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Abstract: The main objective of this paper is to find a close link between the adaptive level of 12 
significance, presented here, and the sample size. We, statisticians, know of the inconsistency, or 13 
paradox, in the current classical tests of significance that are based on p-value statistics that is 14 
compared to the canonical significance levels (10%, 5% and 1%): "Raise the sample to reject the null 15 
hypothesis" is the recommendation of some ill-advised scientists! This paper will show that it is 16 
possible to eliminate this problem of significance tests. The Bayesian Lindley's paradox – "increase 17 
the sample to accept the hypothesis" – also disappears. Obviously, we present here only the 18 
beginning of a possible prominent research. The intention is to extend its use to more complex 19 
applications such as survival analysis, reliability tests and other areas. The main tools used here are 20 
the Bayes Factor and the extended Neyman-Pearson Lemma. 21 

Keywords: Significance level, sample size, Bayes ratio, likelihood function, optimal decision, 22 
significance test. 23 

 24 

1. Introduction 25 
Recently, the use of p-values in tests of significance has been criticized. The question posed by 26 

[1] and discussed by [2-4] concerns the misuse of canonical values of significance level (0.10, *, 0.05, 27 
**, 0.01, ***, and 0.001, ****). More recently, a publication by the American Statistical Association [5] 28 
makes recommendations for scientists to be concerned with choosing the appropriate level of 29 
significance. Pericchi and Pereira [6] considers the calculation of adaptive levels of significance in an 30 
apparently successful solution for the correction of the significance level choices. This suggestion 31 
eliminates the risk of a breach of the principle of likelihood. However, that article deals only with 32 
simple null hypotheses, although the alternative may be compounded. Another constraint was the 33 
dependence of the parametric space dimension; it was only about one-dimensional spaces. More 34 
recent is the article of [7] commented on Nature Human Behavior [8]. In a genuinely Bayesian context, 35 
[9] introduced the value e (e-value, e for evidence) as an alternative to the classic p-value. A correction 36 
to make the null hypothesis invariant under transformations was presented by [10], and a more 37 
theoretical review can be seeming in [11,12]. The e-value was the basis of the solution of an 38 
astrophysical problem described by [13]. The relationship between p-values and e-values is discussed 39 
by [14]. However, while the e-value works independently of dimensions, setting its significance level 40 
is not an easy task. This has made us look for a way to obtain a modified p-value that allows us to 41 
better understand how to obtain the optimal significance level of a problem of any finite dimension. 42 
This work is based on three of our papers [15-17]. It has taken a long time to see the possibility of 43 
using them in combination and with reasonable adjustments: Bayes Factor takes the place of the 44 
Likelihood Ratio and the average value of the Likelihood function replaces its maximum value. The 45 
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mean of the likelihood function under the null hypothesis will be the density used in the calculation 46 
of the new value p, the P-value. The basis of all our work is the extended Neyman-Pearson lemma in 47 
its Bayesian form, see [18] sections Optimal Tests (Theorem 1) and Bayes Test Procedures (pp. 451-48 
452). 49 

This paper will show that it is possible to eliminate problems with the current significance tests. 50 
Lindley's paradox [19] – "increase the sample to accept the hypothesis" – also disappears. 51 

2. Blending Bayesian and classical concepts  52 

2.1. Statistical model 53 
As usual, let ݔ and ߠ be random vectors (could be scalars) such that: ݔ∈Χ ⊂ ௡, Χ being the 54 

sample space; and ߠ ∈ 		௡, Θ being the parametric space. To state the relation between the two 55 
random vectors, the statistician considers the following: a family of probability density functions 56 
indexed by the conditioning parameter (ߠ|ݔ)݂} ,ߠ; ߠ ∈ }; a prior probability density function ݃(ߠ); 57 
and the posterior density function ݃(ݔ|ߠ).  In order to be appropriate, indexed by ݔ, the family of 58 
likelihood functions {݂(ߠ|ݔ); ݔ ∈ 	} must be measurable in the prior σ-algebra. 59 

With the defined statistical model, a partition of the parametric space is defined by the 60 
consideration of a null hypothesis that should be confronted with its alternative: 61 ۶: ߠ ∈ ۶ and ۯ: ߠ ∈ ۯ where ۶ۯ = with۶ۯ = . (1)

In the case of composite hypotheses with the partition elements having the same dimension, the 62 
model would be complete. These cases would not be involved with partitions for which there are 63 
components with zero Lebesgue measure. In case of precise hypotheses - the partition components 64 
have different dimensions - we must add other elements:  65 
 66 

i. Positive probabilities of the hypotheses, (۶)ߨ > 0	e	(ۯ)ߨ = 1 − (۶)ߨ > 0; and 67 
ii. A density on the subset that has the smaller dimension. The choice of this density should 68 
be coherent with the original prior density over the global parameter space. 69 

 70 
Consider the common case for which the null hypothesis is the one defined by the subset of 71 

smallest dimension. In this case we use the surface integral to normalize the values of the prior 72 
density in the null set so that the sum or volume of these values is equal to the unit. Figure 1 illustrates 73 
how this procedure is taken. Recall that an a priori density can be looked at as a preference system in 74 
the parametric space and the preference systems must be kept even within the null hypothesis: 75 
coherence in access to a priori distributions is crucial. Further details on this procedure can be found 76 
in [20] and [16]. 77 

2.2. Significance index 78 
By significance index we mean a real function over the sample space that is used for decision-79 

making with respect to accept/reject the null hypothesis, H. We begin this section by stating the 80 
extended Neyman-Pearson Lemma presented by De Groot [18]. 81 

Let ۶݂(ݔ)	and	  be probability density functions over the sample space, Χ. The decision 82 (ݔ)ۯ݂
problem is to choose one of these densities as being the true generator of the observed data.  83 
Consider now a binary function (ݔ)ߜ used to define the decision procedure. Defining a partition of 84 
the sample space as ۶ࢄۯࢄ = ۯࢄ۶ࢄ	with ࢄ = , the test function is 85 (ݔ)ߜ = ൜ 0, ݂݅ ݔ ∈ ,۶1ࢄ ݂݅ ݔ ∈ ۯࢄ . (2)

To define the relevance of a hypothesis in relation to its alternative, one should choose two 86 
positive real numbers, say ܣ	and	ܤ ܣ : > ,ܤ ܣ = ܣ	and	ܤ < ܤ , meaning preference for the null 87 
hypothesis, indifference, and preference for the alternative. The decision rule is reject the null 88 
hypothesis, ۶, whenever the function equal one and do not reject otherwise. The optimal test is 89 
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obtained by the following theorem for which the probabilities of the two types of errors – type I and 90 
type II – are 91 (ߜ)ߙ = Pr{݃݊݅ݐ݆ܿ݁݁ݎ ۶|۶ ݏ݅ {݁ݑݎݐ = Pr{(ݔ)ߜ = 0| ۶݂} 
and (ߜ)ߚ = Pr{݊ݐ݋	݃݊݅ݐ݆ܿ݁݁ݎ ۶|۶ ݏ݅ {݁ݏ݈݂ܽ = Pr{(ݔ)ߜ = 1| .{ۯ݂ (3)

 92 
Neyman-Pearson-DeGroot Theorem: Let ߜ∗ be a test that reject H favoring A if ܣ (ݔ)۶݂ < ܤ	  do 93 ,(ݔ)ۯ݂
not reject H if ܣ (ݔ)۶݂ > ܤ	 ܣ  and being indifferent if ,(ݔ)ۯ݂ (ݔ)۶݂ = ܤ (ߜ)ߙܣ 95 ,ߜ Then, for any other test 94 .(ݔ)ۯ݂ + (ߜ)ߚܤ ≥ (∗ߜ)αܣ + (4) .(∗ߜ)ߚܤ

To obtain the Bayesian version of the theorem consider a loss function that is zero if the decision 96 
is correct, ݓ୅	(ݓୌ) if the decision favors ۯ	(۶) when ۶	(ۯ) is the true state of nature. In addition, 97 
if ߨ is the prior probability of ۶ and using ߜ as the test function, the risk function would be 98 ࢘(ߜ) = (ߜ)ߙߨۯݓ + 1)۶ݓ − (5) .(ߜ)ߚ(ߨ

Consequently, to obtain the Bayesian version of the theorem it is enough to replacing 99 (ݓߨ୅)	and	(1 −  respectively. Both the classical and the Bayesian versions of the 100 ,ܤ	and	ܣ	for	ୌݓ(ߨ
theorem are enunciated comparing in fact the ratio 	௙۶	௙ۯ  with the constant K, for which 101 ܭ = ஻஺ = (ଵିగ)௪۶గ௪ۯ . (6)

Important is to remember that this general version of Neyman-Pearson's theorem, from the 102 
classical point of view, will only apply to simple versus simple hypotheses. It is not common to 103 
consider a density function under a composite hypothesis. However, it is true that some classical 104 
methods use optimization by considering the maximum of the likelihood function both under ۶ and 105 
under	ۯ: recall that the likelihood function can be represented as ௫ = (ݔ|ߠ)ܮ} = ;(ߠ|ݔ)݂ ߠ∀ ∈ }. 106 

Also under the Bayesian paradigm, the likelihood function ܮ ܮ)   for likelihood) plays an 107 
important role, as it could not be otherwise, since it is the only considered objective function that 108 
shows association between the sample ݔ and the parameter ߠ. However, instead of optimization, 109 
integration is the Bayesian tool. With the a priori densities, the following conditional expectations are 110 
calculated: 111 

(ݔ)۶݂ = ,ݔ|(ݔ|ߠ)ܮ}ܧ ߠ ∈ ۶} and (ݔ)ۯ݂ = ,ݔ|(ݔ|ߠ)ܮ}ܧ ߠ ∈ ۯ} . (7)

These functions are the Bayesian predictive densities under the respective hypotheses. Both are 112 
probability density functions over the sample space ࢄ. The ratio between the two functions is known 113 
as the Bayes factor or Bayes ratio, 114 (ݔ)ܨܤ = ௙۶(௫)௙ۯ(௫) . (8)

To define a confidence index, alternative to the usual p-value, it is necessary to stablish an order 115 
over the sample space. Montoya-Delgado et al [17] suggests the use of the Bayes factor values of all 116 
sample points to induce the necessary order. The steps to perform a significance test are as follows: 117 

1. Access a prior density for the parameter of interest, ݃(ߠ); 118 
2. Clearly define the alternative hypotheses H and A; 119 
3. Obtain the predictive functions under the two alternative hypotheses. In the case for which 120 

the parametric subspaces defined by the hypotheses are of different dimensions, the 121 
definition of a priori density under the subset of smaller dimension, say H, is obtained as 122 
follows: 123 
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(۶|ߠ)݃ = ۔ۖەۖ
ۓ 0 ݂݅ ∮(ߠ)݃ۯߠ ۶ݕ݀(ݕ)݃ ݂݅ ۶ (9)ߠ

The denominator is the surface integral over the subspace	۶. In addition to this density and 124 
only in the case distinct dimensions of ۶	and	ۯ, consider a positive probability ߨ	of H be the true 125 
hypothesis. Figure 1 well illustrates how should be the choice of ݃(۶|ߠ).	  126 

 127 

 128 
Figure 1. Bivariate Normal density cut in the subspace of equal  129 

marginal means to show the prior density in that subspace. 130 
 131 

4. Define the loss function considering mainly the differences of importance - social, for 132 
example - between the hypotheses; 133 

5. Use the Bayes factor to order the sample space: {(ݔ)ܨܤ:   establishes the order of 134		{ࢄݔ
each ࢄݔ	 . This ordering can be used independently of the dimensions of the spaces 135 ࢄ	and		. 136 

6. Using the above theorem, compute the optimal errors and use the value of ߙ(ߜ௫) as the 137 
adaptive level of significance, which will depend on the loss function, the probability 138 
densities, the a priori probability ߨ, and especially on the sample size. 139 

7. Calculate the significance index, the P-value, which will take the following form: being ݔ଴ 140 
the observed value of the statistic and ܥ଴ = 	 ;ݔ} ݔ <  ଴} the observed tail, the P-value will 141ݔ
take the expression	 ଴ܲ = ׬ ۶݂	஼బ  Clearly, this may be either single or a multiple integral. 142 .ݔ݀(ݔ)

8. Compare the value ଴ܲ with the value of (∗ߜ)ߙ.	 Reject (do not reject) H if	 ଴ܲ ழ(வ)  In the 143 .(∗ߜ)ߙ
case of equality, take either decision without prejudice to optimization. 144 

9. Finally, if (∗ߜ)ߙ is fixed a priori, calculate the sample size needed to make this fixed value 145 
optimal according to the Neyman-Pearson-DeGroot theorem. 146 

3. Illustrative examples 147 
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This section introduces four simple examples to illustrate the appropriateness of the new P-value 148 
and how this adaptive level of significance relates with sample sizes. 149 

3.1. Example 1 – comparing two proportions 150 
A doctor wants to show that the incorporation of a new technology in a treatment can produces 151 

better results than a conventional one. He planned a clinical trial with two arms, case/control, each 152 
with eight patients. The cases arm used the new treatment and the arm of the controls was for the 153 
conventional one. For instance, details of an alike clinical trial are shown by [21]. The observed results 154 
were that only one of the patients in the controls arm responded positively although in the cases arm 155 
the positive respondents were four. 156 

The most common classical significance tests result in the following p-values: the Pearson χ2 p-157 
value was 0.106 that changed to 0.281 when the Yates continuity correction was applied and the 158 
Fisher's exact p-value was 0.282. Traditional analysts would conclude that there were no statistically 159 
significant differences between the two treatments, whenever they would use anyone of the canonical 160 
significance levels. Note that these procedures were for testing a sharp hypothesis against a 161 
composed one: ۶:	ߠ଴ = :ۯ	and	ଵߠ ଴ߠ ≠  ଵ, comparing the proportion of success of the two treatments.  162ߠ
In the sequel, we calculate the proposed ܲ −  to 163 (∗ߜ)ߙ and use the optimal significance level ݁ݑ݈ܽݒ
making the decision of choosing one of the hypotheses. 164 

To be fair in our comparisons we consider independent uniform (noninformative) prior 165 
distributions for	ߠ଴	and	ߠଵ. With these suppositions and the likelihoods being binomials with sample 166 
sizes n = 8, the predictive probability functions under the two hypotheses are 167 

,ݔ)۶݂ (ݕ = ൫ ఴ	ೣ	൯ቀ ఴ	೤	ቁ	ଵ଻ቀ భలೣశ೤ቁ 			and	 ,ݔ)ۯ݂ (ݕ = ଵ଼ଵ  ,ݔ) ,{0,1(ݕ … ,8} × {0,1, … ,8}. (10)

The variables ݔ	and	ݕ	 represent the possible observed values of the number of positively 168 
respondents of the two arms. Table 1 and Figure 2 present, for all possible results, the Bayes Factor 169 
values (8). 170 

 171 
Table 1. Bayes Ratio of all possible results in a clinical trial with arms size of n=8. 172 

x 
y 

Sum 
0 1 2 3 4 5 6 7 8 

0 4.765 2.382 1.112 0.476 0.183 0.061 0.017 0.003 4.E-04 9 
1 2.382 2.541 1.906 1.173 0.611 0.267 0.093 0.024 0.003 9 
2 1.112 1.906 2.052 1.710 1.166 0.653 0.290 0.093 0.017 9 
3 0.476 1.173 1.710 1.866 1.633 1.161 0.653 0.267 0.061 9 
4 0.183 0.611 1.166 1.633 1.814 1.633 1.166 0.611 0.183 9 
5 0.061 0.267 0.653 1.161 1.633 1.866 1.710 1.173 0.476 9 
6 0.017 0.093 0.290 0.653 1.166 1.710 2.052 1.906 1.112 9 
7 0.003 0.024 0.093 0.267 0.611 1.173 1.906 2.541 2.382 9 
8 4E-04 0.003 0.017 0.061 0.183 0.476 1.112 2.382 4.765 9 

Sum 9 9 9 9 9 9 9 9 9 81
Note: Cells with red numbers form the region Ψ∗ and bold-italic cells form the regionΨ௢௕௦. 173 
 174 

 175 
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 176 
Figure 2. Bayes Factor of all possible results in a clinical trial with arms size of n=8 each. 177 
 178 
To obtain the proposed P – value, define the set Ψ௢௕௦of (x,y) for which its Bayes factors are 179 

smaller than the Bayes factor of the observed sample point; i.e.,  180 Ψ௢௕௦ = ,ݔ)} ,{0,1(ݕ … ,8} × {0,1, … ,8}: ܴܤ <  ௢௕௦}. 181ܴܤ

Hence, the significance index, P – value, is the sum of all predictive probabilities (under H) in Ψ௢௕௦:      182 ܲ − ݁ݑ݈ܽݒ = ෍ ,ݔ)۶݂ ஏ೚್ೞ∋(௫,௬)(ݕ = ෍ ൫ ௫଼ ൯ ቀ ௬଼ ቁ17 ቀ ଵ଺௫ା௬ቁ(௫,௬)∈ஏ೚್ೞ . (11)

Recalling the observed result of the clinical trial, (ݔ, (ݕ = (1,4),	the observed Bayes factor is ܴܤ௢௕௦ =183 0.661. The italic-bold cells in Table 1 identify the set Ψ௢௕௦. Thus, according (11), the ܲ − ܲ is 184 	݁ݑ݈ܽݒ = 0.0923. 185 
To obtain the optimal solution we minimize the sum of the errors probability, (ߜ)ߙ +  This 186 .(ߜ)ߚ

optimal solution is the result of comparing the Bayes ratio with constant (6) ܭ to make the choice 187 
according to the Neyman-Pearson-DeGroot theorem. Defining the set of (x,y) which Bayes Ratio is 188 
less than K, i.e., Ψ∗ = ,ݔ)} ,{0,1(ݕ … ,8} × {0,1, … ,8}: ܴܤ <  the optimal type I and type II errors 189 ,{ܭ
are given by:  190 (ߜ)∗ߙ = ෍ ,ݔ)۶݂ ∗ஏ∋(௫,௬)(ݕ = ෍ ൫ ௫଼ ൯ ቀ ௬଼ ቁ17 ቀ ଵ଺௫ା௬ቁ(௫,௬)∈ஏ∗ , 
and (ߜ)∗ߚ = ෍ ,ݔ)ۯ݂ ∗ஏ∌(௫,௬)(ݕ = ෍ 1	81 .(௫,௬)∉ஏ∗  

 

(12)

 In this example, we consider that the two hypotheses are of equal importance, ߨ = 0.5 and 191 ۶ݓ = ۯݓ = 1, resulting in ܭ = 1. The set Ψ∗ was identified by red cells in Table 1. From (12), we 192 
obtain the optimal adaptive level of significance (∗ߜ)ߙ = 0.1245 and probability of the second kind 193 
of error (∗ߜ)ߚ = 0.4815. The high value of the probability of the second kind of error is expected 194 
whenever the sample sizes are small. Contrary to the classical results, the conclusion now is the most 195 
intuitive one; the null hypothesis is rejected since ܲ <  196 .(∗ߜ)ߙ

The physician, owner of the data in Example 1, looking at our analysis, asked about the sample 197 
size needed to obtain at most 10% of a level of significance of our procedure. The answer could be 198 
obtained by the next example that shows the case of two arms with 20 patients each. 199 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 25 September 2017                   doi:10.20944/preprints201709.0117.v1

Peer-reviewed version available at Entropy 2017, 19, 696; doi:10.3390/e19120696

http://dx.doi.org/10.20944/preprints201709.0117.v1
http://dx.doi.org/10.3390/e19120696


 7 of 11 

 

3.2. Example 2 – two proportions varying sample sizes 200 
Consider now a Clinical Trial as in Example 1 but with arms size of n=20. Now, the observed 201 

result is ,ݔ)	 (ݕ = (4,10) . We leave to the reader the simple exercise of repeating the calculus of 202 
Example 1 with different samples. Considering independent uniform (noninformative) prior 203 
distributions for	ߠ଴	and	ߠଵ and that the two hypotheses are of equal importance, ߨ = 0.5	and	۶ݓ ۯݓ 204= = 1. The predictive probability functions under hypotheses :ࡴ	ߠ଴ = :ۯ	and	ଵߠ ଴ߠ ≠  ଵ are 205ߠ

,ݔ)۶݂ (ݕ = ൫మబ	ೣ	൯ቀమబ	೤	ቁ	ସଵቀ రబೣశ೤ቁ 				and				 ,ݔ)ۯ݂ (ݕ = ଵସସଵ  ,ݔ) …,{0,1(ݕ ,20} × {0,1, … ,20}, (13)

and the observed Bayes Ratio is ܴܤ௢௕௦ = 0.415, which leads to the following results: significance 206 
index ܲ = 0.02901; optimal adaptive level of significance (∗ߜ)ߙ = 0.0995; and second kind of error 207 (∗ߜ)ߚ = 0.3651. The classical χ2 p-value is p = 0.0467 that indicates the rejection of the null hypothesis 208 
considering the canonical 5% level of significance. This agrees with our decision of also rejecting the 209 
null hypothesis since again ܲ <  It is interesting to see the relative distance between the index 210 .(∗ߜ)ߙ
and the level of significance. For the χ2 test we have ଵି	బ.బరలళబ.భ ୀ଴.ହଷ  and the adaptive case 211 
obtains	ଵି	 బ.బమవ	బ.బవవఱୀ଴.଻ଵ. 212 

Figure 3 presents the optimal adaptive level of significance and the type II error according to 213 
sample size. As expected, the probabilities of both errors decrease when the sample size increases. 214 

 215 
Figure 3. Probability of errors according to sample size n in each arm. 216 

 217 
The response to the question about the sample size needed to obtain a significance level of at 218 

most 10% the answer is n = 20 in each arm. For a level of at most 5%, we need a sample size of n=90 219 
in each arm. 220 

We calculated the optimal adaptive level of significance and the second kind of error for different 221 
arm sizes, ݊ଵ and ݊ଶ. The results are presented in Table 2. Once we fixed the total sample size, an 222 
unbalanced sample has larger (both type I and II) errors when compared to a balanced sample. The 223 
greater the imbalance of the sample, the greater the error. For example, the errors of an unbalanced 224 
sample with ݊ଵ= 60 and ݊ଶ = 10 is larger than a balanced sample with ݊ଵ = ݊ଶ = 20 (Table 2). 225 

Pericchi and Pereira [6] presented a closed asymptotic formula that relates sample size and level 226 
of significance in the simple case of testing ۶:	ߠ = :ۯ	vs	଴ߠ ߠ ≠ ,଴ߠ  in a binomial with 227 
parameters ݊	and	ߠ	 . The natural future project is to find this type of relation in other complex 228 
statistical problems such as the one presented in the above examples. 229 

The following example is an attempt to show that our P-value should not violate the principle 230 
of verisimilitude. Recall that violation of this principle produced the main criticisms of the Bayesian 231 
community about classical p-values. 232 
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 233 
Table 2. Optimal levels of significance (ߙ) and probabilities of type II error (ߚ) for two proportions: 234 
Two independent binomial likelihoods and various sample sizes. 235 ݊ଵ ݊ଶ ߚ ߙ  ݊ଵ ݊ଶ ߚ ߙ  ݊ଵ ݊ଶ  ߚ ߙ ଵ ݊ଶ݊  ߚ ߙ

10 10 0.1639 0.4050  50 50 0.0667 0.2718  80 10 0.1130 0.3648  90 70 0.0529 0.2323

20 10 0.1318 0.3939  60 10 0.1097 0.3741  80 20 0.0834 0.3122  90 80 0.0493 0.2281

20 20 0.0995 0.3651  60 20 0.0860 0.3193  80 30 0.0704 0.2847  90 90 0.0468 0.2240

30 10 0.1159 0.3900  60 30 0.0765 0.2903  80 40 0.0634 0.2671  100 10 0.1111 0.3627

30 20 0.1045 0.3333  60 40 0.0689 0.2747  80 50 0.0603 0.2530  100 20 0.0818 0.3079

30 30 0.0997 0.3070  60 50 0.0626 0.2652  80 60 0.0553 0.2455  100 30 0.0684 0.2795

40 10 0.1250 0.3703  60 60 0.0591 0.2572  80 70 0.0531 0.2380  100 40 0.0617 0.2601

40 20 0.0868 0.3357  70 10 0.1130 0.3675  80 80 0.0508 0.2327  100 50 0.0559 0.2479

40 30 0.0850 0.3029  70 20 0.0865 0.3132  90 10 0.1131 0.3626  100 60 0.0538 0.2368

40 40 0.0706 0.2968  70 30 0.0727 0.2876  90 20 0.0810 0.3114  100 70 0.0512 0.2291

50 10 0.1126 0.3761  70 40 0.0645 0.2717  90 30 0.0707 0.2804  100 80 0.0483 0.2238

50 20 0.0883 0.3240  70 50 0.0603 0.2593  90 40 0.0648 0.2608  100 90 0.0467 0.2188

50 30 0.0767 0.2992  70 60 0.0575 0.2501  90 50 0.0575 0.2506  100 100 0.0449 0.2150

50 40 0.0718 0.2817  70 70 0.0539 0.2446  90 60 0.0550 0.2401      
 236 

3.3. Example 3: Test for one proportion and the likelihood principle 237 
The main example for the violation of the likelihood principle is the case of positive binomials 238 

in comparison with negative binomials. For the same values of x, the number of successes in n 239 
independent Bernoulli trials, the two distributions produce different p-values that can lead to 240 
different decisions if compared with the same level of significance. The present example shows that 241 
the method introduced here will produce the same decisions if the observed sample size and the 242 
number of successes are the same. The reasons are that, although different, the P – values are 243 
compared with different levels of significances: the decisions about the null hypothesis are going to 244 
be the same and there will be no violation of the Likelihood Principle. Changing the notation let the 245 
sample vector be composed by the number of success and the number of failures, (ݔ,  and the 246 	,(ݕ
corresponding vector of probabilities be (ߠ଴. ଴ߠ	with	ଵ)ߠ = 1 − 	.ଵߠ Consider that ۶:	ߠଵ =247 0.5	vs	ۯ: ଵߠ ≠ 0.5	are the hypotheses to be confronted. Considering uniform (noninformative) prior 248 
distribution for ߠଵ and that the two hypotheses are of equal importance, ߨ = 0.5 with	۶ݓ = ۯݓ = 1, 249 
the predictive densities to build the significance tests are as follows:  250 

1. For positive binomial 

(ݔ)۶݂ = ൫௫ା௬௫ ൯ ቀ ଵ	ଶ	ቁ௫ା௬ 		and					 (x)ۯ݂ = (x + y + 1)ିଵ; 

2. For negative binomial 

(ݔ)۶݂ = ൫௫ା௬ିଵ௫ ൯ ቀ ଵ	ଶ	ቁ௫ା௬ and (ݔ)ۯ݂ = ݔ)]ݕ + ݔ)(ݕ + ݕ + 1)]ିଵ. 

(14)

Clearly, the Bayes factors (8) are equal for the two models and since from the theorem they will 251 
be compared with the same constant, the decisions about the null hypothesis shall be the same. On 252 
the other hand, both the p-values and the significance level are different for the two models. For 253 
instance, if we consider the observations (ݔ, (ݕ = (3,10)	and	(ݔ, (ݕ = (10,3)	for positive binomial we 254 
obtain the same results for both samples; ߙ = 0.09, ߚ = 0.43	and	ܲ = 0.02. For the negative binomial, 255 
the two observed points will produce different significance levels and both error probabilities. For 256 
the first (second) sample, one stops observing whenever the number of successes reach 3 (10). For the 257 
first result, we have ߙ = 0.18 ߚ , = 0.48  and ܲ = 0.01 , and for the second ߙ = 0.12, ߚ =258 
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0.33	and	ܲ = 0.01. Then, the decisions based on the positive binomials are equal to the ones based on 259 
negative binomials for the same	(ݔ,  260 .(ݕ

Table 3 presents the predictive densities under several kinds of hypotheses for one proportion. 261 
For all kinds of hypotheses, positive and negative binomial models, for the same	(ݔ,  produce equal 262 ,(ݕ
Bayes factors.  263 
  264 
Table 3. Predictive densities under several hypotheses for one proportion. 265 

Hypotheses Predictive densities under H(1)  
H: ݔ)ܥ 0ߠ=ߠ, ଴௫(1ߠ(ݕ −  ଴)௬ߠ

H: ݔ)ܥ 0ߠ≠ߠ, (ݕ ,ܷ)ܤ ,ݑ)ܤ(ܸ (ݒ  

H: ݔ)ܥ 0ߠ≥ߠ, (ݕ ;଴ߠ)ܤ ܷ, ;଴ߠ)ܤ(ܸ ,ݑ (ݒ  

H: ݔ)ܥ 0ߠ<ߠ, (ݕ ,ܷ)ܤ ܸ) − ;଴ߠ)ܤ ܷ, ,ݑ)ܤ(ܸ (ݒ − ;଴ߠ)ܤ ,ݑ (ݒ  

H: ݔ)ܥ 2ߠ≥ߠ≥1ߠ, (ݕ ;ଶߠ)ܤ ܷ, ܸ) − ;ଵߠ)ܤ ܷ, ;ଶߠ)ܤ(ܸ ,ݑ (ݒ − ;ଵߠ)ܤ ,ݑ (ݒ  

H: (1ߠ>ߠ)∪(2ߠ<ߠ) ݔ)ܥ, (ݕ ,ܷ)ܤ ܸ) − ;ଶߠ)ܤ ܷ, ܸ) + ;ଵߠ)ܤ ܷ, ,ݑ)ܤ(ܸ (ݒ − ;ଶߠ)ܤ ,ݑ (ݒ + ;ଵߠ)ܤ ,ݑ (ݒ  

H: (2ߠ≥ߠ≥1ߠ)∪(4ߠ≥ߠ≥3ߠ) ݔ)ܥ, (ݕ ;ଶߠ)ܤ ܷ, ܸ) − ;ଵߠ)ܤ ܷ, ܸ) + ;ସߠ)ܤ ܷ, ܸ) − ;ଷߠ)ܤ ܷ, ;ଶߠ)ܤ(ܸ ,ݑ (ݒ − ;ଵߠ)ܤ ,ݑ (ݒ + ;ସߠ)ܤ ,ݑ (ݒ − ;ଷߠ)ܤ ,ݑ (ݒ  

H: (1ߠ>ߠ)∪(	3ߠ>ߠ>2ߠ)∪( ,ݔ)ܥ (4ߠ<ߠ (ݕ ,ܷ)ܤ ܸ) − ;ଶߠ)ܤ ܷ, ܸ) + ;ଵߠ)ܤ ܷ, ܸ) − ;ସߠ)ܤ ܷ, ܸ) + ;ଷߠ)ܤ ܷ, ,ݑ)ܤ(ܸ (ݒ − ;ଶߠ)ܤ ,ݑ (ݒ + ;ଵߠ)ܤ ,ݑ (ݒ − ;ସߠ)ܤ ,ݑ (ݒ + ;ଷߠ)ܤ ,ݑ (ݒ  

(1) prior distribution for ݑ)ܽݐ݁ܤ~ߠ :ߠ, ܷ ;(ݒ = ݑ + ܸ ;ݔ = ݒ + ,ݔ)ܥ ;ݕ (ݕ = ൫௫ା௬௫ ൯ for positive binomial or ݔ)ܥ, (ݕ = ൫௫ା௬ିଵ௫ ൯ 266 
for negative binomial; ݎ)ܤ, (ݏ = ׬ ௥ିଵ(1ݖ − ଵ଴ݖ௦ିଵ݀(ݖ  is the beta functions; and ;݌)ܤ ,ݎ (ݏ = ׬ ௥ିଵ(1ݖ − ௣଴ݖ௦ିଵ݀(ݖ  is the 267 
incomplete beta function. 268 

3.4. Example 4 269 
This is an example of Pereira and Wechsler [15], showing that the critical region is not always 270 

the tails of the null distribution; it can be a union of disjoint intervals. 271 
 Let x be a normal random variable with zero mean and unknown variance	ߪଶ. The interest was 272 

to test ۶:	ߪଶ = 2	vs	:ۯ	ߪଶ ≠ 2. A ଵଶ (qui-squared distribution with one degree of freedom) is taken 273 
as a prior density for	ߪଶ. After some integration exercise, we can establish the predictive densities for 274 
our significance test as   275 

(ݔ)ۯ݂ = {π(1 + ଶ)}ିଵݔ and (ݔ)۶݂ = ൫2√π൯ିଵexp ቀ− ௫మସ ቁ. (15)

Respectively, the Cauchy density and a normal density with zero mean and variance equal two. 276 
Figure 4 shows the Bayes Ratio for all sample points that is confronted with the constant 1.1 to 277 
indicate the decision about the null hypothesis. The sample points that do not favor the null 278 
hypothesis are just a center area together with the heavy tails of the Cauchy density. The set that 279 
favors ۶ does not include the central area: 280 ܺு = ݔ|ݔ} ∈ (−2.8; −0.6) ∪ (0.6; 2.8)} (16)

The critical region under other side includes the interval (−0.6; 0.6), a considerable center area. 281 
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 282 
Figure 4. Bayes Ratio for N(0;2) vs Cauchy. 283 

4. Final remarks 284 
Most users of statistics question the logic of using the canonical significance levels for classical 285 

testing of hypotheses. We believe that there are no formal reasons for using those stablished numbers.  286 
On the other hand, here we use the natural logic of optimization for defining the adaptive significance 287 
level. We do not see any complex model that prevents the use of the significance test presented in the 288 
present paper. Although we, together with our colleagues, have already see the possibility of some 289 
additional work in testing different hypotheses, it still has a lot to do to make our ܲ −  popular. 290 ݁ݑ݈ܽݒ
For example, considering the simple cases presented here with small changes in the hypotheses 291 
comparing two proportions can bring difficulties: ߨ ≤ ߨ	against	ߠ >  does give us more work than 292	ߠ
expected. Imagine now working in large sample problems in general contingency tables. It in fact 293 
remains a lot of work to be done, mainly in multivariate problems. There will have problems that 294 
give no space for improper priors to work.  Hope this is the starting point of a new statistical 295 
significance testing area.  296 
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