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Abstract: An evolutionary game is introduced which considers game-theoretic strategies in the
context of non-linear population matrix models. This game considers the states and actions of the
organisms of the evolving population, and a notion of dynamic equilibrium between strategies is
described. The game’s formalism is expounded and a proof about equilibrium is given; specifically
that any stable equilibrium can be described by proportions of pure strategies; particularly when
population matrices are not defective.
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Population Dynamics

1. Introduction

Biological species are well recognised as being engaged in an fight-for-survival and Evolutionary
Game Theory has been used to analyse the strategies in such a fight. Evolutionary Game Theory
encompasses games of different forms, but one of the most standard forms concerns the continuous
growth/decay of organism types where the organism types are defined by the strategy they play as
they are continuously randomly paired to participate in a simultaneous symmetric two-player game
where the expected payoff determines the growth-rate of their strategy.[1-3]

Whereas the sets of actions that actual organisms employ can depend-apon and influence the
lifecycles of organisms within an ecosystem, which in turn determines their growth-rate. These details,
such as the stages of the lifecycles of organisms and the web of mutual influences between them,
are seldom directly modelled in evolutionary game theory. Lifecycles are most directly described
by matrix models of population dynamics, where the growth-rate of an organism type is naturally
given by its population matrix, and where the influences between lifecycle stages are recognised as a
potential source of non-linear dynamics and chaotic behaviour [4-6].

Within this paper we consider game-theoretic strategies in the context of lifecycles, and make a
contribution by providing a proof that in such games that any search for equilibrium points need only
consider pure strategies, and can ignore stochastic combinations of actions - or ‘mixed’ strategies. In
this way, dynamic points of interest in these complicated games can be discovered and characterised
much more directly.

1.1. Structure

¢ In section 3 we introduce some of the concepts in population matrix models, particularly the
concept of vital rates and we illustrate how equilibrium population distributions are given by
eigenvectors of the population matrix.

* In section 4 we give the elements of the game, showing how game-theoretic strategies and vital
rates can be brought together to create population matrices for each strategy.

¢ In section 5 we give a verbal description of our main result about how equilibrium can be
described by pure strategies alone.
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¢ In section 6 we give the mathematical demonstration of our primary result.
* And section 7 gives some concluding comments.

2. Related Work

The formal theory of state has been introduced and considered in the context of population
ecology by multiple authors, such as by Boling [7] Caswell et.al [8] and Metz [9]. Particularly Metz
& Diekmann[10] considered the state of an individual organism (or the ‘i-state’) as the information
nessisary to make the response of an organism to its environment determinate, and contrasts this
against the population state variable (or ‘p-state’) characterising the number of individuals in each
i-state. Where it is possible to consider the population dynamics determined by the p-state, population
matrix models have been increasingly employed in ecological studies to model the lifecycles and
dynamics of various organisms between states.[11] Example models include modelling growth-rate by
fecundity across age brackets [12], the dynamics of sexual reproduction and sex ratios [13,14] as well
as the dynamics of genetic spread and population control measures [5] etc. In these matrix models,
the ratio of population numbers moving between states are called vital rates, which directly model the
increase or decrease in organism numbers between states.

State also has a history as part of Game Theory literature, particularly the concept of state and
actions are most directly modelled in Markov Decision Processes (MDPs) which can bear direct
extension to many players in Lloyd Shapley’s Stochastic-Games (SG) [15,16]. Stochastic Games are
games where the game itself has a set of possible states or "positions’ (which might be the combination
of the states of all players). Within this context each of the individual players have actions which
they can execute which jointly determine the likely transitions between the states of the game and the
immediate payoffs to each of them.

State has some history in the context of Evolutionary Game Theory, which can be seen in the
context of various ‘evolutionary games on graphs’ where the players have the state of belonging to
nodes on a grid or graph structure. In these games the players at a node play actions against their
nearest neighbours and it can be seen that the structure in these games capture a general sense of
position as a state for the players, and this introduces unique and dynamic behaviours.[17-19]

Another approach of integrating state into Evolutionary Game Theory extends from the works
of Eitan Altman et.al [20-25] who introduce the Markov-Decision-Evolutionary-Game (MDEG) and
variants thereof. In MDEG games each organism can occupy one of a finite set of states and has actions
available to it depending on what state it is in. The organisms are paired randomly and each of the
participants chooses one of their available actions (as determined by their strategy) to execute. The
actions that the organisms execute determine their immediate payoffs and the probable transitions in
state that they will make. The expected sum of payoffs determine the growth-rate of the presence of
the strategy in the population, and this then changes the composition of the population in which the
random pairings occur.

Our work contrasts against other games, primarily as we model the growth-rate of strategies not
in relation to the expected summation of payoffs, but in relation to the equilibrium between states
defined by vital rates. This attitude is also reflected in the works of . M. Cushing [26-28] who analyses
evolutionary dynamics in population matrix models particularly focusing on bifurcation.

3. Vital Rates and Population Matrix Models

The demographic flow of individuals of a population between states of a lifecycle is sometimes
described in ecological-studies by a matrix that is not necessarily Markov. The simplest example
of such matrices are Leslie Matrices used for studying the structure of populations of individuals
transitioning between evenly spaced age-states. Leslie Matrices are square, and they have form [12]:
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Where P; represents the probability of and individual in the ith age bracket successfully living
into the (i + 1)th age bracket, and F; is average number of offspring for an individual in ith age bracket
within the duration of the age bracket. The positive elements of these matrices identify the ‘flow” of
individuals from one state to another and are called vital rates. For a column vector n(t) representing
the number of individuals in each age-bracket at time ¢, Mn(t) gives the number of individuals in the
population after the duration of one age bracket of time, and M?n(#) the number of individuals after
two age brackets, and so on.

n(t+1) = Mn(t)

Successive applications eventually yield a steady population profile and a constant exponential growth
rate A given by the Euler-Lotka equation, where A is the dominant and only real-positive eigenvalue
of the matrix, with the steady population profile n as its corresponding eigenvector, that is Mn = An.

A Leslie matrix is a specific example of a population/projection matrix which projects the
growth/decline of a population whose vital rates remain constant. However, more complicated
scenarios exist where the vital rates vary depending on the distribution of the population itself. For
instance, the number of offspring and survival probability to a successive age-state may depend on the
density of predators, mates and/or competitors for resources. In this context the elements of M may
depend on n(#) in some arbitrary way, which we denote as M, ;) and:

n(t + 1) = Mn(t)l‘l(t)

This is the form of a non-linear population matrix model; such models have been shown to yield
dynamic behaviours such as non-linear growth, unstable cyclic behaviour and chaos. Additionally as
the matrix M is non-negative it has a maximum non-negative real eigenvalue A (which might be 1)
and corresponding population vector n

Mun = An

We consider then that the vector n characterises a potential equilibrium of the population with A its
equilibrium growth rate. We now consider how to represent different strategies within the population.

4. Description of the Game

Consider an ecosystem of different organisms, where the organisms a set of states and each state
has a set of actions which they will execute depending on their strategy. let:

* Sbeindexed finite set of states

* Agbe set of actions available organisms in state s € S

* W be the set of possible strategies such that for any strategy w € W that w, s denotes the probability
that an organism with strategy w will execute action 4 if it is in state s.

® Dy is the number of organisms in a state s € S with strategy w € W;

* P!, = Yuwew PswWas is the number of organisms in a state s € S which are going to take action 4.

e Ty,(P*) are vital rates depending! on P*, giving the rate of the organism fo a state s € S when it
executes an action a € As.

1 where P* is shorthand for the set of all the numbers across s and a, P* = {P;, |s € S, a € A}
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Thus every strategy w has its own population matrix M%. with components M;‘;

pr = Mzu; = Z Tja(P*)1w,,i 1
acA;

And thus the matrix of a strategy M7, is composed of columns which are weighted by its probability
terms w; s, and it is possible to consider probabilistic mixes of strategies, for instance if strategies w'

and w? are mixed by a factor 0 < a < 1 to form a new strategy w* whose matrix is then:

B = ¥ Ta(PY) (awh + (1-a)wd;) = aMB! + (1 - 0) M’ @)
LIGAi

In this way one strategy can be considered as a linear combination of other strategies.

5. Searching for Stable Equilibria

In direct correspondence with common game theory language, it is possible to define basic
relationships between the strategies. Each organism’s strategy w encodes the probabilities of what
actions it will take across its states. A strategy is ‘pure’ if these probabilities encode certainty of taking
a single action per state otherwise it is ‘mixed’. Any mixed strategy can be decomposed into a linear
combination of pure strategies. And any set of pure strategies defines a span of mixed strategies which
can be linearly composed of them.

If we define an ‘equilibrium” as being the condition where all the M. population matrices remain
constant - and an ‘equilibrium point’ being defined by those matrices. Then it is necessarily the case
that an equilibrium leads to a condition where all the strategies that are significantly present in the
population are steadily growing by the same growth-rate in steady-state. For if any organisms of a
strategy existed in the population with a lesser steady-state growth-rate then it would proportionally
die out, or if any organisms of a strategy existed with a greater steady-state growth-rate then it would
lead the others to proportionately die out.

We further define the equilibrium as being ‘stable” in a similar way to Maynard Smith [1-3],
specifically if it cannot be disturbed from equilibrium by the presence of a small incorporation-of (or

‘invaded by’) any possible ‘mutant’ strategy. We note that this is at-least the case where no ‘mutant’

strategy has a greater steady-state growth-rate in the context of the population.

In the next section 6 there is a demonstration that for any stable equilibrium established with a
population of mixed strategies that it is possible to establish the same equilibrium point without the
mixed strategies at all. Informally the reasoning is that: because any mixed strategy is a stochastic mix
of pure strategies then it can only perform as well as the best of them. And when it performs equal
to the best then they must all perform equally. And in this case there is a combination of the pure
strategies which have the same state-action profile P* as the mixed strategy; the same profile which
defines the population matrices and thus the equilibrium point itself. From these considerations it is
thus unnecessary to consider mixed strategies in the search for stable equilibria because every stable
equilibria can be established by combinations of pure strategies alone (although there may be zero or
multiple such stable equilibria between them).

In our mathematics we assume that all population vectors grow exponentially under stable
equilibrium with a common growth-rate equal to a maximum real non-negative eigenvalue (which
may be one), and in proportions to a corresponding population matrix eigenvector. This is a simplifying
assumption and there exist possible population matrices where this assumption would be violated
(specifically in the context of defective matrices), and in this context, other mathematics would need to
be used to assert our conclusions.
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6. That any stable equilibrium point can always be rendered among pure strategies

We consider a strategy’s being replaceable by other strategies if there exists a possible replacement
of one’s organisms for the others’” in a population such as would not disturb the stable equilibrium
point. The equilibrium point is defined by constant matrices M., which is preserved at least when P*
remains unchanged. If there is a stable equilibrium, each strategy w has population in proportion to an
eigenvector n” with components n’, thus its contribution to P* (per its definition) is:

w
P. s,aWa,s X Ng Wy s

The strategy is replaceable if there is a combination of other strategy’s organisms to give this same
contribution.

Definition 1. A strategy  is replaceable at stable equilibrium by a set of other strategies W, if all strategies
w € W are in equilibrium and thus have population matrices with the same maximal real eigenvalue and there
exists non-negative corresponding eigenvectors ny’ and non-negative coefficients d* such that:

Va,s N Wy s = Z d“nfwg, s
weW

Thus replaceability is a specific relationship between the eigenvectors of different strategy matrices
and the weights of the strategies themself (which in turn determine those matrices). Replaceability has
an intuitive transitive property:

Definition 2 (Transitive Property of replaceability). If organisms of strategy A are replaceable by organisms
of a set of strategies B, and if each of the organisms in the set of strategies in B are replaceable by those of a set of
strategies C, then organisms of strategy A are also replaceable by those of set of strategies C.

In light of this we demonstrate that all mixed strategies are replaceable by pure strategies, by
showing that every mixed strategy can be iteratively replaced by other strategies that are more
‘extreme”:

Definition 3. A strategy w is extreme with respect to an action a € As, if w, s equals zero or one.
A strategqy w is more extreme than another strategy W if w is extreme with regards to more actions than W is.

To make our demonstration we first show that any specific mixed strategy can be decomposed
into a linear combination of two strategies more extreme than it, and then we show that the mixed
strategy is also replaceable by those two more extreme strategies.

Lemma 1. Any mixed strategy W in stable equilibrium is replaceable by strategies which are more extreme.

Proof. A mixed strategy @ is (by definition of mixed) not extreme with regards to some action 7 € As,
then we consider two other similar strategies w! and w? that are otherwise the same except with
re-weighted actions about the 5 state, such as to make them extreme in regards to action 7, ie. that

1 _ 2
wzs =land w;; = 0.

, . . ) 5
?J]* = w{jlgM?J)* + 2 Wa5 M%]*
ac As\{a}
= 1 2 wu,s‘
where  Va € A;\ {a}, wys =0 and w;;=

LacAs\{a) Was
We note that if @ is extreme with regards to any other action a* then the two other strategies w' and
w? also extreme with regards to action a*. Thus any mixed strategy can be considered as a linear
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combination of two other strategies more extreme than it, all that remains to do is to show that this
linear combination is also a replaceable combination aswell.

If we consider & = @5 then M%, = ocM}J"*1 +(1- a)M%"f = M(«) and Theorems Al and A2 apply.
Theorem Al informs us that the equilibrium growth rate (the spectral radius of the matrices) of
strategies w! to @ to w? is either monotonically increasing or decreasing or otherwise constant. If it is
monotonically increasing /decreasing then either w! or w? will have a greater equilibrium growth rate
than @, thus @ is not part of stable equilibrium creating contradiction; thus w?,w? and @ must have the
same growth rate.

Consequently Theorem A2 informs us that the change in eigenvectors are linear, hence n? = an®' 4+
(1- (Jc)nw2 and that n? = ng"l = né—”z and selecting A" =xand d” =1—a consequently satisfies
definition 1. O

Theorem 1. Every mixed strategy in stable equilibrium is replaceable by a set of pure strategies

Proof. By Lemma 1 any mixed strategy can be replaced by other strategies that are more extreme than
it, and those strategies (if they are mixed) can then be replaced by strategies which are even more
extreme, and so on. Thus by the transitive property (definition 2), every mixed strategy can be replaced
by ever increasing sets of strategies which are more extreme, and thus replaced by strategies which are
most extreme - ie. pure strategies. [J

7. Conclusion

In this paper we have described a game in the context of non-linear population models, and
we have given an equilibrium theorem 1 proving that all equilibria in such games can be found and
described by proportions of pure strategies. This theorem’s primary utility is that it eliminates the
complexity of needing to consider the space of mixed strategies in searching-for and characterising
such points of interest.

The elements of the game are simply that there be organisms which move between states in
response to the actions and interactions with others, and the only implicit limitation on such a game
is that organisms be sufficiently numerous for their population and their dynamics to be modelled
continuously. Because of this flexibility, it is difficult to understate the potential span of things that
could be represented, and therefore the potential applicability of our theorem. The primary limitation
of our theorem is the assumption that equilibrium growth-rates are given by population matrix
eigenvalues/vectors (ie. no defective matrices) and thus it is interesting to consider what (if any)
populations of things might naturally be described by defective matrices in which our theorem might
also fail to hold.

Conflicts of Interest: The authors declare no conflict of interest; The funders had no role in the design of the
study; in the collection, analyses, or interpretation of data; in the writing of the manuscript, or in the decision to
publish the results

Appendix A Matrix Proofs

Lemma Al. foran x n matrix A, and n column vector b, with Abk denoting the matrix with its kth column
as b. If A is an eigenvalue for both A and AP then it is also an eigenvalue for a A + (1 — a) AV¥ for any a € R

Proof. Consider the characteristic polynomials of A for A and Ab*:

det(A — AI) = det(Ab* —AI) =0

If we let C(+);; denote the i,jth cofactor of a matrix, then these determinants can be expanded along
the kth column to give:

(X AipC(A = Al)jg) = AC(A = M) = (i biC(A — Al)ix) = AC(A = Al)g =0

Therefore:

a (S AikC(A = Al)jx) = AC(A = AD)gg) + (1 — ) ((Z; biC(A = Al)jx) = AC(A — Al)gg) =0
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= (Si(wAjf + (1= a)b;)C(A — A)ix) — AC(A — Al)i = det(aA + (1 —a) APk — AI) =0
Thus it is demonstrated that A is also an eigenvalue for a A + (1 — a)Ab%. O

Theorem Al. For a real n x n non-negative matrix A, and real non-negative column vector b, with Abk
denoting the matrix with its kth column as b. For the matrix mapping B(a) = « A + (1 — a) AY* defined on a
range 0 < a < 1. If p(B(«)) denotes the spectral radius of B(«).

Then p(B(«)) is continuous, and either constant or strictly monotonic with «.

Proof. Because B(x) = aA + (1 — a) AP* is a matrix continuous in all its elements it will have n
continuous eigenvalues (counting multiplicities).> Thus p(B(«)) is also continuous with « for all a.

Furthermore the value p(B(«)) is itself an eigenvalue of B(«) for all « via the Perron-Frobenius theorem
for non-negative matrices. Suppose for a contradiction that p(B(«)) is not monotone, in this case there
must exist at least three values of alpha, a1 < ap < a3 such that p(B(«ay)) > max(p(B(ap)), p(B(a3)))

or p(B(az)) < min(p(B(o)), p(B(a3))).

e suppose that p(B(az)) > max(p(B(a1)),p(B(az))): let B be a value between p(B(ay)) and
max(p(B(a1)),p(B(az))). Thus via the intermediate value theorem there exists y1 (¥1 < 71 < ap)
and 7, (2 < 72 < as) such that p(B(7y1)) = p(B(72)) = B. Thus B is an eigenvalue of B(aq) (via
Lemma Al), and § > p(B(a1)) which contradicts the construction of p(B(aq)).

e suppose that p(B(az)) < min(p(B(a1)),p(B(a3))): let B be a value between p(B(xz)) and
min(p(B(a1)), p(B(a3))). Thus via the intermediate value theorem there exists 71 (¥1 < 71 < ap)
and 7, (2 < 72 < as) such that p(B(7y1)) = p(B(72)) = B. Thus B is an eigenvalue of B(a;) (via
Lemma Al), and § > p(B(az)) which contradicts the construction of p(B(a3)).

Therefore p(B(a)) is monotonic.

If there does not exist any aq, 4, € [0,1] such that p(B(a1)) = p(B(a2))
then p(B(a)) is strictly monotonic.

If there does exist an ay, ap € [0,1] such that p(B(ay)) = p(B(a2))
then p(B(«)) is constant via lemma A1.

Which completes the proof. [

Theorem A2. Fora real n X n non-negative matrix A; j, and non-negative column vectors b and c, with Abk
and Ak denoting the matrix with its kth column as b and c respectively. For the non-defective matrix mapping
B(a) = a Ak + (1 — &) A% let p(B(«)) be the specral radius of B(«). If o(B(«)) is a constant A then there is
a corresponding eigenvector v(w) that changes linearly with o, with its kth value v(a)y being constant.

Proof. By the Perron-Frobenius theorem for non-negative matrices for any « there exists a non-negative
v(a) which is an eigenvector for eigenvalue p(B(«)), thus for any a:
(ocAb'k +(1- a)AC'k> v(a) = Av(a)
The derivative of non-defective matrix eigenvectors exist [30,31], and so it is possible to differentiate
with respect to « giving:
(ocAb'k + (1 — a) Ak — AI) ag—(;) + (b—c)o(a)y =0
There are two cases: if there is an & such that v(&); = 0 then:
(3Ab* 4 (1 —@)ack — A1) %2 ~ 0

Setting a%(:‘) = 0 is permissible, thus constant v(a) = v(&) is a solution.

Otherwise:

An informal outline of the proof is that: 1. If the elements of a matrix are continuous 2. Then the coefficients of the
characteristic polynomial are continuous (as they are additions and multiplications of them) 3. Then the n roots (via
fundamental theorem of algebra) of the characteristic polynomial are continuous (see [29]) 4. Hence the eigenvalues are
continuous
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237 It is possible do scaling, thus setting v(«); = d to be a non-zero constant, thus
238 (&Ab’k + (1 - D()Ac’k - /\I) L%(aa) + d(b — C) =0
ov(a);
(S (i = ALij) S5 ) +d(bi i) = 0
240 therefore a%—(;‘) can be constant, thus v(«a) changes linearly. [
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