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Abstract: Quantum Computers are provisioned as very high performance computers using quantum 
mechanical aspects for information processing. Quantum Information Theory and Quantum 
Computing topics are popular topics in academia aiming the construction of theoretical background 
of Quantum Computers. The information processing units for Quantum Computers are defined as 
qubits but for some problems three level (trinary) systems may be applied as well. We call these 
three level systems as qutrits. The scope of this work is the analysis of well-defined entanglement 
measures Negativity and Relative Entropy of Entanglement (REE) for two qutrit (3- level/trinary) 
quantum systems. In this manner, for randomly generated 1000 two qutrit and 1000 two qubit states 
the mentioned measures are calculated and these values are compared. These comparisons are 
analyzed and for quantum state ordering problem, some interesting results are reported. 
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1. Introduction 

Thanks to quantum entanglement, quantum mechanical systems can make a lot of information 
processing task much more quickly than the classical mechanical systems. For example Shors 
factorization algorithm, Grovers search algorithm, Quantum Fourier Transformation etc. [1-9]. On the 
other hand, lot of work such as the quantum teleportation, super dense coding and quantum key 
distrubution (QKD) are not possible with classical mechanical systems, they are only possible with 
quantum mechanical counterparts. Therefore, quantum technologies are in an exploration era for 
areas like computer science, communication and encryption. 

Quantum entanglement can be observed in bipartite and multi-partite forms. Various criteria has 
been developed to measure the entanglement for bilateral systems. For example, Negativity, 
Logarithmic Negativity and Concurrence depend on the eigenvalues of the partial transposition of the 
system’s density matrix. Relative Entropy of Entanglement (REE) is based on the distance of the 
nearest system which is not entangled to the mentioned system. 

Quantum Fisher Information (QFI) is a measure of a quantum system parameter’s sensitivity for 
changes. If we investigate QFI of a system’s state per particle, we obtain shot-noise limit information 
for separable states [10]. QFI topic is mainly studied in many recent works both as theoretically and 
experimentally [11-16, 31-36]. 

On the other hand, a general and accepted multipartite entanglement measure is not defined so 
far. Furthermore, since multipartite entanglement creation and processing may be used in 
computation problems, it is one of the hot topics in quantum information domain [17-36]. QFI may be 
considered a first general entanglement measure for multipartite systems and some meaningful 
research activities continue in this aspect [23-36]. 
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Our added value in this work could be explained as follows: we compare widely studied 
negativity and relative entropy of entanglement measure for 1000 random states for general two level 
(qubit) and three level (qutrit) systems. In this manner, we analyse these values respectively and 
obtain some interesting results and report them. 

2. Materials and Methods  

Negativity is a quantitative version of Peres-Horodecki criterion [19]. It is defined for two particle 
two level general quantum systems as follows [2,20,21]: 

N(ρ) = max {0, -2µmin}, (1)

Here µmin value is the minimum eigenvalue of ρ’s partial transpose. Negativity, which is defined 
by the equation above is a value between 0 and 1 like Concurrence. Similarly like for concurrence, 1 
means maximal entanglement. 

Vidal and Werner shown that Negativity is a monotone function for entanglement [21]. 

For calculating concurrence values of two qutrit systems there is no closed formula. Because of 
this situation, there are some derivatives of concurrence for these systems. Therefore, for measuring 
two qutrit systems’ entanglement in general we use Negativity. Negativity is calculated in a similar 
way for two qutrit systems [30]: 

N(ρAB) = max {0, -2µmin}, (2)

Here µmin value is the minimum eigenvalue of ρAB’s partial transpose due to system A.  
 
Relative Entropy of Entanglement (REE) is a measure based on the distance of the state to the 

closest separable state. Mathematically it can be defined as follows: the minimum of the quantum 
relative entropy S(ρ||σ) = Tr(ρ logρ – ρ logσ) taken over the set D of all separable states σ, namely for 
each ρ in D 

E(ρ) = min(S(ρ||σ)) = S(ρ||σ'), (3)

where σ' denotes the closest state to ρ. 
 
For this measure there is no closed formula found for two-level or morelevel systems. For some 

specific and multi-level systems there are some formula suggestions. For two-level systems there are 
some estimations based on semidefinite programming [37]. We used the software provided in [37] to 
calculate REE values. 

 
 

3. Results 

In this section we show our results for random 1000 two-qubit (two-level) and 1000 qutrit (three-
level) systems’ Negativity and REE measures. Results are given in Figures 1 and 2. 
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Figure 1. Results for two qubit systems 

 

Figure 2. Results for two qutrit systems 

Table 1. Comparison of Negativity and REE 

Class Neg vs REE  
1 N(S1) > REE(S1) 

4. Discussion 

As a result of the comparison is made, two qubit and two qutrit system states which have reel 
density matrices, generally Negativity values are larger than REE values have been estimated. 
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In each case, almost exactly same graphic has been occured. This is quite an interesting result for 
sorting of system states. In this case, only one class for sorting problem has been determined. This 
result is not only [3] and [4] scope, also it is quite important for Quantum Information Theory and 
Ouantum Communication. 

 

If bipartite larger entangled systems will be examined in future studies, bound entangled system 
states can be estimated are thought of will be much more different comparison graphics. 

There is a closed formula for Negativity measure in two or more level systems, but for REE 
measure there is no closed formula found, there are estimation methods for two level and three level 
systems as it is not there is no estimation method for larger systems. This is an open research and it 
can be studied by researchers.  
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