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Abstract: Interface between matrix/coating or coating/coating in fact represents a very complicate 6 
thin interfacial layer. So interface model is necessary to avoid the difficulty on considering such a 7 
complicate thin layer in analysis. Classic interface model and cohesive model have been widely used 8 
in stress analysis of coating materials, though they cannot represent the effect of very thin interfacial 9 
layer accurately. A complete interface model has been deduced from the equivalent constitutive of 10 
interfacial layer in this paper. It is found that both classic interface model and cohesive model 11 
sometimes cannot give correct analysis results, while the complete interface model can always give a 12 
correct result. Moreover, the stress parallel to interface within the interfacial layer can also be 13 
analyzed by the new model. Besides, this model can also be used to describe the equivalent properties 14 
of interfacial layer, thereby, can provide a quantitative characterizing method for interfacial layer 15 
itself.  16 
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1. Introduction 19 
It is nearly impossible to consider the thin interfacial layer/phase in detail due to its complexity 20 

of compositions, as shown in Fig.1, and such an interfacial phase is unavoidable at coatings interface. 21 
It is well known that strength behavior of bonded materials is dominated by the interface. The so-22 
called interface behavior/property corresponds to this interfacial layer. Therefore, the interface model 23 
must be introduced in analysis [1-3] to take the effect of interfacial layer into account. Till to now, 24 
there are two main models to express the effect of interfacial layer in mechanical analysis. The first is 25 
the classic interface model [4-6], as shown in Fig.2a. By which the interface layer is regarded as a 26 
theoretical plane (without thickness), and continuous conditions of traction and displacement are 27 
applied to the interface directly. Almost all theoretical analysis [7-9] of interfacial problems are based 28 
on this model. This model comes just from an imaged plane in a continuum, the effect of interfacial 29 
layer is expected to be involved in interface strength/toughness. The other is the cohesive model [10-30 
12], as shown in Fig.2b. By which the interfacial layer is regarded as springs connecting two materials, 31 
with thickness/length of zero. In the cohesive model, there are displacement jumps across the 32 
interface, and the traction is considered as being proportional to the jump. A large amount of 33 
numerical study [13-15] on interfacial problem based on cohesive model can be found in literature. 34 
Both deformation and strength behaviors of interfacial layer are expected to be involved by model 35 
constants in the model. However, springs are strictly different from continuum, so the cohesive 36 
model contains some intrinsic conflicts with thin continuum layer, as it will be discussed in detail 37 
later.  38 

Modelling the interfacial layer as a plane without thickness would be a simple and practical way 39 
to deal with it in application, the problem is how to give the mechanical condition at the modeled 40 
interface. Regarding the interfacial layer as a thin continuum layer, it is possible to derive the 41 
mechanical condition theoretically on interface, from the constitutive of interfacial layer. Furthermore, 42 
the deformation of interfacial layer can be considered as within elastic range in engineering analysis. 43 
Thereby, the complicated interfacial layer can be considered as an equivalent elastic material to 44 
approximate the gradient variation of material within the interfacial layer. However, no matter it is 45 
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assumed as elastic or non-elastic, if its equivalent constitutive is known, the mechanical condition can 46 
be derived in a similar way, as it will be shown in next section. 47 

        48 
                     Fig.1 A schematics of interfacial layer  49 

          50 
          a) Classic interface model           b) Cohesive model 51 
               Fig.2 Traditional modelling of interfacial layer 52 

2. Physical model and interface model  53 
Considering materials “1”, ”2” bonded with an intermediate layer, as shown in Fig.3a. Interfaces 54 

1 and 2 are now just the imaged planes in continuum without any interfacial layer, so classic interface 55 
model can be applied to them. If the thin intermediate layer (with thickness δ ) is considered directly, 56 
it is just the physical model, and no so-called interface model is necessary. But it would be very 57 
inconvenient due to the very thin thickness and gradient material properties of intermediate layer. 58 
So it is better to consider all the intermediate layer as a plane(interface) as shown in Fig.3b. Such an 59 
interface has left and right sides corresponding interface “1”, ”2” shown in Fig.3a, respectively. We 60 
call it modeled interface below. Not only the displacement, but also the traction, would have jumps 61 
across the interface in such an interface model, since the modeled interface corresponds to the 62 
intermediate layer in fact.  63 
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 64 
(a) Physical model of bonding with interfacial layer        (b) Modeled Interface for analysis 65 

                               Fig.3 Modelling process of interface 66 
Let A and B be the corresponding pair of points at two sides of interfacial layer, they will overlap 67 

into a same point at modeled interface, as shown in Fig.3b. Displacements and traction at A and B, 68 
i.e., , , ,A A xA xyAu v σ τ  and , , ,B B xB xyBu v σ τ , as shown in Fig.3a, will then also refer to a same point at 69 
modeled interface. So there are eight interfacial variables in total, , , ,A A xA xyAu v σ τ  and 70 

, , ,B B xB xyBu v σ τ , at a point of modeled interface in fact. The stress component parallel to interface 71 
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within interfacial layer ( yσ ) disappears at modeled interface, but it can be revivified if displacement 72 
and traction’s jumps are allowed at modeled interface. According to the knowledge of continuum 73 
mechanics, however, only four unknowns at interface can be solved for plane problems. Thereby, 74 
four additional relationships among variables , , ,A A xA xyAu v σ τ  and , , ,B B xB xyBu v σ τ must be prepared 75 
as the mechanical conditions at modeled interface.  76 

Denoting 77 

,  B A B Au u u v v v= +Δ = +Δ                                              (1) 78 

and regarding , , ,A Au u v vΔ Δ  as unknowns to be solved (here uΔ  and vΔ  are displacement 79 
jumps at the modeled interface), an interface model must provide following four relationships 80 

1 2

3 4

( , , , ),   ( , , , )

( , , , ),   ( , , , )
xA A A xyA A A

xB A A xyB A A

f u u v v f u u v v

f u u v v f u u v v

σ τ
σ τ

= Δ Δ = Δ Δ

= Δ Δ = Δ Δ
                            (2) 81 

It can be easily found that above relationships are in fact similar to the constitutive of interfacial layer. 82 
Thereby, mechanical conditions at modeled interface must be dependent only on the material 83 
property of physical interfacial layer. Traditionally, Eq. (2) is usually given directly by assumptions 84 
and approximations. For example, in the classical interface model, mechanical conditions at modeled 85 
interface are assumed as 86 

0,   ,   xA xB xyA xyBu v σ σ τ τΔ = Δ = = =                                          (3a) 87 

No jump of displacement or traction is permitted. It should be noted that these relationships are strict 88 
if there is no interfacial layer, i.e., for an imaged plane in continuum. In other words, the classic 89 
interface model does not contain the effect of interfacial layer.  90 

In a cohesive model, mechanical conditions are assumed as 91 

1 2( ),   ( )xA xB xyA xyBf u f vσ σ τ τ= = Δ = = Δ                                      (3b) 92 

functions 1 2,f f  can be linear or non-linear here. No jump of traction is permitted. Obviously, Eq. 93 
(3a) or (3b) are assumptions or approximations only if they are applied to modeled interface 94 
corresponding to an interfacial layer. 95 

To avoid improper assumptions or losing message of physical interfacial layer, it is better to 96 
deduce Eq. (2) from the constitutive of interfacial layer theoretically. It is true that the constitutive of 97 
thin interfacial layer may be a gradient one, and may be very difficult to be determined. But an 98 
equivalent elastic material can be used to approximate it. Once the constitutive has been determined 99 
by test/inverse analysis or other methods, mechanical conditions at modeled interface must be 100 
dependent on it only. In other words, the interface property can be described by the equivalent elastic 101 
material. 102 

 103 
3 The complete interface model 104 
     For the simplicity, an equivalent linear elastic interfacial layer is considered here. The 105 
constitutive of interfacial layer can then be expressed as 106 

( 1) (3 ) ,   
1x xy

u v u v

x y y x

μσ κ κ τ μ
κ

   ∂ ∂ ∂ ∂= + + − = +   − ∂ ∂ ∂ ∂   
                        (4a) 107 

( 1) (3 )
1y

v u

y x

μσ κ κ
κ

 ∂ ∂= + + − − ∂ ∂ 
                                        (4b) 108 

where /[2(1 )]Eμ ν= +  is the equivalent shear modulus of interfacial layer ( :E Young’s modulus), 109 
ν  is the Poisson’s ratio, and κ is an elastic constant defined by 110 

3 4   for plane strain ,      =(3 )/(1+ )  for plane stressκ ν κ ν ν= − −                (5) 111 
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If the thickness of interfacial layer is very small, one has 112 

0 0

,   
x x x x

u u u v v v

x x x xδ δδ δ= = = =

∂ ∂ Δ ∂ ∂ Δ= ≈ = ≈
∂ ∂ ∂ ∂

                                  (6) 113 

where δ  is the thickness of interfacial layer. Applying Eq. (4) to points A,B, one gets 114 

0 0

( 1) (3 ) ,   
( 1) 1

( 1) (3 ) ,   
( 1) 1

xA xyA

x x

xB xyB

x x

v u
u v

y y

v u
u v

y yδ δ

μ κ μ κ μσ τ μ
κ δ κ δ

μ κ μ κ μσ τ μ
κ δ κ δ

= =

= =

+ − ∂ ∂= Δ + = Δ +
− − ∂ ∂

+ − ∂ ∂= Δ + = Δ +
− − ∂ ∂

                    (7) 115 

Eq. (7) can be degraded into the linear cohesive model if variations of displacement ( / , /u y v y∂ ∂ ∂ ∂ ) 116 
along interface are small enough, but between the spring constants of debonding and shear stress, 117 
there should be an intrinsic relationship as indicated in Eq. (7). Obviously, the variations of 118 
displacement along interface cannot always be neglected. Taking spring constants arbitrarily and 119 
neglecting the variations of displacement along interface would lead to conflicts of cohesive interface 120 
model with physical interfacial layer. 121 
   On the other hand, Eq. (7) can be used directly as the mechanical condition at the modeled 122 
interface. We call the interface model with mechanical conditions shown in Eq. (7) as complete 123 
interface model, since it is constitutive-based and no conflict is involved.  124 

By this complete model, the stress component parallel to the interface in the interfacial layer can 125 
be expressed as 126 

0

( 1) 1 (3 )
1 2 ( 1)y

x x

v v
u

y y δ

μ κ μ κσ
κ κ δ= =

 + ∂ ∂ −= + + Δ − ∂ ∂ −  
                               (8) 127 

where following approximation has been adopted 128 

0

1
2

x x

v v v

y y y δ= =

 ∂ ∂ ∂= + ∂ ∂ ∂  
                                                 (9) 129 

If the difference of partial derivatives is large, an interpolation can also be considered instead of Eq. 130 
(9) to improve the computation accuracy of yσ . From above equations, remaining displacements 131 
and their partial derivatives at interface 1(i.e, left side of modeled interface), mechanical conditions 132 
at modeled interface can be obtained 133 

1 12 2 21,   xA xyA

v u
k u k k v k

y y
σ τ∂ ∂= Δ + = Δ +

∂ ∂
                                   (10a) 134 

1 12 12 12xB xA

v v v
k u k k k

y y y
σ σ∂ ∂Δ ∂Δ= Δ + + = +

∂ ∂ ∂
                                (10b) 135 

2 21 21 21xyB xyA

u u u
k v k k k

y y y
τ τ∂ ∂Δ ∂Δ= Δ + + = +

∂ ∂ ∂
                               (10c) 136 

where constants included in the model are 137 

1 12 2 21
( 1) (3 ),      ,      ,      

( 1) 1
k k k k

μ κ μ κ μ μ
κ δ κ δ

+ −= = = =
− −

                  (11) 138 

So interface model constants reflected both the constitutive and thickness of interfacial layer. That is, 139 
to describe the deformation property of interfacial layer, above four constants can be used as the 140 
interface constants, but among them only three are independent. From Eqs (10)(11), it can be seen 141 
that interface constants are different if the thicknesses of interfacial layer are different, even for the 142 
case that the bonded pair is the same. Based on Eq. (11), one can further deal with an interfacial layer 143 
with non-uniform thickness just by adjusting model constants 1k  and 2k  according to the 144 
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thickness. From Eq. (10), it can be seen that traction’s jump is also possible at the modeled interface, 145 
if the variation of displacement jump along interface is not small enough.  146 

Partial derivatives of displacements and their jumps appeared in Eq. (10) can be expressed by 147 
displacements and their jumps through numerical technology, so Eq. (10) can give the complete 148 
conditions for analysis of bonded materials.  149 

It is interesting that Eq. (10) has a form of 150 

1 2( , ),   ( , )xA xyAf u v f v uσ τ= Δ = Δ                                         (12a) 151 

1 3 2 4( , ) ( ),   ( , ) ( )xB xyBf u v f v f v u f uσ τ= Δ + Δ = Δ + Δ                          (12b) 152 

Interactions can be found in these relationships, i.e., normal displacement and its jump at interface 153 
can also induce shear stress, and tangential deformation and its jump can also induce normal stress. 154 
Such an interaction cannot be dealt with by the cohesive model. These interactions are strongly 155 
dependent on property constants of constitutive. For a non-linear interfacial layer, they may become 156 
much stronger.  157 
   Though above mechanical condition at modeled interface is developed for plane problems, 158 
obviously, it is not difficult to extend it to 3 dimensional problems.  159 

3. Numerical Examinations 160 
Eq. (10) can be easily coded[16] into a FEM or BEM program. In this study, we have coded it into 161 

BEM2D [17] which was developed by authors previously, and corresponding analysis has been 162 
carried out. The physical bonding model is shown in Fig.4a, with size of 20 ,  0.1W m m m mδ= = . 163 
For the purpose of comparison and verification, four analysis models have been considered. One is 164 
the model with element divisions for interfacial layer too, as shown in Fig.4b, and the corresponding 165 
results will be denoted by ‘strict’ for convenience. The others are models with the use of classic, 166 
complete interface models and the cohesive model. The thickness of interfacial layer has been 167 
modeled as zero in later three models. Excluding meshes for interfacial layer, element divisions for 168 
classic and complete interface models are the same. The corresponding results will be denoted by 169 
‘classic interface mode’ and ‘modeled interface’, respectively. Material constants are shown in Table 170 
1, where constants of complete interface model were calculated from Eq. (11). Two kinds of interfacial 171 
layers, hard and soft ones, have been calculated. And two types of loadings, i.e., remote tensile and 172 
shear loadings, as shown in Fig.4b, have been analyzed. It is noted that constants of cohesive model 173 
are determined by matching its analysis results with that obtained by other methods. It is not easy to 174 
determine cohesive constants without the reference to other results. So the comparison among 175 
different methods will be arranged for ‘strict’, ‘classic’ and ‘modeled interface’ at first. And then the 176 
results obtained by cohesive model will be discussed.  177 
 178 
 179 
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           (b) element divisions                 (c) element divisions near the edge 182 

                     Fig. 4 BEM analysis model and element divisions 183 
Table 1 Material and interface constants  184 
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   /E GPa  ν  1k  2k  12k  21k  

GPa/mm GPa 

“1” 210 0.3   
“2” 304 0.27 

Hard Int. Layer 108 0.35 1733 400 93.3 40 
Soft Int. Layer 2.9 0.38 54.3 10.51 3.33 1.051 

Cohesive model Hard Int. 
Layer 1 21528 / ,     400 /co cok GPa mm k GPa mm= =  

Soft Int. Layer 
1 254.3 / ,     10.51 /co cok GPa mm k GPa mm= =  

 185 
Fig.5 shows examples of deformation under remote tensile and shear loadings for a hard 186 

interfacial layer obtained by the ‘strict’ analysis model. The deformations obtained by ‘classic’ and 187 
‘modeled interface’ are almost the same as shown in left graphs of Fig.5. From the right graphs of 188 
Fig.5, it can be found that deformations of interfacial layer at thickness direction are uniform 189 
approximately under both remote tensile and shear loadings. This fact means that the partial 190 
derivative /u y∂Δ ∂  is very small, so the jump of shear stress must also be very small for these 191 
examples. While the deformation obtained by a cohesive model is similar only if spring constants are 192 
selected as shown in Table 1, otherwise, significant difference might appear. 193 

Original shape

Deformed nodes

 194 
(a) Under tensile loading 195 

 

C1

C2

C1

C2

 196 
(b) Under shear loading 197 

             Fig. 5 Deformations under different loadings with a hard interfacial layer 198 
 199 
Fig.6 shows interfacial stresses obtained by different analysis models for the hard interfacial 200 

layer. It can be found that results obtained by different analysis models agree well with each other. 201 
This fact means that the complete interface model has been correctly coded, and the model can really 202 
take the true effect of interfacial layer into account though its thickness has been modeled as zero. It 203 
can also be found that the jump of traction at two sides of interfacial layer is generally small, but it 204 
increases near to the interface edge. The results obtained by complete interface model agree well with 205 
that obtained by ‘strict’ analysis. It is very interesting that tractions obtained by classic interface 206 
model also agree well with that by ‘strict’ and complete model. This fact means that classic interface 207 
model is also accurate enough for a hard interfacial layer if only tractions on interface are concerned. 208 
However, if the stress component parallel to interface within the interfacial layer is also concerned, 209 
the complete interface model or ‘strict’ analysis is necessary. Analysis based on classic interface model 210 
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cannot give such a result. Moreover, though there is no obvious difference on traction between classic 211 
and complete interface models, stresses within matrix or coating, especially the components parallel 212 
to interface, might have obvious difference.  213 
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(a) Normal stresses under remote tensile loading  (b) Shear stresses under remote tensile loading 215 
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 216 
(c) Normal stresses under remote shear loading    (d) Shear stresses under remote shear loading 217 

Fig. 6 Comparison of interfacial stresses obtained by different analysis types for a hard layer 218 
 219 
Fig. 7 shows interfacial stresses obtained by different analysis models for the soft interfacial layer. 220 

Unlike the case of hard interfacial layer, though the debonding stresses are almost the same, there is 221 
obvious difference between classic interface model and strict analysis. While all results obtained by 222 
the complete interface model agree well with that by ‘strict’ analysis. Therefore, an important 223 
conclusion can be obtained. That is, if the interfacial layer is much softer than matrix and coatings, it 224 
cannot be regarded as continuous plane, a complete interface model is necessary. The reason is simple, 225 
a soft layer can generate large deformation and decrease the constriction on interface between matrix 226 
and coating. Moreover, under remote tensile loading, as shown in Fig.7a, classic interface model 227 
would lead to stronger edge-singularity of debonding stress than that by ‘strict’ or complete interface 228 
model, while the later two agree with each other. However, under remote shear loading, it seems that 229 
classic interface model can also give correct debonding stress.  230 
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 231 
(a) Normal stresses under remote tensile loading    (b) Shear stresses under remote tensile loading 232 
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 233 
(c) Normal stresses under remote shear loading       (d) Shear stresses under remote shear loading 234 

Fig. 7 Comparison of interfacial stresses obtained by different analysis models for a soft layer 235 
 236 
From the results obtained by ‘strict’ analysis or complete interface model, the relationship 237 

between traction and displacement jump can be obtained. The slopes of this relationship 238 
correspondto the spring constants of cohesive model. Cohesive model constants shown in Table 1 are 239 
obtained in this way. Focusing on traction only, cohesive model can also give reasonable results, as 240 
shown in Fig.8. However, it must be noted that the agreement appears only if spring constants are 241 
selected just as that shown in Table 1, otherwise, no agreement would appear. It is very interesting 242 
that spring constants of cohesive model are the same with 21,kk in complete interface model for a 243 
soft interfacial layer, as shown in Table 1. This fact means that the second term in Eq. (10) can be 244 
neglected. However, for a hard interfacial layer, though the shear spring constant is still the same 245 
with 2k , the tensile spring constant is different from 1k . This fact means that the second term in Eq. 246 
(10) of debonding stress cannot be neglected, and cohesive model approximated it by uk ΔΔ 1 . 247 
Anyway, the effect of second term in Eq. (10) may be dependent on stress state, so it is difficult to 248 
determine spring constants in cohesive model in a generalized way. 249 

    250 

(a) Normal stresses under remote shear loading      (b) Shear stresses under remote shear loading 251 

 

 0.0 0.5 1.0 1.5 2.0
-15

-10

-5

0

5

10

15

Hard interfacial layer

Right side

σ x/p
0

y/W

 Interface 1
 Interface 2
 

Left side

Constitutive-based

Strict

Classic

Cohesive

0.0 0.5 1.0 1.5 2.0
-2.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

Hard interfacial layer

Right side

τ xy
/p

0

y/W

 Interface 1
 Interface 2
 

Left side

Constitutive-based

Strict

Classic

Cohesive

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 15 September 2017                   doi:10.20944/preprints201709.0066.v1

http://dx.doi.org/10.20944/preprints201709.0066.v1


 9 of 11 

 

       252 
(c) Normal stresses under remote tensile loading      (d) Shear stresses under remote tensile loading 253 

Fig.8 Comparison of interfacial stresses for cohesive and other models 254 
One important advantage of complete interface model is that the stress component parallel to 255 

interface can also be analyzed. Fig.9 shows the stress distribution. The ‘strict’ result is obtained by 256 
BEM analysis for internal points at 0.05x mm=  in the region of interfacial layer, while the result for 257 
complete interface model is calculated from Eq. (8). It can be found that the stress obtained by 258 
complete interface model agrees very well with that by ‘strict’ analysis, no matter the interfacial layer 259 
is hard or soft, and no matter the remote loading is tensile or shear. This fact means that the complete 260 
interface model has reflected the true effect of interfacial layer completely. It can also be found that a 261 
soft interfacial layer would lead to much larger yσ than a hard one, and its value is in the same order 262 
of normal stress. This fact indicated that the stress parallel to interface within a soft interfacial layer 263 
must be taken into consideration for interfacial failure. 264 
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 265 
         (a) Under remote normal loading           (b) under remote shear loading 266 
                     Fig. 9 Stresses in interfacial layer parallel to the interface 267 

4. Discussion 268 
4.1 Non-linear interface model  269 

Non-linear material may be an alternative choice in considering equivalent material of interfacial 270 
layer. The interfacial layer can also be modeled as a plane, but the mechanical conditions at modeled 271 
interface are very different from Eq.(10).  272 

Assuming that the non-linear constitutive of interfacial layer can be expressed in a power-law way 273 
as 274 

m
ε β σ=                                                        (13) 275 

where ,mβ  are material constants, and ,σ ε  denote equivalent stress and strain, respectively. 276 
Then one can obtain [18] 277 
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1 1 12 2 1,      ,    
3 3 3

m m m

x y xy

u v u v u v

x y x y y x
σ σ σ σ σ τ

β β β
− − −     ∂ ∂ ∂ ∂ ∂ ∂= − = − − = +     ∂ ∂ ∂ ∂ ∂ ∂     

     (14) 278 

where the equivalent stress can be expressed as 279 

   

2
2

2 2 2

3        for plane strain
2

3    for plane stress

x y
xy

x y x y xy

σ σ
σ τ

σ σ σ σ σ τ

− 
= + 

 

= + − +

                              (15) 280 

Substituting Eq. (14) into (15) yields 281 
2 2

3 4
3

m u v u v

x y y x
σ

β
   ∂ ∂ ∂ ∂= − + +   ∂ ∂ ∂ ∂   

   for both plane strain and stress states   (16) 282 

Applying Eq. (14) and (16) to interface 1 and 2 shown in Fig.3a, and using the displacement jump’s 283 
definition of Eq. (1), one gets the mechanical condition at modeled interface as 284 

1/ 1/

1 1
2 2 2 22 2

2 1
3( 3 ) 3( 3 ),  

4 4

m m

xA xyAm m

m m

u v u v

y y

u v u v u v u v

y y y y

δ δβ βσ τ

δ δ δ δ

− −

   Δ ∂ ∂ Δ− +   ∂ ∂   = =
          Δ ∂ ∂ Δ Δ ∂ ∂ Δ− + + − + +          ∂ ∂ ∂ ∂             

    (17a) 285 

1/

1
2 2 2

2
3( 3 )

4

m

xB m

m

u v v

y y

u v v u u v

y y y y

δβσ

δ δ

−

 Δ ∂ ∂Δ− − ∂ ∂ =
    Δ ∂ ∂Δ ∂ ∂Δ Δ− − + + +    ∂ ∂ ∂ ∂     

                          (17b) 286 

1/

1
2 2 2

1
3( 3 )

4

m

xyB m

m

u u v

y y

u v v u u v

y y y y

δβτ

δ δ

−

 ∂ ∂Δ Δ+ + ∂ ∂ =
    Δ ∂ ∂Δ ∂ ∂Δ Δ− − + + +    ∂ ∂ ∂ ∂     

                        (17c) 287 

where ,u v  are displacements on modeled interface, and ,u vΔ Δ  are displacement jumps. These 288 
relationships are the details of Eq. (2) for a non-linear (power law) interfacial layer. Strong interactions 289 
of displacement jumps on tractions can be understood from this relationship. Since all partial 290 
derivatives appeared in Eq. (17) can be expressed by , , ,u v u vΔ Δ  at the modeled interface 291 
numerically, the bonding problem can be analyzed just with the use of Eq. (17), though non-linear 292 
analysis is necessary.  293 

If contributions of partial derivatives of displacement can be neglected, Eq. (17) degrades to a non-294 
linear cohesive model as 295 

( ) ( ) ( ) ( )
1 1

2 2 2 22 2

2 ,   
4 4

n n
xA xB xyA xyBm m

m m

k u k v

u v u v

σ σ τ τ− −

Δ Δ= = = =
   Δ + Δ Δ + Δ   

             (18) 296 

where  297 

( )
1

1

3 3
n

m

k

βδ
=                                            (19) 298 
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Eq. (17) gives the mechanical condition of complete interface model, while Eq. (18) may be a valuable 299 
reference in assuming a non-linear cohesive model.  300 
4.2 Identifying method of interface property 301 

From Section 2, it can be seen that three parameters are required to describe the interface 302 
property. That is, equivalent shear or Young’s modulus and Poisson’s ratio of interfacial layer, 303 
together with its thickness δ . The thickness might be in micro-scale, and can be measured by micro 304 
observations such as SEM or other methods. While for metal-like intermediate, the Poisson’s ratio is 305 
near to 0.3. The shear modulus or Young’s modulus might be detected by Nano-indentation method. 306 
Of course, it could be determined by matching analysis results with measured displacement near 307 
interface.  308 
 309 
5. Conclusions  310 

Regarding the interfacial phase as an equivalent elastic intermediate, a complete interface model 311 
has been developed. The main results can be concluded as 312 

1) Due to the physical interface phase, not only the displacement jump, but also the traction jump, 313 
are possible across the interface. The complete interface model can deal well with these jumps, and 314 
give the correct analysis results. 315 

2) For a hard interfacial layer, classic interface model can obtain reasonable reactions on interface, 316 
but it is not valid for soft interfacial layer. 317 

3) Cohesive model can also give reasonable traction results, but only if the spring constants are 318 
assumed properly. For a soft interfacial layer, the spring constants can be calculated from interfacial 319 
property. But for a hard layer, proper spring constants have to be determined by matching other 320 
results. 321 

4) Stress component parallel to the interface can be analyzed by the complete interface model, 322 
which could be very large in soft interfacial layer. 323 
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