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Abstract

In fuzzy decision problems, the ordering of fuzzy numbers is the basic problem.
Among which, the fuzzy preference relation is the reasonable one to represent
preference relation by a fuzzy membership function. This paper studies the Nakamura’s
and Kotodziejczyk’s preference relations. Eight cases of representing different level of
overlapping between two triangular fuzzy numbers are considered. We analyze the
ranking behaviors of all possible combinations of decomposition and intersection of two
fuzzy numbers for the Nakamura’s and Kotodziejczyk’s preference relations of these
test cases. The results indicate that the decomposition and intersection can affect the

fuzzy preference relations, thereby the final total order relation of fuzzy numbers.
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1. Introduction

For solving decision making problems in a fuzzy environment, the overall utilities

of a set of alternatives are represented by the fuzzy sets or fuzzy numbers. A

fundamental problem of a decision making procedure involves ranking a set of fuzzy

sets or fuzzy numbers. Ranking functions, reference sets and preference relations are

three categories to rank a set of fuzzy numbers. For a detailed discussion, we refer the

reader to surveys by Chen and Hwang [1] and Wang and Kerre [2, 3]. For ranking a set

of fuzzy numbers, this paper concentrates on the fuzzy preference relations which are

able to represent preference relations in linguistic or fuzzy terms and to make pairwise

comparison. To propose the fuzzy preference relation, Nakamura [4] employed a fuzzy

minimum operation followed by the Hamming distance. Kotodziejczyk [5] considered

the common part of two membership functions and used the fuzzy maximum and

Hamming distance. Yuan [6] compared the fuzzy subtraction of two fuzzy numbers

with real number zero and indicated that the desirable properties of a fuzzy ranking

method are the fuzzy preference presentation, rationality of fuzzy ordering,

distinguishability and robustness. Li [7] included the influence of levels of possibility of

dominance. Lee [8] presented a counterexample of Li’s method [7] and proposed an

additional comparable property. Asady [9] revised the method of Wang et al. [10] based
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on deviation degree. Zhang et al. [11] presented a fuzzy probabilistic preference relation.

Zhu et al. [12] proposed the hesitant fuzzy preference relations. Wang [13] adopted the

relative preference degrees of the fuzzy numbers over average. Liu et al. [14] modified

the Farhadinia’s hesitant fuzzy set lexicographical ordering method [15] and was more

reasonable in more general cases. This paper evaluates and compares two fundamental

fuzzy preference relations, one is proposed by Nakamura [4], and the other is by

Kotodziejczyk [5]. The intersection of two membership functions and the

decomposition of two fuzzy numbers are two differences between these two

preference relations. Since the desirable criteria cannot easily be represented in

mathematical forms, their performance measures are often tested by using test

examples and judged intuitively. To this end, we consider eight complex cases of

representing different level of overlapping between two fuzzy numbers. For the

Nakamura’s and Kotodziejczyk’s fuzzy preference relations, this paper analyzes and

compares the ordering behaviors of the decomposition and intersection tested on a

group of selected examples.

The organization of this paper is as follows. Section 2 briefly reviews the fuzzy

sets and fuzzy preference relations and presents the eight test cases. Section 3 analyzes

the Nakamura’s fuzzy preference relation and presents an algorithm. Section 4 presents
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the behaviors of Kotodziejczyk’s fuzzy preference relation. Section 5 analyzes the
effect of the decomposition and intersection on the fuzzy preference relations. Finally,

we end with some concluding remarks.
2.Fuzzy Sets and Test Problems

We firstly review the basic notations of fuzzy sets and fuzzy preference relations.
Consider a fuzzy set A defined on a universal set of real numbers % by the
membership function A(X), where A(x):R —[0,1].

Definition 1. Let A4 be a fuzzy set. The support of A4 is the crisp set
S, ={xe EK|A(x) >0}. 4 is called normal when sup . A(x)=1. An a—cutof 4 is a
crisp set 4, ={xe€ SK|A(x) >a}. A is convex if, and only if, each of its «a -cut is a
convex set.

Definition 2. A normal and convex fuzzy set whose membership function is piecewise
continuous is called a fuzzy number.

Definition 3. A triangular fuzzy number 4, denoted A=(a, b, c), is a fuzzy number

with membership function given by

i ifa<x<b
A(x) =% ifb<x<c
0 otherwise
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where — o <4 <b << . The set of all triangular fuzzy numbers on % is denoted by
THR).
Definition 4. For a fuzzy number A4, the upper boundary set A of 4 and the lower

boundary set A of A are respectively defined as

A(x) = supyz,A(Y)

and
A(x) = SupysxA(y)-

Definition 5. The Hamming distance between two fuzzy numbers 4 and B is defined by

d(A,B) = f 1AGY) — B(x)|dx

R

= A(x) — B(x)dx + |,

~ Jaw)=B(x) B(x) — A(x)dx.

(x)=A(x)

Definition 6. Let 4 and B be two fuzzy numbers. Let X be an operation on %, such as
+,—, *, +.... By extension principle, the extended operation ® on fuzzy numbers can

be defined by

Maep(2) = sup min{A(x), B(y);.

X,YiZ=XXY

Definition 7. A fuzzy preference relation R is a fuzzy binary relation with membership

function R(4,B) indicating the degree of preference of fuzzy number 4 over fuzzy

number B.

1. Ris reciprocal if, and only if, R(A4,B)=1-R(B,A) for all fuzzy numbers 4 and

d0i:10.20944/preprints201709.0043.v1
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B.

2. R is transitive if, and only if, R(4,B)=0.5 and R(B,(C)=0.5 implies
R(A4,C)=0.5 for all fuzzy numbers 4, B and C.

3.  Ris a fuzzy total ordering if, and only if, R is both reciprocal and transitive.

For simplicity, we denote R'(A4,B) for the degree of preference of fuzzy number
B over fuzzy number 4.

The evaluation criteria of comparing two fuzzy numbers cannot easily be
represented in mathematical forms, it is often tested on a group of selected examples.
The membership functions of two fuzzy numbers can be overlapping/nonovelapping,
convex/nonconvex, and normal/nonnormal. All the approaches proposed in the literature
seem to suffer from some questionable examples, especial for the portion of overlapping
between two membership functions.

Let A(aq, bq,c1) and B(a,, by, c;) be two triangular fuzzy numbers. Figure 1
displays eight test cases of representing different level of overlapping between 4 and B
and Table 1 shows the area Q; of i-th region in each case. More precisely, the eight test
cases are

Case 1. a; < ay, by < by, ¢; < 5.

Case 2. a, < a,, b]_ = bz, C1 < Co.

d0i:10.20944/preprints201709.0043.v1
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Case 3.

Case 4.

Case 5.

Case 6.

Case 7.

Case 8.

a;

a;

< a,,

< a,,

= a,,

= a,,

= a,,

= a,,

by

< bZ)

= bZ)

< bZ)

= bZ)

< bZ)

2 bZ)

C1 = Cy.

€1 = Cy.

(Insert Figure 1 about here.)

(Insert Table 1 about here.)

3. Nakamura’s Fuzzy Preference Relation

d0i:10.20944/preprints201709.0043.v1

Using fuzzy minimum, fuzzy maximum and Hamming distance, Nakamura’s fuzzy

preference relation is defined as follows.

Definition 8. For two fuzzy numbers 4 and B, Nakamura defines N(A,B) and

N'(A, B) as fuzzy preference relations by the following membership functions

and

N(4,B) =

N'(A,B) =

d(4,mn(4, B)) + d(A,muin(4,B))

d(A,B) +d(4,B)

d(A N B,0) + d(A max(4, B))

d(4,0) + d(B,0)

respectively. Yuan [6] showed that N(A, B) is reciprocal, transitive and not robust.

Wang and Kerre [3] derived that


http://dx.doi.org/10.20944/preprints201709.0043.v1
http://dx.doi.org/10.3390/sym9100228

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 September 2017 d0i:10.20944/preprints201709.0043.v1

d (4, max(4,B)) = d(B,min(4,B))

2d(ANB,0) + d(A max(4,B)) + d(B,max(4,B)) = d(4,0) + d(B,0).
It follows that
N(A,B) + N(B,A) =1
N'(A,B) + N'(B,A) = 1.
For two triangular fuzzy numbers A(aq, b1, c;) and B(a,, by, c;), then
o« =L, Ui] = [a; + (by —ay)a, ¢y — (c; — by)]

= [Ly, Up] = [az + (by — az)a, ¢; — (c; — by)a]

SO
N(AB d(amm(4B))+d(4mm(AB))
(4,B) = d(4B)+d(4,B)
_ fL12L2 L1—L2da’+fU12U2 U1—U2da'
leELZ L1—L2da+fL22L1 L2—L1da+fU12U2 Ul_UZda+fU22U1 U2—U1da’
Define
Sl fL1>L2 L da fal—a2+(b1—a1—b2+a2)a20 al - az + (b1 - al - b2 + aZ)ada
SZ fL2>L1 lea faz—a1+(b2—a2—b1+a1)a20 a2 - al + (bz - a2 - bl + al)ada
S3 fU1>U2 Uzda - fcl—Cz—(Cl—bl—Cz‘sz)aEO Cl - CZ - (Cl - bl - CZ + bz)ada
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S4- = fU22U1 UZ - Ulda = sz—C1—(Cz—bz—C1+b1)a20 €2 —C1 — (CZ - bZ —C + bl)adaa

then

$1+S3
S1+S,+83+S,"

N(4,B) =
Let A =a, —a;, B=b,—b; and C = ¢, — c;. The steps of implementing the
Nakamura’s fuzzy preference relation N(A,B) are as follows.
Algorithm 1.
If A=0

fc=0

B2(A-2B+C)

If B>0,then N(A4,B) =0 else N(4,B) = B (B0t (B2 O AD)

. c2
elseif B > 0,then N(4,B) = B BB else
CAZ
N(4,B)=1- (A—B)(~B—C)+A2+B2’
elseif A <0
Ifc=0
CAZ
If B>0,then N(4,B) = else

(—A+B)(B+C)+A?+B>?

cZ
 (A+B)(B—C)+B2+C?’

N(4,B) =1

B2(A-2B+C)

else if B> 0, then N(4,B) =1— B B10) s B2 100 (AD)

else N(A,B) =

Table 2 shows the values of N(A,B) and N'(A,B) for each test case. The first

observation of this table is that
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N,(4,B) + Ng(A,B) = 1

N,(4,B) + N,(A,B) = 1

N3(4,B) + Ng(4,B) = 1

N,(4,B) + Ns(4,B) = 1.
Comparing the values of N(A,B) with N'(4,B) of each case, we have that 1 —
N!(A,B) = Ny(4,B) and 1— N4(A,B) < Ng(A,B). If ay+2by+cy = a;, — 2by —
¢, , we obtain that 1—N;(4,B) <N,(4,B), 1—N3(A,B)=>N;(A,B), 1—
N,(A,B) < N,(A,B), 1—Ni(A,B) = Ns(4,B), 1—Ni(A, B) < Ng(A,B) and 1-—
N4(A,B) = N,(A,B).

(Insert Table 2 about here.)
4. Kolodziejczyk’s Fuzzy Preference Relation

By considering the common part of two membership functions, Kotodziejczyk’s
method [5] is based on fuzzy maximum and Hamming distance to propose the following
fuzzy preference relation.

Definition 9. For two fuzzy numbers 4 and B, Kotodziejczyk defines K1'(4, B) and

K2'(A, B) as fuzzy preference relations by the following membership functions

d (4 max(4,B)) +d (4 max(4,B)) +d(A N B,0)
d(A,B) + d(A,B) +2d(ANB,0)

K1'(4,B) =

and

10
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d(A max(4,B)) + d(A, max(4,B))

REAB = d(4,B) + d(4 B)

respectively. K1'(A4, B) is reciprocal, transitive and robust [3, 5]. Since
K2'(A,B) =1—N(A,B)
the results of K2'(A4, B) can be obtained from those of N(4, B).
For two triangular fuzzy numbers A(aq, by, c;) and B(ay, by, c;), then
Ag = [Ly, U] = [ag + (by — apa, ¢y — (¢ — by)a]
By = [Lz, Uz] = [az + (by — az)a, c; — (c; — bp)al.
Define
S =d (A, max(é,g)) = f L, —Lida
Ly2Ly
SZ == f Ll - dea
Ly2L,
d(4,B) =5, + 5,
S;=d (Z, max(Z, E)) = f U, —U,da
Up2Uy

S4_ = f Ul - Uzda
U,2U0,

d(Z,E) = 53 + S4_

55=d(AﬂB,0)=f Ul_dea_f Ul_Uzda_f Ll_dea
Ui2L, U,2U, Lqi2L,
Then
K1'(A, B) = S1+53+Ss
! S1+S3+S3+S,+2Ss

and

11
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S1+S3
S1+Sy+S3+8S,"

K2'(4,B) =

In Table 3, we display the values of K1'(4,B) and K2'(A, B) for each test case. An

examination of the table reveals that

K1i(A,B) = K15(A,B) = K1;(A,B) = K1,(4,B) =1 —

(c1—a3)?
(c1—az+cz—aq)(c1—az—b1+by)+2(by—by)?

K1,(4,B) = K1,(A,B) = K1,(4,B) = K14(4,B) =

(c2—aq)?
(c2—a1)?+(cz—a1—by+b1)(c1—az—by+b1)+(by—b1)?’

If b; = b,, we have

ci—a C, —a
K1{(A,B) =1- - -

(ci—az+c;—ay) (cp—az+c,—ay)

c, —Qa
K1 B) = gy e, —an
SO
K1,(4,B) = K1,(4, B)
K1,(4, B) + K1,(A,B) = —2&2=%)
(c1—az+cy—aq)
It follows that

K17(A,B) + K1,(A,B) =0 for b, = b, and c, = a;.

K17(A,B) + K1,(A,B) =1 for b; = b, and ¢; —a, = ¢, — a4.

(Insert Table 3 about here.)

12
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5. Comparative Studies

If the fuzzy number 4 is less than the fuzzy number B, then the Hamming distance
between A4 and max(4,B) is large. Two representations are adopted. One is
d(A, ax(4,B)) . The other is d (A max(4B))+d (A max(4B)) which
decompose 4 into A and A. To analysis the effect of decomposition, we consider the

following preference relations without decomposition

d(A, miax(4, B)) + d(A n B, 0)

T1'(A,B) = d(4,0) + d(B,0)

and

d(A, max(4,B))

T2'(A,B) = d(A B)

which are the counterparts of the Kotodziejczyk’s preference relations K1'(4, B) and
K2'(A, B). Therefore the preference relations K1'(4,B) and K2'(A,B) consider the
decomposition of fuzzy numbers, while T1'(4,B) and T2'(A,B) do not. The
preference relations K1'(A,B) and T1'(A,B) consider the intersection of two
membership functions, while K2'(A,B) and T2'(A,B) do not. For completeness,
Table 4 displays the values of N(A4,B), N'(A,B), K1'(A,B), K2'(A,B), T1'(A,B)
and T2'(A,B) of each test case in terms of the values of Q;. The K1'(4,B) considers
the decomposition and interection of two fuzzy numbers, while T2'(4, B) do not. From

K1'(A,B) to T2'(A, B), two representations are

13
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K1'(A,B) > K2'(A,B) > T2'(A,B)
and

K1'(A,B) »T1'(A,B) » T2'(A,B).
The first feature of Table 4 is that the differences between K1'(4,B) and T1'(4,B)
and between K2'(A,B) and T2'(A,B) are Q5. More precisely, the numerator and
denominator of both K1'(4,B) and K2'(A,B) include 2Q; for cases 1, 3, 5 and 7,
the denominator of both K1'(4,B) and K2'(A, B) include 2Q; for cases 2, 4, 6 and
8. Therefore, 2Q; represents the effect of the decomposition of fuzzy numbers. The
differences between K1'(4,B) and K2'(A,B) and between T1'(4,B) and T2'(4,B)
are Qg. More precisely, the numerator and denominator of both K1'(4,B) and
T1'(A,B) include Q4 and 2Qg, respectively. Therefore, Q4 represents the effect of
the intersection of membership fuctions. After some computations, the characteristics of
K1'(A,B), K2'(A,B), T1'(A,B) and T2'(A, B) are described as follows.
Theorem 1. Let T2'(4,B) = %B‘
(DIf by < by, B<2Q3+ a or by = by, B+2Q5; < a, then K1'(4,B) < K2'(4,B).

If by <b,, B=2Q;+a or by =b,, B+2Q; = a,then K1'(4,B) =

K2'(A, B).

(2)If b, < b,, then K2'(A,B) = T2'(4, B).

14
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If b, > b,, then K2'(4,B) < T2'(4,B).

(3)If a =B, then T1'(4,B) < T2'(A,B).

If a <B,then T1'(4,B) =T2'(A,B).

(4)If b, < b,, then K1'(4,B) = T1'(4,B).

If b, > b,, then K1'(4,B) < T1'(4, B).

(5)If by < by, B(2Q03 + Q6) < aQe or by = b,, BQs < a(Qz + 2Q), then

K1'(4,B) < T2'(A, B).

If by < by, B(2Q3+ Q) = aQg or by = by, BQe = a(Q3 + 2Q,), then

K1'(4,B) = T2'(A, B).

For each test case of two triangular fuzzy numbers A(aq, b1, c;) and B(a,, by, c,),
we analyze the behaviors of K1'(A,B), K2'(A,B), T1'(A,B) and T2'(A,B) by
applying Theorem 1 as follows. For b; < b,, we have

T1'(A,B) <K1'(A,B) <K2'(A,B) =T2'(A4,B) =1
for case 1. For cases 3, 5 and 7, we have
(1D)if a, + 2b, + ¢, = a; + 2b; + ¢4, then K1'(4,B) < K2'(A,B)
if a, +2b, + ¢, < ay + 2b; + ¢4, then K1'(4,B) = K2'(A,B)

SlnCe 2Q3 + a— B = %(a2+2b2+C2—a1—2b1—C1).

15
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(2)K2'(4,B) = T2'(A, B).

(3) From o — B — (02—01)(az—b1+b2—C1+Cz—a1)+(b1—b2)(02—a1)’ it follows that
2(az+by—bz—cq)

if a, + b, + ¢, = a; + by + ¢;, then T1'(4,B) < T2'(4, B).

if a, + b, + ¢, < a; + by + ¢;, then T1'(4,B) = T2'(4, B).

(4)K1'(4,B) = T1'(A, B).

(5)If a, + 2b, + ¢, = a; + 2b; + ¢;, then K1'(A,B) = T2'(A, B).

If a, +2b, + ¢, <a; +2by + ¢y, then K1'(4,B) < T2'(4,B).

Therefore, for the cases 3, 5 and 7, if a, + 2b, + ¢, < a; + 2b; + ¢4, then
K1'(A,B) = K2'(A,B) =T2'(A,B)

and
K1'(A,B) =T1'(A,B) = T2'(A, B).

For b; = b,, we have
K2'(A,B) =T2'(A,B) =0<K1'(A,B) <T1'(4,B)
for case 8. For cases 2, 4 and 6, we have
(1D)if a, + 2b, + ¢, = a; + 2b; + ¢4, then K1'(A,B) < K2'(A,B)
if a, +2b, + ¢, < a; + 2b; + ¢4, then K1'(A,B) = K2'(A,B),

SlIlCe a — 2Q3 - B = %(a2+2b2+C2—a1—2b1—C1)-

16
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(2)K2'(A4,B) < T2'(4,B).

2(b1=by)*
—a1+b1—b2+C2

(3)From a—f = %(—al +a, —2b; +2b, — ¢y + ¢, + ), it follows that
if a, +2b, + ¢, = ay + 2by; + ¢4, then T1'(4,B) < T2'(A,B)

if a, +2b, + ¢, < ay + 2by + ¢4, then T1'(4,B) = T2'(A4, B).
(4)K1'(4,B) < T1'(A, B).

(B)If a, +2b, + ¢, = a; + 2by + ¢4, then K1'(A,B) < T2'(4,B).

If a, +2b, + ¢, <a; +2by +c;,then K1'(4,B) = T2'(4,B).

Therefore, for the cases 2, 4 and 6, if a, + 2b, + ¢, = a; + 2b; + ¢4, then
K1'(A,B) < K2'(A,B) <T2'(A,B)

and
K1'(A,B) <T1'(A,B) <T2'(A,B).

For the two triangular fuzzy numbers A(a4, b1,¢;) and B(a,, by, c,), the second
comparative study is the five case studies shown in Figure 2 to compare the fuzzy
preference relations K1'(A4,B), K2'(A,B), T1'(A,B) and T2'(4,B).

(Insert Figure 2 about here.)
Case (a) A(aq,bq,c1) and B(a,, by, c;) with a, = ¢y.

It follows that
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(Q1+Q3)+(Q2+0Q3)+0
Q1 +0Q3)+(Q;+Q3)+0
(Q1 +Q3) + (Q2 + Q3) _1
(Q: +Q3) + (@, + Q3)
0+ (Q + Q) _1
(Q1+Q2)

' _ (Q1+Q2) _
T2 (A’B) N (Q1+Q2) =1

K1'(A,B) =

K2'(A,B) =

T1'(A,B) =

For this simple case, all the preference relations give the same degree of preference of B

over 4.

Case (b) A(c —a,c,c+a) and B(c —b,c,c + b).

We have
Q: +0+0Q;
K1(A,B) = =1/2
Q1+ Q3+ 20, /

Q:+0

K2'(A,B) = =1/2
Q1+ 0Q; /

/ _ Q2+0Q1 —
T1'(4,B) = (Q1+Q2+Q3)+Q2 1/2.
Q1

T2'(A,B) = =1/2

Q1+ Qs /

From the viewpoint of probability, fuzzy numbers 4 and B have the same mean, but
fuzzy number B with smaller standard deviation. The results indicate that the
differences of the decomposition and intersection of 4 and B cannot affect the degree of

preference of B over A.

Case (c) A(a,a+b,a+2b) and B(a+a,a+b+a+,a+ a+2b+ 2p3).

For this case, the fuzzy number B is right shift of the fuzzy number A. Therefore, B

should have a higher ranking than 4 based on the intuition criterion. We obtain

18
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/ _ (Q2+Q3)+(Q3+Q4)+Qs _ (2b+a+2p)?
K1'(4,B) = (02+Q3)+(Q3+Q4)+2Q¢  2(a?+4b2+4bB+2ba+22) >1/2

) _ (Q2+Q3)+(Q3+Q4) _
KZ (A, B) - (Q2+Q3)+(Q3+Q4—)

, _ Q6+(Q2+Q4) . (=2b+a)®
m (A'B)_(Qz+06)+(06+o4) 1 2(2b+p)?

T2'(A,B) = % =1
All the methods prefer B, but T1'(4, B) is indecisive. More precisely,
If 2b+ B < a,then T1'(A,B) <1/2,s0 A> B
If 2b+ B = a,then T1'(A,B) =1/2,s0 A=B
If 2b+ B > a,then T1'(4,B) > 1/2,s0 A < B.
Hence, a conflicting ranking order of T1'(A4, B) exists in this case.
Case (d) A(a,a,a+ b) and B(c,c + b,c+ b) with a > c.
This case is more complex for the partial overlap of 4 and B. The membership

function of B has the right peak, B expands to the left of 4 for the left membership

function, and 4 expands to the right of B for the right membership function. We have

Kl'(A,B) — (Q2+Q3)+(Q3+0Q4)+Q6 — 05 b(—2a+b+2c)
(Q1+Q2+Q3)+(Q3+Q4+Q5)+2Q¢ a2+3b2+2bc+c2-2ab-2ac
KZI(A B) — (Q2+Q3)+(Q3+Q4) — (—a+b+C)2
’ (Q1+Q2+Q3)+(Q3+Q4+Qs)  2a?+b%+2bc+2c?-2ab—-4ac
T].,(A B) — Q6+(Q2+Q4) — (a+3b—c)(—a+b+c)
’ (Q2+Q5+Q6)+(Q1+Q6+Q4) 4b?
T2'(A,B) = —2+% (ca+b+o)”

Q1+02+0Q4+Qs  3a2+b%+2bc+3c2—2ab—6ac’

It follows that
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If —2a+ b+ 2c <0, then K1'(4,B) <1/2 and K2'(4,B) <1/2,s0 A > B.

If —2a+b+2c =0, then K1'(4,B) =1/2 and K2'(4,B) =1/2,s0 A =B.

If —2a+ b+ 2c > 0,then K1'(A4,B) > 1/2 and K2'(4,B) >1/2,s0 A <B.

If b< (1 ++2)(a—c), then T1'(4,B) <1/2 and T2'(4,B) < 1/2,s0 A > B.

If b=(1++2)(a—c),then T1'(4,B) =1/2 and T2'(A,B) =1/2,s0 A=B.

If b>(1++v2)(a—c),then T1'(4,B) >1/2 and T2'(4,B) > 1/2,s0 A <B.

Three special subcases are considered as follows.

(1) Subcase (d1) If b = (1 ++v2)(a — ¢), then A(a,a,(2 +V2)a— (1 +V2)c) and

B(c, (1 + \/i)a —V2¢,(1 ++v/2)a—+2c), therefore T1'(A,B) =T2'(A,B) =

0.5,so0 A = B.However, K1'(4,B) = 6_7;/5, K2'(A,B) =2/3 and A < B.

(2)Subcase (d2) If b = 2(a — c¢), then A(a,a,3a — 2c) and B(c,2a —c,2a —c),
therefore T1'(4,B) = 7/16, T2'(A,B) = 1/3,s0 A > B. However, K1'(4,B) =

K2'(A,B) =05 and A = B.

(3)Subcase (d3) If A(0.3,0.3,0.9) and B(0.1,0.7,0.7), then K1'(4, B) = 0.5556,

K2'(A,B) = 0.6667, T1'(A,B) = 0.5556 , T2'(A,B) = 0.6667,s0 A < B.

Therefore, if b < 2(a—c), then K1'(4,B) < 1/2, K2'(A,B) <1/2, T1'(4,B) <

1/2 and T2'(A,B) <1/2,s0 A> B,if b > (1++2)(a—c), then K1'(4,B) > 1/2,
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K2'(A,B) >1/2, T1'(A,B) > 1/2 and T2'(A,B) > 1/2,s0 A < B.
Case (e) A(c+a,b,1—c+a) and B(c0.51—c).

For this case, the fuzzy number B is symmetric with respect to x = 0.5. The fuzzy
number A is parallel translation of the fuzzy number B except its peak. We have the

following results.

(Q2+Q3)+(Q3+Q4)+Qg _ 5-8b-12c+8bc—2a%+4b%+8c?
(Q1+Q2+Q3)+(Q3+Q4+Q5)+2Q¢  7+4a—8b—20c—8ac+8bc+4b2+16¢2

If

(1) K1'(A,B) =
(1-2a-2b)(3+2a-2b-4c) < 0, then K1'(4,B) < 1/2, so A > B. For simplicity, the

other two conditions are omitted.

’ (Q2+Q3)+(Q3+Q4) (1-2b)2
2) K2'(A,B) = = .
2) (4,B) (Q1+Q2+Q3)+(Q3+Qs+Qs)  4a?+(1-2b)?

If 2a+2b—1>0, then

K2'(A,B) <1/2,s0 A > B.

-[)= =2C)- 2
(3) T1,(A, B) — Q6+(Q2+Q4) 2(1 b C)(l 2 ) a

’ _
(Q2+Q5+06)+(Q1+Q6+Qs)  2(1+2a-2b)(3+2a-2b-4c)(1-2¢) and T2'(4,B) =

Q2+Q4 _ (1-2b)%(1-2¢) If

Q1+Q2+Q4+Qs  4a3+(1-2b)2(1-2¢)+a2(6—4b—8c) a>-05+c+

%\/(1 —2¢)(3—4b —2¢), then T1'(A4,B) < 1/2 and T2'(A,B) < 1/2, so A >

B.

Four special cases are considered as follows.

(1) Subcase (el) If a=-05+c+ %\/(1 —2¢)(3—4b —2c), then T1'(4,B) =
T2'(A,B) = 0.5, so A= B. However, K1'(A,B) > 0.5, K2'(4,B) > 0.5 and

A <B.
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o2
(1~2b) <05

(2) Subcase (e2) If 2a+2b—1=0, then T1'(4,B) = 0.5 — Tet-p—oa_z0 < U

(1-2¢)

T2'(A,B) = (3-2b—4c)

< 0.5, so A> B. However, K1'(A,B) = K2'(A,B) = 0.5

and A = B.

(3)Subcase (e3) If A(0.3,0.4,0.9) and B(0.2,0.5,0.8), then K1'(4,B) = 0.4896,

K2'(A,B) = 0.4286, T1'(4,B) = 0.4896, T2'(A,B) = 0.4286,s0 A > B.

(4)Subcase (e4) If b = 0.5, then (1-2a-2b)(3+2a-2b-4c) <0, 2a+2b—1>0 and

a>—-05+c+2/A—20)(3—4b—2c), so K1'(4,B)<1/2, K2'(4,B) <

1/2, T1'(A,B) < 1/2 and T2'(A,B) < 1/2, hence A > B.

6. Conclusion

This paper analyzes and compares two types of Nakamura’s fuzzy preference
relations (N(A4,B) and N'(4,B)), two types of Kotodziejczyk’s fuzzy preference
relations (K1'(4,B) and K2'(A,B)) and the counterparts of the Kotodziejczyk’s
fuzzy preference relations (T1'(4,B) and T2'(4, B)) on a group of selected eight cases
with different level of overlapping between two triangular fuzzy numbers (aq, b1, c;)
and B(ay, by,c;). For N(A,B) and N'(4,B), N;(A,B) +Ng_j(A,B)=1, j=
1,2,3,4.1f a, + 2b, + c; = a; — 2b; — ¢, we have that 1 — N/(4,B) = N;(A4,B) for
j=1357 and 1-N/(4,B)<N;(4,B) for j=2468. For K1'(4,B) and

K2'(A,B), K1i(A,B) = K1;(A,B) for j =357 and K15(4,B) = K1j(A4,B) for
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j = 4,6,8. Furthermore, K17(4,B) + K1,(A,B) =0 for b, = b, and ¢, = a,; and

K137(A,B) + K1,(A,B) =1 for by =b, and ¢; —a, =c, —a,. For test case 1,

T1'(A,B) < K1'(A,B) < K2'(A,B) = T2'(A,B) = 1. For the test cases 3, 5 and 7, if

a, +2b,+c, <a; +2b;+c; , then K1'(4,B)=K2'(A,B)=>T2'(A,B) and

K1'(A,B) = T1'(A,B) = T2'(A, B). For test case 8, we have K2'(4,B) = T2'(A,B) =

0 < K1'(A,B) < T1'(A, B). For test cases 2, 4 and 6, if a, + 2b, + ¢, = a, + 2b; +

¢y, then K1'(A,B) < K2'(A,B) <T2'(A,B) and K1'(A,B) <T1'(A,B) <T2'(A B).
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Case 1. a4 < a,, by < by, ¢; <c,.

Case 5. a; = a,, by < by, ¢; <c,.
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Figure 1. Eight test cases for two fuzzy numbers A(aq, by, c;) and B(a,, by, Cc3).
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Case (a)A(al, bll Cl) and B(az, bz, Cz) with a, > Cq1

A B

a, G G

c-a c¢b C c+tb c+a

Case (c)A(a,a+b,a+2b) and B(a+a,a+b+a+f,a+ o+ 2b+ 2p).

’ N,

a a+a at+b a+2b a+a+2b+2pB

Case (d) A(a,a,a + b) and B(c,c + b,c + b).

>
L ©
O™

o o e w
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Case (e) A(c+a,b,1—c+a) and B(c,0.51—c).
B A

Figure 2. Five case studies of 4 and B for K1'(4,B), K2'(A,B), T1'(A,B) and
T2'(A,B).
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Table 1. The area Q; of i-th region for eight cases.

casc arca

1

1
Q3 = f(C1—a2)/(C1—b1+bz—a2) —(cy —a; — (¢y — by + by — az)a)da

Q2 = folaz —a,+ (b, —a, — by + a;)ada — Q;

Q4 = fol C—C — (CZ - bz —C1 + bl)ada — Q3

Q6 = fO(Cl_aZ)/(Cl_bﬁbz_aZ)(Cl —a; — (c1 — by + b, — ay)ada

Q1= f()(_a2+a1)/(b2_a2_b1+a1) a —ay + (b —a; — by + ay)ada

Qs = f()(cz_61)/(cz_b2_61+b1) ¢ — ¢ — (¢ = by — ¢y + by)ada

Qs = ! —(c; —a; — (c; = by + by —a)a)da

= J(cz—ay)/(ca—by+bi—ay)

1

Q2 = (-ai+az)/(bi—ai—bz+az) ay = az + (by = ay = by + az)ada — Qs

1

Qs = f(C1—Cz)/(C1—b1—Cz+b2) c1— ¢, —(c1 — by — ¢ + by)ada — Q5

Qe = fo(cz_al)/(cz_b2+b1_a1)(cz —ay;— (g — by + by —apa)da —Q; — Qs
1~ C2 - (Cl - b1 - C2 + bz)ada

Qs = fO(C1—Cz)/(C1—b1—cz+b2)C

Qs = ! —(c1 —a; — (¢ — by + by — ax)a)da

~ J(c1-ap)/(c1—byi+by—az)
1
Q2 :fo a, —ay + (b, —a; — by + a;)ada — Q3

1

Qs = f(Cz—C1)/(Cz—b2—C1+b1) ¢ — ¢y — (g = by — ¢y + by)ada — Q5

Q6 = fO(Cl_aZ)/(Cl_bﬁbz_aZ)(C1 —a; — (c; — by + by — ay)ada — Qs

Q1= f()(_a2+a1)/(b2_a2_b1+a1) a —ay + (b —a; — by + ay)ada
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1
Q3 = f(Cz—a1)/(Cz—b2+b1—a1) —(c; —ay — (¢ = by + by — ay)a)da

1

Q2 = (-ai+az)/(bi—ai—bz+az) 4y = az + (by = a, — by + az)ada — Qs

Q4 = folcl —C— (Cl - b1 —Ccy + bz)ad(l — Q3

Q6 = fo(cz_al)/(cz_b2+b1_a1)(cz —a; —(¢c; — by + by —a)a)da — Q4

5 _ -
Q1= fo( aura)/(bimarmboras) a; —a; + (by —ay — by + az)ada
1
Qs = (c1—az)/(c1—b1+bz—az) —(e1—az = (1 = by + b; — az)a)da
1
Q= (—az+ay)/(by—az—by+a;) 2 ~ 4 + (b; —a; — by + a)ada — Q3
1
Q4:f c; —¢1— (¢ = by —¢1 + by)ada — Q3
0
Q6 = fO(Cl_aZ)/(Cl_bﬁbz_aZ)(Cl —a; —(c; — by + by — az)ada — Q4
6

Qs = f()(cz_61)/(cz_b2_61+b1) c; —¢1 — (¢ — b, —¢; + by)ada

Q3 = ! —(c; —a; — (c; = by + by —a)a)da

" J(cz—a1)/(cz—by+bi—ay)
1
Q2 :fo a, —a, + (by —a; — by, + ay)ada — Q3

1

Qs = (c1—c2)/(c1—b1—c2+b7) 1= ¢ = (61 = by — ¢z + by)ada — (s

Q6 = fo(cz_al)/(cz_b2+b1_a1)(cz —a; — (¢ — by + by —a;)a)da — Qs

7 Ql — f(—a1+a2)/(b1—a1—b2+a2)

0 a1 - az + (bl - a1 - b2 + az)ada

Qs = fécrczy(crbl_c#bﬂ ¢1— ¢ —(¢g —by — ¢ + by)ada

Qs = ! —(c1 —a; — (¢ — by + by — ax)a)da

~ J(c1-ap)/(c1—by1+by—az)

1

Q2 = (-az+aq)/(by—az—bi+aq) az —ay + (b —a; = by + ay)ada — Qs
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1

Qs = f(Cz—C1)/(Cz—b2—C1+b1) ¢ — ¢y — (g = by — ¢y + by)ada — Q5

Qe = fO(Cl_aZ)/(Cl_bﬁbz_aZ)(C1 —a; — (¢; — by + by —az)ada — Q; — Qs

8 1
Q3 = f(Cz—a1)/(Cz—b2+b1—a1) —(c; —ay — (¢ = by + by — ay)a)da

Q2 = folal —az + (bl —a; — bz + az)ad(l - Q3
Q4 = folcl —C— (Cl - b1 —C + bz)ada - Q3

Qe = fo(cz_al)/(cz_b2+b1_a1)(cz —ay — (¢ — by + by —ap)a)da
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Table 2. N(A,B) and N'(A, B) for eight cases.

case N(A,B) N'(A,B)
1 0 1+ (az—cq)?
(az+by—by—cy)(—a;—az+c1+cz)
2 (b2—b1)?(az—a;—2(b;—b1)+(c2—¢1)) (a,—c3)?
((az=a1)2+(bz—b1)?)(by—by+cy—c1)+((bz—b1)?+(cz—c1)?)(az—as—by+by) (a1—by+by—cz)(a1+az—c1—¢3)
3 (c2—¢1)? 1+ (az—cq)?
(az—ay+by—b1)(by—by—cz+c1)+(by—b1)%+(c2—c1)? (az+by—by—cy)(—a;—az+c1+cz)
4 1— (az—ay)? (@1-¢2)°
(az—ai=by+b1)(=by+b1—Cy+c1)+(az—a1)2+(by—b1)? (a1—bi+by—cz)(a1+az—c1—¢3)
5 (az—a)? 1+ (az—cq)?
(az—ai—by+b1)(=by+by—cy+c1)+(az—a,)2+(by—b1)? (az+by—by—cy)(—a;—az+c1+cz)
6 1— (c2—c1)? (a1=cz)?
(az—ay+by—b1)(by—by—cz+c1)+(by—b1)%+(c2—c1)? (a1—bi+by—cz)(a1+az—c1—¢3)
7 1— (bz=b1)?(az=a1—2by+2b1+c3—¢1) 1+ (az—c1)?
((az=a1)2+(bz=b1)?)(by—by+cy—c1)+((by—b1)?+(cz—c1)?)(az—ay —by+by) (az+by—by—cy)(—a;—az+c1+cz)
8 1 (a,—c3)?
(a1—bi+by—cz)(ay+az—c1—¢3)
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Table 3. K1'(A,B) and K2'(A,B) for eight cases.

case K1'(A,B) K2'(A,B)
1 1 _ (Cl_az)z 1
(c1—az+ca—a1)(c1—az—b1+by)+2(by—bq)?
2 (c2—a1)? _ (b2=b1)*(az—=a;1-2(b2—b1)+(c2—¢1))
(c2—a1)?+(cz—ay—by+by)(c1—az—by+bq)+(by—b1)? ((az=a1)?+(b~b1)?)(by—bz+cy—c1)+((bz—b1)%+(c2—c1)?)(az—a —by+b1)
3 1 _ (Cl_aZ)z 1 _ (62_61)2
(c1—az+ca—a1)(c1—az—b1+by)+2(by—bq)? (az—ay+by—b1)(by—b1—Cy+c1)+(b2—b1)2+(cz—c1)?
4 (c2—aq)? (az—ay)?

(c2—a1)?+(cz—a1—by+b1)(c1—az=by+b)+(by—b1)?  (az—a1—by+b1)(=by+by—cy+c1)+(az—a1)?+(by—by)?

5 1 _ (Cl_aZ)z 1 _ (az—a1)2
(c1—az+cy—aq)(c1—az—b1+by)+2(by—bq)? (az—ay—by+b1)(=by+b1—Cy+cq1)+(az~a1)?+(by~bq)?
6 (c2—aq)? (c2—¢1)?

(c2—a1)?+(cz—ay—by+by)(c1—az—by+b1)+(by—b1)?  (az—ai+by—b1)(by—by—cz+c1)+(by—b1)%+(cz—c1)?2
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7 1— (c1=ay)? (bz=b1)?(az—=a1—2by+2by+c3—¢1)
(c1—az+cy—a1)(c1—az—b1+by)+2(by—bq)? ((az=a1)2+(by=b1)?)(by—bz+cy—c1)+((bp—b1)?+(c2—c1)?)(az—a1—by+b1)
8 (c2—ay)? 0

(c2—a1)?+(cz—ay—by+by)(c1—az—by+bq)+(by—b1)?
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Table 4. N(4,B), N'(4,B),

K1'(A,B), K2'(A,B),

T1'(A,B) and T2'(A,B) for eight cases.

case N(A,B) N’(A, B) Kl’(A,B) KZ’(A,B) Tl’(A,B) TZ'(A,B)
1 0 Q2+Q4+Qs Q2+2Q3+Q4+Qs 1 Q2+Q4+Qs 1
Q2+0Q4+2Q Q2+2Q3+Q4+2Q¢ Q2+0Q4+2Q
2 Q2+20Q3+0Q, Q1+05+0Q¢ Q1+05+0Q¢ Q1105 Q1+05+0¢ Q1105
Q1+0Q2+20Q03+Q4+Q5  Q1+Q2+Q4+Q5+2Q¢ Q1+0Q02+2Q3+Q4+Q5+20Q¢ Q1+0Q02+2Q3+Q4+0Q5 Q1+Q2+Q4+05+20Q¢ Q1+0Q2+Q4+Q5
3 Qs Q210410 Q2+2Q3+Q4+0Q6 Q2+20Q3+0Q, Q2104106 Q2104
Q2+2Q3+Q4+Q5 Q2+0Q4+0Q5+2Q Q2+2Q3+Q4+Q5+2Q¢ Q2+2Q3+Q4+Q5 Q2+0Q4+0Q5+2Q Q2104405
4 Q2+20Q3+0Q, Q1+0¢ Q1+0Q¢ Q1 Q1+0¢ Q1
Q11+0Q2+2Q3+0Q, Q11+0Q2+0Q4+2Q Q1+0Q2+2Q3+Q4+20Q¢ Q11+0Q2+2Q3+0Q, Q1+0Q2+0Q4+2Qs Q1102404
5 Q1 Q2104106 Q2+2Q3+Q4+0Q6 Q2+20Q3+0Q, Q2+Q4+0Q¢ Q2+0Q4
Q11+0Q2+2Q3+0Q, Q11+0Q2+0Q4+2Q Q1+0Q2+2Q3+Q4+20Q¢ Q11+0Q2+2Q3+0Q, Q1+0Q2+0Q4+2Qs Q1102404
6 Q2+2Q3+0Q4 Qs+Qs Q5+Qs Qs Qs+Qs Qs
Q2+2Q3+Q4+Q5 Q2+0Q4+0Q5+2Q Q2+2Q3+Q4+Q5+2Q¢ Q2+2Q3+Q4+Q5 Q2+0Q4+0Q5+2Q Q2104405
7 Q1+Qs Q2+04+0Q¢ Q2+20Q3+0Q4+0Q¢ Q2+20Q3+0Q, Q2104106 Q2+0Q4
Q1+0Q2+20Q03+0Q4+Q5  Q1+Q2+Q4+Q5+2Q¢ Q1+0Q02+2Q3+Q4+Q5+20Q¢ Q1+0Q02+2Q3+Q4+0Q5 Q1+Q2+0Q4+05+20Q¢ Q1+0Q2+Q4+Q5
8 1 Qs Qe 0 Q¢ 0
Q2+0Q4+2Q Q2+2Q3+Q4+2Q¢ Q2+0Q4+2Q
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