 55 
important to investigate the effect of signal waveform on profile of GAF to evaluate the performance 56 
of spatial resolution for the passive SAR/ISAR systems. Hence, this paper tries to study the GAF of 57 
the passive SAR system based on PSK modulating signals. 58 

In this work, we derive the theoretical formula of the GAF of passive bistatic SAR system using 59 
the non-cooperative illuminators which transmit PSK modulating signal. The concept of average 60 
ambiguity function is introduced in order to analyze the resolution capability of the passive bistatic 61 
SAR system independently of the particular sequence of symbols of the transmitted signal, because 62 
the particular sequence of symbols is usually unpredictable before being received for passive 63 
system. Then, the influence of the waveform parameters of the PSK modulating signals, such as 64 
length of the symbol sequence and roll-off factor, on spatial resolution is discussed, while that of the 65 
code width, the main factor in determining the resolution which has discussed in [21], is ignored in 66 
this paper. 67 

This paper is organized as follows. In Section 2 the geometry of the BISAR system is described 68 
and the transmitted signal model for the passive radar system is presented. In Section 3 we define 69 
and derive the average GAF of the BISAR system based on PSK modulating signals. In Section 4 the 70 
simulated analysis is presented in order to demonstrate the resolution capability of the system. 71 
Finally, concluding remarks are drawn in Section 5. 72 

2. System and Signal 73 

2.1 BISAR System Geometry 74 
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Figure 1. The BISAR geometry with a fixed receiver 76 

Figure 1 shows a generalized geometry of a passive BISAR system. This configuration consists 77 
of a stationary target with the invariable scattering coefficient, a moving transmitter of opportunity, 78 
and a stationary receiver fixed on the ground. In this case, the distance between the transmitter and 79 
the target point is much greater than the distance between the receiver and the target point. In order 80 
to simplify the analysis, the three-dimensional coordinate system with the center of the target as 81 
origin is established. Vectors ்ܹሬሬሬሬሬԦ and ோܹሬሬሬሬሬԦ denote the position coordinate of the transmitter and the 82 
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receiver respectively. Vector ݒԦ is the velocity of the transmitter whose motion trajectory is a straight 83 
line during integration time.   84 

There are two time variables that need considering in the BISAR system. One variable t is the 85 
fast time, which describes the propagation of the ranging waveform. The other variable is the slow 86 
time u that specifies the position of the receiver and the transmitter. In the system shown in Figure 1, 87 
only the position of the transmitter varies with the slow time u and the motion is much slower than 88 
the propagation of the electromagnetic wave. Thus ்ܹሬሬሬሬሬԦ  is a function about u and ݒԦ , and is 89 
represented at slow time u as   90 

0( ) ( )T TW u W u v u= + ⋅
  

, (1)

where ்ܹሬሬሬሬሬԦ(ݑ଴) is the position of the transmitter at the slow time instant u = u0. 91 

2.2 Signal Model 92 

Assuming that the envelope and the carrier of the transmitted signal are (ݐ)ݏ  and ௖݂ 93 
respectively, the echo signal of the point target A received by the receiver antenna can be 94 
represented as  95 

2 2 (t )( , ) ( )e
A

c A d Aj f j f
A As t u s t eπ τ π τσ τ − − −= − , (2)

In this equation, σ is the scattering coefficient of the target A, which is assumed to be constant 96 
and independent of the distance from the transmitter to the target. Furthermore, ߬஺ and ௗ݂஺ are the 97 
time delay and the Doppler frequency respectively, which are the functions of slow time u. The 98 
equations about ߬஺ and ௗ݂஺ are defined as   99 

( ) ( )
( ) ( )

( )
R T A c T

A d

T

A W A W u f A W u
f v

c c A W u
u uτ

− + − −
= = ⋅

−

  
 , (3)

The PSK modulating signal transmitted by the illuminators of opportunity is pulse compression 100 
signal and is usually applied in the SAR systems in order to acquire the low probability of intercept. 101 
The expression of the unit energy complex envelope is defined as  102 

-1

n 1
=0

1( ) = ( - )
N

n
s t c u t nT

N  , (4)

where ܿ௡  is the modulation code, which is usually pseudo-random or unpredictable, for the 103 
illuminator of opportunity and N is the number of symbols. The pulse ݑଵ(ݐ) is a rectangular pulse 104 
and T is the width in the fast time domain. In order to reduce inter symbol interference, a delayed 105 
RRC filter is usually employed in systems as the pulse shaping filter. The equation of ݑଵ(ݐ) is 106 
represented as  107 
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(5)

where α is the roll-off factor of the filter, which lies in the interval [0,1] for all transmitters. Denoting 108 
the Fourier transform of the pulse ݑଵ(ݐ) as ܷ(݂), |ܷ(݂)|ଶ can be defined as  109 
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Having presented the BISAR system geometry and the expression of the transmitted signals, 110 
the research now moves on to the study of the generalized ambiguity function in the following 111 
section. 112 

3. Ambiguity Function of BISAR 113 
The spatial resolution of the remote sensing system is one of the key parameters and is defined 114 

as the capacity to separate two or more targets in spatial domain. The ambiguity function (AF) is 115 
usually studied to obtain the resolution of the system, in terms of range and speed. In order to study 116 
the spatial resolution in SAR, the definition of radar AF has been extended to GAF by Tao Zeng, et 117 
al. [21] and the equation is represented as  118 

*( ) ( , ) ( , )A Br s t u s t u dtduχ = 


, (7)

where ݏ஺(ݐ, ,ݐ)஻ݏ and (ݑ  are the complex envelopes of reflected signals from two point target 119 (ݑ
located at the points A and B, whose scattering coefficients are assumed as unit radar cross section. 120 
Point A is the desired point scatterer to be evaluated, and B is an arbitrary point scatterer in the 121 
vicinity of A. ݎԦ is the distance vector from A to B. 122 

Different from the active radar which usually transmits deterministic signals, most of the 123 
received signals of passive radar are non-deterministic due to the non-cooperative of the 124 
illuminators. In the case of PSK modulating signals, the non-deterministic means the sequence of 125 
symbols is pseudo-random, such as the signals from navigation system, or unpredictable, such as 126 
the signals from communication system. In order to remove the impact of the non-deterministic of 127 
the sequence of symbols on the profile of GAF, the concept of the average ambiguity function is 128 
introduced here. The average ambiguity function defined by Cooper is generalized to the average 129 
GAF of the BISAR system, which is written as follow 130 

{ } { }22 *( ) ( ) ( , ) ( , )A BA r E r E s t u s t u dtduχ= = 
 

, (8)

By substituting the expressions of the echo signals, the GAF of the system is represented as  131 
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, (9)

where ߬஺ and ߬஻ are the time delay of the echo signals for target point A and arbitrary point B 132 
respectively, and the expectation ܧሼ∙ሽ is with respect to the transmitted modulation code ܿ௡. All the 133 
transmitted pulses are independent and identically distributed across symbol indices, and ܧሼ∙ሽ can 134 
be written as below. 135 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 10 October 2017                   doi:10.20944/preprints201710.0059.v1

http://dx.doi.org/10.20944/preprints201710.0059.v1


 

 

' '

' '

* * ' ' '

1, , ;
{ } 1 , , ;

0
n n k k

n n k k
E c c c c n k n k n n

others

 = =
= = = ≠



, (10)

Substituting the equation (10) and deducing this function from time domain to frequency 136 
domain in accordance with Fourier transform, the equation (9) can be converted into 137 
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where ܷ(݂) is the Fourier transform of the pulse ݑଵ(ݐ). The delay difference between the received 138 
signals reflected by point A and B is defined as  139 

( ) ( )T R T R
B A

W u r W r W u W

c c
τ τ

− + − +
− = −

     

, (12)

As is shown in Figure 1, the transmitter is usually far away from the target region and |ݎԦ| is 140 
much smaller than the distance from the transmitter to the target. Denoting the unit vector in the 141 
direction of the receiver as ଓԦ஺்(ݑ) = ሬܹሬሬԦ் (ݑ) ห ሬܹሬሬԦ் หൗ(ݑ) , the distance between the target and the receiver 142 
is presented as  143 

( ) ( ) ( )
A

T T TW u r W u i u r− = − ⋅
    

, (13)

Meanwhile, the receiver is not far away from the target region and ห ோܹሬሬሬሬሬԦ −  Ԧห needs to be 144ݎ
calculated accurately. By considering the assumptions above, the delay difference ߬஻ − ߬஺ is shown 145 
as  146 
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, (14)

Assuming the integration time was ଴ܶ (i.e. ݑ ∈ ሾݑ଴ − ଴ܶ/2, ଴ݑ + ଴ܶ/2 ሿ) and denoting ݑ଴ as the 147 
value at the midpoint of ଴ܶ, the equation (14) is approximated by its first-order Taylor expansion at 148 ݑ =  ଴ 149ݑ

0 0
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Denoting ߬ௗ and ௗ݂ as the delay difference and the Doppler frequency when ݑ =  ଴, then 150ݑ
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Therefore, the equation (14) can be simplified into 151 
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Meanwhile, the same approximation approach is applied and the phase term ௗ݂஻߬஻ − ௗ݂஺߬஺ is 152 
approximated. The result of the simplification is represented as  153 
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Considering the assumptions mentioned above and the characteristics of the signal which is 154 
narrowband, the equation (11) becomes 155 
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, (19)

where K is the coefficient which is irrelevant to f and u, ݉( ௗ݂) is the integral of variable u and ݌(߬ௗ) 156 
is the integral of variable f. 157 

Equation (19) indicates that the average GAF of BISAR system using PSK modulating signal is 158 
presented as the production of two functions, ݉( ௗ݂) and ݌(߬ௗ), which is the same with the results 159 
in [21] . The azimuth resolution and its direction can be obtained from the function ݉( ௗ݂), which is 160 
mainly determined by motion of the transmitter and the integration time. Function ݌(߬ௗ), which 161 
contains the parameters of the PSK modulating signals including the code-width, the length of the 162 
symbols and the pulse shaped by RRC filter but excepting the particular sequence of symbols whose 163 
influence has been removed by the average processing for GAF, gives the radar spatial performance 164 
in the range domain. In a bistatic SAR system, the range resolution is in the direction of the bisector 165 
of the bistatic angle and the azimuth resolution’s direction is specified by the equivalent motion 166 
direction. Generally, a more general resolution in any arbitrary direction of the X-Y plane is defined 167 
to analyze resolution capability of the system for the earth observation, so the resolution ellipse 168 
projected onto the X-Y plane is chosen in order to give tools to the radar system to evaluate the 169 
resolution capability [23].  ߜ௥ and ߜ௔ are defined in the direction of the projection of range and 170 
azimuth resolution onto the X-Y plane respectively. Figure 2 shows the projection of equation (19) 171 
for a BISAR system using a GPS satellite that will be used in the simulation in the next section. On 172 
the resolution ellipse, the maximum spatial resolution ߜ௠௔௫ and minimum spatial resolution ߜ௠௜௡ 173 
are along the major axis and the minor axis respectively and are usually applied to characterize the 174 
resolution capability. In this example, it can be clearly observed that the directions of projected 175 
range resolution ߜ௥ and projected azimuth resolution ߜ௔ don’t overlap with that of the spatial 176 
resolution is ߜ௠௔௫ or ߜ௠௜௡ respectively, but the direction of ߜ௔ is very colse to that of ߜ௠௜௡. 177 

Although the carrier frequency and signal bandwidth are the mainly decisive factors of the 178 
profile of the average GAF of BISAR system using PSK modulating signal, the length of the symbols 179 
and the pulse shaped by RRC filter may also have an impact on the average GAF of the system. 180 
Hence, the average GAF of BISAR system is calculated and discussed in the following section to 181 
evaluate the resolution performance of the system. 182 
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 183 
Figure 2. The resolution ellipse of the BISAR system and the directions of different resolution  184 

4. Simulated Results and Analysis 185 
In order to verify the average GAF of PSK modulation system mentioned in Section 3, the GAF 186 

of a passive BISAR system consisting of a GPS satellite as illuminator of opportunity and a receiver 187 
fixed on the ground is calculated by simulation. The GPS satellite runs over Hefei in one certain 188 
moment, and its parameters are shown in Table 1 and Table 2. It is assumed that the motion of the 189 
satellite is linear and the velocity is invariable during integration time. Meanwhile, the scattering 190 
coefficients of all reflectors within the imaging area are equal to one and independent of the distance 191 
from the transmitter to the target. Hence, an appropriate coordinate system is designed that X axis 192 
and Y axis is coincident with the east and north respectively, Z axis passed through the Earth’s core, 193 
and X-Y plane is tangent to the Earth’s surface. The target reflector to be analyzed is located at the 194 
center of the X-Y plane and B is an arbitrary point in the X-Y plane. 195 

Table. 1. The fundamental parameters of GPS satellite 196 
Parameter Symbol Numerical Value 

Carrier Frequency ௖݂ 1575.42MHz 

Bandwidth of Signal B 1.023MHz 

Width of Pulse T 1/1.023×10-6 

Integration Time ଴ܶ 60s 

Velocity of Satellite ݒԦ (1.0962，-0.6366，-0.7552)×104 

Initial Position of Satellite  ሬܹሬሬԦ் ଴ 
(447075.2875, 

20227806.07,1618341.826) 

Table. 2. The position of satellite as a function of integration time-- ଴ܶ =  197  ݏ60
Satellite ( )e 0uφ  0( )e uθ  eφΔ  eθΔ  

SAT15 300° 78.5° 1.91° -0.167° 

4.1 GAF VS Average GAF 198 

The GAFs of the BISAR system using three kinds of pseudo-random symbols called M1, M2 199 
and M3 with the number of the symbols of 1001 and the roll-off factor α of 0.22 are shown in Figure 200 
3-5 respectively. The average GAF of the system with the same number of the symbols and roll-off 201 
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factor is also calculated and shown in Figure 6. In order to compare the resolution capability with 202 
each other, the resolution slices along the major and minor axis are plotted in Figure 7 and Figure 8. 203 

 
Figure 3. Generalized ambiguity function about M1

 
Figure 4. Generalized ambiguity function about M2

 204 

 
Figure 5. Generalized ambiguity function about M3

 
Figure 6. Average GAF of the BISAR system 

 205 

 
Figure 7. The resolution slice along major axis

 
Figure 8. The resolution slice along minor axis

As shown in Figure 3, 4 and 5, it can be observed that the system based on different sequences 206 
with the same number of the symbols provides almost the same resolution ellipses, because these 207 
sequences are only different in the transmitted symbol sequence. The resolution slices along the 208 
major axis (Figure 7) demonstrate that their maximum spatial resolutions ߜ௠௔௫ are exactly similar, 209 
especially for the mainlobe. The resolution slices along the minor axis (Figure 8) are identical, for the 210 
reason that the direction of ߜ௔  and the direction of ߜ௠௜௡  are basically consistent and the 211 
transmitted waveform has little impact on the azimuth resolution. Hence, the difference among 212 
their resolution ellipses caused by the different symbol sequence is very slight but still exists. Figure 213 
6 shows the average GAF of the BISAR system. Comparing with Figure 3, 4 and 5, it is evident that 214 
the average GAF suppresses the sidelobe resulted from the independence of the particular symbol 215 
sequence. The independence of the particular symbol sequence means that the average GAF is more 216 
useful for evaluating the resolution of passive BISAR system, especially for the system that use the 217 
non-cooperative transmitters with unpredictable symbol sequences, such as PSK modulating 218 
communication transmitters.  219 
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4.2 The Impact of Number of Symbols 220 
It can be seen from the equation (19) that the number of symbols is one of the parameters for the 221 

BISAR system using PSK modulation. In this part, four sequences of different lengths are chosen to 222 
investigate the effect of length of the symbol sequence on the average GAFs. The roll-off factor is set 223 
to 0.22 for all four sequences. The resolution slices along the major axis and minor axis are shown in 224 
Figure 9 and Figure 10 respectively. It is obvious that the resolution slices along the major axis are 225 
identical except for small difference in sidelobe and the lower sidelobe will be obtained when using 226 
longer sequences. The resolution slices along the minor axis present the same curves which are 227 
overlapping each other. So the maximum and minimum spatial resolutions of the BISAR system 228 
based on four sequences of variable lengths are basically the same. The result indicates that the 229 
number of symbols have little influence on the resolution ellipse of BISAR system.  230 

Figure 9. Resolution slice of average GAFs based on 
the length of sequence along major axis 

Figure 10. Resolution slice of average GAFs based on 
the length of sequence along minor axis 

4.3 The Impact of Roll-off Factor 231 

As mentioned above, the pulse waveform ݑଵ(ݐ) is obtained by applying a pulse shaping filter 232 
to each pulse to reduce inter symbol interference. In this work, a delayed RRC filter is applied and 233 
α=0.2, 0.4, 0.6, 0.8 are chosen as the roll-off factor to calculate the average GAF in order to analyze the 234 
impact of the roll-off factor on the profile of average GAF. The resolution slices along the major axis 235 
and minor axis are shown in Figure 11 and 12 respectively. It is obvious that the minimum spatial 236 
resolutions ߜ௠௜௡ are the same, and the maximum spatial resolutions ߜ௠௔௫ present small difference 237 
for different roll-off factors, which causes different resolution ellipses. Hence, it can be observed that 238 
the BISAR system provides better resolution capability when the roll-off factor increases, because 239 
the increase can make the bandwidth of the signal expand simultaneously. We plot the -3dB contour 240 
of the spatial resolution along the major axis in Figure 13 to further study the effect of the roll-off 241 
factor on the resolution ellipse. The results in Figure 13 indicate that the PSK modulating signal 242 
whose roll-off factor is higher can have smaller maximum spatial resolution because of the tiny 243 
change of bandwidth due to filtering. While the value of the roll-off factor increases from 0.2 to 0.8, 244 
the maximum spatial resolution of the system decreases by 12.4% approximately. The increase 245 
means that the system can have better resolution capability.  246 
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Figure 11. Resolution slice of average GAFs based on 
the roll-off factor along major axis 

Figure 12. Resolution slice of average GAFs based 
on the roll-off factor along major axis 

 247 
Figure 13. -3dB contour of the resolution slice based on the roll-off factor along major axis 248 

5. Conclusion 249 
In this paper, the resolution performance of the passive bistatic SAR system based on PSK 250 

modulating signal is investigated. The analytical form of the average GAF which is more useful for 251 
evaluating the resolution of passive BISAR system that use the non-cooperative transmitter with 252 
unpredictable symbol sequence is established and its formula in the case of PSK modulating signal 253 
used is deduce to evaluate the effect of the waveform on the resolution. The effect of the transmitted 254 
waveform on resolution is discussed in detail by numerical simulation. The conclusion can be drawn 255 
that the influence of the number of symbols and roll-off factor on resolution ellipse is very slight but 256 
still exists. 257 
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