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Abstract: Owing to the nondiffracting, self-accelerating, and self-healing properties, Airy beams of
different nature have become a subject of immense interest in the past decade. Their interesting
properties have opened doors to many diverse applications. Consequently, the questions of how to
properly design spatial manipulation of Airy beams or how to implement them in different setups
have become important and timely in the development of various optical devices. Here, based
on our previous work, we present a short review on the spatial control of Airy beams, including
the interactions of Airy beams in nonlinear media, beam propagation in harmonic potential, and
the dynamics of abruptly autofocusing Airy beams in the presence of a dynamic linear potential.
We demonstrate that under the guidance of nonlinearity and external potential, the trajectory,
acceleration, structure, and even the basic properties of Airy beams can be adjusted to suit specific
needs. We describe other fascinating phenomena observed with Airy beams, such as self-Fourier
transformation, periodic inversion of Airy beams, and the appearance of spatial solitons in the
presence of nonlinearity. These results have promoted the development of Airy beams, and have
been utilized in various applications, including particle manipulation, self-trapping, and electronic
matter waves.

Keywords: Airy beam; harmonic potential; dynamic linear potential; self-Fourier beam; phase
transition; soliton

1. Introduction

Diffraction is a fundamental phenomenon in physical optics, due to which the peak intensity
of the beam decreases upon propagation. Sometimes it is beneficial, as in the diffraction gratings,
sometimes a nuisance, as in the diffraction limit. In situations where diffraction is not desired
and need to be overcome, the nondiffracting beams come to the fore. These beams are a class of
nondispersive solutions of the Helmholtz wave equation that display exotic characteristics: they
are nondiffracting, self-accelerating, and self-healing, among other properties. The representative
nondiffractiong beams include the radially symmetric (Bessel) beams and the asymmetric Airy
beams.

In comparison with the Bessel beam, the most remarkable feature of an Airy beam is the
self-acceleration in free space [1–3]. The concept of Airy beam originated from quantum mechanics.
In 1979, Berry and Balazs demonstrated that the Airy function is an eigenmode of the linear
Schrödinger equation [1], and that it is the only nontrivial solution that does not expand with time
and accelerates in space. It happens that the paraxial wave equation – the wave equation in the
paraxial approximation – has the same form as the linear Schrödinger equation. Based on this
mathematical similarity between optics and quantum mechanics, one gets the optical Airy beam.
The nondiffracting feature of an Airy beam comes from its infinite transverse extension and power,
since the ideal Airy function is not square integrable. This feature is similar to the simple plane wave.
Hence, to possess finite energy and become a physical quantity, the Airy beam must be truncated. In
optics, this is simply achieved by an exponential aperture, as first put forward in 2007, by Siviloglou
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et al. [2,4]. The truncated Airy beam can still propagate for a long distance, preserving major
characteristics of an ideal Airy beam, but eventually it will diffract and lose its unique structure and
properties. Nonetheless, this method of generation makes the Airy beam experimentally available
and of wide interest for applications in optical beam manipulation. However, this method also limits
the light energy utilization and the stability of beams in the nonlinear domain remains relatively poor.
Still, by exploiting these unique characteristics of Airy beams, various application possibilities have
been explored or implemented, for example, for Airy plasma guiding [5], routing surface plasmon
polaritons [6], image signal transmission [7,8], laser filamentation [9], optical micromanipulation
[10,11], optical trapping [12–15], light bullet generation [16–19], electron acceleration [20], and other
applications [20–24].

In addition to the research on Airy beams in free space and linear media, work has also been
extended to nonlinear (NL) media and regime. In most common optical NL media, i.e., the Kerr,
saturable and quadratic media, the nonlinearity is spatially modulated, so that the beam diffraction
can be effectively balanced by the nonlinearity, through a soliton-like beam generation process. In
2009, Ellenbogen et al. produced an Airy beam in an asymmetrically modulated quadratic optical
NL medium by the three-wave mixing process [25]. This novel nonlinear generation method not only
produced an Airy beam at a new wavelength and a higher energy, but also provided new possibilities
for manipulating the dynamics of Airy beams in NL media [26–30]. According to the nonlinear
Schrödinger equation, the nonlinearity plays a nontrivial role in controlling the persistence as well
as the breakdown of Airy beams [31–33]. It has been demonstrated that the main lobe of an Airy
beam experiences self-phase modulation in NL media that results in the self-focusing or trapping of
the beam [28]. At that, the field distribution of the Airy beam varies differently in different NL media
[31,34].

As it is well known, the beam focusing is an efficient way to improve laser power density. Thanks
to the self-accelerating feature of Airy beams, in 2010 Efremidis and Christodoulides proposed a novel
abruptly autofocusing (AAF) beam [35]. The beam possesses a ring-shaped initial transverse Airy
amplitude pattern, and accelerates in either inward or outward direction, determined by the Airy
wave function tail [36]. During propagation, the AAF beam can keep low intensity profile initially,
and then abruptly converge to a focal point where the intensity grows by orders of magnitude [35,
37–41]. This abruptly autofocusing property of an AAF beam avoids possible interaction of the beam
with the transmission medium before focusing. It can be used in biomedical treatments, bottle beams,
light bullets, and in other nonlinear settings.

By now, immense research work has been devoted to Airy beams, from theoretical predications
to experimental verifications, from fundamental research to potential applications. Without doubt,
it has become one of the hottest developing fields in linear and nonlinear optics [42–45]. In this
review, based on our previously published work, we discuss some robust and flexible manipulation
techniques applied to Airy beams. The organization of the paper is as follows. Section 2 brings results
and discussion. In Subsec. 2.1, we describe the interaction of two Airy beams as they propagate
simultaneously in a NL medium; in Subsec. 2.2, we summarize Airy beam propagation in a harmonic
potential; in Subsec. 2.3, we discuss controllable spatial modulation of AAF beams, under an action
of different dynamic linear potentials. In Sec. 3, we bring the paper to conclusion.

2. Results and Discussion

In quantum mechanics, the Schrödinger equation (SE) in free space is written as:

ih̄
∂ψ

∂t
+

h̄2

2m
∂2ψ

∂x2 = 0, (1)

where m is the particle mass. One of its solutions is the Airy wave function.
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(a) (b) (c)

Figure 1. (a) Propagation of the ideal Airy beam. The inset in the right corner represents the energy
distribution of the beam at z = 0. (b) Same as (a), but for a truncated Airy beam, with a = 0.1. (c)
Self-healing process of the truncated Airy beam. The white dashed line is the theoretical trajectory.

In optics, the propagation of a scalar wave packet obeys the Helmholtz function:

(
∂2

∂x2 +
∂2

∂z2

)
ψ + k2ψ = 0, (2)

in which variables x and z are the transverse and longitudinal coordinates. Under the paraxial
approximation |∂2

zψ| � |2k∂zψ|, one obtains the paraxial wave equation,

i
∂ψ

∂z
+

1
2

∂2ψ

∂x2 = 0. (3)

Obviously, Eq. (3) is of the same form as Eq. (1), so the Airy function is also a solution of Eq. (3),
which is in the form

ψ(x, z) = Ai
(

x− z2

4

)
exp

[
i

12

(
6xz− z3

)]
. (4)

From this solution, it is not hard to see that the trajectory is determined by the transverse accelerating
term x − z2/4, so the beam propagates along a parabolic curve. Note that the intensity of an ideal
Airy wave packet remains invariant during propagation, as displayed in Fig. 1(a). However, the ideal
Airy beam does not exist in reality, due to its infinite energy. To make it realizable in experiment, an
exponentially tapered Airy beam is introduced [2,4],

ψ(x) = Ai(x) exp(ax), (5)

where a ≥ 0 is an arbitrary real decay parameter. In the momentum space, the corresponding Fourier
transform is

ψ̂(k) = exp(−ak2) exp
[

a3

3
+

i
3

(
k3 − 3a2k

)]
, (6)

which is of limited energy. So, according to the Parseval’s theorem, the energy of the attenuated Airy
beam is also limited. The propagation of the attenuated Airy beam is depicted by the solution

ψ(x, z) = Ai
(

x− z2

4
+ iaz

)
exp

[
i

12

(
6a2z− 12iax + 6iaz2 + 6xz− z3

)]
, (7)

as shown in Fig. 1(b). Compared with the ideal Airy beam, the tail of the truncated beam
quickly decays during propagation, which makes the nondiffracting and self-accelerating properties
preserved only over a finite distance. In Fig. 1(c), the healing property of the Airy beam is displayed.
The main lobe of the Airy beam is screened out initially, but it recovers quickly during propagation,
due to the transfer of energy from the tail to the head of the beam [14,46,47].
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Similarly, the AAF exponentially apodized radially symmetric Airy beam is written as:

ϕ0(r) = Ai[±(r0 − r)] exp[±a(r0 − r)], (8)

where r0 is the initial radius of the main lobe, and ± corresponds to the inward or outward going
beams, respectively.

2.1. Nonlinear guidance

Based on the above analysis, one finds that the properties of Airy beams are stable in free space.
Naturally, one wonders whether these concepts can be extended to inhomogeneous or nonlinear
media. Indeed, it has been confirmed that Airy beams can exist in photonic lattices and give rise
to interesting phenomena, such as accelerating lattice solitons [48]. And we have investigated the
interactions of Airy beams in different NL media [29,30]. The governing nonlinear Schrödinger
equation (NLSE) can now be written as

i
∂ψ

∂z
+

1
2

∂2ψ

∂x2 + δnψ = 0, (9)

where δn — a function of the intensity |ψ(x)|2 — is the refractive index change. It acts as a potential
in the Schrödinger equation.

For the sake of obtaining an accelerating solution of NLSE — a nonlinear accelerating beam, one
introduces x− z2/4 as a new variable, instead of x in Eq. (9), to end up with

i
∂ψ

∂z
− i

z
2

∂ψ

∂x
+

1
2

∂2ψ

∂x2 + δnψ = 0. (10)

Assuming the solution of Eq. (10) of the form ψ(x, z) = u(x) exp[i(xz/2 + z3/24)], allows Eq. (10) to
be recast into

∂2u
∂x2 + 2δnu− xu = 0, (11)

which is simpler than Eq. (9). We treat it as an initial value problem with a required asymptotic
behavior u(x) = αAi(x) and u′(x) = αAi′(x) for large x > 0; here α represents the strength of the
nonlinearity induced by the assumed solution. Similar to the ordinary Airy beams, the nonlinear
accelerating beams are accelerating along parabolic trajectories.

To investigate the interaction of Airy beams, we take the initial beam as a superposition of two
Airy components

ψ(x) = A1Ai[(x− B)] exp[a(x− B)] + exp(ilπ)A2Ai[−(x + B)] exp[−a(x + B)], (12)

where B is the transverse position shift and l controls the phase shift. If l = 0, the two components
are in-phase, while if l = 1, they are out-of-phase.

2.1.1. Kerr medium

Initially, we consider the beam interaction in a Kerr NL medium, with δn = |ψ(x)|2. Since the
energy is mainly stored in the main lobe of the Airy beam, a large distance between components
will lead to a weak interaction, so we just consider the interaction for relatively small distances. The
results are shown in Fig. 2.

Obviously, the major difference between the first two rows is the attraction of beams when the
beams are in-phase and the repulsion when they are out-of-phase. Also visible is the breathing or
filamentation of the beams when they strongly interact. In the in-phase case, for a large distance, the
two Airy components form two parallel solitons, as depicted in Figs. 2(a1) and (h1). With decreasing
distance between the beams, the attraction between components increases, and the bound breathing
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(a1) (b1) (c1) (d1) (e1) (f1) (g1) (h1)

(a2) (b2) (c2) (d2) (e2) (f2) (g2) (h2)

(a3) (b3) (c3) (d3) (e3) (f3) (g3) (h3)

Figure 2. Soliton formation in the interaction of two in-phase ((a1)-(h1)) and out-of-phase ((a2)-(h2))
incident Airy beams with A1 = A2 = 3, in the Kerr medium. (a3)-(h3) The same as (a1)-(h1), but with
A1 = A2 = 4. The distance between beams is chosen by varying B (on the top of the figure). Black
solid and dashed curves represent the ideal accelerating trajectories of the main lobes. Reprinted with
permission from [30]. Copyright 2014 by the Optical Society of America.

solitons form. In general, the smaller the distance, the stronger the attraction and the smaller the
period of soliton breathing. Curiously, the intensity image shown in Fig. 2(e1) has a smaller period
than the one in Fig. 2(d1), even though in that case B = 0. The reason is that the main lobe of the Airy
beam with B = 0 is located at about −1, and there is still an interval between the two main lobes in
the incidence, so the attraction is the biggest when B = 1 and the period of the formed soliton is then
the smallest.

The results for the out-of-phase beams are shown in Figs. 2(a2)-(h2). One can see that the soliton
pairs formed from the incidence actually repel each other; the smaller the distance, the stronger the
repulsion, until the beams overlap. Considering that the two Airy components are out-of phase, the
main lobes will balance each other out at B = 1, so the soliton pair shown in Fig. 2(e2) is generated
from the secondary lobes, while the other two come from main lobes. This is why the repulsion of
the soliton pair in Fig. 2(d2) is stronger than that in Fig. 2(e2). Notably, only two soliton pairs in
Fig. 2(h2) are visible: the outer pair comes from the main lobes of the Airy components and the other
from the secondary lobes. These results will be different when A is varied; for small A (less than 1),
there will be no solitons generated; for large A (∼ 10), multiple soliton pairs will be produced, but
the propagation may become unstable because of the catastrophic self-focusing effect.

The results for the in-phase beams when A1 = A2 = 4 are shown in Figs. 2(a3)-(h3); from these,
one finds repulsion between the two solitons, especially in the cases B = 0 and B = 1. As shown in
Fig. 2(e3), when B = 1 the refractive index change will make the solitons attract each other, and the
attraction is quite strong over a long distance, but eventually the repulsion overtakes the attraction.
The intensity of the superposed main lobes is enhanced, while the width is suppressed, in comparison
with the case B = 0. Thus, the two solitons generated in the splitting of the overlapping main lobes
will experience a smaller repulsion force than in Fig. 2(d3). When B is further increased, the main lobe
of one component will superpose with the high-order lobes of the other component, so the solitons
will come from the overlapping main and high-order lobes, as shown in Fig. 2(h3). When the distance
between two solitons is large, their interaction becomes weak, and they propagate parallelly, as in
Figs. 2(a) and 2(h). In general, when the two interacting Airy beams are of different amplitudes, their
energy distribution will be asymmetric, and the generated solitons will be of different intensities and
mostly breathing.
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2.1.2. Saturable medium

In the saturable NL medium, the nonlinearity is of the form δn = |ψ|2/(1 + |ψ|2). The behavior
of interacting Airy beams is quite similar to the case of the Kerr medium, but the interactions also
become “plastic”. As a rule, the in-phase case can generate individual solitons that are positioned
centrally. For small amplitudes A1 and A2, the individual solitons or soliton pairs cannot be formed in
the interaction. Importantly, the repulsion between soliton pairs formed in the saturable NL medium
is stronger than that in the Kerr medium. Different from the Kerr case, the propagation in saturable
NL medium is stable for arbitrary A1 and A2.

2.1.3. Soliton and Kerr case

Thus far, we have considered the interaction of Airy beams in different NL media; in this
subsection we investigate the interaction between a solitary beam and a Kerr nonlinear accelerating
beam. As it is well known, in the Kerr medium, Eq. (9) supports a stationary soliton solution of the
form

ψ(x, z) = sech(x) exp(iz/2). (13)

In principle, the emerging breathing soliton comes from the soliton component, modulated by the
lobes of the Kerr accelerating beam. When the distance between two components is big, the soliton
will collide with the relatively weak lobes of the nonlinear accelerating beam. In this case, the
soliton will exhibit fluctuations and the main lobes will preserve the accelerating property of the
beam, because of the insufficient interaction between beams to produce solitons from the main lobe.
When the distance between the beams is small, the main lobes interact with the soliton, and the
propagation properties depend on the profile of the superposed beam. Owing to the conservation
laws and the stability of both beams, the properties of the soliton and nonlinear accelerating beam are
quite immune to the collision, although the main lobe is affected both in amplitude and width, but it
still conserves accelerating property, which is different from the cases mentioned above.

We would like to note that interactions of Airy beams have been also carried out in other type
nonlinear media, for example, nonlocal nonlinear media [49,50] and photorefractive nonlinear media
[51,52]. Recent years, nonlinear modulation on Airy beams in the temporal domain [53–55] has
attracted more and more attention.

2.2. Harmonic potential guidance

In optics and photonics, an external potential embedded in the medium’s index of refraction is
often used as an effective tool to modulate light beams. It comes in different forms, as exemplified
by vastly different photonic crystal structures. In this subsection, we investigate the management
of Airy beams by a harmonic potential added to a linear medium. Typically, such a potential is
easily achieved in gradient-index (GRIN) media [56,57] and frequently utilized as a harmonic trap in
Bose-Einstein condensates.

2.2.1. One-Dimensional Airy beams

In the one-dimensional (1D) case, the paraxial propagation of a beam in a linear medium with
an external harmonic potential is described by the following equation [58,59]:

i
∂ψ

∂z
+

1
2

∂2ψ

∂x2 −
1
2

α2x2ψ = 0, (14)

where α determines the width of the harmonic potential. The Fourier transformation (FT) of Eq. (14)
leads to the corresponding equation in the inverse space:

i
∂ψ̂

∂z
+

1
2

α2 ∂2ψ̂

∂k2 −
1
2

k2ψ̂ = 0. (15)
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Clearly, if α = 1, Eqs. (14) and (15) have the same form, so that both equations have the same solutions
but expressed in real (x) and inverse (k) spaces [58], respectively. As before, we are interested in the
behavior of Airy beams. The propagation of a truncated Airy beam in the harmonic potential is shown
in Fig. 3.
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Figure 3. (Color online) Propagation of a finite energy Airy beam in a harmonic potential. (a) Real
space. (b) Inverse space. Periodic inversion and an automatic Fourier transform of the beam are
evident. The parameters are: a = 0.1, α = 1 and α = 0.5 for the left panels and the right panels,
respectively. Reprinted with permission from [58]. Copyright 2015 by Elsevier Inc.

Generally, the solution of Eq. (14) can be written as [58–64]:

ψ(x, z) =
∫ +∞

−∞
ψ(ξ, 0)

√
H(x, ξ, z)dξ, (16)

where

H(x, ξ, z) = − i
2π

α csc (αz) exp
{

iα cot (αz)
[

x2 + ξ2 − 2xξ sec (αz)
]}

(17)

is associated with the corresponding kernel. Combining Eqs. (16) and (17), after some algebra one
arrives at

ψ(x, z) = f (x, z)
∫ +∞

−∞

[
ψ(ξ, 0) exp

(
ibξ2

)]
exp(−iKξ)dξ, (18)

where b = α
2 cot (αz) , K = αx csc (αz) , and

f (x, z) =

√
− i

2π

K
x

exp
(

ibx2
)

.

One can see that the integral in Eq. (18) is a Fourier transform of ϕ(x, 0) exp(ibx2). In other
words, the propagation of a beam in a harmonic potential is equivalent to an automatic FT, that is, to
the periodic change from the beam to the FT of the beam with a parabolic chirp and back. It is worth
mentioning that the same formula also represents a fractional Fourier transform of the initial beam
[62,65,66], the “degree” of which is proportional to the propagation distance.

Choosing the input as ψ(x, 0) = Ai(x) exp(ax), the solution in Eq. (18) can be found using the
following steps:

(i) Find the Fourier transforms of ψ(x, 0) = Ai(x) exp(ax) and exp(ibx2), which can be written as
[2,4,58,59]:

ψ̂(k) = exp
(
−ak2

)
exp

[
a3

3
+

i
3

(
k3 − 3a2k

)]
, (19a)
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and
√

i
π

b
exp

(
− i

4b
k2
)

, (19b)

respectively.
(ii) Perform the convolution of the two Fourier transforms in Eqs. (19a) and (19b), and using the

definition [67]

Ai(x) =
1

2πi

∫ +i∞

−i∞
exp

(
xt− t3

3

)
dt,

find the inverse Fourier transform:

ψ(x, z) =− f (x, z)
√

i
π

b
exp

(
a3

3

)
Ai
(

K
2b
− 1

16b2 + i
a

2b

)

× exp
[(

a +
i

4b

)(
K
2b
− 1

16b2 + i
a

2b

)]
exp

[
−i

K2

4b
− 1

3

(
a +

i
4b

)3
]

. (20)

From this expression, one obtains the accelerating trajectory of the initial beam:

x =
1

4α2
sin2(αz)
cos(αz)

, (21)

with the period D = 2π/α. Here, z 6= (2m + 1)D/4, where m is a positive integer. This trajectory
is ideal, because it indicates that the Airy beam can accelerate all the way to infinity x → ±∞, when
z → (2m + 1)D/4. However, upon exponential apodization of the Airy beam, such an acceleration
will stop when z close to the points mentioned. At these points, the beam will turn around, accelerate
in the opposite direction, and change the shape. We call these points the phase transition points, for
the reasons explained below.

So, several issues concerning Eq. (20) must be addressed:

(i) When z = mD, we have ψ(x, z) = ψ(x, 0) — an initial beam recurrence.
(ii) When z = (2m + 1)D/2, we have ψ(x, z) = ψ(−x, 0) — an inversion of the initial beam.
(iii) When z = (2m + 1)D/4, by directly solving Eq. (18) for the FT of the initial beam, we have

ψ

(
x, z =

2m + 1
4
D
)
=

√
−i

sα

2π
exp

(
−aα2x2

)
exp

[
a3

3
+ i

s
3

(
α3x3 − 3a2αx

)]
, (22)

where s = 1 if m is even and s = −1 if m is odd. This field is unrelated to the initial Airy beam
— that is, it represents a new “phase” of the propagating beam.

Equation (22) displays a Gaussian intensity profile, which is completely different from the intensity
profiles elsewhere during propagation. It is similar to the propagating Gaussian pulse as it bounces
off the potential wall — but the Gaussian beam remains Gaussian in propagation, whereas this
pulse inverts and becomes an inverse Airy beam. On the other hand, it is different from a free
Gaussian wave packet hitting an infinite potential wall — there, during the bounce the packet
becomes rapidly oscillating multi-peaked structure, owing to the interference between the incoming
and the reflected beam. Since the inversion introduces a discontinuity in the velocity and a singularity
in the acceleration, for a lack of better word we refer to the phenomenon as the phase transition of the
finite energy Airy beam, due to the harmonic potential. Correspondingly, z = (2m + 1)D/4 are the
phase transition points.
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When we introduce a transverse displacement x0 to the beam, the initial beam is ψ(x, 0) =

Ai(x− x0) exp[a(x− x0)], and the solution can be written as:

ψ(x, z) =− f (x, z)
√

i
π

b
exp

(
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3

)
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The corresponding trajectory is:

x =
1

4α2
sin2(αz)
cos(αz)

+ x0 cos(αz), (24)

At the transition points, we have:

ψ

(
x, z =

2m + 1
4
D
)
=

√
−i

sα

2π
exp(−ix0αx) exp

(
−aα2x2

)
exp

[
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3
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s
3

(
α3x3 − 3a2αx

)]
. (25)

Comparing with the former case, the transverse displacement introduces a linear chirp at the
transition points. There is no change of the period and phase transition points, so one can predict
that the beam executes the same motion as before, but it is transversely stretched. One can also
predict that with an increasing transverse displacement |x0|, the beam will accelerate along an ever
more elongated cosine curve.

1

1.5

0.5

0

a
0 0.1 0.20.150.05

si
n
gl

e-
p
ea

k 
p
h
as

e 
re

gi
on

 

10

x

0

20

-10

-20

z
0 2 43 51 6

z
0 2 43 51 6

(c)

x0=-10 
x0=0 
x0=10 

0.01

 

 

 

 

ac
ce

le
ra

ti
on

 

0

5

10

-5

-10

z
0 10 2015 255

ve
lo

ci
ty

 

tr
aj

ec
to

ry
 

(b)

(d)

(a1) (a2) (a3)

Figure 4. (a) Numerical trajectory (a1), velocity (a2) and acceleration (a3) of the Airy beam during
propagation in a harmonic potential. Red, black, and blue curves correspond to the transversely
displaced beams, with displacements x0 = −10, 0, and 10, respectively, and with a = 0.1. (b) The
width of the single-peak phase region versus the decay parameter a. (c) and (d) Corresponding to
the green dots in (b). In the left panel, a = 0.01; in the right, a = 0.05. Other parameters: α = 0.5.
Reprinted with permission from [59]. Copyright 2015 by the Optical Society of America.

To explore the phase transition region more clearly, we show the numerical simulations of
trajectories, velocities, and accelerations of the beam during propagation in Fig. 4, for different cases.
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One can observe that the accelerating trajectories are modulated by the transverse displacement,
the beam acceleration with x0 < 0 being opposite of the case with x0 > 0. In addition, the beam
inversion produces a discontinuity in the velocity and a singularity in the acceleration, which nicely
demonstrates that the motion is not harmonic and that there exist two phase regions, the Airy phase
and the single-peak phase. According to Eqs. (23) and (25), the single-peak structure only occurs at
the phase transition points; before and after these points, the beam still exhibits multi-peak structure,
having to reconnect the accelerating motion before the point with the decelerating motion after the
point. The length of the single-peak phase is determined by the size of the decay parameter, as
displayed in Fig. 4(b); the smaller a, the smaller the length, and the harder for the beam to make
a sudden inversion, so the region in Fig. 4(c) is narrower than that in Fig. 4(d). But x0 has no effect
on the width of the single-peak phase region when a is fixed.

We next consider the initial beam with a linear chirp:

ψ(x, 0) = Ai(x− x0) exp[a(x− x0)] exp(iβx), (26)

with β being the constant wavenumber. Thus, the solution is written as:

ψ(x, z) =− f (x, z)
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with K′ = K− β. Clearly, the period D does not change and the phase transition point is still an odd
integer multiple of the quarters of the period. Mathematically, the trajectory is given by

x =
1

4α2
sin2(αz)
cos(αz)

+ x0 cos(αz) +
β

α
sin(αz),

and is modulated greatly by the linear chirp. At the phase transition points, we have:

ψ
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4
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In this case, the beam is equivalent to an obliquely incident beam, but without the ballistic properties
due to the harmonic potential [3,68].

If the initial finite energy Airy beam carries a quadratic chirp,

ψ(x, 0) = Ai(x− x0) exp [a(x− x0)] exp
(

iβx2
)

, (28)

the analytical solution will be

ψ(x, z) =− f (x, z)
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Here, b
′
= b + β, but the period in this case is still D. However, the phase transition points are not

same as before; they are obtained as:

z =
1
α

arctan
(
− α

2β

)
+

m
2
D. (30)

Concerning the trajectory, it is now:

x =
sin2(αz)

4α[α cos(αz) + 2β sin(αz)]
+ [α cos(αz) + 2β sin(αz)]x0, (31)

and obviously, the influence from the quadratic chirp is not negligible.
Comparing these two chirped cases, we note that in both cases the trajectories are modulated

greatly. In the linear chirp case, the phase transition points and the period do not change, but the
beam at the phase transition point has a transverse displacement. While in the quadratic chirp case,
the phase transition point is moved, but the beam profile is not affected.

By now, it is apparent that the propagation of beams according to the linear Schrödinger equation
with parabolic potential is intimately connected with the self-Fourier (SF) transform. Generally, for
an arbitrary ψ(x) propagating to π/4 in a harmonic potential, a SF beam will be obtained at that point
[69]. Here, when a truncated Airy beam ϕ(x) = Ai(x) exp(ax) propagates to z = π/(4α), we find the
corresponding Fourier transform pair:

F [ψ(x)](k) =

√
2π

α
ψ

(
− k

α

)
. (32)

Therefore, the expression for the Self-Fourier beam is:

ψ(x) = − 4
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(33)

In Fig. 5, the intensity of the SF beam is shown by the black curve, and the corresponding intensity
in Fourier space is shown by the red curve. One can see that the beam profiles are the same except
for the inversion, which is in accordance with the theoretical result presented in Eq. (32). This way of
generating SF beams is universal, it does not depend on the form of the initial beam. And we have
recently demonstrated that the linear and nonlinear Talbot effects might be interpreted as a fractional
SF or a regular SF transform phenomenon, respectively [70,71]. Such SF beams may find potential
applications in optical information processing, routing, and switch.
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Figure 5. (Color online) Comparison of intensities of an Airy beam at z = π/4 in real space and
inverse space, corresponding to Fig. 3(a). Intensities in real and frequency spaces refer to the left and
right y scales, respectively. Reprinted with permission from [58]. Copyright 2015 by Elsevier Inc.
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2.2.2. Two-Dimensional case

Naturally, the harmonic oscillator model in Eq. (14) is easily extended to two, three or even four
dimensions [59]. In 2D, it has the form:

i
∂ψ

∂z
+

1
2

(
∂2ψ

∂x2 +
∂2ψ

∂y2

)
− 1

2
α2
(

x2 + y2
)

ψ = 0, (34)

with the initial beam being:

ψ(x, y, z = 0) = Ai(x)Ai(y) exp[a(x + y)]. (35)

By the separation of variables, the 2D problem can be reduced to two 1D cases [59,72]. The result is
displayed in Fig. 6. Similar to the 1D case, the 2D Airy beam displays inversion and phase transition
(the gaps represent the single-peak regions) during propagation. From Figs. 6(c) and 6(d), one can
clearly see that the beam at z = π/(4α) is still an SF beam, just like in the 1D case. Thus, the wave
function is a product of two finite-energy Airy beams: one along x and the other along y direction. In
a 2D parabolic potential, the wave exhibits all the properties of 1D Airy beams: periodic inversion,
phase transition, and anharmonic oscillation.
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Figure 6. Propagation of a 2D finite energy Airy beam ψ(x, y) = exp(ax)Ai(x) exp(ay)Ai(y) in a
harmonic potential. (a) Iso-surface plot. (b) Intensity in the cross section x − y = 0. (c) Intensity of
the beam at π/(4α) in the real spaces. (d) The corresponding intensity at π/(4α) in the inverse space.
The parameters are a = 0.1 and α = 0.5. Reprinted with permission from [59]. Copyright 2015 by the
Optical Society of America.

For the cases that cannot be treated with the variable separation method, e.g., when the initial
beam is a superposition of AAF beams carrying orbital angular momentum [13,36,37,40,73], in the
radially symmetric case one can switch to the polar coordinates. Then, the input can be written as:

ψ(r, θ) = Ai[±(r0 − r)] exp[±a(r0 − r)]
4

∑
n=1

exp(inθ), (36)
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where ± represents the inward and outward AAF beams, r0 determines the location of the main
ring, and θ represents the spatial frequency in polar coordinates. However, an analytical propagating
solution of Eq. 36 is hard to obtain. But, using a fairly accurate approximation method developed in
[13,74], the AAF beam propagation can be described as a superposition of Bessel beams:

ψ(r, θ, z) ≈ −A0 f (r, θ, z) exp
(

ibr2
0

) 4

∑
n=1

i1−n exp(inθ)Jn(r0r), (37)

where A0 ≈ (1− a2/r0) exp(a3/3). The results are depicted in Fig. 7. The first row of panels presents
the intensity of an outward AAF beam, the second row of panels the intensity of an inward AAF
beam. In the 3D plot, one can see that the oscillation is more continuous, and there are no phase
transition points.
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Figure 7. Propagation of circular Airy beams. From left to right: Intensity distributions at z = 0,
z = D/4, z = D/2, and z = 3D/4. Intervals inside give the relative measure of the beam size. (a)-(d)
Outward AAF beam. (e)-(h) Inward AAF beam. (i) Iso-surface plot of the propagation of the inward
AAF beam. Parameters: α = 0.5, a = 0.1 and r0 = 10. Reprinted with permission from [74]. Copyright
2015 by the Optical Society of America.

2.3. Dynamic linear potential guidance

As mentioned in the introduction, the AAF beams are radially symmetric beams that possess
autofocusing property. It has been shown that the propagation trajectory as well as the positions of
autofocusing points of the AAF beams can be controlled by potentials [36]. In our investigation [75],
we theoretically analyzed the propagation and autofocusing effect of the AAF beams in a dynamic
linear potential. We found that the linear potential may weaken (even eliminate) or strengthen the
autofocusing effect of the AAF beams, depending on the form of the linear potential. In this case, the
governing equation is written as [36,76,77]:

i
dψ

dz
+

1
2

(
∂2ψ

∂r2 +
1
r

∂ψ

∂r

)
− d(z)

2
rψ = 0. (38)

Here, the external potential is linear in r, with the scaling factor d that depends on the longitudinal
coordinate; this is the so-called dynamical linear potential [76,78]. Again, it is hard to find an
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analytical solution of Eq. (38), so we resort to an approximate analysis, by introducing an azimuthal
modulation of the inward AAF beam:

ψaz(x, y) = Ai(r0 − r) exp[a(r0 − r)] exp

(
− (θ − θ0)

2

w2
0

)
, (39)

with w0 being the width of the modulation, θ = arctan(y/x) being the azimuthal angle, θ0

representing the modulation direction. If the value of w0 is small enough, the azimuthal modulation
will result in a very narrow structure, so with w0 → 0 the result will be quite similar to the
one-dimensional finite-energy Airy beam. In this way, the AAF beam can be transfered into the 1D
finite-energy Airy beam [76,79], as:

ψ(x, y) =
+π

∑
θ0=−π

Ai(r0 − xp) exp[a(r0 − xp)]. (40)
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Figure 8. (a) Analytical intensity distribution of an AAF beam during propagation in the x− z plane
at y = 0, according to Eq. (41), for d = 1. (b) Same as (a), but for d(z) = 1 + 4π2 cos(πz). Reproduced
with permission from [75]. Copyright 2016 by the Optical Society of America.

Thus, by an analogy with the analytical result in [76], we describe the autofocusing effect and
the propagation of the AAF beam as follows:

ψ(x, y, z) = C
+π

∑
θ0=−π

Ai
[

iaz +
(

1
2

f1 −
1
4

z2 + (r0 − xp)

)]
exp

[
a
(

1
2

f1 −
1
2

z2 + (r0 − xp)

)]
×

exp
[

i
(

1
2

a2z +
1
4

z f1 −
1
8

f2 −
1

12
z3 − 1

2
(r0 − xp)g +

1
2
(r0 − xp)z

)]
, (41)

where, g(z) =
∫ z

0 d(t)dt, f1(z) = f0 +
∫ z

0 g(t)dt and f2(z) =
∫ z

0 g2(t)dt. The trajectory of each
component in a linear dynamic potential is

xp = r0 +
1
2

f1 −
1
4

z2. (42)

clearly, the AAF beam can be effectively manipulated by the linear potential.
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If there is no autofocusing during propagation, Eq. (41) can be reduced to the following form:

ψ(x, y, z) =Ai
[

iaz +
(

1
2

f1 −
1
4

z2 + (r0 − r)
)]

exp
[

a
(

1
2

f1 −
1
2

z2 + (r0 − r)
)]
×

exp
[

i
(

1
2

a2z +
1
4

z f1 −
1
8

f2 −
1

12
z3 − 1

2
(r0 − r)g +

1
2
(r0 − r)z

)]
, (43)

which becomes invalid when “autofocusing” happens. In this way, using Eqs. (41) and (43), the
propagation of an AAF beam manipulated by a dynamic linear potential can now be reduced to a
simple 1D case.
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Figure 9. Manipulation of an AAF beam by a dynamical linear potential. (a) Maximum of the beam
intensity during propagation for d(z) = 13− 12z and r0 = 5. The maximum of the beam intensity
at z = 0 is 1. Inset shows the propagation of the components corresponding to θ0 = 0 and θ0 = π,
and the corresponding theoretical trajectories. (b) The maximum of the beam intensity as a function
of r0 and z. The white dashed line corresponds to the curve in (a). The decay parameter is a = 0.05.
Reprinted with permission from [75]. Copyright 2016 by the Optical Society of America.

When we set d(z) = 1, the trajectory of the beam is xp = r0 that is a straight line, so the
autofocusing does not occur during propagation, and the propagation can be described by Eq. (43).
For this case, the linear potential exerts a “pulling” influence that can balance the virtual force which
makes the beam focus. While, if the potential is a periodic function d(z) = 1 + 4π2 cos(πz), as in the
former case the potential also exerts a pulling effect, and the trajectory is a cosine-like curve, which is
also periodic. The corresponding results are displayed in Fig. 8.

For the case with d(z) = 13− 12z, from the corresponding trajectory xp = r0− z3 + 3z2, we know
that the beam will undergo “autofocusing” during propagation, so the process should be described
by Eq. (41). From the inset in Fig. 9, the two components (θ0 = 0, θ0 = π) separate before the focusing
point, and then converge. Since the slope of the components at the colliding point is much bigger than
without a potential, as in [35], this can be viewed as the components acquiring a larger speed because
of the “pushing” effect, hence the “autofocusing” is strengthened. Similar to the former study, the
maximum of the beam intensity (MBI) is also a function of both r0 and the propagation distance, as
displayed in Fig. 9(b); the MBI first increases and then decreases with the increasing of r0. Besides
this effect, one can also see that the location of MBI also changes with r0, the reason being that the
“autofocusing” effect requires a longer distance to establish itself when r0 increases.
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3. Conclusion

In conclusion, in this mini-review, we have briefly discussed the origin and the fundamental
developments concerning Airy beams, and made a systematic review of the modulation of Airy
beams under the guidance of nonlinearity and different potentials. This review is based on our
recently published work. Our investigations will hopefully attract researchers who work on the
related phenomena in other fields. Thus, the results presented here are not just limited to optics,
but can lead to potential applications in biology, particle manipulation, microparticle trapping,
Bose-Einstein condensates, signal processing and manipulating, and other disciplines. Actually, the
Airy and other self-accelerating beams are among the hottest topics in optics. The investigations
related to such beams are interesting and show impressive progress. Still, there are many unknown
and important phenomena to be researched and new effects to be discovered concerning the
accelerating beams.
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29. Zhang, Y.Q.; Belić, M.; Wu, Z.K.; Zheng, H.B.; Lu, K.Q.; Li, Y.Y.; Zhang, Y.P. Soliton pair generation in the

interactions of Airy and nonlinear accelerating beams. Opt. Lett. 2013, 38, 4585–4588.
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