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Abstract: Topological indices have been used to modeling biological and chemical properties of
molecules in quantitive structure property relationship studies and quantitive structure activity
studies. All the degree based topological indices have been defined via classical degree concept. In
this paper we define a novel degree concept for a vertex of a simple connected graph: S degree. And
also we define S indices of a simple connected graph by using the S degree concept. We compute
the S indices for well-known simple connected graphs such as paths, stars, complete graphs and
cycles.
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1. Introduction

Graph theory has many applications to modeling real world situations from the basic sciences
to engineering and social sciences. Chemical graph theory has an important effect on the
development of the chemical sciences by using topological indices. A topological index, which is a
graph invariant it does not depend on the labeling or pictorial representation of the graph, is a
numerical parameter mathematically derived from the graph structure. The topological indices of
molecular graphs are widely used for establishing correlations between the structure of a molecular
compound and its physicochemical properties or biological activity. These indices are used in
quantitive structure property relations (QSPR) research. Topological indices are important tools for
analyzing some physicochemical properties of molecules without performing any experiment. The
first distance based topological index was proposed by Wiener (1947) for modeling physical
properties of alcanes, and after him, hundred topological indices were defined by chemists and
mathematicians and so many properties of chemical structures were studied [1]. More than forty
years ago Gutman & Trinajsti¢ (1971) defined Zagreb indices which are degree based topological
indices [2]. These topological indices were proposed to be measures of branching of the carbon-atom
skeleton in [3]. The Randic and Zagreb indices are the most used topological indices in chemical and
mathematical literature so far. For detailed discussions of both these indices and other well-known
topological indices, we refer the interested reader [4-14] and [33-38] references therein. In 1998,
Estrada et al modelled the enthalpy of formation of alkanes by using atom- bond connectivity(ABC)
index [15]. The ABC index for a connected graph G defined as;

ABC(G) = ZquE(G)\/ (D)

There are many open problems related to ABC index in the mathematical chemistry literature.
We refer the interested reader the sudies of the last two years [16-20].

In 2009, Vukicevi¢ and Furtula defined geometric-arithmetic(GA) index and compared GA index
with the well-known Randi¢ index [21]. The authors showed that the GA index give better correlation
to modelling standard enthalpy of vaporization of octane isomers. The GA index for a connected
graph G defined as;

2,/d d
GAG) = Tuver() st @)

deg(u)+deg(v)

deg(u)+deg(v)—2
deg(u)xdeg(v)
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After that many studies related to GA index were conducted in view of mathematical chemistry
and QSPR researches [22-26].

The harmonic index was defined by Zhong in 2012 [27]. The H index for a connected graph G
defined as;

2
H(G) = ZquE(G) W N

The relationships between harmonic index and domination like parameters were investigated
by Li et al. [28] We refer the interested reader for the article related to H index by Ili¢ and the
references therein [29].

The sum-connectivity index (x) were defined by Zhou and Trinajsti¢ in 2009 [30]. The x index
for a connected graph G defined as;

X(6) = Tuer()(deg() + deg(v)) /2 4

Farahani computed the sum-connectivity index of carpa designed cycle [31] and Akhter et al
investigated the sum-connectivity index of cacti [32].

As of now in the chemical and mathematical literature all degree based topological indices have
been defined by using classical degree concept.

In this study our aim is to define a novel degree concept namely, S degrees. Also by using S
degrees, we define the first, the second and the third S indices for a simple connected graph.

2. S Degrees and S Indices

In this section we give basic definitions and facts about above mentioned graph invariants. A
graph G = (V,E) consists of two nonempty sets V and 2-element subsets of V namely E. The
elements of V are called vertices and the elements of E are called edges. For a vertex v, deg(v)
show the number of edges that incident to v. The set of all vertices which adjacentto v is called the
open neighborhood of v and denoted by N(v). If we add the vertex v to N(v), then we get the
closed neighborhood of v, N[v].

For a vertex v, S, = Yyenw) deg(uw). For conveince, we name S, as “the sum degree of v” or
briefly “sum degree”. For a vertex v, M, = [[yenw)deg(u). For conveince, we name M, as “the
multiplication degree of v” or briefly “multiplication degree”.

Definition 2.1. The S degree of a vertex v of a simple connected graph G defined as;

s(v) = M, — S, Q)
Definition 2.3. The first S index of a simple connected graph G defined as;
S16) = Yvev(6) s(v)? (6)
Definition 2.4. The second S index of a simple connected graph G defined as;
S%(G) = Yuver(e) SW)s () (7)
Definition 2.5. The third S index of a simple connected graph G defined as;
S3(6) = Tuwvere[s@) +s(@)] (8)

Proposition 2.6. Let K,, be a complete graph with n vertices (n = 3). Then;

a. SYK) =n.((n-12((n— 13 -1)
b. S%(K,) = %n(n —D5((n— D3 = 1)?

c. S3K)=nn-1D3((n-1D"3-1)

d0i:10.20944/preprints201707.0068.v1


http://dx.doi.org/10.20944/preprints201707.0068.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 July 2017 d0i:10.20944/preprints201707.0068.v1

Proof. Let v €K,. Then S,=(n—1)(n—1) = (n—1)? and M, = (n— 1)""1. Therefore s(v) =
M, — S,| = (n— 1)?((n — 1)"3 — 1). We can begin to compute since all the vertices of complete
graph have same S degree.

2. SM(Kn) = Svevaon S@? =n.( (n = D*((n - D3 - D)’
b. S2(Ky) = Buvestin S@Ws@) =22 ((n - D?*((n - D3 - 1))’

= Znln - DS((n - 1" - 1)

n(n-1)
2

c. $*(Kn) = Zuver(ils(w) +s@)] = 2= D¥((n - D" 3 - 1)

=nn-13((n-1D"3-1)

Proposition 2.7. Let C, be a cycle graph with n vertices (n = 3). Then;

a. S1(C) =0
b. S2(C,) =0
c. S3(C) =0

Proof.Let v € C,,. Then S, =2+ 2 =4 and M, = 2.2 = 4. Therefore s(v) = M, —S,| =0 and . We
can begin to compute since all the vertices of cycle graph have same S degrees.

a. Sl(Cn) = ZvEV(Cn)S(v)Z =0
b. §? (Cn) = ZquE(Cn)S(u)S(v) =0

c. $3(Cp) = Zuvercyls@) +s@)] =0

Proposition 2.8. Let P, be a path graph with n vertices (n = 3). Then;

a. SY(P)=n+5/2
b. S2(P) =n+1
c. S3(P,) =2n—10/3

Proof. Let V(B,) = {vy,v,, ..., vn} and E(P,) = {v1V;, VU3, ., Un_Vn_1, Vn_1Vp}. Then S, =5, =2

and M, = 2. Therefore s(v;) =s(v,)=0. Also S,, =S, =3 and M,, =M, =2 . Therefore
s(v)=s(v,)=1and S,, =S, =-+=8, .=S, ,=4ad M, =M, =-=M, =M, =4.
Therefore s(vs) = s(v,) = -+ = s(v,_3) = s(v,,_,) = 0. Note that P, has n-vertex and n — 1 edges. We

can begin our computations.

a. S'(P) = ZveV(Pn)S(U)Z =1+1=2

b. SZ(Pn) = ZquE(Pn)S(u)S(U) =0
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c. S3(P) = Zuverpyls) +s(w)] =2

Proposition 2.8. Let S,, be a star graph with n vertices (n = 3). Then;

a. S1(5) =nn-1)
b. 52(S,) = (n — 1)?
c. $3(5)=n(n—-1)

Proof. There are two kind of vertices. For the central vertex v, deg(v) =n — 1 and for any pendent
vertex u, deg(u) =1. Then S, =n—1 and M, =1. Also for any pendent vertex u, S, =n—1
and M,, = n — 1. Therefore s(v) =n — 2. Also s(u) = 0.

Note that S, has n-vertex and n — 1 edges. We can begin our computations.

a. Sl(Sn) = ZvEV(Sn)S(v)Z = (Tl - 2)2
b. SZ(Sn) = ZuveE(Sn)s(u)S(v) =0

c. 53(Sp) = Zwver(sls@) +s@)] = —1).(n - 2)

Conclusion

There are many problems for further study about the S indices. The mathematical properties and
relations between S indices and other topological indices are interesting problems worth to study.
Also QSPR analysis of S indices may be attract attention of some mathematical chemists.

References

[1] H. Wiener, Structural Determination of Paraffin Boiling Points, J. Am. Chem. Soc., 69, 17-20, 1947.

[2] I. Gutman, N. Trinajsti¢, Graph theory and molecular orbitals. Total ¢-electron energy of alternant
hydrocarbons, Chem. Phys. Lett., 17, 535-538, 1971.

[3] I. Gutman, B. Rusci¢, N. Trinajsti¢, C.N. Wilcox, Graph Theory and Molecular Orbitals. XII. Acyclic Polyenes,

J. Chem. Phys. 62, 3399-3405, 1975.

[4] M. Randi¢, On characterization of molecular branching, J. Amer. Chem. Soc. 97, 6609-6615, 1975.

[5] Q. Cui, L. Zhong, The general Randi¢ index of trees with given number of pendent vertices. Appl. Math.
Comput. 302, 111-121, 2017.

[6] Z. Chen, G. Su, L. Volkmann, Sufficient conditions on the zeroth-order general Randi¢ index for maximally
edge-connected graphs. Discrete Appl. Math. 218, 64-70, 2017

[7] W. Gao, M.K. Jamil, M.R. Farahani, The hyper-Zagreb index and some graph operations. J. Appl. Math.
Comput. 54, 263-275, 2017.

[8] S. Ediz, Reduced second Zagreb index of bicyclic graphs with pendent vertices. Matematiche (Catania) 71,
135-147, 2016.

[9] S. Ediz, Maximum chemical trees of the second reverse Zagreb index. Pac. J. Appl. Math. 7, 287-291, 2015.

[10] S.M. Hosamani, B. Basavanagoud, New upper bounds for the first Zagreb index. MATCH Commun. Math.
Comput. Chem. 74, 97-101, 2015.

[11] D. Vukicevig, J. Sedlar, D. Stevanovic, Comparing Zagreb Indices for Almost All Graphs, MATCH Commun.
Math. Comput. Chem. 78, no. 2, 323-336, 2017.

[12] M. Bianchi, A. Cornaro, J. L. Palacios, A. Torriero, New bounds of degree-based topological indices for some
classes of c-cyclic graphs, Discr. Appl. Math. 184, 62-75, 2015.

[13] K. C. Das, K. Xu, J. Nam, Zagreb indices of graphs, Front. Math. China 10, 567-582, 2015.

4


http://dx.doi.org/10.20944/preprints201707.0068.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 July 2017 d0i:10.20944/preprints201707.0068.v1

[14] R. M. Tache, On degree-based topological indices for bicyclic graphs, MATCH Commun. Math. Comput.
Chem. 76, 99-116, 2016.

[15] E. Estrada, L. Torres, L. Rodriguez, I. Gutman, An atom-bond connectivity index: modelling the enthalpy of
formation of alkanes. Indian J. Chem. 37A, 849-855, 1998.

[16] L. Zhong, Q. Cui, On a relation between the atom bond connectivity and the first geometric arithmetic
indices. Discrete Appl. Math., 185, 249-253, 2015.

[17] A.R. Ashrafi, Z.T. Dehghan, N. Habibi, Extremal atom bond connectivity index of cactus graphs. Commun.
Korean Math. Soc. 30, 283-295, 2015.

[18] B. Furtula, Atom bond connectivity index versus Graovac Ghorbani analog. MATCH Commun. Math.
Comput. Chem. 75, 233-242, 2016.

[19] D. Dimitrov, On structural properties of trees with minimal atom bond connectivity index II: Bounds on and
branches. Discrete Appl. Math. 204, 90-116, 2016.

[20] X.]M. Zhang, Y. Yang, H. Wang, X.D. Zhang, Maximum atom bond connectivity index with given graph
parameters. Discrete Appl. Math. 215, 208-217, 2016.

[21] D. Vukicevi¢, B. Furtula, Topological index based on the ratios of geometrical and arithmetical means of
end-vertex degrees of edges. ] Math. Chem. 46, 1369-1376, 2009.

[22] Y. Yuan, B. Zhou, N. Trinajsti¢, On geometric arithmetic index. J. Math. Chem. 47, 833-841, 2010.

[23] K.C. Das, On geometric arithmetic index of graphs. MATCH Commun. Math. Comput. Chem. 64, 619-630,
2010.

[24] Z. Raza, A.A. Bhatti, A. Ali, More on comparison between first geometric arithmetic index and atom bond
connectivity index. Miskolc Math. Notes 17, 561-570, 2016.

[25] W. Gao, A note on general third geometric arithmetic index of special chemical molecular structures.
Commun. Math. Res. 32, 131-141, 2016.

[26] M. An, L. Xiong, G. Su, The k ordinary generalized geometric arithmetic index. Util. Math. , 100; 383405,
2016.

[27] L. Zhong, The harmonic index for graphs. Applied Mathematics Letters. 25, 561-566, 2012.

[28]]. Li, ].B. Lv, Y. Liu , The harmonic index of some graphs. Bull. Malays. Math. Sci. Soc. 39, 331-340, 2016.

[29] A. 1li¢, Note on the harmonic index of a graph. Ars Combin. 128, 295-299, 2016.

[30] B. Zhou, N. Trinajsti¢, On a novel connectivity index. J. Math. Chem. 46, 1252-1270, 2009.

[31] M.R. Farahani, Randi¢ connectivity and sum connectivity indices for Capra designed of cycles. Pac. ]. Appl.
Math. 7,11-17, 2015.

[32] S. Akhter, M. Imran, Z. Raza, On the general sum connectivity index and general Randi¢ index of cacti. J.
Inequal. Appl. 300, 2016

[33] W. Gao, M.K. Jamil, M.R. Farahani, The hyper-Zagreb index and some graph operations. ]. Appl. Math.
Comput. 54 (2017), no. 1-2, 263-275.

[34] I. Gutman, N. Dehgardi, H. Aram, On general first Zagreb index of graphs with fixed maximum degree.
Bull. Int. Math. Virtual Inst. 6 (2016), no. 2, 251-258.

[35] E. I. Milovanovi¢, P. M. Bekakos, M. P. Bekakos, 1. 7. Milovanovié, Sharp bounds for the general Randi¢
index R of a graph. Rocky Mountain J. Math. 47 (2017), no. 1, 259-266.

[36] T. Mansour, M.A. Rostami, S. Elumalai, B.A.  Xavier, Correcting a paper on the Randi¢ and geometric-
arithmetic indices. Turkish J. Math. 41 (2017), no. 1, 27-32.

[37] E. Glogi¢, E. Zogi¢, N. GliSovi¢, Remarks on the upper bound for the Randi¢ energy of bipartite graphs.
Discrete Appl. Math. 221 (2017), 67-70.

[38] B. Liu, L.R. Pavlovi¢, T.Divni¢, Tomica R.; Liu, Jianxi; Stojanovi¢, Marina M. On the conjecture of Aouchiche
and Hansen about the Randi¢ index. Discrete Math. 313 (2013), no. 3, 225-235.



http://dx.doi.org/10.20944/preprints201707.0068.v1

