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IDENTITIES OF THE CHEBYSHEV POLYNOMIALS, THE INVERSE OF A
TRIANGULAR MATRIX, AND IDENTITIES OF THE CATALAN NUMBERS

FENG QI AND BAI-NI GUO

ABSTRACT. In the paper, the authors establish two identities to express the generating function
of the Chebyshev polynomials of the second kind and its higher order derivatives in terms of the
generating function and its derivatives each other, deduce an explicit formula and an identities
for the Chebyshev polynomials of the second kind, derive the inverse of an integer, unit, and
lower triangular matrix, present several identities of the Catalan numbers, and give some remarks
on the closely related results including connections of the Catalan numbers respectively with the
Chebyshev polynomials, the central Delannoy numbers, and the Fibonacci polynomials.

1. PRELIMINARIES

It is common knowledge [8] [15, 52] that the generalized hypergeometric series

oo

(al)n"'(a )n 2"
qu(al,...,ap;bl,...,bq;z) = Zmﬁ

is defined for complex numbers a; € C and b; € C\ {0,—1,—2,...}, for positive integers p,q € N,
and in terms of the rising factorials (z),, defined by

n=0

n—1

N e
£=0 ) =0.

Specially, one calls o F (a, b; ¢; z) the classical hypergeometric function.

It is well known [12] 47, [55] that the Catalan numbers C,, for n > 0 form a sequence of natural
numbers that occur in tree enumeration problems such as “In how many ways can a regular n-gon
be divided into n — 2 triangles if different orientations are counted separately? whose solution is the
Catalan number C),_5". The Catalan numbers C,, can be generated by

2 1-VI—4dz
1+1—4z 2z N

and explicitly expressed as

1 (20 47T (n + 1/2)
n= ——TT =21 (1 —n,—n;211) = ———77,
= n+1<n) 2Fi (1 =n, =n; 231) VrT(n+2)

o0
ZCnx"=1+x+2a?2+5x3+~--

n=0

2010 Mathematics Subject Classification. Primary 11B83; Secondary 05A15, 05A19, 11C08, 11C20, 11Y35, 15A09,
15B36, 33C05, 34A34.

Key words and phrases. identity; inverse matrix; explicit formula; generating function; Chebyshev polynomials of
the second kind; Catalan number; triangular matrix; classical hypergeometric function; integral representation.
This paper was typeset using ApS-IANTEX.


http://dx.doi.org/10.20944/preprints201703.0209.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 March 2017 d0i:10.20944/preprints201703.0209.v1

2 F. QI AND B.-N. GUO

where the classical Euler gamma function can be defined [, 15, 24, [30, 52] by

F(z):/ t*~le7tdt, R(z) >0
0

or by
nln®

I'(z) = nILrI;O I ENCET ze€C\{0,—-1,-2,...}.
For more information on the Catalan numbers Cj and their recent developments, please refer to
the monographs [2, 12, B3], the papers [13| 25, [34] 140} (46| [47] (4, (9] 61, [62] [63] and the closely
related references therein.
The first six Chebyshev polynomials of the second kind Uy (z) for 0 < k <5 are

Us(x) =1, Ui(z)=2x, Us(z)=4a*—1, Us(x)=_8z>— 4z,
Us(z) = 162* — 1222 + 1, Us(x) = 322° — 322° 4 6.

They can be generated by

F)=Fto) =y Z Un

for |x| < 1 and |¢| < 1. For more information on the Chebyshev polynomials of the second kind
Uy (x), please refer to [28, Section 7], the monographs [8, [I5] [52] and the closely related references
therein.

Let |z denote the floor function whose value is the largest integer less than or equal to  and
let [x] stand for the ceiling function which gives the smallest integer not less than z. When n € Z,
it is easy to see that

31=30- 5] e [ =gfe )

In this paper, we will establish two identities to express the generating function F(t) of the
Chebyshev polynomials of the second kind Uy(z) and its higher order derivatives F*)(t) in terms
of F(t) and F*)(t) each other, deduce an explicit formula and an identities for the Chebyshev
polynomials of the second kind U (x), derive the inverse of an integer, unit, and lower triangular
matrix, present several identities of the Catalan numbers C}, and give some remarks on the closely
related results including connections of the Catalan numbers C}, respectively with the Chebyshev
polynomials U (x), the central Delannoy numbers, and the Fibonacci polynomials.

2. LEMMAS
In order to prove our main results, we recall several lemmas below.
Lemma 2.1 ([2, p. 134, Theorem A] and [2, p. 139, Theorem C]). For n > k > 0, the Bell
polynomials of the second kind, denoted by By, (z1,22,...,Tn_k+1), are defined by

n—k+1

n! x\ i
Brix(z1,22,. .., Tpept1) = E : W H (ﬁ) .
1=1

1<i<n,;€{0}UN
Sk ili=n
n =k

i=1
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The Fad di Bruno formula can be described in terms of the Bell polynomials of the second kind

Bn)k<.’)j1,l‘2, ce ,a’:n,k+1) by
%f o h(t) = Zn:fW)(h(t))Bn,k(h’(t), R'(t),... k"D (@1)), neN. (2.1)
k=1

Lemma 2.2 ([2 p. 135]). For complex numbers a and b, we have
B,k (abml, ab’zs, . . ., ab"*k“xn_kﬂ) = akb"Bn,k(xl, Xy vy T kg1 )- (2.2)

Lemma 2.3 ([9, Theorem 4.1], [45] Eq. (2.8)], and [56, Lemma 2.5]). For 0 < k < n, the Bell
polynomials of the second kind B, j; satisfy

1 nl/ k 2hen
Bn’k(x71’0’.."0):Wk!(n—k)x 5 (23)

where (f]’) =0 forqg>p=>0.

Lemma 2.4 ([7] and [12, pp. 112-114]). Let T(r,1) =1 and

T

T(r,c) = Z T(,c—1), ¢>2,

1=c—1

or, equivalently,
T(r,e)=>» T(r—1,j), rceN
j=1

Then

— 2 —1
T(r,c) r—c+ <r+c

1 ), r,ceN

7,
and T(n,n) = C,, for n € N.

Lemma 2.5 ([I6, p. 2, Eq. (10)] and [3]). For n € N, the Catalan numbers C,, have the integral

representation
| Y
C,=— 1/ "da. 2.4

Lemma 2.6. Fort #0 and j € N, we have

1—j 2—3 1 1t 21\’ 271\’
F J] ) = = 1 —(1-— . 2.
2 1< 2 ) ) ) ]7t2> 9 t2—1|:( + t ) t (5)

Proof. In [8, pp. 999-1000], it was listed that

apy o L T@A+n) D(#5) 7 "2l
G, (t) = NN F(i) /0 (t +vt2 =1 cos qb) sin pdo (2.6)
and 2"T(A +n) 1 1
A _ n) n _nion .
G, (t) = ATy t 2F1< 5 5 1= —mn; t2)’ (2.7)

where G} (t) stands for the Gegenbauer polynomials which are the coefficients of o™ in the power-

series expansion
o0

! =3 GMt)am.

_ 2)A
(1-2ta+ a?) pors
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Taking n = j — 1 and A = 1 in equalities (2.6) and (2.7)), combining them, and simplifying give

1—j 2—5 1 j 1 [ [ =1
2F1(27271_.77t2>:2jtjl 0 (t+ t2—1COS¢) Sll’ld)d¢

j (2 —=1)U-1/2

T t ]—1 )
=3 T / (m —|—cosq§) singd ¢
o _

j (t2 _ 1)(1‘71)/2 mJ—1 j—1 " j—1—¢ .
—/0 Z( , ><f—1) cosngsm(bdgzﬁ

j —1
2i ti ~
. i j—1 . j—1—4
A G e | ty Tl
_gtﬂ'——lg ’ ﬁ | cos” ¢singpd ¢
I RG CR Hji F-1\ (VE—T\ (-1) +1
Y ti—1 2 _ 1 —\ t f+1

G- (VEIN (F) 1
2 ¢ t l+1

0
1t 21 21
== A oYL
27 \/t2 — 1 t t

The formula (2.5)) is thus proved. The proof of Lemma [2.5]is complete. O

Lemma 2.7 ([8, p. 399]). If R(v) > 0, then

/2
1 ™
cos” "z cos(ax)dz = — — , (2.8)
/0 vy B(Ltatl voatl)

where B(a, B) stands for the classical beta function satisfying

Bla,8) = m = B(B.a), R().R(B)> 0.

3. IDENTITIES OF THE CHEBYSHEV POLYNOMIALS OF THE SECOND KIND

In this section, we establish three identities and an explicit formula for the Chebyshev polynomials
of the second kind Uy (x), their generating function F(t), and higher order derivatives F'(¥)(t). Why
do we start our research in this paper from here? Please read Remark [6.1]in Section [6] below.

Theorem 3.1. For n € N, the nth derivatives of the generating function F(t) of the Chebyshev
polynomials of the second kind Uy (x) satisfy

() (4 — n! S _\k k _ )2k pRtL
OO = g, 2 <n_k)[2<t NPEFR 1) (3.1)
and
ity L 1 “(=DF on—k—1 TR E®
) = S (k_l)!( o )[2<t NEPO () (3:2)
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Consequently, the Chebyshev polynomials of the second kind U, (x) satisfy

x) = )" § ke F 2k
o) = e 2 (D (.5 )e (33
and
Zk(%n__l_ )(Qx)kUk(x) = n(2z)". (3.4)
k=1

Proof. By the formulas (2.1)), (2.2)), and (2.3)) in sequence, we have

da" 1
mgpy=2 (-
F) dt”<1—2tx+t2>

k=1
"L (—1)kE!
:Z<uk)+1 9B, 4 (t —z,1,0,...,0)
k=1

nl k (x — t)2k—n
) Z i < k> (1= 2tz + 2)FH1
n| Z 22k n (n ﬁ k) (JI _ t)Qk—an+l(t)

for n € N, where u = u(t,z) = 1 — 2tz + t2. This can be rewritten as the formula (3.1]).
We can reformulate the formula (3.1) as

2(t==2)]" t z) ]1 F/(t)
2 U (=1D)M2(x = )P F3(t)
ez (122 — ] F¥ (1)
bzl z>] FO(t) (—1)%[2(z — 1)]5F4(¢)
B P2 (1) (1) 22 — O P g)
26"~ p(n-1) (1) (—1)"‘n1 2(x — t)];i"_nlif?”(t)
fg(?—?x')]" FoO (1) (=D)"[2(z = " F ()
for n € N, where A,, = (@i j)nxn With
0, i<j

J R
@ij = (i_j), Jsi<2)

0, i>2j
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for 4, j € N. This means that
[Q(t 93)] F'(t)

(—1)1[2($ - t)FFQ(t) t w "
(~1)2[2( — ) F (1) Bl (1
(—1)3[2(90 — P F(1) MF@) (t)
= A" : (3.5)
(1) t)]” PE %ﬂ -2
R o B —F (0

S0

for n € N, where A ' = (b; j)nxn denotes the inverse matrix of A,,.
By the software MATHEMATICA, we can obtain immediately that
-1

100000 1 0 0 0 0 0
11000 0 -1 1 0 0 0 0

4 lo21000 |2 -2 1 0 0 0

A=lo 13100 |5 5 3 1 0 o0 (36)
003410 14 -14 9 —4 1 0
0016 5 1 42 42 -28 14 -5 1

The first few values of the sequence T'(r,¢) can be listed as Table [I} where T'(r,¢) denote the rth
element in column ¢ for r,¢ > 1, see [12, p. 113]. Comparing Table [1| and the inverse matrix (3.6]),

TABLE 1. Definition of T'(r, ¢)

1 2 3 4 5
1]1
211 2
3/1 3 5
411 4 9 14
511 5 14 28 42

we should infer that
T(k+m,k) = (—1)"  bpimitmea, k>1, m>0.
Hence, by Lemma [2.4] we should obtain
2p—q—1
bpg= (D) "T(p-1,p—q+1)= (—1)”‘1;( pp_ql >, p=q=2.
It is easy to see that the formula

¢4 (2p—q—1
bp,q:(_l)p q( p—1 )

p
should be valid for all p > ¢ > 1. This should imply that

(=D)"[2(x — )" F" T (¢) ank kF(’“)(t), neN. (3.7)
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We now start out to inductively verify the equation (3.7). When n = 1,2, the equation (3.7) are

2(t — x) 2 — 2t

)
F'(t)=b
(1) = b= (1 — 2tz +12)2

_2(z — )PF2(t) = bmwl—_'x

and

]k

2~ OFF (0 = Y b2
k=1

2t—z) , 2(t —x)]? ,
) o) 4 1 B oy

20t —x) 22 -2t 20— x)]? 2(3t* — 6te + 42% — 1)
I (I—2tw+e2)2 " > (2 — 2tz + 1)

which are clearly valid. When n > 3, we rewrite as

Fk) ()

=by

=ba1

( nFn+1 ank k F(k)( ) (3.8)

Differentiating with respect to ¢ on both sides of (3.8)) yields

(=1)™(n+ 1)F"(t) ibk— 2(k — 2n)[2(t — 2)]F 2L EW (1) 4 [2(¢ — )2 ERFD (1))
k=1
:Zn:bk_ (k 27’L)[ ( )]lc 2n— 1F(k) _|_Z k 2nF(k+1)(t)
k=1
_ i Z(k _:"I’L>bn’k [2(t _ {[;)]k_Qn_lF(k) + Til n.k— 1 x)]k_l_ZnF(k)(t)
k=1 ’
Cbpa 2(1-2n) by 1 _
TR O i oy x)}nF( U

+) {bl’;—i’“m —2n) + (Z”_’“‘ll),} 2(t — z)]F~ 2= FM (1)
k=2

which can be rearranged as

2(1 = 2n)b,, [2( — 2)]' =2+

n+1 n+2 !
()" FTE) = —— 1! F)
[2(t — x)] (1) —2(n+1) (n+1)
N 20k = 20+ Kby [2(E = @)D FO) (1)
k=2 ntl & |

It is easy to see that

21— )b,y 200—20), . 1(20—2\ . 1 (20
n+1  on+1 (=1) n\n-—1 =1 = v
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Since by =1 for all 1 <k < n €N, it is sufficient to show

2(/€ — QTL)bn’k + kb k-1
n+1

= b1k (3.9)

for 2 < k < n. This is equivalent to

20k = 2n) ik (Zn - 1) PRELIPE ) | <2n - k:)

n+1 n n—1 n+1 n n—1

k 2n—k+1
= (=1 n+l—-k__ "
(=1 n—|—1( n )

which can be verified straightforwardly. The equation (3.7)), which can be reformulated as (3.2)) for
n € N, is thus proved.

The formulas (3.3) and (3.4) follow readily from taking ¢ — 0 on both sides of (3.1) and (3.2))
respectively. The proof of Theorem is complete. O

4. INVERSE OF A TRIANGULAR MATRIX

In this section, basing on equations (3.1]) and (3.2)), we derive the inverse of an integer, unit, and
lower triangular matrix.

Theorem 4.1. Forn € N, let

(é) 0 0 0 0 0 0 0
(1) (;) 0 0 0 0 0 0
o () ¢ o 0 0 0 0
o0 G @ 0 0 0 0
o o0 () (4 o 0 0 0
o o & o 0 0 o0
Ap=(aijhxn =10 0 0 (z) 0 0 o o |
0 0 0 0 (”;—3) (3 (:) 6
00 0 0 o B G N
0 0 0 0 (") (") () 0
0 0 0 0 ("9 (%) () ©)
where
0, i<j

J P
Qij = (Z._j)’ JS1<2j
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for1<4,j5<n. Then

Agl = (bi,j)nxn

1 0 0 0 0
-1 1 0 0 0 0
2 -2 1 0 0 0
-5 5 -3 0 0 0
14 —-14 9 0 0 0
— —42 42 —28 0 0 0 ,
—1 n—1 2n—6 —1 "2' 2n—7 —1 ”*1:'3 2n—8 ' ' '
( n)72 (n73) (n321 (n73) ( n)72 (n73) e 1 0 0
—1)" (2n— —1)"~ 12 rop_ —1)"3 /2n—
(n—)l (2nn—24) ( n)—l (2:—25) (n—)l ) (2:—26) —(n—2) 0
—D" ! an—2 —1)"2 (2n—3 -1)""'3 r2n—4 n—2 (n+l
( 'r)z (n—l) ( n) (n—l) ( )n (n—l) TQ(nJ—rl) 7(717 1) 1
where
0, 1<i<j<nm;
b, i = i (2%—7—1 4.1
I (-1)11?(1,] > n>i>j>1. (4.1)
) 1 —1
Proof. This follows straightforwardly from combining (3.5) with (3.2). The proof of Theorem
is complete. O

5. IDENTITIES OF THE CATALAN NUMBERS
In this section, we present several identities of the Catalan numbers Cj,.

Theorem 5.1. Fori > j > 1, we have

LG-1)/2] . e
j—0-1 Jj(2i—j—1
> (—1)£< ' )Ci—é—l = Z( S ) (5.1)
£=0

Proof. Observing the special result (3.6)), we guess that the elements b; ; of the inverse of the
triangular matrix A,, should satisfy the following relations:

(1) for i < j, the elements in the upper triangle are b; ; = 0;

(2) for all ¢ € N, the elements on the main diagonal are b; ; = 1;

(3) the elements in the first two columns satisfy b, 1 = —b; o for i > 2;
(4) the elements in the first column are b; ; = (—1)71C;_1;

()

5) forl1<i<m—land1<j<n-2,

bit1,j42 = bij — bit1,j+415
(6) fori>j>2,

i—j—1
bij= > (=D*bi1
k=—1
Basing on these observations, we guess out that the elements b; ; should alternatively satisfy
[G-1)/2] i—r-1
i—j ¢ L
bij=(-1)""7 Y (-1) < . )CM1, i>j>1. (5.2)

£=0
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Combining this with (4.1)) and simplifying yield the identity (5.1)).
We now start off to verify the identity (5.1]). By virtue of the integral representation ([2.4)), the
formula (2.5) in Lemma [2.6] and the integral (2.8) in Lemma 2.7, we acquire

LG-1)/2] .
-1
Z (1) (j ), >Ci—l—1

=0
LG-1)/2] .
1 [ [a—z J—=0—=1\ ,_,_

£=0
rLG-1/21 . ¢
e i—3/2 1 G—-1-0'1 L
= 4 —g)t/2 Mo - 72 (_2) | d
o J, T D) ;é% Go1—2000\ z) |
rLG—=1)/2] (1—j\ (2—j ¢
L[t is (4).(53%) 1(4)
_ i—3/204 _ N\1/2 2 Je\"2 Je
271'/0 ( ) I ; (I—4) O\zx
- < (9,55 1<4)‘
_ i—3/2 1/2 2 )\ e
=— | =z 4—x ~= 2 = Lo - dz
27 Jo ( ) _; (I1-4) O \z
IR 1—j 2—j 4
_ 1 i—3/2/4 _ N\1/2 R
277/0 T (4—x) 2F1< 5 5 1 Jio ) dx
4t ot 1—5 2—35 1
= [ 320 p2e(—L 22 o) de
o o t ( ) 2 1( 2 ) 2 3 jvt
i 1 1\ J — J
:'éf/ ﬂ‘”za-—wuzir—ﬁz—[<1+» ! 1) —-(1— ! 1> ]dt
21 Jo 27 \t—1 Vit NG
p2i-i 1 F j T\
= i i (141 =2 ) —(1-4/1=2 i — /1
et () (g g Jar v
22i=J [ s o \g Y
= Z/o (1+32)i+1[(1_7‘5) —(1+zs) ]ds

92i—j 00 . J . J
_ ’L/ ( S ‘ [(me—zarctans> _ ( /1 + 52 ezarctans) } ds
0

™ 1+ s2)it!
221’—] o] s N . B .
— ; —1tj arctan s _ 1) arctan s
= z/o (5 52y (e e )ds
221’—]’ o) s
= — sin(j arctans)d s
71' /0 (14 s2)i—d/2+1 Y )
92i—j [7/2 tant 5
= — sin(jt)sec” tdt
T /0 (1 + tan? t)i=d/2+1 (1)
92-i (/2 tant
= T sin(jt) d ¢

sint cos?* =/ tsin(jt) dt


http://dx.doi.org/10.20944/preprints201703.0209.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 March 2017 d0i:10.20944/preprints201703.0209.v1

CHEBYSHEV POLYNOMIALS, INVERSE MATRIX, AND CATALAN NUMBERS 11
92i—j [m/2 o
= / [cos((j — 1)t) — cos((j + 1)t)] cos? I~ tdt
0
- 2%i—J s B T
o 227920 - §)B(ii—j+ 1) 2%79(2i — j)B(i+ 1,0 — j)
1 1 1
C2i—j|BG,i—j+1) B(i+1,i—j)
1 [ I'2i—j+1) B N(2i—j+1) ]
2| D@LGE—j+1) TG+ 16— j)
1 1
=(2i—j—1)! —
(@i-j-1) [F(i)F(i 41 T(i+ I —j)]
1 1
=(2i—j—1)! —
@i=j=1 [(z’—l)!(i—j)! i!(i—j—l)!]
(251
Ca\ i—1 )
The identity (5.1]) is thus proved. The proof of Theorem is complete. O
Theorem 5.2. Fori,j,n € N, the Catalan numbers C,, satisfy
[n/2] n—k
S (—1>k( ] )c = (53)
k=0

> L(j_zlim(—l)m(i f z) (j - Z - 1> oy =0, 5

i<20<2i k=0
L>j

and

5 L(Zim(—l)e_k <£ i j) (f — IZ - 1) coio 55

i>6>j k=0
<25

Proof. This follows from expanding the matrix equation
A AT = ATTA, =1, (5.6)

and utilizing the expression (5.2)) in Theorem where I,, stands for the identity matrix of n
orders. This can be written in details as follows.
The matrix equation (5.6]) is equivalent to

0, t#7J
1, i=j

. 0, i<
K2
i ebej = L=
; ;ai,ebm, P> {
=J

and

0, 1< ]
Zn:b . i 0, i#j
000, = L= T
= i J ;bi,lal,jv ’LZ_] ]_’ 1=7
=J
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which can be rearranged as
i S i S
0, > 0, 1>7
a;ebej = . or biear; = .
S = {070 o S )7

for 1 <i,5 <n.
When 1 <i=j < n, it follows that

i i
1= aiebe; =Y biear; = aiibi; = b
= =j

i—1 . [(i—-1)/2] .
Z —k-1 —-k-1
= (_1)k<Z k )Ci—k—l = E (—1)16(Z k >Ci—k—1-

k=0 k=0

The identity (5.3]) is thus concluded.
When 1 < j < i < n, it follows that

i
O:E aiebej = E ;b
=5

i/2<0<i
>j

1)/2] .
—-k—-1
(—1)k (J i )CZkl

> (if€>(_1)€_j ’

£>j
and
0= Zbi,me,j = Z bieae,;
=5 i>0>j
<2
L(e=1)/2]
l—k—1
_ -1 i—4 _1\k A
Sy o (T e (7))
i>0>7 k=0
<2
L(e=1)/2] .
. (—k—-1
= (-1) ) L k1.
oY e (T e
i>0>j k=0
7<2j
The identities (5.4) and (5.5) are thus derived. The proof of Theorem [5.2]is complete. O

Theorem 5.3. Let m,n € N. If n > 2m > 2, then

m—1 0 (2m—L—1\ n+20+1
1l g L el O
=0 GV M) RS i m(2m — 1). (5.7)

-1 2m—~0—2 1
o (CDECT ) g1 Cnt1
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Proof. Employing the expression (5.2)) and making use of Theorem we can write the recursive

equation (3.9) as

[(k—1)/2]
2k —2m)(—1)" kS (—1) (’“ w0 l)cn_e_l

¢
=0
L(k—2)/2]
k—0—2
_1\n—k+1 1\
Fh(-1) S <1>( ' )cn_e_l
£=0
L(k—2)/2]
k—¢—2
_ n k+1
_( {k Z ( / )Cn—l—l
L@AVH
k—0—1
2k — —1)* e
2(k — 2n) ;é% (-1) ( ' )<7n ¢ 1}

L(k=1)/2] L
o mey Y o (T o

£=0

for n > 2, that is,

[(k—2)/2] [(k—1)/2]
k—t0—2 k—0¢—1
k Z (_1)5( ), )Cn—e—l —2(k —2n) Z (—1)Z< ¢ )Cn—e—1
=0 =0
[(k—1)/2]
i1
—(n+1) (_1)5<’C , )cn_@, n>2 (58)
=0

When k& = 2m and m € N, the equation (5.8)) is equivalent to

m—1 m—1
o9m — € —2 -1
am Y (0 (7 ) o D3E I G S

=
m—1
2
n+1 Z <m - )Cn—ﬁa
=0
2 {—2 2 {—1
zmz (m ) n—~_0— 1_4mz (m )Cnll
m—1
2 2
n"'l Z (m - ) n— €_4nz <m - >On—é—17

(G I G

_ '_(_1V<2m"_€_1)Kn4-ncg_e—4ncg4_ﬂ,
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and

m—1 m—1
(2m — £ — 2)! om —(—1\n+20+1
2 _1 Z— n = 7071__
" ez I(2m — 20— 1)1 "1 ZZ ( )n—£+1 1

which can be rearranged as

m—1

Cn—l—l =0

@2m—L—-1)(n+20+1)] 2m—{—2)!
n—~0+1 }Z!(Qm—%—l)!

M

[ 2m—1) —
for n > 2m > 2. This can be further rewritten as (5.7). The proof of Theorem is complete. [

6. REMARKS

Finally, we give some remarks on the closely related results stated in previous sections.

Remark 6.1. Now we explain the motivation of Theorem [3.1]as follows. In [IT], the following results
were inductively and recursively obtained.

(1) The nonlinear differential equations

2"l () = > ai(n) )2 EO W), neN
i=1
has a solution
1
F(t)=F(t =
() = Flt:2) = 15—

where a1 (n) = (2n — 3)!! and

n—i n—i—ki_1 n—i—k;_1—-—k2
5 e
ki—1=0 k;_2=0 k1=0

><H<n§kg 2H2 > <2<ni§kj>l>!! (6.1)

-

for 2 < i < n, with the notation that

n—1 zz—1)(z—n+1), n>1
(x)n = (x_’“):{

is the falling factorial and that the double factorial of negative odd integers —2n — 1 is
defined by
(=)™ n 20!

(=Dt = = = V" G

for n > 0. See [I1, Theorem 1].
(2) The higher order Chebyshev polynomials of the second kind U,(f‘)(:z:) generated by

1 e
I R (@) (z)m
<1—2mt+t2> =2 U@t

n=0
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satisfy
"2k +n i—1
k+1 —t—1—= +0—2k— .
Ui (@ 2’%1 Z“l Z ( )U@“(“;)”H "0+ 1)
=0

for k € N, where U )(x) = Up,(z). See [II, Theorem 2].

(3) The higher order Legendre polynomials i (z) generated by

1
[ (a)
(\/1—2xt+t2> Zp

satisfy
n k n .
I P DI Dl G AN C I
=0 i=1 £=0
for k € Nand n > 0 and
L4i .
U,(Lk+1) 2kk' Z ai(k > jZO <2k + nn _fg 1 1)xi+£2kn<€ + D)ipogioj(2)

for k,n € N, where pi} )( ) = pn(z). See [11], Corollaries 3 and 4].
(4) The higher order Chebyshev polynomials of the third kind V,{®) (x) generated by

1—t -
- - v — V(@O ()¢
<\/1—2xt—|—t2) ; w7 (@)

satisfy
n k % .
k+n—/¢ (k+1) 1 7!
Z( > ) (Z’)ZMZ ai(k) 5
£=0 i=1 £=0
X <2k * mm_ T 1) <Z B i+ 5) (0 + p)ox =k "mV(2)
m-+s+p=n

for k € N and n > 0, where Vél)(x) = Vp.(z). See [II, Theorem 5].
(5) The higher order Chebyshev polynomials of the fourth kind W,E“)(x) generated by

1+t =
- — W(a) tm
(\/1—2xt+t2> Z;) " (@)

satisfy
- n— k+n—1t k+1 1 k : i 7!
>(-1) ‘( o )WF)(x):Qk—MZ (~1'aik)
=0 =1 4=0
f2k+m—i—1\[i—l+s i—2k—m.
X Co (T (T e @)

for k € N and n > 0, where W, = W, (z). See [11, Theorem 6].
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(6) The higher order Chebyshev polynomials of the first kind T, T(La)(:c) generated by

( 1—t2 )a—iT(a)(x)tn
V1 =2zt + 12 ="

satisfy
k+s\/m+k
k+1 mm(k+1
2R Y ( ) )( m)(—1) T+ ()
s+m+p=n

k i . . .

i 2k+m—i—-1\ (i +s—/¢ 2k
1=1 ¢=0 m+s+p=n

il i s(2k+m—i—1\[i+s—1( i—2k—m
S I NACEICTED DEICIN G ") B T ()
i=1 ¢=0 m+4s+p=n
for k € N and n > 0. See [II, Theorem 7].

It is clear that the quantities a;(n) defined by (6.1) play a key role in the above-mentioned con-
clusions obtained in the paper [11]. However, the quantities a;(n) are expressed complicatedly and
can not be computed easily. Can one find a simple expression for the quantities a;(n)? Theorem
answers this question by

ﬂn!b 1 (n—l)!(2n—k—1>

onk pmE T ok (kDI n—1 (62)

ag(n) =

for n > k > 1. By this much simpler expression for ai(n), we can reformulate all the above-

mentioned main results in the paper [I1] in terms of the quantities defined in (6.2)). For saving time
of the authors and space of this paper, we do not write down them in details.

Due to the same motivation and reason as Theorem [3.1] the authors composed and published

the papers [10] [19] 20, 21, 35 36, 37, B8] 48], 49], 50, (7, 58], for examples.

Remark 6.2. The identity recovers [61), p. 2187, Theorem 2, Eq. (15b)]. It can also be verified
alternatively and directly by the same method used in the proof of the identity .

Actually, the identity is a special case i = j € N of the identity . In other words, the
identity generalizes, or say, extends ([5.3)).

It is clear that the proof of the identity is simpler than the one of adopted in [61] and
related references therein.

Remark 6.3. The integral representation (2.4]) for the Catalan numbers Cj and its variant forms
can be found in [3} [4, [5, [6] [T6] 17, [44] and the closely related references therein.

In recent years, there are plenty of literature, such as [14] 18| [25] 27, [31, [32] 40l 4T], 44 40
A7, 59] 62] [63], dedicated to generalizations of the Catalan numbers C), and to investigating their
properties.

Remark 6.4. The formula (2.3) in Lemma [2.3] has also been applied many times in some papers
such as [9] 26} 29, [33], 36}, B8], 39, 42 [43], 45 51 (6l 60] and the closely related references therein.

Remark 6.5. Let A,, = I, + M, and I, be the identity matrix of order n. By linear algebra, it is
easy to see that M’ = 0 and

(In + M) (In — My + M2 — M2+ -+ (=1)" ' MY =1, — M = I,.
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This means that
n—1
At = (I, + M) =1+ > (1) ME.
k=1

In theory, this formula is useful for computing the inverse A '. But, in practice, it is too difficult
to acquire the simple form in (4.1)).
Can one conclude a general and concrete formula for computing M?¥ from Theorem |4.1];

Remark 6.6. Motivated by the proof of the identity we naturally ask a question: can one
explicitly compute integrals of the type

1
/ 271 - 2)P 7 Fy(a, by x2) d 27
0

In [53, p. 340, Remark], it was given that

lzo‘_l e a,b;c;xz’ 2271"(0)1"(@ a a,0); (e « o) x
| == R e as = SORH @ (@), 0.1), (@0 (e 1) (0 + Auo)ia),

where

> T(ag + Bin) - T(ay, + Bpyn) 2"
(0] ; 1z2) = —
P Q((alﬂﬂl)v 7(0‘P7ﬁp)7(p17ﬂ1)ﬂ 7(ppﬂ:uq)7'z) nZ:OF(PlJF,Uln)"'(F(Pq+,Uan)) nl

and (., u; are real positive numbers such that

q p
14> =Y B >0.
t=1 r=1

Making use of this result, we can supply an alternative proof of the identity [5.1] in Theorem [5.1]
There is a similar formula in [52], p. 104, Theorem 3§].
This question has also been considered in [T, 23] and the closely related references therein.

Remark 6.7. In [I5] p. 387, 15.4.18], it was listed that the formula

1 1 1 JI—z\'™
Fila,a+ =;2a;2 | = -
by (o i) = 7= (55

2 2 + 2
holds for the principal branch when |z| < 1, and by analytic continuation elsewhere. Straightfor-

wardly letting a = 1%] results in

1—j 25
Fl—) 27J. 1 sy
2 1< 2 ; 2 ) J3

>=\/%(;+\/?>j, ] < 1.

Replacing ¢ by % leads to

1—j5 2—3 ! 1 t t—1\’
F 1l—gi =) = =/ — ([ 1+4/—— t| > 1.
21( 2 7 27 J’t> 27 t—l( t >’ 1>

This expression for o Fj (1%3, ?; 1—7; %) is slightly different from (2.5)) in Lemma

Remark 6.8. Comparing main results of this paper with those in [28], we can see that there exist
some close connections among the Chebyshev polynomials of the second kind U,, the Catalan
numbers C,,, the central Delannoy numbers D,,, the Fibonacci polynomials F),(z), and triangular
and tridiagonal matrices.
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Comparing Theorem with Theorem reveals that the equality (3.4]) can be reformulated
in terms of the Catalan numbers C,, as

n [LE-1)/2] o
ST ("o ottt = 2o (63
k=1 =0

Taking = 3 in (6.3)) and considering results in [28] Section 10] disclose that

n L(k—1)/2] k01
6F -1 f( > o D(O)D(k —¢)| = 6>,
; Z (-1 ¢ -1 Z )

£=0

where D(k) denotes the central Delannoy numbers which are combinatorially the numbers of “king
walks” from the (0,0) corner of an n xn square to the upper right corner (n,n) and can be generated
analytically by

D(k)z® =1+ 3z + 1322 + 6323 + - --
V1 61‘—1—9&2 Z

Taking z = 5+v/—1 in and utlhzlng results in [28] Section 8] expose that

n L(k—1)/2]
S Y <—1>f(’“‘§‘l)cn_e_1 O

k=1 £=0
where the Fibonacci polynomials

sy = L EVATS) (s vAE )"
S Vit
can be generated by

1—ts—t2 ZF tr=t+st?+ (P + 1)+ (s +2s)tT

Remark 6.9. Now we can see that our main results in this paper stride analysis, special functions,
combinatorics, number theory, matrix theory, integral transforms, and the like.
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